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Introduction

The ring of cohomology operations on the mod p ordinary cohomology theory is called the Steenrod algebra. J.
Lannes developed an elegant theory of unstable modules over the Steenrod algebra which has an application to
Sullivan’s conjecture ([17]). Since the Steenrod algebra is not commutative, it is difficult to apply knowledge of
commutative algebras.

Under certain finiteness conditions, a left module over the Steenrod algebra has a structure of a right
comodule over the dual Steenrod algebra ([16]). Hence, roughly speaking, the category of left module over the
Steenrod algebra is equivalent to the category of representations of an affine group scheme represented by the
dual Steenrod algebra. The aim of this note is a trial of reconstruction of Lanne’s theory from the viewpoint of
representation theory.

We first collect necessary facts on the category of topological graded rings and the category of topological
graded modules in the first section. There, we study topologies on graded algebras and graded modules and
give two kinds of standard topologies on graded modules, which are called “cofinite topology” and “skeletal
topology”. We also define the notion of suspension and completion of topological graded modules. After we
review the notion of tensor product and completed tensor product of topological graded modules in section 2, we
introduce the space of homomorphisms which is a substitute for the right adjoint of the functor given by tensor
product and study on completions of a space of homomorphisms in section 3. In section 4, we investigate some
relationships between the tensor products and the spaces of linear maps. In section 5, we consider Hopf algebras
and their dual in the category of graded topological modules and show that a certain full subcategory of modules
over a Hopf algebra A∗ is isomorphic to a category of comodules over the dual of A∗ under some conditions
on A∗. We study actions of group objects in a cartesian closed category in section 6 and construct the right
induction functor which is a right adjoint functor of the restriction functor. In section 7, after reviewing the
notion of fibered category, we introduce the notions of fibered category with products and fibered category with
exponents to develop a representation theory of group objects in the subsequent sections. The former notion
is a generalization of the notion of category with products and the latter notion is a dual of the former notion.
By combining these two notions, we have a notion of “cartesian closed fibered category” which generalizes
the notion of cartesian closed category in terms of fibered category. In section 8, we formulate the notion of
representation of group objects in terms of fibered category and develop a fundamental theory of representation
of group objects including constructions of left and right induced representations under the framework of the
previous section. In section 9, we develop a general theory on categories enriched by topological spaces, namely,
categories with each set of morphisms between two objects has a topology. We introduce a notion of topological
affine scheme and give some fundamental properties of topological affine schemes in section 10. We also introduce
a notion of topological affine group scheme in section 11 and give some examples. In section 12, we investigate
fibered category of modules and give important examples of cartesian closed fibered categories. In section 13,
we specialize the results of section 8 and study basic properties of the representations of affine topological group
schemes. In section 14, we give several axioms for a topological graded filtered algebra A∗ over a field so that
the notion of unstable A∗-modules is defined and generalize the notion of unstable modules. In section 16,
we consider the dual notion “unstable comodules” of unstable modules and study the relations between the
category of unstable modules and unstable comodules.

∗Osaka Metropolitan University
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1 Topological graded rings and modules

1.1 Linear topology

Definition 1.1.1 (1) We say that a graded ring A∗ is commutative if xy = (−1)mnyx for any m,n ∈ Z and
x ∈ Am, y ∈ An.

(2) Let K∗ be a graded ring and M∗ a graded K∗-module. A submodule of M∗ is said to be homogeneous if
it is generated by elements of

⋃
n∈Z

Mn. Similarly, an ideal of K∗ is said to be homogeneous if it is generated by

elements of
⋃
n∈Z

Kn.

From now on, “an ideal” of a graded ring always means a homogeneous ideal and “a submodule” of a graded
module means a homogeneous submodule unless otherwise stated.

Definition 1.1.2 (1) For a topological graded ring A∗, we denote by IA∗ the set of open homogeneous two-sided
ideals of A∗. If IA∗ is a fundamental system of neighborhoods of 0, A∗ is said to be linearly topologized.

(2) Let A∗ and K∗ be linearly topologized graded rings and η : K∗ → A∗ a continuous homomorphism
preserving degrees. If η(x)y = (−1)mnyη(x) holds for any m,n ∈ Z and x ∈ Km, y ∈ An, (A∗, η) (or A∗ for
short) is called a topological K∗-algebra.

(3) Let (A∗, η) and (B∗, ι) be topological K∗-algebras. If a continuous homomorphism f : A∗ → B∗ preserving
degrees satisfies fη = ι, we call f a homomorphism of topological K∗-algebras.

(4) For a commutative linearly topologized graded ring K∗, we denote by TopAlgK∗ the category of commu-
tative topological K∗-algebras and homomorphisms of topological K∗-algebras.

Definition 1.1.3 Let K∗ be a commutative graded ring. If every non-zero homogeneous element of K∗ is
invertible, we call K∗ a graded field or a field. If K∗ is a graded field, we call a K∗-module a vector space over
K∗.

We note that topology of a linearly topologized graded field is discrete or trivial. A field means a graded
field with discrete topology below unless otherwise stated.

Proposition 1.1.4 Let K∗ be a field.
(1) K0 is an ungraded field and, if Kn 6= {0} for some n 6= 0, there exists a homogeneous elememt v of K∗

such that K∗ = K0[v, v−1].
(2) Every vector space over K∗ has basis.

Proof. (1) The first assertion is obvious. If Kn 6= {0} for some n 6= 0, take x ∈ Kn − {0}. Then, x−1 ∈ K−n is
not zero. Hence the set of positive integers n such that Kn − {0} is not empty and let d the minimum integer
of this set. Take non-zero v ∈ Kd. If Kn 6= {0}, dividing n by d, we have n = dm + r for m, r ∈ Z such that
0 ≤ r ≤ d− 1. For any non-zero x ∈ Kn, since v−mx ∈ Kr is not zero, we have Kr 6= {0} and this implies that
r = 0 and x ∈ K0[v, v−1].

(2) LetM∗ be a vector space over K∗. If K∗ = K0, choose basis {vni| i ∈ In} ofMn over K0 for each n ∈ Z.
Then,

⋃
n∈Z
{vni| i ∈ In} is a basis of M∗ over K∗. If K∗ = K0[v, v−1] for v ∈ Kd, choose basis {vni| i ∈ In} of

Mn over K0 for each n = 0, 1, . . . , d− 1. Then,
d−1⋃
n=0
{vni| i ∈ In} is a basis of M∗ over K∗.

Definition 1.1.5 (1) Let L∗, M∗ and N∗ be graded abelian groups. A map β : L∗ ×M∗ → N∗ is said to be
biadditive if β satisfies the following conditions (i) and (ii).

(i) β(Ll ×Mm) ⊂ N l+m

(ii) β(x+ y, z) = β(x, z) + β(y, z), β(x, z + w) = β(x, z) + β(x,w) for any x, y ∈ L∗ and z, w ∈M∗.

(2) Suppose that K∗ is a commutative graded ring and L∗, M∗, N∗ are graded left K∗-modules. If β :
L∗ ×M∗ → N∗ is biadditive and satisfies the following condition (iii), we say that β is bilinear.

(iii) β(rx, z) = rβ(x, z), β(x, rz) = (−1)lnrβ(x, z) if r ∈ Kn, x ∈ Ll and z ∈M∗ for l, n ∈ Z.

Definition 1.1.6 (1) For a topological graded K∗-module M∗, let us denote by VM∗ the set of homogeneous
open submodules of M∗. If VM∗ is a fundamental system of neighborhoods of 0, we say that M∗ is linearly
topologized.
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(2) Let K∗ be a linearly topologized graded ring and M∗ a topological graded left (resp.right) K∗-module.
If {aM∗| a ∈ IK∗} (resp. {M∗a| a ∈ IK∗}) is a fundamental system of neighborhoods of M∗, we say that the
topology of M∗ is induced by K∗.

Remark 1.1.7 (1) Suppose that there is a morphism η : K∗ → A∗ of graded topological rings. If we regard A∗

as a left (right) K∗-module, then the topology of A∗ is coarser than the topology induced by K∗.
(2) Let M∗ be a topological graded left (resp. right) A∗-module. We define a left (resp. right) K∗-module

M∗
η as follows. M∗

η =M∗ as graded topological abelian group and the left (resp. right) K∗-module structure on
M∗
η is given by ax = η(a)x (resp. xa = xη(a)) for a ∈ K∗, x ∈ M∗. If the topology of M∗ is coarser than the

topology induced by A∗, then the topology on M∗
η is coarser than the topology induced by K∗.

Definition 1.1.8 Let L∗, M∗ and N∗ be linearly topologized abelian groups. We say that a biadditive map
β : L∗ ×M∗ → N∗ is strongly continuous if, for any open subgroup U∗ of N∗, there exist an open subgroup V ∗

of L∗ and an open subgroup W ∗ of M∗ such that β(V ∗ ×M∗) and β(L∗ ×W ∗) are contained in U∗.

Remark 1.1.9 (1) If a biadditive map β : L∗ ×M∗ → N∗ is strongly continuous, it is continuous. In fact, for
(x, y) ∈ L∗×M∗ and an open subgroup U∗ of N∗, there exist an open subgroup V ∗ of L∗ and an open subgroup
W ∗ of M∗ such that β(V ∗×M∗) and β(L∗×W ∗) are contained in U∗. Then, β maps ({x}+V ∗)× ({y}+W ∗)
into {β(x, y)}+ U∗.

(2) Let f : A∗ → C∗ and g : B∗ → C∗ be morphisms of TopAlgK∗ . Then, a map β : A∗×B∗ → C∗ defined by
β(x, y) = f(x)g(y) is strongly continuous. In particular, the multiplication µ : A∗ × A∗ → A∗ of A∗ is strongly
continuous.

Proposition 1.1.10 Let R∗ be an object of TopAlgK∗ and N∗ a linearly topologized graded K∗-module. Suppose
that a right R∗-module with structure β : N∗×R∗ → N∗ on N∗ is given. We denote by VR∗

N∗ the set of open R∗-
submodules of N∗. Then, β is strongly continuous if and only if the topology of N∗ is coarser than the topology
induced by R∗ and VR∗

N∗ is a fundamental system of neighborhoods of 0 of N∗. In particular, if R∗ = K∗, β is
strongly continuous if and only if the topology of N∗ is coarser than the topology induced by K∗

Proof. Suppose that β : N∗ × R∗ → N∗ is strongly continuous. For V ∗ ∈ VN∗ , there exist U∗ ∈ VN∗ and
a ∈ IR∗ such that β(U∗ × R∗) ∪ β(N∗ × a) ⊂ V ∗. Let Ū∗ be the R∗-submodule of N∗ generated by U∗. Since
Ū∗ is generated by β(U∗ × R∗) over K∗ and V ∗ is a K∗-submodule of N∗, we have Ū∗ ⊂ V ∗. Moreover, since
β(N∗ × a) ⊂ V ∗, the topology of N∗ is coarser than the topology induced by R∗.

Assume that the topology of N∗ is coarser than the topology induced by R∗ and VR∗

N∗ is a fundamental
system of neighborhoods of 0 of N∗. V ∗ ∈ VN∗ , there exist U∗ ∈ VR∗

N∗ and a ∈ IR∗ such that U∗ ⊂ V ∗ and
N∗a ⊂ V ∗, hence β(U∗ ×R∗) ⊂ U∗ ⊂ V ∗ and β(N∗ × a) ⊂ V ∗. It follows that β is strongly continuous.

Proposition 1.1.11 Let K∗ be a linearly topologized graded ring and M∗, N∗ linearly topologized graded left
K∗-modules. If the topology of M∗ is finer than the topology induced by K∗ and the topology of N∗ is coarser
than the topology induced by K∗, then a homomorphism f :M∗ → N∗ of K∗-modules is continuous.

Proof. For W ∗ ∈ VN∗ , there exists a ∈ IK∗ satisfying aN∗ ⊂ W ∗ by the assumption. Hence f(aM∗) =
af(M∗) ⊂ aN∗ ⊂W ∗ and f is continuous.

We denote by TopModK∗ the category of linearly topologized graded left K∗-modules and continuous homo-
morphisms preserving degrees. A full subcategory of TopModK∗ consisting of linearly topologized graded left
K∗-modules whose topologies are coarser than the topology induced by K∗ is denoted by TopMod iK∗ . We denote
by Homc

K∗(M∗, N∗) the set of all morphisms of TopModK∗ fromM∗ to N∗ instead of TopModK∗(M∗, N∗). Note
that TopMod iK∗ = TopModK∗ if K∗ is discrete, especially, K∗ is a field.

Proposition 1.1.12 Submodules and quotient modules of an object of TopModK∗ (resp. TopMod iK∗) are objects
of TopModK∗ (resp. TopMod iK∗).

Proof. It is clear that submodules and quotient modules of an object of TopModK∗ are objects of TopModK∗ .
Let M∗ be an object of TopMod iK∗ and N∗ a submodule of M∗. For V ∗ ∈ VN∗ , there exists W ∗ ∈ VM∗

such that V ∗ = N∗ ∩W ∗. By the assumption, there exists a ∈ IK∗ such that aM∗ ⊂ W ∗. Hence we have
aN∗ ⊂ N∗ ∩W ∗ = V ∗ and this implies that the topology of N∗ is coarser than the topology induced by K∗.

Let us denote by p : M∗ → M∗/N∗ the quotient map. For U∗ ∈ VM∗/N∗ , there exists a ∈ IK∗ such that
aM∗ ⊂ p−1(U∗). Then, we have (aM∗ +N∗)/N∗ ⊂ U∗ and this implies that the topology of M∗/N∗ is coarser
than the topology induced by K∗.
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Proposition 1.1.13 If M∗ ∈ ObTopModK∗ is artinian module, then VM∗ has the minimum element. Hence,
if K∗ is an artinian topological ring and M∗ ∈ ObTopModK∗ is Hausdorff, then a finitely generated submodule
of M∗ is discrete.

Proof. In general, a directed set D satisfying the ascending chain condition has the maximum element. Other-
wise, suppose that we have an ascending chain x1 < x2 < · · · < xn in D, then xn is not maximum and y 6≤ xn
for some y ∈ D. Hence y ≤ xn+1 and xn ≤ xn+1 for some xn+1 ∈ D. Since y 6≤ xn, xn < xn+1. It follows that
there exists an ascending chain x1 < x2 < · · · < xn < xn+1 < · · · in D which is not stationary. This contradicts
to the assumption. Since VopM∗ is a directed set satisfying the ascending chain condition, VopM∗ has the maximum
elemement.

Proposition 1.1.14 Suppose that K∗ is an artinian topological ring. If M∗ ∈ ObTopModK∗ is Hausdorff
and N∗ is a finitely generated submodule of M∗, then there exists an open submodule U∗ of M∗ such that the
composition of the inclusion map N∗ ↪→M∗ and the quotient map M∗ →M∗/U∗ is injective.

Proof. Since N∗ is finitely generated, N∗ is discrete by (1.1.13). There exist U∗ ∈ VM∗ satisfying U∗∩N∗ = {0}.
Then, the composition of the inclusion map N∗ ↪→M∗ and the quotient map M∗ →M∗/U∗ is injective.

Proposition 1.1.15 If f :M∗ → N∗ is a quotient map in TopModK∗ , then f is an open map.

Proof. Suppose that O is an open subset of M∗. Then, f−1(f(O)) = O +Ker f =
⋃

x∈Ker f

(O + {x}) is open in

M∗. Hence f is an open map.

Lemma 1.1.16 For a submodule N∗ of M∗, the following conditions are equivalent.

(i) N∗ is dense. (ii) 0 is a generic point of M∗/N∗. (iii) The topology of M∗/N∗ is trivial.

Proof. Let p : M∗ → M∗/N∗ be the quotient map. Suppose that N∗ is dense. For y ∈ M∗/N∗ and an open
submodule V ∗ of M∗/N∗, there exists x ∈ p−1(y + V ∗) ∩N∗ by the assumption. Hence 0 = p(x) ∈ y + V ∗ and
this shows that {0} is a dense subset of M∗/N∗. Suppose that 0 is a generic point of M∗/N∗. For y ∈M∗/N∗

and an open submodule V ∗ of M∗/N∗, since −y + V ∗ is an open set of M∗/N∗, it contains 0. There exists
v ∈ V ∗ which satisfies −y + v = 0, that is, y = v ∈ V ∗. Therefore V ∗ = M∗/N∗. Assume that the topology of
M∗/N∗ is trivial. For x ∈ M∗ and an open submodule U∗ of M∗, since p(x + U∗) is a nonempty open subset
of M∗/N∗ by (refquotients), we have p(x + U∗) = M∗/N∗ by the assumption. Hence there exist u ∈ U∗ such
that p(x+ u) = 0, equivalently, x+ u ∈ N∗ which shows that x+ U∗ ∩N∗ is not empty. It follows that N∗ is
dense.

Clearly, each morphism of TopModK∗ (resp. TopMod iK∗) has a kernel and it follows from the above result that
each morphism of TopModK∗ (resp. TopMod iK∗) has a cokernel. Howevever, since the coimage of a morphism
in TopModK∗ (resp. TopMod iK∗) is not isomorphic to the image in general, TopModK∗ (resp. TopMod iK∗) is not
an abelian category.

Proposition 1.1.17 (1) TopModK∗ is complete and cocomplete.
(2) TopMod iK∗ is complete and finitely cocomplete.

Proof. (1) Each morphism f :M∗ → N∗ has a kernel and a cokernel. In fact, (Ker f)n = (Ker fn :Mn → Nn)
and Ker f has the topology induced by M∗. On the other hand, (Coker f)n = (Coker fn : Mn → Nn) and
Coker f has the quotient topology.

Let (M∗
i )i∈I be a family of objects of TopModK∗ . Define

∏
i∈I

M∗
i and

∐
i∈I

M∗
i as follows. Put

(∏
i∈I

M∗
i

)n
=
∏
i∈I

Mn
i =

{
x : I →

⋃
i∈I

Mn
i

∣∣∣∣x(i) ∈Mn
i for any i ∈ I.

}
and define pi :

∏
i∈I

M∗
i → M∗

i so that pni :
∏
i∈I

Mn
i → Mn

i is given by pni (x) = x(i). We give
∏
i∈I

M∗
i the coarsest

topology such that every pi is continuous, that is, neighborhoods of 0 of
∏
i∈I

M∗
i generated by

{
p−1
i (U∗)

∣∣ i ∈ I, U∗ ∈ VM∗
i

}
.
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Then, it is easy to verify that
∏
i∈I

M∗
i is the product of (M∗

i )i∈I in TopModK∗ . Put

(∐
i∈I

M∗
i

)n
=
∐
i∈I

Mn
i =

{
x : I →

⋃
i∈I

Mn
i

∣∣∣∣x(i) ∈Mn
i for any i ∈ I, {i ∈ I |x(i) 6= 0} is a finite set.

}

and define ιi : M
∗
i →

∐
i∈I

M∗
i so that ιni : Mn

i →
∐
i∈I

Mn
i is given by (ιni (a))(j) =

{
a j = i

0 j 6= i
. Give

∐
i∈I

M∗
i the

finest topology such that every ιi is continuous, that is, a fundamental system of neighborhoods of 0 is given

by
{
U∗
∣∣∣ U∗ is a submodule of

∐
i∈I

M∗
i such that ι−1

i (U∗) ∈ VM∗
i
for all i ∈ I

}
. Then, it is easy to verify that∐

i∈I
M∗
i is the sum of (M∗

i )i∈I in TopModK∗ .

(2) It follows from (1.1.12) that kernels and cokernels of morphisms of TopMod iK∗ exist in TopMod iK∗ .
Let (M∗

i )i∈I be a family of objects of TopMod iK∗ . For j ∈ I and U∗ ∈ VM∗
j
, there exists a ∈ IK∗ satisfying

aM∗
j ⊂ U∗. Hence a

∏
i∈I

M∗
i ⊂ ap−1

j (U∗) and it follows that the topology of
∏
i∈I

M∗
i is coarser than the topology

induced by K∗.
Suppose that I is a finite set, I = {1, 2, . . . , n} for example. For a submodule U∗ of

∐
i∈I

M∗
i such that

ι−1
i (U∗) ∈ VM∗

i
for all i ∈ I, there exist aj ∈ IK∗ for each j ∈ I satisfying ajM

∗
j ⊂ ι

−1
j (U∗). Put a = a1a2 · · · an,

then we have a
∐
i∈I

M∗
i ⊂ U∗. In fact, a

∐
i∈I

M∗
i is generated by ιj(aM

∗
j ) which is contained in U∗. It follows that

the topology of
∐
i∈I

M∗
i is coarser than the topology induced by K∗.

Remark 1.1.18 For a family (M∗
i )i∈I of objects of TopModK∗ , a basis of open neighborhood of

∐
i∈I

M∗
i is given

by

{ ∐
i∈I

U∗
i

∣∣∣∣ U∗
i ∈ VM∗

i

}
. In fact, if U∗ is a submodule of

∐
i∈I

M∗
i such that ι−1

i (U∗) ∈ VM∗
i

for all i ∈ I,∐
i∈I

ι−1
i (U∗) is contained in U∗. In particular, if every M∗

i is discrete, so is
∐
i∈I

M∗
i .

Proposition 1.1.19 (1) Let M∗ be an object of TopModK∗ . M∗ is Hausdorff if and only if Mn is Hausdorff
for every n ∈ Z.

(2) Let (M∗
i )i∈I be a family of objects of TopModK∗ .

∐
i∈I

M∗
i (resp.

∏
i∈I

M∗
i ) is Hausdorff if and only if M∗

i

is Hausdorff for every i ∈ I.

Proof. (1) Suppose that Mn is Hausdorff for every n ∈ Z. Let x =
∑
i∈Z

xi (xi ∈ M i) be a non-zero element of

M∗. Then xn 6= 0 for some n ∈ Z. SinceMn is Hausdorff, there exists U∗ ∈ VM∗ such that xn 6∈ U∗∩Mn = Un.
Since U∗ is homogeneous, U∗ does not contain x. Hence M∗ is Hausdorff. The converse is obvious.

(2) Suppose that M∗
i is Hausdorff for every i ∈ I. Let x =

∑
i∈I

xi (resp. x = (xi)i∈I) (xi ∈M∗
i ) be a non-zero

element of
∐
i∈I

M∗
i (resp.

∏
i∈I

M∗
i ). Then xj 6= 0 for some j ∈ I. Since M∗

j is Hausdorff, there exists U∗
j ∈ VM∗

j

such that xj 6∈ U∗
j . Put U∗

i = M∗
i if i ∈ I − {j}. Then,

∐
i∈I

U∗
i (resp.

∏
i∈I

U∗
i ) is an open submodule of

∐
i∈I

M∗
i

(resp.
∏
i∈I

M∗
i ) which does not contain x. Hence

∐
i∈I

M∗
i (resp.

∏
i∈I

M∗
i ) is Hausdorff. The converse is obvious.

Proposition 1.1.20 Let M∗ and N∗ be objects of TopModK∗ and i1 : M∗ → M∗ ⊕N∗, i2 : N∗ → M∗ ⊕N∗,
p1 : M∗ × N∗ → M∗, p2 : M∗ × N∗ → N∗ the inclusions and the projections. Then, the unique morphism
ϕ :M∗ ⊕N∗ →M∗ ×N∗ satisfying p1ϕi1 = idM∗ , p2ϕi2 = idN∗ , p2ϕi1 = 0 and p1ϕi2 = 0 is an isomorphism.

Proof. Clearly, ϕ is a continuous bijection. We identify M∗ ⊕N∗ with M∗ ×N∗ as a left K∗-module. Let U∗

be an open submodule of M∗ ⊕N∗. Since U∗ = p−1
1 (i−1

1 (U∗)) ∩ p−1
2 (i−1

2 (U∗)), U∗ is also open in M∗ ×N∗. It
follows that ϕ is an open map.

Corollary 1.1.21 Let j1 :M∗ → L∗, j2 : N∗ → L∗, q1 : L∗ →M∗, q2 : L∗ → N∗ be morphisms in TopModK∗

satisfying q1j1 = idM∗ , q2j2 = idN∗ and j1q1 + j2q2 = idL∗ . Then, the unique morphism ψ : M∗ ⊕ N∗ → L∗

satisfying ψi1 = j1 and ψi1 = j1 is an isomorphism.

4



Proof. Composing q2 (resp. j1) on the left (resp. right) of j1q1 + j2q2 = idL∗ , we have q2j1 + q2j1 = q2j1q1j1 +
q2j2q2j1 = q2j1, we have q2j1 = 0. Similarly, we have q1j2 = 0. Let λ : L∗ →M∗×N∗ be the unique morphism
satisfying p1λ = q1 and p2λ = q2. Then, p1λψi1 = q1ψi1 = q1j1 = idM∗ , p2λψi2 = q2ψi2 = q2j2 = idN∗ ,
p2λψi1 = q2ψi1 = q2j1 = 0 and p1λψi2 = q1ψi2 = q1j2 = 0. Thus we have λψ = ϕ by the uniqueness of ϕ.
Hence ϕ−1λψ = idL∗ . Since i1p1ϕ+ i2p2ϕ = idM∗⊕N∗ , we have ψϕ−1λ = ψ(i1p1 + i2p2)λ = ψi1p1λ+ψi2p2λ =
j1q1 + j2q2 = idL∗ . Therefore ϕ−1λ is the inverse of ψ.

Definition 1.1.22 An epimorphism p :M∗ → N∗ in TopModK∗ (resp. TopMod iK∗) is said to be regular if p is
a cokernel of a morphism of TopModK∗ (resp. TopMod iK∗).

The following fact is obvious from the definition.

Proposition 1.1.23 If p :M∗ → N∗ is a regular epimorphism, p induces an isomorphism M∗/Ker p→ N∗.

Proposition 1.1.24 Let p : M∗ → N∗ be a regular epimorphism and f : Q∗ → N∗ a morphism in TopModK∗

(resp. TopMod iK∗). Then, a pull-back q : P ∗ → Q∗ of p along f in TopModK∗ (resp. TopMod iK∗) is also a
regular epimorphism.

Proof. We may assume that N∗ =M∗/Ker p and p is the quotient map. P ∗ can be identified with a submodule
ofM∗⊕Q∗ consisting of elememts (v, z) such that p(v) = f(z). Then, q is given by q(v, z) = z. Let f̄ : P ∗ →M∗

be the map given by f̄(v, z) = v. Since p is surjective, it is easy to verify that q is also surjective and its kernel
is f̄−1(Ker p). We show that q(T ∗) is open for any T ∗ ∈ VP∗ . There exist T ∗

1 ∈ VM∗ and T ∗
2 ∈ VQ∗ such that

(T ∗
1 ⊕ T ∗

2 ) ∩ P ∗ ⊂ T ∗. We claim that f−1(p(T ∗
1 )) ∩ T ∗

2 ⊂ q(T ∗). In fact, for z ∈ f−1(p(T ∗
1 )) ∩ T ∗

2 , there exist
v ∈ T ∗

1 such that f(z) = p(v). Then, (v, z) ∈ (T ∗
1 ⊕ T ∗

2 ) ∩ P ∗ ⊂ T ∗ and q(v, z) = z. Since p is an open map by
(1.1.15), it follows from f−1(p(T ∗

1 )) ∩ T ∗
2 ⊂ q(T ∗) that q(T ∗) is open.

By (1.1.17) and (1.1.24), TopModK∗ and TopMod iK∗ are “regular categories”.

Lemma 1.1.25 Let M∗ be an object of TopModK∗ .
(1) If N∗ is a subgroup of M∗ which contains an element of VM∗ , then N∗ is open.
(2) If U is a subgroup of Mn which is open in Mn, then U +

∑
k ̸=n

Mk is open in M∗.

Proof. (1) If U∗ ⊂ N∗ for U∗ ∈ VM∗ , then N∗ =
⋃

x∈N∗
(x+ U∗) is open.

(2) Take an open set O of M∗ such that U = O ∩Mn. Since 0 ∈ U ⊂ O, there exists N∗ ∈ VM∗ such that
N∗ ⊂ O. Then, Nn ⊂ O ∩Mn = U which implies N∗ ⊂ U +

∑
k ̸=n

Mk. Hence the assertion follows from (1).

Remark 1.1.26 Let K∗ be a discrete ring such that Ki = {0} if i 6= 0. For n ∈ Z, let M∗
n be a topological

K∗-module given by M i
n =

{
K0 i = n

{0} i 6= n
and consider

∐
n∈Z

M∗
n and

∏
n∈Z

M∗
n. Then,

∐
n∈Z

M∗
n has the discrete

topology. However, since

{
Ker

(
ps :

∏
n∈Z

M∗
n →M∗

s

)∣∣∣∣ s ∈ Z} forms a subbase of
∏
n∈Z

M∗
n, the topology on∏

n∈Z
M∗
n is not discrete. Thus, the unique map ϕ :

∐
n∈Z

M∗
n →

∏
n∈Z

M∗
n satisfying pnϕin = idM∗

n
and pnϕim = 0

if n 6= m is a continuous bijection but it is not an isomorphism. The converse is clear.

Proposition 1.1.27 A morphism of TopModK∗ is an epimorphism if and only if it is surjective.

Proof. Let f∗ : M∗ → N∗ be an epimorphism of TopModK∗ . We denote by p : N∗ → N∗/Im f the quotient
map. Then, pf : M∗ → N∗/Im f is the trivial map which is an epimorphism. If we denote by id the identity
map of N∗/Im f and by 0 the trivial map N∗/Im f → N∗/Im f , then we have id(pf) = 0(pf) which implies
id = 0. Thus we have N∗/Im f = {0}, that is N∗ = Im f .

1.2 Suspension

Definition 1.2.1 Let cK∗ : K∗ → K∗ be a homomorphism of topological graded rings given by cK∗(r) = (−1)nr
if r ∈ Kn. Then, it is clear that cK∗ is continuous and cK∗cK∗ = idK∗ . We call cK∗ the conjugation of K∗.
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For m ∈ Z and an object M∗ of TopModK∗ , define an object ΣmM∗ of TopModK∗ as follows.

Definition 1.2.2 Put (ΣmM∗)i = {[m]} ×M i−m for i ∈ Z and give (ΣmM∗)i the structure of an abelian
group such that the projection {[m]}×M i−m →M i−m onto the second component is an isomorphism of abelian
groups.

If α : K∗ ×M∗ → M∗ is the K∗-module structure of M∗, we define the K∗-module structure αm : K∗ ×
ΣmM∗ → ΣmM∗ of ΣmM∗ by αm(r, ([m], x)) = ([m], α(cmK∗(r), x)) for r ∈ K∗ and x ∈M∗, where cmK∗ : K∗ →
K∗ is the m times composition of cK∗ .

If U∗ is an submodule of M∗, we can regard ΣmU∗ as a submodule of ΣmM∗. We give a linear topology on
ΣmM∗ such that the set of open submodules of ΣmM∗ is given by VΣmM∗ = {ΣmU∗|U∗ ∈ VM∗}.

If f : M∗ → N∗ is a morphism in TopModK∗ , we denote by Σmf : ΣmM∗ → ΣmN∗ the map which maps
([m], x) ∈ (ΣmM∗)i to ([m], f(x)) ∈ (ΣmN∗)i. It is easy to verify that Σmf is a morphism in TopModK∗ . Thus
we have a functor Σm : TopModK∗ → TopModK∗ . We call ΣmM∗ and Σmf the m-fold suspension of M∗ and
f , respectively.

Definition 1.2.3 Let M∗ be an object of TopModK∗ .
(1) For l ∈ Z and r ∈ Kl, define a map µrM∗ : ΣlM∗ →M∗ by µrM∗([l], x) = rx for x ∈M i−l. Then, µrM∗ is

a morphism in TopModK∗ which is natural inM∗. Thus we have a natural transformation µr : Σl → idTopModK∗ .
(2) For m,n ∈ Z, define a map εm,n,M∗ : Σm+nM∗ → Σm (ΣnM∗) by εm,n,M∗([m + n], x) = ([m], ([n], x))

for x ∈ M i−m−n. Then, εm,n,M∗ is a isomorphism in TopModK∗ which is natural in M∗. Thus we have a
natural equivalence εm,n : Σm+n → ΣmΣn.

The following assertions are easily verified.

Proposition 1.2.4 Let M∗ and N∗ be objects of TopModK∗ .
(1) The following diagram is commutative.

Σk+l+mM∗ Σk
(
Σl+mM∗)

Σk+l(ΣmM∗) Σk
(
Σl(ΣmM∗)

)
εk,l+m,M∗

εk+l,m,M∗
Σkεl,m,M∗

εk,l,ΣmM∗

(2) For l,m ∈ Z and r ∈ Kl, the following diagram is commutative.

Σl+mM∗ Σl(ΣmM∗)

Σm
(
ΣlM∗) ΣmM∗

εl,m,M∗

εm,l,M∗
(−1)lmµrΣmM∗

ΣmµrM∗

(3) Define a map σn,M∗,N∗ : Homc
K∗(M∗, N∗) → Homc

K∗(ΣnM∗,ΣnN∗) by σn,M∗,N∗(f) = Σnf for n ∈ Z.
Then, σM∗,N∗,n is a natural isomorphism of abelian groups.

Let k be a linearly topologized commutative graded ring such that ki = {0} if i 6= 0. We denote by TopModk
the category of ungraded linearly topologized k-modules and continuous homomorphisms. Let ε : K∗ → k be a
morphism in TopAlg∗k. For n ∈ Z, define functors εn : TopModK∗ → TopModk and ιn : TopModk → TopModK∗

as follows. We set

εn(M
∗) =Mn, εn(f :M∗ → N∗) = (fn :Mn → Nn), ιn(V )i =

{
V i = n

0 i 6= n
, ιn(f : V →W )i =

{
f i = n

0 i 6= n
.

We give εn(M
∗) = Mn the topology induced by M∗ and give ιn(V ) the topology generated by Vιn(V ) =

{ιn(U)|U ∈ VV }. Since K∗ is a k-algebra and ki = {0} if i 6= 0, εn(M
∗) can be regarded as a k-module. Since

k is regarded as a K∗-algebra by ε, ιn(V ) can be regarded as a K∗-module.

Proposition 1.2.5 If Ki = {0} for i 6= 0, ιn is a left and right adjoint of εn. Hence εn preserves limits and
colimits.
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Proof. Define natural transformations c̄n : idTopModk → εnιn and cn : ιnεn → idTopModK∗ as follows. For
M∗ ∈ Ob TopModK∗ , cnM∗(x) = x (x ∈ Mn). For V ∈ Ob TopModk, c̄nV (y) = y (y ∈ V ). Clearly, cnM∗ :
ιnεn(M

∗) → M∗ is a homeomorphism onto its image and ūnV : εnιn(V ) → V and c̄nV : V → εnιn(V ) can be
regarded as identity maps. Then, c̄n and cn are the unit and the counit of the adjunction ιn ` εn, respectively.

Define natural transformations un : idTopModK∗ → ιnεn and ūn : εnιn → idTopModk as follows. For M∗ ∈

Ob TopModK∗ , unM∗(x) =

{
x x ∈Mn

0 x ∈M i, i 6= n
. For V ∈ Ob TopModk, ūnV (y) = y (y ∈ (εnιn(V ))n = V ). It

follows from (1.1.25) that unM∗ :M∗ → ιnεn(M
∗) is continuous. Clearly, ūnV : εnιn(V )→ V can be regarded

as identity map. Then, un and ūn are the unit and the counit of the adjunction εn ` ιn respectively.

Remark 1.2.6 (1) For any M∗ ∈ Ob TopModK∗ and n ∈ Z, unM∗ :M∗ → ιnεn(M
∗) is an open map.

(2) We note that εm(ΣnM∗) = εm−n(M
∗) and Σnιm(V ) = ιn+m(V ) hold for M∗ ∈ Ob TopModK∗ and

V ∈ Ob TopModk. Hence we have Σnιmεm(M∗) = ιm+nεm+n(Σ
nM∗) and Σnum,M∗ : ΣnM∗ → Σnιmεm(M∗)

coincides with um+n,ΣnM∗ : ΣnM∗ → ιm+nεm+n(Σ
nM∗).

(3) For a morphism f :M∗ → N∗ of TopModK∗ , Σnιmεm(f) : Σnιmεm(M∗)→ Σnιmεm(N∗) coincides with
ιm+nεm+n(Σ

nf) : ιm+nεm+n(Σ
nM∗)→ ιm+nεm+n(Σ

nN∗).
(4) For a morphism f : ΣmM∗ → N∗ of TopModK∗ , the following diagrams are commutative.

ΣmM∗ Σmιnεn(M
∗)

ιm+nεm+n(Σ
mM∗)

N∗ ιm+nεm+n(N
∗)

ΣmunM∗

f

ιm+nϵm+n(f)

um+nN∗

ιm+nεm+n(Σ
mM∗) Σmιnεn(M

∗) ΣmM∗

ιm+nεm+n(N
∗) N∗

ιm+nϵm+n(f)

ΣmcnM∗

f

cm+nN∗

1.3 Completion of topological modules

Definition 1.3.1 We say that an object M∗ of TopModK∗ is complete if Mn is complete for each n ∈ Z.

Let be M∗ an object of TopModK∗ . Regarding VM∗ as a category whose morphisms are inclusion maps,
consider a functor DM∗ : VM∗ → TopModK∗ given by DM∗(U∗) =M∗/U∗. We denote by M̂∗ the limit lim←−DM∗

of DM∗ , namely there is a limiting cone
(
M̂∗ πU∗−−→ M∗/U∗)

U∗∈VM∗
. Since the quotient maps pU∗ : M∗ →

M∗/U∗ (U∗ ∈ VM∗) define a cone of DM∗ , there is a unique map ηM∗ : M∗ → M̂∗ satisfying πU∗ηM∗ = pU∗

for any U∗ ∈ VM∗ . We call ηM∗ the completion map of M∗.

Proposition 1.3.2 (1) The image of ηM∗ :M∗ → M̂∗ is dense.

(2) ηM∗ :M∗ → M̂∗ is an open map onto its image.

Proof. (1) First, we note that
{
π−1
U∗ (0)|U∗ ∈ VM∗

}
forms a fundamental system of neighborhood of 0 in M̂∗.

For any x ∈ M̂∗ and U∗ ∈ VM∗ , take v ∈ M∗ such that pU∗(v) = πU∗(x). Then πU∗(ηM∗(v) − x) = 0 which
implies ηM∗(v) ∈ {x}+ π−1

U∗ (0).
(2) For U∗ ∈ VM∗ , it suffices to show ηM∗(U∗) = ηM∗(M∗)∩π−1

U∗ (0). ηM∗(U∗) ⊂ ηM∗(M∗)∩π−1
U∗ (0) is clear.

If ηM∗(x) ∈ π−1
U∗ (0) for x ∈M∗, then pU∗(x) = πU∗ηM∗(x) = 0 hence x ∈ U∗. Thus we have ηM∗(x) ∈ ηM∗(U∗)

and this implies ηM∗(U∗) ⊃ ηM∗(M∗) ∩ π−1
U∗ (0).

Proposition 1.3.3 Let M∗ be an object of TopModK∗ .
(1) M∗ is Hausdorff if and only if ηM∗ : M∗ → M̂∗ is injective. Hence if M∗ is Hausdorff, ηM∗ is a

homeomorphism onto its image.
(2) M̂∗ is complete Hausdorff.

(3) M∗ is complete Hausdorff if and only if ηM∗ :M∗ → M̂∗ is bijective. Hence if M∗ is complete Hausdorff,
ηM∗ is an isomorphism.

Proof. (1) Since the map ρ : M̂∗ →
∏

U∗∈VM∗

M∗/U∗ induced by the canonical projections πU∗ : M̂∗ → M∗/U∗

is injective and ρηM∗ : M∗ →
∏

U∗∈VM∗

M∗/U∗ is the map induced by the quotient maps pU∗ : M∗ → M∗/U∗,

the kernel of ηM∗ is
⋂

U∗∈VM∗

U∗. Thus the assertion follows.
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(2) Let I is a directed set and (xi)i∈I a Cauchy sequence in M̂n. Then, for U∗ ∈ VM∗ , (πU∗(xi))i∈I is a
Cauchy sequence in (M∗/U∗)n. SinceM∗/U∗ is discrete, there exists k(U∗) ∈ I such that πU∗(xi) = πU∗(xk(U∗))

if i ≧ k(U∗). Put ᾱ =
(
πU∗

(
xk(U∗)

))
U∗∈VM∗

∈
∏

U∗∈VM∗

M∗/U∗. Then lim
i∈I

ρ(xi) = ᾱ in
∏

U∗∈VM∗

M∗/U∗. If

V ∗ ⊂ U∗, take j ∈ I such that j ≧ k(U∗) and j ≧ k(V ∗), then πV ∗(xk(V ∗)) = πV ∗(xj) ∈ M∗/V ∗ maps

to πU∗(xk(U∗)) = πU∗(xj) ∈ M∗/U∗ by the map M∗/V ∗ → M∗/U∗. Hence there exists α ∈ M̂∗ satisfying

ρ(α) = ᾱ. Since ρ is a homeomorphism onto its image, we have lim
i∈I

xi = α in M̂∗. Therefore M̂∗ is complete.

Since each (M∗/U∗)n is discrete for U∗ ∈ VM∗ and n ∈ Z,
∏

U∗∈VM∗

(M∗/U∗)n =

( ∏
U∗∈VM∗

M∗/U∗

)n
is Haus-

dorff. Hence
∏

U∗∈VM∗

M∗/U∗ is Hausdorff and so is M̂∗ which is homeomorphic to a subspace of
∏

U∗∈VM∗

M∗/U∗.

(3) Suppose that M∗ is complete Hausdorff. Take x ∈
(
M̂∗
)n

. For U∗ ∈ VM∗ and a, b ∈ p−1
U∗(πU∗(x))∩Mn,

we have a− b ∈ U∗. It follows that (p−1
U∗(πU∗(x))∩Mn)U∗∈VM∗ is a filter basis of a Cauchy filter in Mn. Hence

(p−1
U∗(πU∗(x))∩Mn)U∗∈VM∗ converges to a point v ∈Mn. Note that ηM∗(v) = x if and only if pN∗(v) = πN∗(x)

for any N∗ ∈ VM∗ . For any N∗ ∈ VM∗ , there exists U∗ ∈ VM∗ such that p−1
U∗(πU∗(x)) ∩Mn ⊂ {v} +N∗. We

may assume that U∗ ⊂ N∗. Then,

πN∗(x) = dM∗(U∗ → N∗)πU∗(x) ∈ DM∗(U∗ → N∗)(pU∗(p−1
U∗(πU∗(x)) ∩Mn))

= pN∗(p−1
U∗(πU∗(x)) ∩Mn) ⊂ pN∗({v}+N∗) = {pN∗(v)}.

Thus we have pN∗(v) = πN∗(x) for any N∗ ∈ VM∗ and ηM∗ is surjective.

Conversely, if ηM∗ :M∗ → M̂∗ is bijective, it follows from (1) and (2) of (1.3.2) that ηM∗ is an isomorphism.
Hence M∗ is complete Hausdorff by (2) above.

Let f : M∗ → N∗ be a morphism in TopModK∗ . For each U∗ ∈ VN∗ , we have a map fU∗ : M∗/f−1(U∗)→

N∗/U∗ induced by f . Then,
(
M̂∗

fU∗πf−1(U∗)−−−−−−−−→ N∗/U∗
)
U∗∈VN∗

is a cone of DN∗ : VN∗ → TopModK∗ . There

exists a unique morphism f̂ : M̂∗ → N̂∗ such that fU∗πf−1(U∗) = πU∗ f̂ for any U∗ ∈ VN∗ . Hence πU∗ f̂ηM∗ =
fU∗πf−1(U∗)ηM∗ = fU∗pf−1(U∗) = pU∗f = πU∗ηN∗f . Therefore the following diagram commutes.

M∗ M̂∗

N∗ N̂∗

ηM∗

f f̂

ηN∗

Proposition 1.3.4 Let f : M∗ → N∗ a morphism in TopModK∗ such that N∗ is complete Hausdorff. Then,
there exists a unique morphism g : M̂∗ → N∗ such that gηM∗ = f .

Proof. Since N∗ is complete Hausdorff, ηN∗ : N∗ → N̂∗ is an isomorphism. Put g = η−1
N∗ f̂ , then gηM∗ = f by

the commutativity of the above diagram. The uniqueness of g follows from the fact that the image of ηM∗ is
dense.

Definition 1.3.5 The limit M̂∗ of DM∗ : VM∗ → TopModK∗ is called the completion of M∗.

Remark 1.3.6 The following diagram is commutative by the definition of η̂M∗ : M̂∗ → ̂̂
M∗.

M∗ M̂∗

M̂∗ ̂̂
M∗

ηM∗

ηM∗ η
M̂∗

η̂M∗

Since the image of η
M̂∗ :M∗ → M̂∗ is dense by (1.3.2) and

̂̂
M∗ is a Hausdorff space by (1.3.3), it follows from

the continuity of η̂M∗ and η
M̂∗ and the commutativity of the above diagram that we have η̂M∗ = η

M̂∗ .
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Lemma 1.3.7 Let F : C → D and D : D → E be functors Assume that the comma category (F↓ i) is not empty

for any i ∈ ObD. If (X πi−→ D(i))i∈ObD is a cone of D and a monomorphic family in E, (X
πF (j)−−−→ DF (j))j∈Ob C

is also a monomorphic family.

Proof. Let f, g : Y → X be morphisms of E such that πF (j)f = πF (j)g for any j ∈ Ob C. For any object i of D,
there exists an object 〈j, α〉 of (F↓ i). Since (X

πi−→ D(i))i∈ObD is a cone of D, we have

πif = D(α)πF (j)f = D(α)πF (j)g = πig

for any i ∈ ObD. Thus f = g by the assumption. Hence (X
πF (j)−−−→ DF (j))j∈Ob C is a monomorphic family.

Proposition 1.3.8 Let F : C → D be a functor such that, for any object i of D, the comma category (F↓ i) is
non-empty and connected. Let D : D → E be a functor.

(1) Suppose that (X
πj−→ DF (j))j∈Ob C is a limiting cone of DF . For each object i of D, choose an object

〈ji, αi〉 of (F↓ i) and put π̃i = D(αi)πji . Then (X
π̃i−→ D(i))i∈ObD is a limiting cone of D.

(2) If (X
πi−→ D(i))i∈ObD is a limiting cone of F , then (X

πF (j)−−−→ DF (j))j∈Ob C is a limiting cone of DF .

Proof. Let (Y
ρj−→ DF (j))j∈Ob C be a cone of DF . For an object i of D and objects 〈j, α〉, 〈k, β〉 of (F↓ i), it

follows from the connectivity of (F↓ i) that there exist objects 〈lm, γm〉 (m = 1, 2, . . . , 2n − 1) and morphisms
ϕs : 〈l2s−1, γ2s−1〉 → 〈l2s−2, γ2s−2〉, ψs : 〈l2s−1, γ2s−1〉 → 〈l2s, γ2s〉 (s = 1, 2, . . . , n) of (F↓ i), where we put
l0 = j, β0 = α, l2n = k, β2n = β. Then, we have γ2s−2F (ϕs) = γ2s−1 and γ2sF (ψs) = γ2s−1 for s = 1, 2, . . . , n.
Since DF (ϕs)ρl2s−1

= ρl2s−2
and DF (ψs)ρl2s−1

= ρl2s hold for s = 1, 2, . . . , n, we have the following equalities
for s = 1, 2, . . . , n, which imply D(α)ρj = D(β)ρk.

D(γ2s−2)ρl2s−2 = D(γ2s−2)DF (ϕs)ρl2s−1 = D(γ2s−2F (ϕs))ρl2s−1 = D(γ2s−1)ρl2s−1

D(γ2s)ρl2s = D(γ2s)DF (ψs)ρl2s−1 = D(γ2sF (ψs))ρl2s−1 = D(γ2s−1)ρl2s−1

For an object i of D, we choose an object 〈j, α〉 of (F↓ i) and define ρ̃i : Y → D(i) by ρ̃i = D(α)ρj . Then,
this definition of ρ̃i does not depend on the choice of 〈j, α〉. Let τ : i→ i′ be a morphism of D. Since 〈j, τα〉 is
an object of (F↓ i′), we have ρ̃i′ = D(τα)ρj = D(τ)D(α)ρj = D(τ)ρ̃i which shows that (Y

ρ̃i−→ D(i))i∈ObD is a
cone of D.

(1) By the above result, (X
π̃i−→ D(i))i∈ObD is a cone of D. Let (Y

λi−→ D(i))i∈ObD be a cone of D. Then,

(Y
λF (j)−−−→ DF (j))j∈Ob C is a cone of DF . Hence there exists unique morphism f : Y → X of E that satisfies

πkf = λF (k) for any k ∈ Ob C. For an object i of D, we have π̃if = D(αi)πjif = D(αi)λF (ji) = λi. Suppose
that a morphism g : Y → X satisfies π̃ig = λi for any i ∈ ObD. Since 〈F (k), idF (k)〉 is an object of (F↓F (k)),
we have π̃F (k) = πk. It follows that πkg = π̃F (k)g = λF (k) for any k ∈ Ob C. Since (X

πj−→ DF (j))j∈Ob C is a

limiting cone of DF , we have g = f . Therefore (X
π̃i−→ D(i))i∈ObD is a limiting cone of D.

(2) Let (Y
ρj−→ DF (j))j∈Ob C be a cone of DF . Since (Y

ρ̃i−→ D(i))i∈ObD is a cone of D, there exists unique
morphism f : Y → X that satisfies πif = ρ̃i for any i ∈ ObD. Since 〈F (j), idF (j)〉 is an object of (F↓F (j)), we
have ρ̃F (j) = ρj , which implies that πF (j)f = ρ̃F (j) = ρj holds for any j ∈ Ob C. Since (X

πF (j)−−−→ DF (j))j∈Ob C
is a monomorphic family by (1.3.7), the uniqueness of the morphism f : Y → X that satisfies πF (j)f = ρj for
all j ∈ Ob C follows.

Remark 1.3.9 For an object M∗ of TopModK∗ and a subset BM∗ of VM∗ , we regard the inclusion map I :
BM∗ → VM∗ as a functor. Let U∗ be an element of VM∗ . Then, (I↓U∗) is not empty if and only if there
exists V ∗ ∈ BM∗ which is contained in U∗. If (I↓U∗) is not empty for any U∗ ∈ VM∗ , (I↓U∗) connected for
any U∗ ∈ VM∗ . In fact, for objects 〈V ∗, ι〉 and 〈W ∗, η〉 of (I↓U∗), since (I↓V ∗ ∩W ∗) not empty, there exists
Z∗ ∈ BM∗ which is contained both V ∗ and W ∗.

If (I↓U∗) is not empty for any U∗ ∈ VM∗ , we say that BM∗ is a cofinal subset of VM∗ .

Proposition 1.3.10 Let M∗ be an object of TopModK∗ . If M∗ is a 1st countable space, then the completion of
M∗ is also a 1st countable space.

Proof. Let BM∗ a countable cofinal subset of VM∗ . We regard the inclusion map I : BM∗ → VM∗ as a functor. Let(
M̂∗ πU∗−−→M∗/U∗)

U∗∈VM∗
be a limiting cone of DM∗ . It follow from (1.3.8) that

(
M̂∗ πU∗−−→M∗/U∗)

U∗∈BM∗
is
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a limiting cone of DM∗ . Since BM∗ is countable,
∏

U∗∈BM∗

M∗/U∗ is a countable product of 1st countable spaces.

Hence
∏

U∗∈BM∗

M∗/U∗ is a 1st countable space. Since M̂∗ is homeomorphic to a subspace of
∏

U∗∈BM∗

M∗/U∗,

M̂∗ is also a 1st countable space.

It follows from (1.1.17) that M̂∗ is an object of TopMod iK∗ if M∗ is so. Let us denote by TopModcK∗ (resp.
TopMod icK∗) the full subcategory of TopModK∗ (resp. TopMod iK∗) consisting of objects of TopModK∗ (resp.

TopMod iK∗) which is complete Hausdorff. By assigning M̂∗ to M∗ and f̂ : M̂∗ → N̂∗ to f :M∗ → N∗, we have
the completion functor C : TopModK∗ → TopModcK∗ (resp. C : TopMod iK∗ → TopMod icK∗). The next result is
a direct consequence of (1.3.4).

Proposition 1.3.11 C : TopModK∗ → TopModcK∗ (resp. C : TopMod iK∗ → TopMod icK∗) is a left adjoint of
the inclusion functor TopModcK∗ ↪→ TopModK∗ (resp. TopMod icK∗ ↪→ TopMod iK∗). In particular, C preserves
epimorphisms and colimits.

Proposition 1.3.12 If f :M∗ → N∗ is a morphism of TopModK∗ which is a homeomorphism onto its image,
then f̂ : M̂∗ → N̂∗ is also a homeomorphism onto its image.

Proof. We may assume that M∗ is a submodule of N∗ and that f is the inclusion map. Since f̂ is the morphism
induced by a family of monomorphisms (fU∗ :M∗/M∗ ∩U∗ → N∗/U∗)U∗∈VN∗ of discrete spaces, the assertion
follows.

Proposition 1.3.13 ([14]) For a submodule N∗ of M∗, the closure of N∗ is
⋂

U∗∈VM∗

(N∗ + U∗).

Proof. x ∈M∗ belongs to the closure of N∗ if and only if (x+U∗)∩N∗ is not empty for any U∗ ∈ VM∗ , which
is equivalent to x ∈ N∗ + U∗ for any U∗ ∈ VM∗ .

Proposition 1.3.14 ([14] Theorem 8.1) Let M∗ be an object of TopModK∗ and N∗ a submodule of M∗. We
denote by i : N∗ → M∗ and q : M∗ → M∗/N∗ the inclusion map and the quotient map, respectively. Then, î

maps N̂∗ isomorphically onto the closure of ηM∗(N∗) and 0→ N̂∗ î−→ M̂∗ q̂−→ M̂∗/N∗ is exact.

Proof. Im î is a closed subset of M̂∗ by the completeness of N̂∗ and (1.3.12). Note that ηN∗(N∗) is dense in N̂∗.

Hence ηM∗(N∗) = îηN∗(N∗) = Im î. Since a submodule S∗ of M∗/N∗ is open in M∗/N∗ if and only if there
exists U∗ ∈ VM∗ satisfying (U∗ +N∗)/N∗ = q(U∗) ⊂ S∗, {q(U∗) |U∗ ∈ VM∗} is a cofinal subset of VM∗/N∗ . Let
D,D′, D′′ : VM∗ → TopModK∗ be functors defined by D(U∗) =M∗/U , D′(U∗) = N∗/(N∗∩U∗) and D′′(U∗) =

M∗/(N∗ + U∗). We have limiting cones
(
M̂∗ πU∗−−→ M∗/U∗)

U∗∈VM∗
,

(
N̂∗ π′

U∗−−→ N∗/(N∗ ∩ U∗)

)
U∗∈VM∗

and(
M̂∗/N∗ π′′

U∗−−→M∗/(N∗ + U∗)

)
U∗∈VM∗

of D, D′ and D′′, respectivey. If x ∈ Ker q̂, choose xU∗ ∈M∗ satisfying

πU∗(x) = pU∗(xU∗) for each U∗ ∈ VM∗ . Since xU∗ ∈ N∗ + U∗ for any U∗ ∈ VM∗ , there exist yU∗ ∈ N∗ and
zU∗ ∈ U∗ such that xU∗ = yU∗ + zU∗ . Thus πU∗(x) = pU∗(yU∗) for any U∗ ∈ VM∗ , which implies x ∈ Im î.

Proposition 1.3.15 The kernel of the morphism f̂ : M̂∗ → N̂∗ induced by a morphism f : M∗ → N∗ of

TopModK∗ is
⋂

V ∗∈VN∗

Kerπf−1(V ∗), where
(
M̂∗ πU∗−−→ M∗/U∗)

U∗∈VM∗
is a limiting cone of DM∗ : VM∗ →

TopModK∗ .

Proof. For V ∗ ∈ VN∗ , let fV ∗ : M∗/f−1(V ∗) → N∗/V ∗ be the map satisfying fV ∗pf−1(V ∗) = qV ∗f , where
pf−1(V ∗) : M

∗ → M∗/f−1(V ∗) and qV ∗ : N∗ → N∗/V ∗ are the quotient maps. Then, fV ∗ is injective and the

following diagram commutes by the definition of f̂ .

M̂∗ M∗/f−1(V ∗)

N̂∗ N∗/V ∗

πf−1(V ∗)

f̂ fV ∗

π′
V ∗
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Hence
⋂

V ∗∈VN∗

Kerπf−1(V ∗)=
⋂

V ∗∈VN∗

Ker (π′
V ∗ f̂)=

⋂
V ∗∈VN∗

f̂−1(Ker (π′
V ∗))= f̂−1

( ⋂
V ∗∈VN∗

Ker (π′
V ∗)

)
=Ker f̂ .

Proposition 1.3.16 Let U∗ be an open submodule of M∗. The closure of ηM∗(U∗) coincides with KerπU∗ .

Proof. Since πU∗ηM∗ = pU∗ , ηM∗(U∗) ⊂ KerπU∗ . It follows ηM∗(U∗) ⊂ KerπU∗ . Since Ker πU∗ is a closed

subset of M̂∗, the closure of ηM∗(U∗) is contained in Ker πU∗ . We put U = {V ∗ ∈ VM∗ |V ∗ ⊂ U∗}. Then,
U is a cofinal subset of VM∗ . For x ∈ KerπU∗ , we choose xV ∗ ∈ M∗ satisfying πV ∗(x) = pV ∗(xV ∗) for
each V ∗ ∈ U . Then, (ηM∗(xV ∗))V ∗∈U is a Cauchy sequence converging to x and xU∗ ∈ U∗. Since the map
τV ∗,U∗ : M∗/V ∗ → M∗/U∗ satisfying τV ∗,U∗pV ∗ = pU∗ maps pV ∗(xV ∗) to pU∗(xU∗) = 0, it follows that
xV ∗ ∈ U∗ if V ∗ ∈ U . Therefore (ηM∗(xV ∗))V ∗∈U is a sequence in ηM∗(U∗) and this implies x belongs to the
closure of ηM∗(U∗).

If M∗ is complete, so is ΣlM∗ by the definition of completeness. Hence the following fact holds.

Proposition 1.3.17 Let ηM∗ :M∗ → M̂∗ be the completion ofM∗. There is a unique isomorphism t : ΣlM̂∗ →
Σ̂lM∗ such that the following diagram commutes.

ΣlM∗ ΣlM̂∗

Σ̂lM∗

ΣlηM∗

η
ΣlM∗ t

Proposition 1.3.18 Let f :M∗ → N∗ be a morphism of TopModK∗ whose image is dense.
(1) If M∗ is a submodule of N∗ and f is the inclusion map, then f̂ is an isomorphism.

(2) f̂ : M̂∗ → N̂∗ is an epimorphism of TopModcK∗ .

Proof. (1) We denote by p : N∗ → N∗/Im f the quotient map. There is an exact sequence 0 → M̂∗ f̂−→ N̂∗ p−→
N̂∗/Im f by (1.3.14). Since the topology of N∗/M∗ is trivial by (1.1.16), N̂∗/M∗ is a trivial module. Hence f̂ is
an isomorphism by (1.3.12).

(2) Let f ′ : M∗ → Im f be the surjection induced by f and denote by i : Im f → N∗ the inclusion map.

By (1.3.11), f̂ ′ : M̂∗ → Îm f is an epimorphism of TopModcK∗ . Since î : Îm f → N̂∗ is an isomorphism by (1),

f̂ = îf̂ ′ : M̂∗ → N̂∗ is an epimorphism of TopModcK∗ .

Proposition 1.3.19 A morphism f : M∗ → N∗ of TopModcK∗ is an epimorphism if and only if the image of
f is dense.

Proof. Assume that f is an epimorphism. Let L∗ be the closure of the image of f and p : N∗ → N∗/L∗ the

quotient map. If we denote by 0 : N̂∗/L∗ → N̂∗/L∗ be the trivial map, then we have 0ηN∗/L∗pf = ηN∗/L∗pf .
We note that 0ηN∗/L∗pf and ηN∗/L∗pf are both morphisms of TopModcK∗ . Since f is an epimorphism and p is
surjective, it follows that 0ηN∗/L∗ = ηN∗/L∗ , namely, ηN∗/L∗ is the trivial map. On the other hand, since N∗/L∗

is an Hausdorff module, ηN∗/L∗ : N∗/L∗ → N̂∗/L∗ is injective. Therefore N∗/L∗ is the trivial K∗-module,
hence the image of f is dense.

Proposition 1.3.20 For a morphism f : M∗ → N∗ of TopModcK∗ , a morphism g : N∗ → Q∗ is a cokernel of
f in TopModcK∗ if and only if g is an epimorphism whose kernel is the closure of the image of f .

Proof. Suppose that g is an epimorphism whose kernel is the closure Im f of the image of f . Let h : N∗ → L∗

be a morphism of TopModcK∗ which satisfies hf = 0. Since L∗ is a Hausdorff module, Ker h is a closed
submodule of N∗ which contains Im f . Hence Kerh contains Im f = Ker g and it follows that there exists a
map h̄ : Q∗ → L∗ which satisfies h̄g = h. The uniqueness of h̄ satisfying h̄g = h follows form the assumption
that g is an epimorphism. Conversely, assume that g : N∗ → Q∗ is a cokernel of f in TopModcK∗ . It is clear
that g is an epimorphism. Since Q∗ is a Hausdorff module, Ker g is a closed submodule of N∗ which contains
Im f . Thus we have Im f ⊂ Ker g. Let p : N∗ → N∗/Im f be the quotient map and consider a composition

N∗ p−→ N∗/Im f
ηN∗/Im f−−−−−→ N̂∗/Im f . Since pf = 0 and ηN∗/Im f p : N∗ → N̂∗/Im f is a morphism of TopModcK∗ ,
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there exists unique map q : N∗ → N̂∗/Im f that satisfies qg = ηN∗/Im f p. Since N
∗/Im f is a Hausdorff module,

ηN∗/Im f is injective. Thus we have Ker g ⊂ Ker qg = Ker ηN∗/Im f p = Ker p = Im f .

Let M∗ be an object of TopModK∗ . For a sequence (xn)n∈N of elements of M∗, we say that a series
∑
n∈N

xn

converges to α ∈M∗ if the following condition is satisfied.

For any U∗ ∈ VM∗ , there exists N ∈N which satisfies “
m∑
n=1

xn − α ∈ U∗ if m ≧ N”.

Proposition 1.3.21 LetM∗ be an object of TopModK∗ which is a 1st countable space and D∗ a dense submodule
of M∗. For x ∈M∗, there exists a sequence (xn)n∈N of elements of D∗ such that

∑
n∈N

xn converges to x.

Proof. Let BM∗ be a countable cofinal subset of VM∗ . We put BM∗ = {U∗
n |n ∈ N} and V ∗

n =
n⋂
k=1

U∗
k . Since

D∗ is dense, there exists yn ∈ D∗ which satisfies x− yn ∈ V ∗
n for each n ∈ Z. Put x1 = y1 and xn = yn − yn−1

for n ≧ 2. Then, xn ∈ D∗ for any n ∈ Z and x−
m∑
n=1

xn = x− ym ∈ V ∗
m. For any U∗ ∈ VM∗ , there exists n ∈N

such that U∗
n ⊂ U∗. Since V ∗

m ⊂ U∗
n if m ≧ n, we have x −

m∑
n=1

xn = x − ym ∈ U∗ if m ≧ n. Hence
∑
n∈N

xn

converges to x.

Proposition 1.3.22 Let K∗ be a field with discrete topology and M∗ be an object of TopModK∗ which is a
Hausdorff space. Assume that a sequence (xn)n∈N of M∗ is linearly independent. If

∑
n∈N

anxn = 0 for an ∈ K∗,

then an = 0 for all n ∈N .

Proof. For i ∈ N , let N∗ be a subspace of M∗ spanned by {xn|n 6= i} and pi : M
∗ → M∗/N∗

i the quotient
map. Since pi maps the left hand side of

∑
n∈N

anxn = 0 to aipi(xi) by the continuity of pi. Since N∗
i does not

contain xi, we have pi(xi) 6= 0. Hence ai = 0 for all i ∈N .

1.4 Topologies on graded modules

Definition 1.4.1 Let K∗ be a linearly topologized graded ring.
(1) K∗ is said to be finite if K∗ is an Artinian ring and discrete.
(2) We say that an open ideal a of K∗ is cofinite if K∗/a is artinian. We say that K∗ has the cofinite

topology if the set of all cofinite ideals of K∗ is a fundamental system of the neighborhood of 0.
(3) If the topology of K∗ is coarser (resp. finer) than the cofinite topology, we say that K∗ is subcofinite

(resp. supercofinite). Hence K∗ is subcofinite (resp. supercofinite) if and only if every open ideal is cofinite
(resp. every cofinite ideal is open).

Definition 1.4.2 Let M∗ be an object of TopModK∗ .
(1) M∗ is said to be finite if M∗ is discrete and has a composition series.
(2) We say that a submodule N∗ of M∗ is cofinite if M∗/N∗ is finite. We say that M∗ has the cofinite

topology if the set of all cofinite submodules of M∗ is a fundamental system of the neighborhood of 0.
(3) If the topology of M∗ is coarser (resp. finer) than the cofinite topology, we say that M∗ is subcofinite

(resp. supercofinite). Hence M∗ is subcofinite (resp. supercofinite) if and only if every open submodule is cofinite
(resp. every cofinite submodule is open).

(4) For a non-negative integer n, let us denote by M∗[n] a submodule of M∗ generated by
⋃

|i|≧n
M i. We say

that an object M∗ of TopModK∗ has a skeletal topology if
{
M∗[n]

∣∣n = 0, 1, 2, . . .
}
is a fundamental system of

the neighborhood of 0.
(5) If the topology of M∗ is coarser (resp. finer) than the skeletal topology, we say that M∗ is subskeletal

(resp. superskeletal). Hence M∗ is subskeletal (resp. superskeletal) if and only if every open submodule contains
M∗[n] for some n (resp. every submodule containing M∗[n] for some n is open).

Remark 1.4.3 (1) Suppose that M∗ has finite length. Then, M∗ is supercofinite if and only if M∗ is discrete.
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(2) Let K∗ be a field such that Kd 6= {0} for some d 6= 0. For a K∗-module M∗ and an integer k, since
d−1∑
i=0

M i+k generates M∗, the skeletal topology on M∗ is trivial. Hence we assume that a field K∗ satisfies

Ki = {0} if i 6= 0 when we consider the skeletal topology on K∗-modules.

Definition 1.4.4 Let A∗ be a graded K∗-module or a graded ring.
(1) We say that A∗ is n-connected (resp. n-coconnected) if Ak = {0} for k ≤ n (resp. Ak = {0} for k ≥ n).
(2) We say that A∗ is connective (resp. coconnective) if there exists n ∈ Z such that A∗ is n-connected

(resp. n-coconnected). We say that A∗ is bounded if A∗ is both connective and coconnective.

Proposition 1.4.5 The skeletal topology on a graded K∗-module M∗ is Hausdorff if one of the following con-
ditions is satisfied.

(i) Both K∗ and M∗ are connective. (ii) Both K∗ and M∗ are coconnective. (iii) K∗ is bounded.

Proof. Suppose that K∗ and M∗ are connective (resp. coconnective). Take N such that Kn = {0} and
Mn = {0} if n < N (resp. n > N). Then, K∗Mn ⊂

∑
i≥N+n

M i (resp. K∗Mn ⊂
∑

i≤N+n

M i). It follows that,

if m > |N |, M∗[m] =
∑
n≥m

K∗Mn ⊂
∑

i≥N+m

M i (resp. M∗[m] =
∑

n≤−m
K∗Mn ⊂

∑
i≤N−m

M i). Hence we have⋂
m≥1

M∗[m] = {0}.

Suppose that K∗ is bounded. Take N such that Kn = {0} if |n| > N . Then, K∗Mn ⊂
n+N∑
i=n−N

M i. It follows

that, if m > N , M∗[m] =
∑

|n|≥m
K∗Mn ⊂

∑
|i|≥m−N

M i. Hence we also have
⋂
m≥1

M∗[m] = {0} in this case.

Proposition 1.4.6 Let M∗ be an object of TopModK∗ with skeletal topology. Suppose that one of the conditions
of (1.4.5) is satisfied. If N∗ is a cofinite submodule of M∗, then there exists a positive integer n satisfying
M∗[n] ⊂ N∗. Hence the skeletal topology on M∗ is supercofinite in this case.

Proof. We have a descending chain

M∗/N∗ ⊃ (M∗/N∗)[1] ⊃ (M∗/N∗)[2] ⊃ · · · ⊃ (M∗/N∗)[m] ⊃ (M∗/N∗)[m+ 1] ⊃ · · ·

of submodules of M∗/N∗. Since M∗/N∗ is artinian, there exists n such that (M∗/N∗)[n] = (M∗/N∗)[m] for
any m ≥ n. On the other hand, since one of the conditions of (1.4.5) is also satisfied for M∗/N∗, M∗/N∗ is
Hausdorff. Therefore we have (M∗/N∗)[n] =

⋂
m≥1

(M∗/N∗)[m] = {0}. This implies M∗[n] ⊂ N∗.

Proposition 1.4.7 (1) If K∗Mk is of finite length for every k ∈ Z, then M∗[n] is cofinite for every n ≥ 1.
Hence if M∗ is supercofinite, M∗ is superskeletal in this case. In other words, the skeletal topology on M∗ is
subcofinite.

(2) Suppose that, for each integer k, there exists a positive integer m satisfying K∗Mk ∩M∗[m] = {0} (for
example, K∗ is bounded). If M∗[n] is cofinite for every n ≥ 1, then K∗Mk is of finite length.

Proof. (1) Since M∗ =
∑

|k|<n
K∗Mk +M∗[n], the map

∑
|k|<n

K∗Mk →M∗/M∗[n] induced by the inclusion map

is surjective. Hence M∗/M∗[n] is of finite length and M∗[n] is cofinite.
(2) If K∗Mk ∩M∗[m] = {0}, the composition K∗Mk ↪→M∗ →M∗/M∗[m] is injective. Hence K∗Mk is of

finite length.

Proposition 1.4.8 Let f : M∗ → N∗ be a homomorphism of TopModK∗ and Z∗ a cofinite submodule of N∗.
Then, f−1(Z∗) is a cofinite submodule of M∗.

Proof. Since f induces an injective homomorphism M∗/f−1(Z∗)→ N∗/Z∗ and N∗/Z∗ is of finite length, so is
M∗/f−1(Z∗).

Proposition 1.4.9 Let K∗ be a field and M∗ a supercofinite vector space over K∗.
(1) M∗ is Hausdorff and every finite dimensional subspace of M∗ is discrete.
(2) Let S∗ be a finite dimensional subspace of M∗ and iS∗ : S∗ → M∗ the inclusion map. Then, iS∗ is a

split monomorphism.
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Proof. (1) Let S∗ be a finite dimensional subspace of M∗. By (1.1.4), there exists a subspace N∗ satisfying
S∗ ∩N∗ = {0} and S∗ +N∗ =M∗. Then, N∗ is cofinite, hence open. Thus S∗ ∩N∗ = {0} is an open subspace

of S∗ and S∗ is discrete. For non-zero x =
m∑
i=1

xi ∈ M∗ (xi ∈ Mni), let S∗ be the subspace generated by

x1, x2, . . . , xm. Then, N∗ as above is a neighborhood of zero which does not contain x.

(2) Take N∗ as in (1) and define p :M∗ → S∗ by p(x) =

{
x x ∈ S∗

0 x ∈ N∗ . Then, piS∗ = idS∗ . Since Ker p = N∗

is cofinite, p is continuous.

The product of finite vector spaces is not cofinite in general. A counter example is given as follows. Let
Ki be a copy of a ungraded discrete field K for each i ∈ N and consider the product space V =

∏
i∈N

Ki. We

denote by pi : V → Ki = K the projection onto the i-th component. Let us denote by S the set of all finite
subsets of N . Then S is a directed set by ⊂. For I ∈ S, we put WI =

⋂
i∈I

Ker pi. Then {WI | I ∈ S} is a

fundamental system of neighborhoods of 0. Let ei be the element of V whose i-th component is 1 and other
components are all 0 and e∞ the element of V whose components are all 1. Put B′ = {ei| i ∈ N} ∪ {e∞}.
Then, B′ is linearly independent. Let B be a basis of V containing B′ and define a linear map f : V → K by

f(v) =

{
1 v = e∞

0 v ∈ B − {e∞}
. Since f(ei) = 0 for all i ∈N , we have f

(∑
i∈I

ei

)
= 0 for any I ∈ S. It is clear that(∑

i∈I
ei

)
I∈S

converges to e∞, however, f(e∞) = 1 6= 0. Therefore f is not continuous, so a subspace Ker f of

codimension 1 is not open in V . Hence V is not cofinite.

Proposition 1.4.10 If (M∗
i )i∈I is a family of subcofinite K∗-modules, then

∏
i∈I

M∗
i is also subcofinite.

Proof. Let pj :
∏
i∈I

M∗
i → M∗

j be the projection. Since

{
n⋂
k=1

p−1
jk

(W ∗
jk
)

∣∣∣∣ jk ∈ I, W ∗
jk
∈ VM∗

jk

}
is a fundamental

system of the neighborhood of 0 and each
n⋂
k=1

p−1
jk

(W ∗
jk
) is cofinite, the assertion follows.

Proposition 1.4.11 (1) If M∗ is a subcofinite K∗-module, then each submodule and quotient module of M∗

are subcofinite.
(2) Suppose that K∗ is a field. If M∗ is a supercofinite vector space over K∗, then each subspace and quotient

space of M∗ are supercofinite.
(3) If M∗ is subcofinite, then the completion M̂∗ is also subcofinite.

Proof. Let N∗ be a submodule of M∗ and p :M∗ →M∗/N∗ be the quotient map.
(1) Let Z∗ be an open submodule of N∗. There exists an open submodule U∗ ofM∗ sucn that Z∗ = U∗∩N∗.

Since U∗ is cofinite and there is an injection N∗/Z∗ → M∗/U∗, Z∗ is cofinite in N∗. Hence Z∗ is subcofinite.
Let T ∗ be an open submodule ofM∗/N∗. Then, p−1(T ∗) is open, hence cofinite. Since p induces an isomorphism
M∗/p−1(T ∗)→ (M∗/N∗)/T ∗, T ∗ is of finite codimension in M∗/N∗. Hence M∗/N∗ is subcofinite.

(2) Let Z∗ be a subspace of N∗ which is cofinite in N∗. Take a subspace T ∗ of M∗ satisfying T ∗+N∗ =M∗

and T ∗ ∩N∗ = {0}. Then, the inclusion map i : N∗ →M∗ induces a bijection N∗/Z∗ →M∗/(Z∗+T ∗). Hence
Z∗ + T ∗ is a cofinite subspace of M∗, therefore open. Since N∗ ∩ (Z∗ + T ∗) = Z∗, Z∗ is open in N∗. Therefore
N∗ is supercofinite. Let T ∗ be a cofinite subspace of M∗/N∗. Then, by (1.4.8), p−1(T ∗) is a cofinite subspace
M∗. Hence p−1(T ∗) is open and so is T ∗. Thus M∗/N∗ is supercofinite.

(3) If M∗ is subcofinite, then M̂∗ is a submodule of product of finite modules which is subcofinite by (1) of

(1.4.10) and the above (1). Hence M̂∗ is subcofinite.

Proposition 1.4.12 M∗ is subcofinite and Hausdorff if and only if M∗ is isomorphic to a submodule of product
of finite K∗-modules.

Proof. Assume that M∗ is subcofinite and Hausdorff. For U∗ ∈ VM∗ , let pU∗ : M∗ → M∗/U∗ be the quotient
map. The map f :M∗ →

∏
U∗∈VM∗

M∗/U∗ induced by pU∗ is a homeomorphism onto its image by (1) of (1.3.3).

Since M∗/U∗ is finite for any U∗ ∈ VM∗ , M∗ is isomorphic to a submodule of product of finite K∗-modules.
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Conversely, assume that M∗ is isomorphic to a submodule of product
∏
i∈I

M∗
i of finite K∗-modules M∗

i for

i ∈ I. Since each M∗
i is discrete and cofinite, hence Hausdorff,

∏
i∈I

M∗
i is also Hausdorff and cofinite by (1.4.10).

Thus all submodules of
∏
i∈I

M∗
i are Hausdorff and subcofinite by (1) of (1.4.11).

Proposition 1.4.13 Let M∗ be a left K∗-module whose topology is coarser than the topology induced by K∗.
If K∗ is subcofinite and M∗/U∗ is finitely generated for every open submodule U∗ of M∗, then the topology on
M∗ is subcofinite.

Proof. Let U∗ be an open submodule of M∗. There exists an open ideal a of K∗ satisfying aM∗ ⊂ U∗. Hence
M∗/U∗ is a module over an artinian ring K∗/a. Moreover, since M∗/U∗ is a finitely generated K∗/a-module,
M∗/U∗ is of finite length.

We also observe the following facts.

Proposition 1.4.14 Let M∗ and N∗ be objects of TopModK∗ . If “M∗ is supercofinite and N∗ is subcofinite”
or “M∗ is superskeletal and N∗ is subskeletal”, then every linear map from M∗ to N∗ preserving degrees is
continuous.

Proposition 1.4.15 (1) If M∗ is subskeletal (resp. superskeletal), then each submodule and quotient module
of M∗ are subskeletal (resp. superskeletal).

(2) If M∗ is superskeletal and one of the conditions of (1.4.5) is satisfied, Mn is discrete for each n ∈ Z
and M∗ is complete Hausdorff .

(3) If both M∗ and N∗ have the skeletal topologies, then M∗ ⊕N∗ has the skeletal topology.

Remark 1.4.16 By giving the cofinite (resp. skeletal) topology to a graded K∗-module, we have a fully faithful
functor from the category of graded K∗-modules to TopModK∗ .

Definition 1.4.17 An object M∗ of TopModK∗ is said to be profinite if M∗ is complete Hausdorff and subcofi-
nite.
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2 Tensor products

2.1 Tensor product of topological modules

For objects M∗, N∗ of TopModK∗ , define a graded K∗-module M∗ ⊗K∗ N∗ as follows. Let F (M∗, N∗) be the
free K∗-module generated by M∗ ×N∗ and R(M∗, N∗) a submodule of F (M∗, N∗) generated by

{(x+ y, z)− (x, z)− (y, z) |x, y ∈M∗, z ∈ N∗ } ∪ {(x, z + w)− (x, z)− (x,w) |x ∈M∗, z, w ∈ N∗ } ∪

{(rx, z)− r(x, z) |x ∈M∗, z ∈ N∗, r ∈ K∗ } ∪
⋃

l,m∈Z

{
(x, rz)− (−1)lmr(x, z)

∣∣x ∈Mm, z ∈ N∗, r ∈ Kl
}

We assign degree m+n to (x, y) ∈ F (M∗, N∗) if x ∈Mm and y ∈ Nn and denote by x⊗y the equivalence class
of (x, y). If f :M∗ → P ∗ and g : N∗ → Q∗ are morphisms in TopModK∗ , let f ⊗ g :M∗ ⊗K∗ N∗ → P ∗ ⊗K∗ Q∗

be the map induced by the map F (f, g) : F (M∗, N∗)→ F (P ∗, Q∗) defined by F (f, g)(x, y) = (f(x), g(y)).
For a submodule V ∗ of M∗ and a submodule W ∗ of N∗, let us denote by pV ∗ :M∗ →M∗/V ∗, qW∗ : N∗ →

N∗/W ∗ the quotient maps and put

o(V ∗,W ∗) = Ker(pV ∗⊗ qW∗ :M∗ ⊗K∗ N∗ →M∗/V ∗ ⊗K∗ N∗/W ∗).

We give a topology on M∗⊗K∗ N∗ so that {o(V ∗,W ∗) |V ∗ ∈ VM∗ , W ∗ ∈ VN∗} forms a fundamental system of
the neighborhood of 0.

We denote by iV ∗ : V ∗ →M∗ and jW∗ :W ∗ → N∗ the inclusion maps. Let

kV ∗,W∗ : (V ∗ ⊗K∗ N∗)⊕ (M∗ ⊗K∗ W ∗)→M∗ ⊗K∗ N∗

be the map induced by iV ∗ ⊗ 1 : V ∗ ⊗K∗ N∗ →M∗ ⊗K∗ N∗ and 1⊗ jW∗ :M∗ ⊗K∗ W ∗ →M∗ ⊗K∗ N∗. Then,
the following diagram is exact.

(V ∗ ⊗K∗ N∗)⊕ (M∗ ⊗K∗ W ∗)
kV ∗,W∗
−−−−−→M∗ ⊗K∗ N∗ pV ∗⊗qW∗−−−−−−→M∗/V ∗ ⊗K∗ N∗/W ∗ −→ 0

Proposition 2.1.1 If f1 :M∗
1 → N∗

1 and f2 :M∗
2 → N∗

2 are surjective open maps, so is f1⊗f2 :M∗
1 ⊗K∗M∗

2 →
N∗

1 ⊗K∗ N∗
2 .

Proof. For open submodules U∗
l (l = 1, 2) of M∗

l , let pU∗
l
:M∗

l →M∗
l /U

∗
l and qfl(U∗

l )
: N∗

l → N∗
l /fl(U

∗
l ) be the

quotient maps. We denote by f̄l : U
∗
l → fl(U

∗
l ) the map induced by fl. Then the vertical maps of the following

diagram is surjective.

(U∗
1 ⊗K∗ M∗

2 )⊕ (M∗
1 ⊗K∗ U∗

2 ) M∗
1 ⊗K∗ M∗

2 M∗
1 /U

∗
1 ⊗K∗ M∗

2 /U
∗
2

(f1(U
∗
1 )⊗K∗N∗

2 )⊕ (N∗
1 ⊗K∗ f2(U

∗
2 )) N∗

1 ⊗K∗N∗
2 N∗

1 /f1(U
∗
1 )⊗K∗N∗

2 /f2(U
∗
2 )

kU∗
1 ,U

∗
2

(f̄1⊗f2)⊕(f1⊗f̄2)

pU∗
1
⊗pU∗

2

f1⊗f2
kf1(U∗

1 ),f2(U∗
2 ) qf1(U∗

1 )⊗qf2(U∗
2 )

Hence f1 ⊗ f2 maps o(U∗
1 , U

∗
2 ) onto o(f1(U

∗
1 ), f2(U

∗
2 )).

Since the quotient map pV ∗ : M∗ → M∗/V ∗ is a surjective open map if V ∗ is an open submodule of M∗,
the above result implies the following.

Corollary 2.1.2 If V ∗ and W ∗ be open submodules of M∗ and N∗ respectively, pV ∗ ⊗ qW∗ : M∗ ⊗K∗ N∗ →
M∗/V ∗ ⊗K∗ N∗/W ∗ induces an isomorphism M∗ ⊗K∗ N∗/o(V ∗,W ∗)→M∗/V ∗ ⊗K∗ N∗/W ∗.

Proposition 2.1.3 For a morphism f :M∗ → N∗ of TopModK∗ , let π : N∗ → C∗ be a cokernel of f . Then, for
L∗ ∈ Ob TopModK∗ , idL∗⊗K∗π : L∗⊗K∗N∗ → L∗⊗K∗C∗ is a cokernel of idL∗⊗K∗f : L∗⊗K∗M∗ → L∗⊗K∗N∗.

Proof. Since π : N∗ → C∗ is an open map by (1.1.15), idL∗ ⊗K∗ π : L∗ ⊗K∗ N∗ → L∗ ⊗K∗ C∗ is also an open
map by (2.1.1). Hence idL∗ ⊗K∗ π is a quotient map in TopModK∗ .

Proposition 2.1.4 Let N∗ be a dense submodule of M∗ and denote by i : N∗ →M∗ the inclusion map. For a
K∗-module L∗, the image of idL∗ ⊗K∗ i : L∗ ⊗K∗ N∗ → L∗ ⊗K∗ M∗ is dense.
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Proof. Let p : M∗ → M∗/N∗ be the quotient map. Then, p is a cokernel of i : N∗ → M∗ and it follows from
(2.1.3) that idL∗ ⊗K∗ p : L∗⊗K∗ M∗ → L∗⊗K∗ M∗/N∗ is a cokernel of idL∗ ⊗K∗ i : L∗⊗K∗ N∗ → L∗⊗K∗ M∗.
Since the topology ofM∗/N∗ is trivial by (1.1.16), so is L∗⊗K∗M∗/N∗. Hence Im (idL∗⊗K∗ i) = Ker (idL∗⊗K∗p)
is dense by (1.1.16).

Proposition 2.1.5 Let K∗ be a field. If a morphism f : M∗ → N∗ of TopModK∗ is an open map into its
image, so is idL∗ ⊗K∗ f : L∗ ⊗K∗ M∗ → L∗ ⊗K∗ N∗ for any object L∗ of TopModK∗ . In particular, if f is an
isomorphism onto its image, so is idL∗ ⊗K∗ f : L∗ ⊗K∗ M∗ → L∗ ⊗K∗ N∗.

Proof. Let U∗ and V ∗ be open submodules of L∗ and M∗, respectively. By the assumption, there exists an
open submodule W ∗ of N∗ which satisfies f(V ∗) = W ∗ ∩ f(M∗). Let {ui}i∈I1∪I2 be basis of L∗ such that
{ui}i∈I1 is a basis of U∗. We choose a basis {vj}j∈J1∪J2 of Ker f such that {vj}j∈J1 is a basis of Ker f ∩ V ∗

and choose a family of elements {vj}j∈J3 of V ∗ and a family of elements {vj}j∈J4 of M∗ such that {f(vj)}j∈J3
is a basis of f(V ∗) = W ∗ ∩ f(M∗) and {f(vj)}j∈J3∪J4 is a basis of f(M∗) and Then, {vj}j∈J1∪J3 is a basis of
V ∗ and {vj}j∈J1∪J2∪J3∪J4 is a basis of M∗. Finally, choose a family of elements {wk}k∈K1∪K2

of N∗ so that
{f(vj)}j∈J3 ∪ {wk}k∈K1

is a basis of W ∗ and {f(vj)}j∈J3∪J4 ∪ {wk}k∈K1∪K2
is a basis of N∗. It follows from

that {ui ⊗ vj}i∈I1∪I2, j∈J1∪J2∪J3∪J4 is a basis of L∗ ⊗K∗ M∗, hence {ui ⊗ f(vj)}i∈I1∪I2, j∈J3∪J4 is a basis of
Im (id∗ ⊗K∗ f). We also have a basis {ui ⊗ vj}i∈I1∪I2, j∈J1∪J3 ∪ {ui ⊗ vj}i∈I1, j∈J2∪J4 of o(U∗, V ∗) and a basis
{ui ⊗ f(vj)}i∈I1, j∈J3∪J4 ∪ {ui ⊗ f(vj)}i∈I2, j∈J3 ∪ {ui ⊗ wk}i∈I1, k∈K1∪K2 of o(U∗,W ∗). Therefore,

{ui ⊗ f(vj)}i∈I1∪I2, j∈J3 ∪ {ui ⊗ f(vj)}i∈I1, j∈J4 and {ui ⊗ f(vj)}i∈I1, j∈J3∪J4 ∪ {ui ⊗ f(vj)}i∈I2, j∈J3

are basis of (idL∗ ⊗K∗ f)(o(U∗, V ∗)) and o(U∗,W ∗)∩ Im (id∗ ⊗K∗ f), respectively. The above basis are identical
and we have (idL∗ ⊗K∗ f)(o(U∗, V ∗)) = o(U∗,W ∗)∩ Im (idL∗ ⊗K∗ f) which implies that idL∗ ⊗K∗ f is an open
map into its image.

Proposition 2.1.6 Let us define a map βM∗,N∗ : M∗ × N∗ → M∗ ⊗K∗ N∗ by βM∗,N∗(x, y) = x ⊗ y. Then,
for a morphism f : M∗ ⊗K∗ N∗ → L∗ in TopModK∗ , a composition fβM∗,N∗ : M∗ × N∗ → L∗ is a strongly
continuous bilinear map. For a strongly continuous bilinear map B : M∗ × N∗ → L∗, there exists unique
morphism B̃ :M∗ ⊗K∗ N∗ → L∗ in TopModK∗ satisfying B̃βM∗,N∗ = B.

Proof. For U∗ ∈ VL∗ , there exist V ∗ ∈ VM∗ and W ∗ ∈ VN∗ such that f(Ker(pV ∗ ⊗ qW∗)) ⊂ U∗ by the
continuity of f . Since βM∗,N∗ maps both V ∗ ×M∗ and L∗ ×W ∗ to Ker(pV ∗ ⊗ qW∗), it follows that βM∗,N∗

is strongly continuous. It is clear that there exists a unique map of K∗-module B̃ : M∗ ⊗K∗ N∗ → L∗ of
satisfying B̃βM∗,N∗ = B. For U∗ ∈ VL∗ , there exist V ∗ ∈ VM∗ and W ∗ ∈ VN∗ such that B(V ∗ ×M∗) ⊂ U∗

and B(L∗ × W ∗) ⊂ U∗. Thus we have B̃βM∗,N∗(V ∗ × M∗) ⊂ U∗ and B̃βM∗,N∗(L∗ × W ∗) ⊂ U∗. Since

Ker(pV ∗⊗qW∗) is generated by βM∗,N∗(V ∗×M∗) and βM∗,N∗(L∗×W ∗), it follows that B̃ maps Ker(pV ∗⊗qW∗)

into U∗. Therefore B̃ is continuous.

Proposition 2.1.7 If M∗ or N∗ has a topology coarser than the topology induced by K∗, the topology on
M∗ ⊗K∗ N∗ is coarser than the topology induced by K∗.

Proof. Suppose that M∗ has a topology coarser than the topology induced by K∗. For V ∗ ∈ VM∗ , there exist
an open ideal a of K∗ satisfying aM∗ ⊂ V ∗. Let i : aM∗ → M∗ be the inclusion map. Since Im(i ⊗ idN∗ :
(aM∗)⊗K∗ N∗ →M∗⊗K∗ N∗) = a(M∗⊗K∗ N∗) and pV ∗i = 0, a(M∗⊗K∗ N∗) is contained in Ker(pV ∗ ⊗ qW∗)
for any W ∗ ∈ VN∗ .

Proposition 2.1.8 M∗ has a topology coarser than the topology induced by K∗ if and only if there is an
isomorphism K∗ ⊗K∗ M∗ →M∗.

Proof. Since the topology on K∗ is coarser than the topology induced by K∗, so is K∗ ⊗K∗ M∗ by (2.1.7).
Suppose that M∗ has a topology coarser than the topology induced by K∗. Then, the K∗-module structure
map α : K∗ ×M∗ → M∗ of M∗ is strongly continuous by (1.1.10) and it follows from (2.1.6) that α induces
α̃ : K∗ ⊗K∗ M∗ →M∗ satisfying α̃βK∗,M∗ = α. α̃ is an isomorphism whose inverse is given by x 7→ 1⊗ x.

The following assertion is clear.
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Proposition 2.1.9 Let A∗ be an object of TopAlgK∗ . Suppose that an object M∗ of TopModK∗ has a structure
of A∗-module with structure map α : A∗×M∗ →M∗. For a subset S ofM∗, we denote by A∗S the A∗-submodule
of M∗ generated by S. Put VαM∗ = {A∗U∗ |U∗ ∈ VM∗}. Then α is strongly continuous if and only if VαM∗ is
cofinal subset of VM∗ and the topology of M∗ is coarser than the topology induced by A∗. Moreover, if α is
strongly continuous, the map α̃ : A∗ ⊗K∗ M∗ →M∗ induced by α induces an isomorphism A∗ ⊗A∗ M∗ →M∗.

Let TM∗,N∗ : M∗ × N∗ → N∗ ⊗K∗ M∗ be a bilinear map defined by TM∗,N∗(x, y) = (−1)mny ⊗ x for
x ∈ Mm, y ∈ Nn. By (2.1.6), there is a unique morphism TM∗,N∗ : M∗ ⊗K∗ N∗ → N∗ ⊗K∗ M∗ satisfying
TM∗,N∗βM∗,N∗ = TM∗,N∗ .

Proposition 2.1.10 Let A∗ be an object of TopAlgK∗ . Suppose that M∗ and N∗ have structures of A∗-modules
with structure maps αM∗ : A∗ ×M∗ → M∗, αN∗ : A∗ × N∗ → N∗ which are both strongly continuous. Let
α̃M∗ : A∗ ⊗K∗ M∗ → M∗ and α̃N∗ : A∗ ⊗K∗ N∗ → N∗ be the maps induced by αM∗ and αN∗ that exist by
(2.1.6). Note that both M∗ and N∗ have fundamental systems of neighborhoods of 0 which consist of open
A∗-submodules. Then, M∗ ⊗A∗ N∗ is a cokernel of a map

(α̃M∗TM∗,A∗)⊗ idN∗ − idM∗ ⊗ α̃N∗ :M∗ ⊗K∗ A∗ ⊗K∗ N∗ →M∗ ⊗K∗ N∗

in TopModK∗ .

Proof. Let us denote by π : M∗ ⊗K∗ N∗ → M∗ ⊗A∗ N∗ the quotient map. Suppose that L∗ is a submodule
of M∗ ⊗A∗ N∗ such that π−1(L∗) is an open submodule of M∗ ⊗K∗ N∗. Then, there exist V ∗ ∈ VM∗ and
W ∗ ∈ VN∗ such that V ∗ (resp. W ∗) is an A∗-submodule of M∗ (resp. N∗) and Ker(pV ∗ ⊗ qW∗ :M∗⊗K∗ N∗ →
M∗/V ∗⊗K∗N∗/W ∗) ⊂ π−1(L∗). Since Ker(pV ∗⊗qW∗ :M∗⊗K∗N∗ →M∗/V ∗⊗K∗N∗/W ∗) is generated by the
images of maps V ∗⊗K∗ N∗ →M∗⊗K∗ N∗, M∗⊗K∗ W ∗ →M∗⊗K∗ N∗ induced by the inclusion maps, π maps
Ker(pV ∗⊗qW∗ :M∗⊗K∗N∗ →M∗/V ∗⊗K∗N∗/W ∗) onto Ker(pV ∗⊗qW∗ :M∗⊗A∗N∗ →M∗/V ∗⊗A∗N∗/W ∗).
Hence Ker(pV ∗ ⊗ qW∗ : M∗ ⊗A∗ N∗ → M∗/V ∗ ⊗A∗ N∗/W ∗) ⊂ L∗ and L∗ is open. Thus π is a topological
quotient map.

Proposition 2.1.11 Under the situation of (2.1.10), let ρ : M∗ ⊗K∗N∗→ M∗ ⊗A∗N∗ be the quotient map.
There exists unique map β̃ : A∗ ⊗K∗ M∗ ⊗A∗ N∗ →M∗ ⊗A∗ N∗ that makes the following diagram commute.

A∗ ⊗K∗ M∗ ⊗K∗ N∗ M∗ ⊗K∗ N∗

A∗ ⊗K∗ M∗ ⊗A∗ N∗ M∗ ⊗A∗ N∗

α̃M∗⊗K∗idN∗

idA∗⊗K∗ρ ρ

β̃

Proof. Since ρ is a cokernel of (α̃M∗TM∗,A∗)⊗K∗ idN∗ − idM∗ ⊗K∗ α̃N∗ : M∗ ⊗K∗ A∗ ⊗K∗ N∗ →M∗ ⊗K∗ N∗,
it follows from (2.1.3) that idA∗ ⊗K∗ ρ : A∗ ⊗K∗ M∗ ⊗K∗ N∗ → A∗ ⊗K∗ M∗ ⊗A∗ N∗ is a cokernel of

idA∗⊗K∗ (α̃M∗TM∗,A∗)⊗K∗ idN∗ − idA∗⊗K∗ idM∗ ⊗K∗ α̃N∗ : A∗ ⊗K∗M∗ ⊗K∗A∗ ⊗K∗N∗ → A∗ ⊗K∗M∗ ⊗K∗N∗.

Let us denote by µ : A∗ ⊗K∗A∗ → A∗ the product of A∗. Since ρ(idM∗ ⊗K∗ α̃N∗) = ρ((α̃M∗TM∗,A∗)⊗K∗ idN∗),
we have

ρ(α̃M∗ ⊗K∗ idN∗)(idA∗⊗K∗ idM∗ ⊗K∗ α̃N∗) = ρ(idM∗ ⊗K∗ α̃N∗)(TA∗,M∗ ⊗K∗ idN∗)(idA∗⊗K∗ idM∗ ⊗K∗ α̃N∗)

= ρ(idM∗ ⊗K∗ α̃N∗)(idM∗⊗K∗ idA∗ ⊗K∗ α̃N∗)(TA∗,M∗ ⊗K∗ idA∗ ⊗K∗ idN∗)

= ρ(idM∗ ⊗K∗ α̃N∗(idA∗ ⊗K∗ α̃N∗))(TA∗,M∗ ⊗K∗ idA∗ ⊗K∗ idN∗)

= ρ(idM∗ ⊗K∗ α̃N∗(µ⊗K∗ idN∗))(TA∗,M∗ ⊗K∗ idA∗ ⊗K∗ idN∗)

= ρ(idM∗ ⊗K∗ α̃N∗)(idM∗ ⊗K∗ µ⊗K∗ idN∗)(TA∗,M∗ ⊗K∗ idA∗ ⊗K∗ idN∗)

= ρ((α̃M∗TM∗,A∗)⊗K∗ idN∗)(idM∗ ⊗K∗ µ⊗K∗ idN∗)(TA∗,M∗ ⊗K∗ idA∗ ⊗K∗ idN∗)

= ρ(α̃M∗⊗K∗ idN∗)(TM∗,A∗⊗K∗ idN∗)(idM∗⊗K∗µ⊗K∗ idN∗)(TA∗,M∗⊗K∗ idA∗⊗K∗ idN∗)

= ρ(α̃M∗⊗K∗ idN∗)(µ⊗K∗ idM∗⊗K∗ idN∗)(TM∗,A∗⊗K∗A∗⊗K∗ idN∗)(TA∗,M∗⊗K∗ idA∗⊗K∗ idN∗)

= ρ(α̃M∗(µ⊗K∗ idM∗)⊗K∗ idN∗)(idA∗⊗K∗TM∗,A∗⊗K∗ idN∗)

= ρ(α̃M∗(idA∗⊗K∗ α̃M∗)⊗K∗ idN∗)(idA∗⊗K∗TM∗,A∗⊗K∗ idN∗)

= ρ(α̃M∗⊗K∗ idN∗)(idA∗⊗K∗ α̃M∗⊗K∗ idN∗)(idA∗⊗K∗TM∗,A∗⊗K∗ idN∗)

= ρ(α̃M∗⊗K∗ idN∗)(idA∗⊗K∗ (α̃M∗TM∗,A∗)⊗K∗ idN∗).
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It follows that there exists unique map β̃ : A∗ ⊗K∗ M∗ ⊗A∗ N∗ → M∗ ⊗A∗ N∗ that makes the diagram in the
assertion commute.

Remark 2.1.12 It is easy to verify that the above β̃ defines a left A∗-module structure of M∗ ⊗A∗ N∗. We
note that since the following diagram commutes, left A∗-module structure α̃N∗ defines the same left A∗-module
structure on M∗ ⊗A∗ N∗ as β̃.

A∗ ⊗K∗ M∗ ⊗K∗ N∗ M∗ ⊗K∗ N∗ M∗ ⊗A∗ N∗

M∗ ⊗K∗ A∗ ⊗K∗ N∗ M∗ ⊗K∗ N∗

α̃M∗⊗K∗ idN∗

TA∗,M∗⊗K∗ idN∗

ρ

idM∗⊗K∗ α̃N∗

ρ

Proposition 2.1.13 For M∗
1 ,M

∗
2 , N

∗ ∈ Ob TopModK∗ , we denote by ιs : M
∗
s → M∗

1 ⊕M∗
2 , πs : M

∗
1 ⊕M∗

2 →
M∗
s , is :M

∗
s ⊗K∗N∗ → (M∗

1⊗K∗N∗)⊕(M∗
2⊗K∗N∗), ps : (M

∗
1⊗K∗N∗)⊕(M∗

2⊗K∗N∗)→M∗
s ⊗K∗N∗ (s = 1, 2)

the canonical morphisms. Then, the unique morphism ψ : (M∗
1 ⊗K∗ N∗)⊕ (M∗

2 ⊗K∗ N∗)→ (M∗
1 ⊕M∗

2 )⊗K∗ N∗

satisfying ψis = ιs ⊗ idN∗ for s = 1, 2 is an isomorphism in TopModK∗ .

Proof. We put js = ιs ⊗ idN∗ and qs = πs ⊗ idN∗ for s = 1, 2. Then, it is easy to verify that q1j1 = idM∗ ,
q2j2 = idN∗ and j1q1 + j2q2 = idL∗ are satisfied. Thus the assertion follows from (1.1.21).

For an object M∗ of TopModK∗ , define a morphism smM∗ : ΣmM∗ → (ΣmK∗) ⊗K∗ M∗ by smM∗([m], x) =
βΣmK∗,M∗(([m], 1), x) for x ∈ M i−m. It follows from (1.2.2) that smM∗ is a homomorphism of K∗-modules. We
note that smM∗ is a natural isomorphism if and only if the topology on M∗ is coarser than the topology induced
by K∗.

For objects M∗ and N∗ of TopModK∗ , define a morphism τm,nM∗,N∗ : ΣmM∗⊗K∗ ΣnN∗ → Σm+n(M∗⊗K∗ N∗)

as follows. Define τ̃m,nM∗,N∗ : ΣmM∗ × ΣnN∗ → Σm+n(M∗ ⊗K∗ N∗) by

τ̃m,nM∗,N∗(([m], x), ([n], y)) =
(
[m+ n], (−1)n(i−m)βM∗,N∗(x, y)

)
for (x, y) ∈M i−m×N j−n. Then, it is easy to verify that τ̃m,nM∗,N∗ is bilinear and strongly continuous. Let τm,nM∗,N∗

be the unique morphism satisfying τm,nM∗,N∗βΣmM∗,ΣnN∗ = τ̃m,nM∗,N∗ . Clearly, τ
m,n
M∗,N∗ is a natural isomorphism.

Proposition 2.1.14 The following diagrams commute.

ΣmM∗ ⊗K∗ ΣnN∗ (ΣmK∗)⊗K∗ M∗ ⊗K∗ (ΣnK∗)⊗K∗ N∗

Σm+n(M∗ ⊗K∗ N∗) (ΣmK∗)⊗K∗ (ΣnK∗)⊗K∗ M∗ ⊗K∗ N∗

(Σm+nK∗)⊗K∗ M∗ ⊗K∗ N∗ Σm(ΣnK∗)⊗K∗ M∗ ⊗K∗ N∗

smM∗⊗snN∗

τm,n
M∗,N∗ 1⊗TM∗,ΣnK∗⊗1

sm+n
M∗⊗K∗N∗

εm,n,K∗⊗1⊗1

smΣnK∗⊗1⊗1

ΣmM∗ ⊗K∗ ΣnN∗ Σm+n(M∗ ⊗K∗ N∗)

ΣnN∗ ⊗K∗ ΣmM∗ Σm+n(N∗ ⊗K∗ M∗)

τm,n
M∗,N∗

(−1)mnTΣmM∗,ΣnN∗ Σm+nTM∗,N∗

τn,m
N∗,M∗

Lemma 2.1.15 If M∗ and N∗ are K∗-modules of finite length, so is M∗ ⊗K∗ N∗.

Proof. Let {0} = M∗
0 ⊂ M∗

1 ⊂ · · · ⊂ M∗
l = M∗ be a composition series. We show that M∗

i ⊗K∗ N∗ is a
K∗-module of finite length by induction on i. The assertion is trivial if i = 0. Assume that M∗

i−1 ⊗K∗ N∗ is
of finite length. Since M∗

i /M
∗
i−1 is a simple K∗-module, it is isomorphic to ΣmK∗/m for some m ∈ Z and

a maximal ideal m of K∗. Then M∗
i /M

∗
i−1 ⊗K∗ N∗ is a finite dimensional vector space over K∗/m and it

follows that M∗
i /M

∗
i−1 ⊗K∗ N∗ is a K∗-module of finite length. Let j : M∗

i−1 → M∗
i be the inclusion map and

p :M∗
i →M∗

i /M
∗
i−1 the quotient map. By the exactness of

M∗
i−1 ⊗K∗ N∗ j⊗1−−→M∗

i ⊗K∗ N∗ p⊗1−−→M∗
i /M

∗
i−1 ⊗K∗ N∗ −→ 0,

M∗
i ⊗K∗ N∗ is a K∗-module of finite length.
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Proposition 2.1.16 Let M∗ and N∗ be objects of TopModK∗ . If M∗ and N∗ are subcofinite, M∗ ⊗K∗ N∗ is
also subcofinite.

Proof. Let V ∗ and W ∗ be open submodues of M∗ and N∗, respectively. Then M∗ ⊗K∗ N∗/Ker(pV ∗ ⊗ pW∗)
is isomorphic to M∗/V ∗ ⊗K∗ N∗/W ∗ by (2.1.1). Since M∗ and N∗ are subcofinite, V ∗ and W ∗ are cofinite.
Hence M∗/V ∗ ⊗K∗ N∗/W ∗ is a K∗-module of finite length by (2.1.15) and it follows that Ker(pV ∗ ⊗ pW∗) is
cofinite.

Proposition 2.1.17 Let f : M∗ → N∗ be a morphism of TopModK∗ and L∗ an object of TopModK∗ such
that there exists a cofinal subset U of VL∗ such that L∗/T ∗ is a flat K∗-module for any T ∗ ∈ U . Suppose that
{f−1(V ∗) |V ∗ ∈ VN∗} is a cofinal subset of VM∗ . Then, {(f ⊗K∗ idL∗)−1(W ∗) |W ∗ ∈ VN∗⊗K∗L∗} is a cofinal
subset of VM∗⊗K∗L∗ .

Proof. For Z∗ ∈ VM∗⊗K∗L∗ , we take V ∗ ∈ VN∗ and T ∗ ∈ U satisfying Z∗ ⊃ Ker(pf−1(V ∗) ⊗K∗ qT∗). Since the
map f̄ :M∗/f−1(V ∗)→ N∗/V ∗ induced by f is injective, the lower horizontal map of the following diagram is
injective by the assumption.

M∗ ⊗K∗ L∗ N∗ ⊗K∗ L∗

M∗/f−1(V ∗)⊗K∗ L∗/T ∗ N∗/V ∗ ⊗K∗ L∗/T ∗

f⊗K∗ idL∗

pf−1(V ∗)⊗K∗qT∗ p′V ∗⊗K∗qT∗

f̄⊗K∗ idL∗

Hence Z∗ ⊃ Ker (pf−1(V ∗)⊗K∗ qT∗) = Ker(f⊗K∗ idL∗)(p′V ∗⊗K∗ qT∗) = (f⊗K∗ idL∗)−1(Ker(p′V ∗⊗K∗ qT∗)).

Lemma 2.1.18 Suppose that K∗ is a field. Let M∗ and N∗ be objects of TopModK∗ . For non-zero w ∈ Nn,
suppose that the subspace of N∗ spanned by w is discrete (say, N∗ is Hausdorff for example.). Let i : ΣnK∗ → N∗

be the map defined by i([n], a) = cnK∗(a)w. Then, 1 ⊗ i : M∗ ⊗K∗ ΣnK∗ → M∗ ⊗K∗ N∗ is a homeomorphism
onto its image

Proof. By the assumption, i is a homeomorphism onto its image. It follows from (2.1.17) that 1 ⊗K∗ i :
M∗ ⊗ ΣnK∗ →M∗ ⊗K∗ N∗ is a homeomorphism onto its image.

Proposition 2.1.19 Let K∗ be a field and M∗, N∗ objects of TopModK∗ .
(1) If M∗ and N∗ are Hausdorff, so is M∗ ⊗K∗ N∗.
(2) If both M∗ and N∗ have non-trivial open subspaces and M∗ ⊗K∗ N∗ is subcofinite, so are M∗ and N∗.
(3) If N∗ contains a one dimensional discrete subspace and M∗ ⊗K∗ N∗ is supercofinite (resp. subskeletal),

then M∗ is supercofinite (superskeletal). Hence if both M∗ and N∗ are non-trivial Hausdorff spaces and M∗⊗K∗

N∗ is supercofinite (resp. subskeletal), then both M∗ and N∗ are supercofinite (superskeletal).

Proof. (1) Suppose that z ∈ M∗ ⊗K∗ N∗ is not zero and z =
n∑
i=1

xi ⊗ yi for xi ∈ M∗, yi ∈ N∗. Let

Z∗
1 and Z∗

2 be the subspaces of M∗ and N∗ spanned by x1, . . . , xn and y1, . . . , yn, respectively. Since Z∗
1

and Z∗
2 are finite dimensional, they are discrete by (1.1.13). Hence there exist U∗

1 ∈ VM∗ and U∗
2 ∈ VN∗

satisfying U∗
1 ∩ Z∗

1 = U∗
2 ∩ Z∗

2 = {0}. Let us denote by iZ∗
1

: Z∗
1 → M∗, jZ∗

2
: Z∗

2 → N∗ the inclusion
maps and pU∗

1
: M∗ → M∗/U∗

1 , qU∗
2
: N∗ → N∗/U∗

2 the quotient maps. Since pU∗
1
iZ∗

1
: Z∗

1 → M∗/U∗
1 and

qU∗
2
jZ∗

2
: Z∗

2 →M∗/U∗
2 injective and K∗ is a field, the composition of iZ∗

1
⊗ jZ∗

2
: Z∗

1 ⊗K∗ Z∗
2 →M∗⊗K∗ N∗ and

pU∗
1
⊗ qU∗

2
: M∗ ⊗K∗ N∗ → M∗/U∗

1 ⊗K∗ N∗/U∗
2 is injective. This shows that z ∈ Z∗

1 ⊗K∗ Z∗
2 is not contained

in an open subspace Ker(pU∗
1
⊗ qU∗

2
) of M∗ ⊗K∗ N∗.

(2) Let V ∗ and W ∗ be open subspaces of M∗ and N∗, respectively. By the assumption and (2.1.2),
M∗/V ∗⊗K∗ N∗/W ∗ is a finite dimensional vector space over K∗ and this implies that M∗/V ∗ and N∗/W ∗ are
also finite dimensional if V ∗ 6=M∗ and W ∗ 6= N∗.

(3) Take non-zero w ∈ Nn which spans a discrete subspace and let i : ΣnK∗ → N∗ be the map defined by
i([n], a) = cnK∗(a)w. It follows from (2.1.18) that M∗ ⊗K∗ ΣnK∗ which is homeomorphic to M∗. Hence the
first assertion follows from (1) of (1.4.11) (resp. (1) of (1.4.15)). If both M∗ and N∗ are non-trivial Hausdorff
spaces, both of them contain one dimensional discrete subspaces by (1.1.13) thus the second assertion follows.

Proposition 2.1.20 Let K∗ be an topological ring and M∗, N∗ objects of TopModK∗ .
(1) If both M∗ and N∗ are subskeletal, so is M∗ ⊗K∗ N∗. Conversely, if K∗ is a field and both M∗ and N∗

have non-trivial open sets and M∗ ⊗K∗ N∗ is subskeletal, then both M∗ and N∗ are subskeletal.
(2) Suppose that both M∗ and N∗ have the skeletal topology. If K∗, M∗ and N∗ are all connective or all

coconnecctive, then M∗ ⊗K∗ N∗ has the skeletal topology.

20



Proof. For integers l,m ≥ 0, we denote by pl :M
∗ →M∗/M∗[l] and qm : N∗ → N∗/N∗[m] the quotient maps.

(1) Since (M∗⊗K∗ N∗)[m+ l] ⊂ Ker(pl⊗ qm), M∗⊗K∗ N∗ is subskeletal if M∗ and N∗ are so. Assume that
K∗ is a field and that M∗⊗K∗ N∗ is subskeletal. Let S∗ and T ∗ be open subspaces of M∗ and N∗, respectively
such that S∗ 6= M∗ and T ∗ 6= N∗. Let us denote by pS∗ : M∗ → M∗/S∗, qT∗ : N∗ → N∗/T ∗ the quotient
maps. Then, there exists a non-negative integer n such that (M∗ ⊗K∗ N∗)[n] ⊂ Ker(pS∗ ⊗ qT∗). It follows that
pS∗⊗qT∗ :M∗⊗K∗N∗ →M∗/S∗⊗K∗N∗/T ∗ induces a surjection ρ :M∗⊗K∗N∗/(M∗⊗K∗N∗)[n]→M∗/S∗⊗K∗

N∗/T ∗. Hence we have (M∗/S∗ ⊗K∗ N∗/T ∗)[n] = {0}. Since there exists an injection i : ΣkK∗ → N∗/T ∗ for

some k ∈ Z, there is an injection ΣkM∗/S∗ ∼= M∗/S∗ ⊗K∗ ΣkK∗ idM∗/S∗⊗i
−−−−−−−→ M∗/S∗ ⊗K∗ N∗/T ∗. Therefore(

ΣkM∗/S∗) [n] = {0} and this implies (M∗/S∗)[n+ |k|] = {0}. Hence we have M∗[n+ |k|] ⊂ S∗. Similarly, we
have N∗[n+ |l|] ⊂ T ∗ for some l ∈ Z. Thus M∗ and N∗ are subskeletal.

(2) Suppose Ki = M i = N i = {0} if i < k for some k ≤ 0. Then, we have Ker(pn−2k ⊗ qn−2k) ⊂
(M∗ ⊗K∗ N∗)[n] for any n ≥ 0. Similarly, if Ki = M i = N i = {0} if i ≥ k for some k ≥ 0, then we have
Ker(pn+2k ⊗ qn+2k) ⊂ (M∗ ⊗K∗ N∗)[n] for any n ≥ 0. Hence the assertion follows.

Proposition 2.1.21 Let M∗ and N∗ be objects of TopModK∗ and P ∗, Q∗ submodules of M∗. Assume that N∗

is flat K∗-module. We denote by i : P ∗ → M∗, j : Q∗ → M∗ and k : P ∗ ∩ Q∗ → M∗ inclusion maps. Then,
Im (k ⊗K∗ idN∗) = Im (i⊗K∗ idN∗) ∩ Im (j ⊗K∗ idN∗).

Proof. It is clear that Im (k ⊗K∗ idN∗) is contained in Im (i ⊗K∗ idN∗) ∩ Im (j ⊗K∗ idN∗). Hence k ⊗K∗ idN∗ :
(P ∗ ∩Q∗) ⊗K∗ N∗ → M∗ ⊗K∗ N∗ defines a map k̄ : (P ∗ ∩Q∗) ⊗K∗ N∗ → Im (i ⊗K∗ idN∗) ∩ Im (j ⊗K∗ idN∗).
We define maps ψ : P ∗ ∩ Q∗ → P ∗ ⊕ Q∗ and ϕ : P ∗ ⊕ Q∗ → M∗ by ψ(x) = (x, x) and ϕ(x, y) = x − y. Let
ī : P ∗ ⊗K∗ N∗ → Im (i ⊗K∗ idN∗) and j̄ : Q∗ ⊗K∗ N∗ → Im (j ⊗K∗ idN∗) be the isomorphisms defined from
i⊗K∗ idN∗ : P ∗ ⊗K∗ N∗ →M∗ ⊗K∗ N∗ and j ⊗K∗ idN∗ : Q∗ ⊗K∗ N∗ →M∗ ⊗K∗ N∗, respectively. Define

ψ̄ : Im (i⊗K∗ idN∗) ∩ Im (j ⊗K∗ idN∗)→ (P ∗ ⊗K∗ N∗)⊕ (Q∗ ⊗K∗ N∗),

ϕ̄ : (P ∗ ⊗K∗ N∗)⊕ (Q∗ ⊗K∗ N∗)→M∗ ⊗K∗ N∗,

s : (P ∗ ⊕Q∗)⊗K∗ N∗ → (P ∗ ⊗K∗ N∗)⊕ (Q∗ ⊗K∗ N∗)

by ψ̄(x) = (̄i−1(x), j̄−1(x)), ϕ̄(x, y) = (i⊗K∗ idN∗)(x)− (j ⊗K∗ idN∗)(y) and s((x, y)⊗ z) = (x⊗ z, y⊗ z). Then
the following diagram is commutative and its lower horizontal row is exact. Note that s is an isomorphism.

0 (P ∗ ∩Q∗)⊗K∗ N∗ (P ∗ ⊕Q∗)⊗K∗ N∗ M∗ ⊗K∗ N∗

0 Im (i⊗K∗ idN∗) ∩ Im (j ⊗K∗ idN∗) (P ∗ ⊗K∗ N∗)⊕ (Q∗ ⊗K∗ N∗) M∗ ⊗K∗ N∗

ψ⊗K∗ idN∗

k̄ s

φ⊗K∗ idN∗

ψ̄ φ̄

Since 0→ P ∗ ∩Q∗ ψ−→ P ∗ ⊕Q∗ φ−→M∗ is exact by the flatness of N∗, the upper horizontal row is exact. Hence
k̄ is an isomorphism, which shows the result.

2.2 Change of rings

For a morphism ϕ : A∗ → B∗ in TopAlgK∗ , define functors ϕ∗ : TopModA∗ → TopModB∗ and ϕ∗ : TopModB∗ →
TopModA∗ as follows.

For an object M∗ of TopModA∗ with A∗-module structure α : A∗×M∗ →M∗, we set ϕ∗(M∗) = B∗⊗A∗ M∗

and the left B∗-module structure αφ : B∗ × ϕ∗(M∗) → ϕ∗(M∗) is given as follows. Since the multiplication
µB∗ : B∗ × B∗ → B∗ is a strongly continuous bilinear map, µB∗ induces a morphism µ̄B∗ : B∗ ⊗K∗ B∗ → B∗

in TopModK∗ . Then, αφ is the following composition.

B∗ × (B∗ ⊗A∗ M∗)
βB∗,B∗⊗A∗M∗
−−−−−−−−−→ B∗ ⊗K∗ (B∗ ⊗A∗ M∗) ∼= (B∗ ⊗K∗ B∗)⊗A∗ M∗ µ̄B∗⊗idM∗−−−−−−−→ B∗ ⊗A∗ M∗

For b ∈ IB∗ and U∗ ∈ VM∗ , since αφ maps b × (B∗ ⊗A∗ M∗) and B∗ × o(b, U∗) into o(b, U∗), αφ is strongly
continuous. If f : M∗ → L∗ is a morphism in TopModA∗ , we define ϕ∗(f) : ϕ∗(M∗) → ϕ∗(L∗) by ϕ∗(f) =
idB∗ ⊗ f .

For an object N∗ of TopModB∗ with B∗-module structure α : B∗ × N∗ → N∗, we set ϕ∗(N
∗) = N∗ and

the left A∗-module structure αφ : A∗ × ϕ∗(N
∗) → ϕ∗(N

∗) is given by αφ = α(ϕ × idN∗). If g : N∗ → P ∗ is a
morphism in TopModB∗ , we define ϕ∗(g) : ϕ∗(N

∗)→ ϕ∗(P
∗) by ϕ∗(g) = g.

By the above definitions of the functors ϕ∗, ϕ∗ and (2.1.8), we have the following facts .
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Proposition 2.2.1 Let ϕ : A∗ → B∗ and ψ : B∗ → C∗ be morphisms in TopAlgK∗ .
(1) (ψϕ)∗ : TopModA∗ → TopModC∗ is naturally equivalent to ψ∗ϕ∗ : TopModA∗ → TopModC∗ .
(2) Define a natural transformation η : idTopModA∗ → (idA∗)∗ by ηM∗(x) = 1 ⊗ x for M∗ ∈ Ob TopModA∗

and x ∈M∗. Then, ηM∗ is an isomorphism if and only if M∗ is an object of TopMod iA∗ .
(3) (ψϕ)∗ = ϕ∗ψ∗ and (idA∗)∗ = idTopModA∗ hold.

(4) The composition of functors TopModA∗
φ∗

−−→ TopModB∗
Σn−−→ TopModB∗ is naturally equivalent to the

composition of functors TopModA∗
Σn−−→ TopModA∗

φ∗

−−→ TopModB∗ .

(5) The composition of functors TopModB∗
φ∗−−→ TopModA∗

Σn−−→ TopModA∗ coincides with the composition of

functors TopModB∗
Σn−−→ TopModB∗

φ∗−−→ TopModA∗ .

Lemma 2.2.2 ϕ∗ maps each object of TopModA∗ to TopMod iB∗ and ϕ∗ maps each object of TopMod iB∗ to
TopMod iA∗ .

Proof. Let M∗ be an object of TopModA∗ . For b ∈ IB∗ and U∗ ∈ NM∗ , let us denote by ιb : b → B∗ and
iU∗ : U∗ →M∗ the inclusion maps. Then, αφ : B∗ × (B∗ ⊗A∗ M∗)→ B∗ ⊗A∗ M∗ maps b× (B∗ ⊗A∗ M∗) into
Im(ιb ⊗ idM∗) and B∗ × (Im(ιb ⊗ idM∗) + Im(idB∗ ⊗ iU∗)) into Im(ιb ⊗ idM∗) + Im(idB∗ ⊗ iU∗). Hence αφ is
strongly continuous and it follows from (1.1.10) that ϕ∗(M∗) is an object of TopMod iB∗ .

Let N∗ be an object of TopMod iB∗ . For V ∗ ∈ NN∗ , there exists b ∈ IB∗ satisfying bN∗ ⊂ V ∗. Then,
ϕ−1(b)ϕ∗(N

∗) ⊂ bN∗ ⊂ V ∗ and ϕ−1(b) ∈ IA∗ by the continuity of ϕ. Hence the topology of ϕ∗(N
∗) is coarser

than the topology induced by K∗.

We also denote by ϕ∗ : TopModA∗ → TopMod iB∗ the functor induced by ϕ∗ : TopModA∗ → TopModB∗ and
by ϕ∗ : TopMod iB∗ → TopModA∗ the restriction of ϕ∗ : TopModB∗ → TopModA∗ .

Proposition 2.2.3 ϕ∗ : TopMod iB∗ → TopModA∗ is a right adjoint of ϕ∗ : TopModA∗ → TopMod iB∗ .

Proof. Define natural transformations η : idTopModA∗ → ϕ∗ϕ
∗ and ε : ϕ∗ϕ∗ → idTopModi

B∗
as follows. For

M∗ ∈ Ob TopModA∗ , ηM∗ : M∗ → B∗ ⊗A∗ M∗ is defined by ηM∗(x) = 1 ⊗ x. For N∗ ∈ Ob TopMod iB∗ ,
let α : B∗ × N∗ → N∗ be the structure map. Then, α is strongly continuous by (1.1.10). Moreover, since
α is B∗-bilinear, it is A∗-bilinear if we regard α as a map B∗ × ϕ∗(N

∗) → ϕ∗(N
∗). Hence there exists a

morphism εN∗ : B∗ ⊗A∗ N∗ → N∗ induced by α. It is easy to verify equalities εφ∗(M∗)ϕ
∗(ηM∗) = idφ∗(M∗) for

M∗ ∈ Ob TopModA∗ and ϕ∗(εN∗)ηφ∗(N∗) = idφ∗(N∗) for N
∗ ∈ Ob TopMod iB∗ .

2.3 Completed tensor product

For objects M∗ and N∗ of TopModK∗ , let us denote by M∗ ⊗̂K∗ N∗ the completion of M∗ ⊗K∗ N∗.
We denote by τ̂m,nM∗,N∗ : ΣmM∗ ⊗̂K∗ ΣnN∗ → Σm+n

(
M∗ ⊗̂K∗ N∗) the map induced by τm,nM∗,N∗ and by

T̂ = T̂M∗,N∗ :M∗ ⊗̂K∗ N∗ → N∗ ⊗̂K∗ M∗ the map induced by TM∗,N∗ .
The following fact is obvious.

Proposition 2.3.1 If M∗ and N∗ are both profinite, so is M∗ ⊗̂K∗ N∗.

Proposition 2.3.2 If Ki = {0} for i 6= 0 and both M∗ and N∗ have the skeletal topology,
(
M∗ ⊗̂K∗ N∗)n is

isomorphic to
∏

i+j=n

M i ⊗K∗ N j.

Proof. For k, l ∈ Z, let pk : M∗ → M∗/M∗[k] and ql : N
∗ → N∗/N∗[l] be the quotient maps. Put U(k, l) =

Ker(pk⊗K∗ ql), then {U(k, l)| k, l ∈ Z} forms a fundamental system of neighborhoods of 0 inM∗⊗K∗N∗. Hence
M∗ ⊗̂K∗ N∗ is the limit of an inverse system (M∗ ⊗K∗ N∗/U(k, l)→M∗ ⊗K∗ N∗/U(s, t))k≤s, l≤t. If k ≤ s and
l ≤ t, let αk,s : M

∗/M∗[k] → M∗/M∗[s] and βl,t : N
∗/N∗[l] → N∗/N∗[t] be quotient maps. For each k, l ∈ Z,

we denote by rk,l :M
∗ ⊗K∗ N∗/U(k, l)→M∗/M∗[k]⊗K∗ N∗/N∗[l] the isomorphism induced by pk ⊗ ql. Since

the following square commutes if k ≤ s and l ≤ t,

M∗ ⊗K∗ N∗/U(k, l) M∗ ⊗K∗ N∗/U(s, t)

M∗/M∗[k]⊗K∗ N∗/N∗[l] M∗/M∗[s]⊗K∗ N∗/N∗[t]

rk,l rs,t

αk,s⊗βl,t
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M∗ ⊗̂K∗ N∗ is the limit of an inverse system(
M∗/M∗[s]⊗K∗ N∗/N∗[t]

αk,s⊗βl,t−−−−−−→M∗/M∗[s]⊗K∗ N∗/N∗[t]

)
k≤s, l≤t

.

It follows from (1.2.5),
(
M∗ ⊗̂K∗ N∗)n is the limit of an inverse system(

(M∗/M∗[s]⊗K∗ N∗/N∗[t])
n αk,s⊗βl,t−−−−−−→ (M∗/M∗[s]⊗K∗ N∗/N∗[t])

n

)
k≤s, l≤t

.

Note that (pk ⊗K∗ ql)(M
i ⊗K∗ N j) = {0} if |i| ≥ k or |j| ≥ l. We define

πk,l :
∏

i+j=n

M i ⊗K∗ N j → (M∗/M∗[k]⊗K∗ N∗/N∗[l])
n

by πk,l((xi)i∈Z) =
∑
i∈Z

(pk ⊗K∗ ql)(xi) (xi ∈M i ⊗K∗ N j). It is easy to verify that

 ∏
i+j=n

M i ⊗K∗ N j πk,l−−→ (M∗/M∗[k]⊗K∗ N∗/N∗[l])
n


k,l∈Z

is a limiting cone of the above inverse system.

Corollary 2.3.3 Suppose that Ki = {0} for i 6= 0 and both M∗ and N∗ has the skeletal topologies. M∗⊗K∗N∗

is complete if and only if, for each n ∈ Z, {i ∈ Z|M i, Nn−i 6= {0}} has finitely many elements.

Proposition 2.3.4 There is unique isomorphism ι̂2 : M̂∗ → K∗ ⊗̂K∗ M∗ such that the following diagram
commutes.

M∗ M̂∗

K∗ ⊗K∗ M∗ K∗ ⊗̂K∗ M∗

ηM∗

ι2 ι̂2

ηK⊗K∗M∗

Here, ι2 :M∗ → K∗ ⊗K∗ M∗ is given by ι2(x) = 1⊗ x.

Proposition 2.3.5 For objects M∗ and N∗ of TopModK∗ , ηM∗ ⊗̂K∗ idN∗ : M∗ ⊗̂K∗ N∗ → M̂∗ ⊗̂K∗ N∗ and
idM∗⊗̂K∗ ηN∗ :M∗ ⊗̂K∗N∗→M∗ ⊗̂K∗N̂∗ are isomorphisms. Hence ηM∗⊗̂K∗ ηN∗ :M∗ ⊗̂K∗N∗→M̂∗ ⊗̂K∗N̂∗ is
an isomorphism.

Proof. Let us denote by pU∗ : M∗ → M∗/U∗ (U∗ ∈ VM∗) and qV ∗ : N∗ → N∗/V ∗ (V ∗ ∈ VN∗) be the

quotient maps. Then, there is a limiting cone
(
M∗ ⊗̂K∗ N∗ πU∗,V ∗

−−−−−→M∗/U∗ ⊗K∗ N∗/V ∗
)
U∗∈VM∗ ,V ∗∈VN∗

such

that πU∗,V ∗ηM∗⊗N∗ = pU∗ ⊗ qV ∗ . Consider a cone
(
M̂∗ πU∗−−→M∗/U∗

)
U∗∈VM∗

, then we have a limiting cone(
M̂∗ ⊗̂K∗ N∗ ρU∗,V ∗

−−−−−→M∗/U∗ ⊗K∗ N∗/V ∗
)
U∗∈VM∗ ,V ∗∈VN∗

such that ρU∗,V ∗η
M̂∗⊗N∗ = πU∗ ⊗ qV ∗ . By the defi-

nition of ηM∗ ⊗̂ idN∗ , ρU∗,V ∗(ηM∗ ⊗̂ idN∗) = πU∗,V ∗ holds for each U∗ ∈ VM∗ and V ∗ ∈ VN∗ . Hence ηM∗ ⊗̂ idN∗

is an isomorphism. The proof of the second assertion is similar.

Remark 2.3.6 For objects V ∗, W ∗ and Z∗ of TopModK∗ , the natural map (V ∗ ⊗K∗ W ∗) ⊗K∗ Z∗ → V ∗ ⊗K∗

(W ∗ ⊗K∗ Z∗) is an isomorphism in TopModK∗ . This induces a natural isomorphism (V ∗ ⊗K∗ W ∗) ⊗̂K∗ Z∗ →
V ∗ ⊗̂K∗(W ∗ ⊗K∗ Z∗). By the above result, we have a natural isomorphism(

V ∗ ⊗̂K∗ W ∗) ⊗̂K∗ Z∗ → V ∗ ⊗̂K∗
(
W ∗ ⊗̂K∗ Z∗) .

Definition 2.3.7 For U∗, V ∗,W ∗, Z∗ ∈ Ob TopModK∗ ,

ηU∗⊗K∗W∗ ⊗̂K∗ ηV ∗⊗K∗Z∗ : (U∗ ⊗K∗ W ∗) ⊗̂K∗(V ∗ ⊗K∗ Z∗)→ (U∗ ⊗̂K∗ W ∗) ⊗̂K∗(V ∗ ⊗̂K∗ Z∗)
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is an isomorphism by (2.3.5). Let us denote by

idU∗ ⊗̂K∗ T̂V ∗,W∗ ⊗̂K∗ idZ∗ : (U∗ ⊗̂K∗ V ∗) ⊗̂K∗(W ∗ ⊗̂K∗ Z∗)→ (U∗ ⊗̂K∗ W ∗) ⊗̂K∗(V ∗ ⊗̂K∗ Z∗)

the following composition.

(U∗ ⊗̂K∗ V ∗) ⊗̂K∗(W ∗ ⊗̂K∗ Z∗)
∼=−→ ((U∗ ⊗̂K∗ V ∗) ⊗̂K∗ W ∗) ⊗̂K∗ Z∗ ∼=−→ (U∗ ⊗̂K∗(V ∗ ⊗̂K∗ W ∗)) ⊗̂K∗ Z∗

(idU∗ ⊗̂K∗ T̂V ∗,W∗ ) ⊗̂K∗ idZ∗
−−−−−−−−−−−−−−−−−−−→ (U∗ ⊗̂K∗(W ∗ ⊗̂K∗ V ∗)) ⊗̂K∗ Z∗ ∼=−→ ((U∗ ⊗̂K∗ W ∗) ⊗̂K∗ V ∗) ⊗̂K∗ Z∗

∼=−→ (U∗ ⊗̂K∗ W ∗) ⊗̂K∗(V ∗ ⊗̂K∗ Z∗)

Hence there is a unique map

sh = shU∗,V ∗,W∗,Z∗ : (U∗ ⊗̂K∗ V ∗)⊗K∗ (W ∗ ⊗̂K∗ Z∗)→ (U∗ ⊗K∗ W ∗) ⊗̂K∗(V ∗ ⊗K∗ Z∗)

that makes the following diagram commute.

(U∗ ⊗̂K∗ V ∗)⊗K∗ (W ∗ ⊗̂K∗ Z∗) (U∗ ⊗̂K∗ V ∗) ⊗̂K∗(W ∗ ⊗̂K∗ Z∗)

(U∗ ⊗K∗ W ∗) ⊗̂K∗(V ∗ ⊗K∗ Z∗) (U∗ ⊗̂K∗ W ∗) ⊗̂K∗(V ∗ ⊗̂K∗ Z∗)

η(U∗ ⊗̂K∗ V ∗)⊗K∗ (W∗ ⊗̂K∗ Z∗)

sh idU∗ ⊗̂K∗ T̂V ∗,W∗ ⊗̂K∗ idZ∗

ηU∗⊗K∗W∗ ⊗̂K∗ ηV ∗⊗K∗Z∗

∼=

We call sh the shuffling map.

It is easy to verify the following.

Lemma 2.3.8 Let (Dλ : D → C)λ∈Λ be a family of functors. Suppose that, for each i ∈ ObD, a product∏
λ∈Λ

Dλ(i) exists and that, for each λ ∈ Λ,
(
Lλ

pλi−−→ Dλ(i)
)
i∈Ob cd

is a limiting cone of Dλ. Define a functor

D : D → C by D(i) =
∏
λ∈Λ

Dλ(i). If product
∏
λ∈Λ

Lλ exists,

( ∏
λ∈Λ

Lλ

∏
λ∈Λ

pλi

−−−−−→
∏
λ∈Λ

Dλ(i)

)
i∈Ob cd

is a limiting cone

of D.

Proposition 2.3.9 Let D : D → TopModK∗ be a functor and M∗ an object of TopModK∗ which is finitely

generated and free. If
(
N∗ pi−→ D(i)

)
i∈ObD

is a limiting cone of D,
(
M∗ ⊗K∗ N∗ pi−→M∗ ⊗K∗ D(i)

)
i∈ObD

is

a limiting cone of a functor D′ : D → TopModK∗ defined by D′(i) =M∗ ⊗K∗ D(i).

Proof. The assertion is obvious ifM∗ is generated by a single element. SinceM∗ is a finite product of submodules
generated by a single element by (1.1.20), the assertion follows from (2.3.8).

Corollary 2.3.10 Suppose that K∗ is discrete. LetM∗ and N∗ be objects of TopModK∗ . IfM∗ ∈ Ob TopModK∗

is finitely generated and free, then there exists a unique isomorphism ξ : M∗ ⊗K∗ N̂∗ → M∗ ⊗̂K∗ N∗ satisfying
ξ(idM∗ ⊗ ηN∗) = ηM∗⊗K∗N∗ .

Proof. Applying the above result to the limiting cone
(
N̂∗ pU∗−−→ N∗/U∗

)
U∗∈VN∗

of dN∗ : VopN∗ → TopModK∗ , we

see that
(
M∗⊗K∗ N̂∗ idM∗⊗K∗pU∗−−−−−−−−−→M∗⊗K∗N∗/U∗

)
U∗∈VN∗

is a limiting cone of a functor U∗ 7→M∗⊗K∗N∗/U∗.

Since M∗ is discrete, {M∗ ⊗K∗ U∗|U∗ ∈ VN∗} is cofinal in VM∗⊗K∗N∗ . Thus the result follows.

Proposition 2.3.11 Let M∗ and N∗ be objects of TopModK∗ and J a cofinal subset of VN∗ . If N∗/V ∗ is
finitely generated and free for every V ∗ ∈ J , then(

M∗ ⊗̂K∗ N∗ idM∗ ⊗̂ qV ∗−−−−−−−→M∗ ⊗̂K∗ N∗/V ∗
)
V ∗∈J

is a limiting cone of a functor D : J → TopModK∗ given by D(V ∗) =M∗ ⊗̂K∗ N∗/V ∗.
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Proof. Put I = VM∗ and consider the limiting cone
(
M∗ ⊗̂K∗ N∗ ρU∗,V ∗

−−−−−→M∗/U∗ ⊗K∗ N∗/V ∗
)
(U∗,V ∗)∈I×J

of a

functor F : I×J → TopModK∗ given by F (U∗, V ∗) =M∗/U∗⊗K∗N∗/V ∗. Let
(
T ∗ fV ∗−−→M∗ ⊗̂K∗ N∗/V ∗

)
V ∗∈J

be a cone of D. Then,

(
T ∗ (pU∗ ⊗̂ idN∗/V ∗ )fV ∗
−−−−−−−−−−−−−→M∗/U∗ ⊗K∗ N∗/V ∗

)
(U∗,V ∗)∈I×J

is a cone of F . Hence there

exists unique map ϕ : T ∗ → M∗ ⊗̂K∗ N∗ satisfying ρU∗,V ∗ϕ = (pU∗ ⊗̂ idN∗/V ∗)fV ∗ for any (U∗, V ∗) ∈ I × J .

Since

(
M∗ ⊗̂K∗ N∗/V ∗ pU∗ ⊗̂ idN∗/V ∗

−−−−−−−−−−→M∗/U∗ ⊗K∗ N∗/V ∗
)
U∗∈I

is a limiting cone of a functor I → TopModK∗

given by U∗ 7→ M∗/U∗ ⊗K∗ N∗/V ∗ for each V ∗ ∈ J by (2.3.9), we have (idM∗ ⊗̂ qV ∗)ϕ = fV ∗ . Sup-
pose that ψ : T ∗ → M∗ ⊗̂K∗ N∗ satisfying (idM∗ ⊗̂ qV ∗)ψ = fV ∗ for any V ∗ ∈ J . Then, (pU∗ ⊗̂ qV ∗)ψ =
(pU∗ ⊗̂ idN∗/V ∗)fV ∗ = (pU∗ ⊗̂ qV ∗)ϕ for any (U∗, V ∗) ∈ I × J . Thus we have ψ = ϕ and the assertion follows.

Proposition 2.3.12 Let ξ : R∗ → S∗ and λ : S∗ → T ∗ be morphisms of TopAlgK∗ . For objects M∗ and N∗ of
TopModK∗ , suppose that a right R∗-module structure α : M∗ ⊗K∗ R∗ → M∗ and a right S∗-module structure
β : N∗ ⊗K∗ S∗ → N∗ are given and that a morphism ϕ :M∗ → N∗ of TopModK∗ makes the following diagram
commute.

M∗ ⊗K∗ R∗ M∗

N∗ ⊗K∗ S∗ N∗

α

φ⊗ξ φ

β

We denote by ⊗ξ : N∗⊗R∗ T ∗ → N∗⊗S∗ T ∗ the quotient map and by ⊗̂ξ : N∗ ⊗̂R∗ T ∗ → N∗ ⊗̂S∗ T ∗ the map
induced by ⊗ξ. If ψ :M∗ ⊗̂R∗ T ∗ → N∗ ⊗̂S∗ T ∗ is a continuous homomorphism of right T ∗-modules which makes

the following diagram commute, then ψ is a composition M∗ ⊗̂R∗ T ∗ φ ⊗̂R∗ idT∗−−−−−−−→ N∗ ⊗̂R∗ T ∗ ⊗̂ξ−−→ N∗ ⊗̂S∗ T ∗,
where iM∗ : M∗ → M∗ ⊗R∗ T ∗ and iN∗ : N∗ → N∗ ⊗S∗ T ∗ are maps defined by iM∗(x) = x ⊗ 1 and
iN∗(x) = x⊗ 1, respectively.

M∗ M∗ ⊗R∗ T ∗ M∗ ⊗̂R∗ T ∗

N∗ N∗ ⊗S∗ T ∗ N∗ ⊗̂S∗ T ∗

iM∗

φ

ηM∗⊗R∗T∗

ψ

iN∗ ηN∗⊗S∗T∗

Proof. Since the following diagram commutes, we have ψηM∗⊗R∗T∗iM∗ = ⊗̂ξ(ϕ ⊗̂R∗ idT∗)ηM∗⊗R∗T∗iM∗ .

M∗ M∗ ⊗R∗ T ∗ M∗ ⊗̂R∗ T ∗

N∗ N∗ ⊗R∗ T ∗ N∗ ⊗̂R∗ T ∗

N∗ ⊗S∗ T ∗ N∗ ⊗̂S∗ T ∗

iM∗

φ

ηM∗⊗R∗T∗

φ⊗R∗ idT∗ φ ⊗̂R∗ idT∗

iN∗

iN∗

ηN∗⊗R∗T∗

⊗ξ ⊗̂ξ
ηN∗⊗S∗T∗

Since both ψηM∗⊗R∗T∗ and ⊗̂ξ(ϕ ⊗̂R∗ idT∗)ηM∗⊗R∗T∗ are homomorphisms of right T ∗-modules and the
image of iM∗ generates M∗ ⊗R∗ T ∗, we have ψηM∗⊗R∗T∗ = ⊗̂ξ(ϕ ⊗̂R∗ idT∗)ηM∗⊗R∗T∗ . Then, the continuity of
ψ implies ψ = ⊗̂ξ(ϕ ⊗̂R∗ idT∗).

Lemma 2.3.13 If M∗ is a dense submodule of N∗, then for a K∗-module L∗, the inclusion map i :M∗ → N∗

induces an isomorphism idL∗ ⊗̂K∗ i : L∗ ⊗̂K∗ M∗ → L∗ ⊗̂K∗ N∗.

Proof. Since î : M̂∗ → N̂∗ is an isomorphism by (1.3.18), so is idL∗ ⊗̂K∗ î : L∗ ⊗̂K∗ M̂∗ → L∗ ⊗̂K∗ N̂∗. Therefore
the assertion follows from (2.3.5) and the naturality of η.

Proposition 2.3.14 If f : M∗ → N∗ is an epimorphism in TopModcK∗ , then for an object L∗ of TopModK∗ ,
idL∗ ⊗̂K∗ f : L∗ ⊗̂K∗ M∗ → L∗ ⊗̂K∗ N∗ is an epimorphism in TopModcK∗ .

Proof. Since the image of f :M∗ → N∗ is dense, so is the image of idL∗ ⊗K∗ f : L∗ ⊗K∗ M∗ → L∗ ⊗K∗ N∗ by
(2.1.4). Hence idL∗ ⊗̂K∗ f is an epimorphism of TopModcK∗ by (1.3.18).
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Proposition 2.3.15 Let π : N∗ → C∗ be a cokernel in TopModcK∗ of a morphism f :M∗ → N∗ of TopModcK∗ .
Then, for an object L∗ of TopModK∗ , idL∗ ⊗̂K∗ π : L∗ ⊗̂K∗ N∗ → L∗ ⊗̂K∗ C∗ is a cokernel in TopModcK∗ of
idL∗ ⊗̂K∗ f : L∗ ⊗̂K∗ M∗ → L∗ ⊗̂K∗ N∗.

Proof. idL∗ ⊗̂K∗ π is an epimorphism of TopModcK∗ by (2.3.14). Let i : Im f → Kerπ be the inclusion map.
It follows from (1.3.20) and (2.1.4) that the image of idL∗ ⊗K∗ i : L∗ ⊗K∗ Im f → L∗ ⊗K∗ Kerπ is dense.
Hence idL∗ ⊗̂K∗ i : L∗ ⊗̂K∗ Im f → L∗ ⊗̂K∗ Kerπ is an epimorphism of TopModcK∗ by (1.3.18). Since the
surjection f ′ : M∗ → Im f induced by f induces an epimorphism idL∗ ⊗̂K∗ f ′ : L∗ ⊗̂K∗ M∗ → L∗ ⊗̂K∗ Im f
of TopModcK∗ by (1.3.11), idL∗ ⊗̂K∗ if ′ : L∗ ⊗̂K∗ M∗ → L∗ ⊗̂K∗ Kerπ is an epimorphism of TopModcK∗ . We
denote by j : Kerπ → N∗ be the inclusion map and by π′ : N∗ → Imπ the surjection induced by π. Since
π′ is a cokernel of j in TopModK∗ , idL∗ ⊗K∗ π′ : L∗ ⊗K∗ N∗ → L∗ ⊗K∗ Imπ is a cokernel of idL∗ ⊗K∗ j :
L∗ ⊗K∗ Kerπ → L∗ ⊗K∗ N∗ in TopModK∗ . Hence idL∗ ⊗̂K∗ π′ : L∗ ⊗̂K∗ N∗ → L∗ ⊗̂K∗ Imπ is a cokernel of
idL∗ ⊗̂K∗ j : L∗ ⊗̂K∗ Kerπ → L∗ ⊗̂K∗ N∗ in TopModcK∗ by (1.3.11). Since idL∗ ⊗̂K∗ if ′ is an epimorphism and
f = jif ′, idL∗ ⊗̂K∗ π′ : L∗ ⊗̂K∗ N∗ → L∗ ⊗̂K∗ Imπ is a cokernel of idL∗ ⊗̂K∗ f : L∗ ⊗̂K∗ M∗ → L∗ ⊗̂K∗ N∗ in
TopModcK∗ . Since Im π is a dense submodule of C∗, the inclusion map k : Imπ → C∗ induces an isomorphism
idL∗ ⊗̂K∗ k : L∗ ⊗̂K∗ Imπ → L∗ ⊗̂K∗ C∗ by (2.3.13). We conclude that idL∗ ⊗̂K∗ π = idL∗ ⊗̂K∗ kπ′ is a cokernel
of idL∗ ⊗̂K∗ f in TopModcK∗ .

For objects M∗, N∗ of TopModK∗ and a ∈M∗, b ∈ N∗, we put ηM∗⊗K∗N∗(a⊗ b) = a ⊗̂ b.

Lemma 2.3.16 Let M∗, N∗ be objects of TopModK∗ . Assume that M∗ is a flat K∗-module and Hausdorff
space. For y ∈ Nn, define a map R̂M∗,y : ΣnM∗ → M∗ ⊗̂K∗ N∗ by R̂M∗,y([n], x) = (−1)ndeg xx ⊗̂ y. If y is

K∗-torsion free, R̂M∗,y is a monomorphism.

Proof. Define a map Ry : ΣnK∗ → N∗ by Ry([n], r) = (−1)ndeg rry. Then, Ry is a monomorphism since y is
K∗-torsion free and idM∗ ⊗K∗ Ry :M∗⊗K∗ ΣnK∗ →M∗⊗K∗ N∗ is also a monomorphism since M∗ is flat over
K∗. We define RM∗,y : ΣnM∗ →M∗ ⊗K∗ N∗ to be the following composition.

ΣnM∗ snM∗−−−→ ΣnK∗ ⊗K∗ M∗ TΣnK∗,M∗
−−−−−−−→M∗ ⊗K∗ ΣnK∗ idM∗⊗K∗Ry−−−−−−−−→M∗ ⊗K∗ N∗

Then, RM∗,y is a monomorphism, hence R̂M∗,y : Σ̂nM∗ → M∗ ⊗̂K∗ N∗ is a monomorphism by (1.3.14). Since

R̂M∗,y is a composition ηΣnM∗ : ΣnM∗ → Σ̂nM∗ and R̂M∗,y, R̂M∗,y is a monomorphism.

Proposition 2.3.17 Let K∗ be a field such that Ki = {0} if i 6= 0 and M∗, N∗ objects of TopModK∗ . Suppose
that M∗ and N∗ are 1st countable spaces.

(1) For x ∈M∗ ⊗̂K∗ N∗, there exist sequences (xn)n∈N ofM∗ and (yn)n∈N of and N∗ such that
∑
n∈N

xn ⊗̂ yn
converges to x.

(2) Suppose that M∗ and N∗ are Hausdorff spaces. Let (xn)n∈N be a sequence of M∗ and (yn)n∈N a
sequence of and N∗. If yn’s are linearly independent and

∑
n∈N

xn ⊗̂ yn = 0, then xn = 0 for all n ∈N .

Proof. (1) SinceM∗⊗K∗N∗ is a 1st countable space by the definition of the topology ofM∗⊗K∗N∗,M∗ ⊗̂K∗ N∗

is a 1st countable space by (1.3.10). Since the image of ηM∗⊗K∗N∗ is dense by (1.3.2), it follows from (1.3.21)
that there exist sequences (xn)n∈N and (yn)n∈N of M∗ and N∗ respectively such that

∑
n∈N

xn ⊗̂ yn converges

to x.
(2) Let N∗

n be a subspace of N∗ spanned by {yi| i 6= n} and pn : N∗ → N∗/N∗
n the quotient map. Since

idM∗ ⊗̂K∗ pn :M∗ ⊗̂K∗ N∗ →M∗ ⊗̂K∗ N∗/N∗
n maps

∑
n∈N

xn ⊗̂ yn to xn ⊗̂K∗ pn(yn), we have xn ⊗̂K∗ pn(yn) = 0.

Since yn 6∈ N∗
n, we have pn(yn) 6= 0 It follows from (2.3.16) that xn = 0.
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3 Spaces of homomorphisms

3.1 Topology on spaces of homomorphisms

For r ∈ Kl and a morphism f : ΣmM∗ → N∗, we define a morphism rf : Σl+mM∗ → N∗ in TopModK∗ by
(rf)([l +m], x) = rf([m], x) for x ∈M∗. In other words, rf is the following composition.

Σl+mM∗ εl,m,M∗
−−−−−→ Σl(ΣmM∗)

Σlf−−→ ΣlN∗ µrN∗−−−→ N∗

It is easy to verify the following fact from the definition of K∗-module structure on suspensions of K∗-modules.

Lemma 3.1.1 For l,m, n ∈ Z, r ∈ Kl and a morphism f : ΣmM∗ → N∗ in TopModK∗ , we have the following
equality in Homc

K∗

(
Σl+m+nM∗, N∗).

Σn(rf)εn,l+m,M∗ = (−1)ln(rΣnf)εl+n,m,M∗

Definition 3.1.2 For objects M∗ and N∗ of TopModK∗ , we define an object Hom∗(M∗, N∗) of TopModK∗ as
follows. Put

Homn(M∗, N∗) = (Hom∗(M∗, N∗))n = Homc
K∗(ΣnM∗, N∗).

The maps Kl ×Homn(M∗, N∗)→ Homn+l(M∗, N∗) for l, n ∈ Z given by (r, f) 7→ rf define a left K∗-module
structure of Hom∗(M∗, N∗).

For morphisms f :M∗ → N∗, g : N∗ → L∗ in TopModK∗ , define maps f∗ : Hom∗(N∗, L∗)→ Hom∗(M∗, L∗)
and g∗ : Hom∗(M∗, N∗) → Hom∗(M∗, L∗) by f∗(ϕ) = ϕΣnf and g∗(ψ) = gψ for ϕ ∈ Homn(N∗, L∗) and
ψ ∈ Homm(M∗, N∗). It is easy to verify that f∗ and g∗ are maps of K∗-modules.

For morphisms f : S∗ →M∗ and g : N∗ → Q∗, we put

O(f, g) = Ker(g∗f
∗ : Hom∗(M∗, N∗)→ Hom∗(S∗, Q∗)).

In particular, if f is an inclusion map iS∗ : S∗ → M∗ and g is a quotient map pU∗ : N∗ → N∗/U∗, we denote
O(f, g) by O(S∗, U∗). Let us denote by FM∗ the set of finitely generated submodules of M∗. Define a topology
on Hom∗(M∗, N∗) such that {O(S∗, U∗)|S∗ ∈ FM∗ , U∗ ∈ VN∗} forms a fundamental system of neighborhoods
of 0. We denote by M∗∗ the dual space Hom∗(M∗,K∗).

Remark 3.1.3 (1) O(f, g) depends only on the image of f and the kernel of g, namely O(f, g) = O(Im f,Ker g).
(2) For each n ∈ Z, O(S∗, U∗)n consists of morphisms f : ΣnM∗ → N∗ which map ΣnS∗ into U∗.

Proposition 3.1.4 Let M∗ and N∗ be objects of TopModK∗ .
(1) If f : S∗ → M∗, h : T ∗ → S∗, g : N∗ → Q∗ and k : Q∗ → P ∗ are morphisms in TopModK∗ , then

O(f, g) ⊂ O(fh, kg). If h is an epimorphism and k is a monomorphism, then O(f, g) = O(fh, kg).
(2) If S∗ is a submodule of M and U∗, V ∗ are submodules of N∗, O(S∗, U∗)∩O(S∗, V ∗) = O(S∗, U∗ ∩V ∗).
(3) If S∗, T ∗ are submodules of M and U∗ is a submodule of N∗, O(S∗, U∗)∩O(T ∗, U∗) = O(S∗ +T ∗, U∗).{

O(K∗x, U∗)

∣∣∣∣x ∈ ⋃
n∈Z

Mn, U∗ ∈ VN∗

}
is a subbase of the neighborhoods of zero. In particular, Hom0(M∗, N∗)

has the pointwise convergent topology.

Lemma 3.1.5 Let M∗ be an object of TopModK∗ .
(1) For x ∈M∗ and U∗ ∈ NM∗ , (U∗ : x) = {r ∈ K∗| rx ∈ U∗} is an open ideal of K∗.
(2) For S∗ ∈ FM∗ and U∗ ∈ NM∗ , (U∗ : S∗) = {r ∈ K∗| rS∗ ⊂ U∗} is an open ideal of K∗.

Proof. (1) By the continuity of the structure map α : K∗×M∗ →M∗ ofM∗, there exist a ∈ IK∗ and V ∗ ∈ NM∗

satisfying α(a× ({x}+ V ∗)) ⊂ U∗ for x ∈M∗. Hence (U∗ : x) contains an open ideal a and it is open.

(2) If S∗ is generated by x1, x2, . . . , xn, then (U∗ : S∗) =
n⋂
i=1

(U∗ : xi). Hence (U∗ : S∗) is open by (1).

Proposition 3.1.6 Hom∗(M∗, N∗) is a topological K∗-module. If the topology of N∗ is coarser than the topol-
ogy induced by K∗, so is the topology of Hom∗(M∗, N∗).
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Proof. Clearly, Hom∗(M∗, N∗) is a topological abelian group. For r ∈ K∗, f ∈ Hom∗(M∗, N∗), S∗ ∈ FM∗ and
U∗ ∈ NN∗ , (U∗ : f(S∗)) is an open ideal of K∗ by (3.1.5) and it is easy to verify that ({r}+(U∗ : f(S∗)))({f}+
O(S∗, U∗)) is contained in {rf}+O(S∗, U∗). Hence the structure map K∗×Hom∗(M∗, N∗)→ Hom∗(M∗, N∗)
is continuous.

Suppose that the topology of N∗ is coarser than the topology induced by K∗. For U∗ ∈ NN∗ , there exists
a ∈ NN∗ satisfying aN∗ ⊂ U∗. Then, we have aHom∗(M∗, N∗) ⊂ O(M∗, U∗).

Proposition 3.1.7 Let f : M∗ → N∗ and g : N∗ → L∗ be morphisms in TopModK∗ and consider maps f∗ :
Hom∗(N∗, L∗) → Hom∗(M∗, L∗) and g∗ : Hom∗(M∗, N∗) → Hom∗(M∗, L∗). Suppose S∗ ∈ FM∗ , T ∗ ∈ FN∗

and U∗ ∈ VL∗ , M∗ ∈ VN∗ .
(1) (f∗)−1(O(S∗, U∗)) = O(f(S∗), U∗) and (g∗)

−1(O(S∗, U∗)) = O(S∗, g−1(U∗)) hold. Hence f∗ and g∗ are
continuous.

(2) If f has a continuous left inverse p : N∗ → M∗, then f∗(O(T ∗, U∗)) ⊃ O(p(T ∗), U∗) holds and f∗ is a
surjective open map.

(3) If g has a continuous right inverse s : L∗ → N∗, then g∗(O(S∗, U∗)) ⊃ O(S∗, s−1(U∗)) holds and g∗ is
a surjective open map.

(4) If f is surjective, then f∗ : Hom∗(N∗, L∗)→ Hom∗(M∗, L∗) is a homeomorphism onto its image.

Proof. (1) is easy.
(2) For ψ ∈ O(p(T ∗), U∗)n, it is clear that ψΣnp ∈ O(T ∗, U∗) and f∗(ψΣnp) = ψ hold. Thus ψ belongs to

f∗(O(T ∗, U∗)).
(3) If ψ ∈ O(S∗, s−1(U∗))n ⊂ Homn(M∗, L∗), then sψ(ΣnS∗) = s(s−1(U∗)) ⊂ U∗, hence sψ ∈ O(S∗, U∗)n ⊂

Homn(M∗, N∗). Since g∗(sψ) = gsψ = ψ, ψ ∈ g(O(S∗, U∗)).
(4) For S∗ ∈ FN∗ , take T ∗ ∈ FM∗ such that f(T ∗) = S∗. It is clear that f∗(O(S∗, U∗)) ⊂ O(T ∗, U∗)

for U∗ ∈ VL∗ . Assume that gf ∈ O(T ∗, U∗) for g ∈ Hom∗(N∗, L∗). Then g(S∗) = g(f(T ∗)) ⊂ U∗, namely
g ∈ O(S∗, U∗). It follows that O(T ∗, U∗) ∩ Im f∗ ⊂ f∗(O(S∗, U∗)). Hence we have O(T ∗, U∗) ∩ Im f∗ =
f∗(O(S∗, U∗)) and f∗ is an open map onto its image.

Corollary 3.1.8 Suppose that K∗ is a field.
(1) If M∗ is supercofinite, i∗S∗ : Hom∗(M∗, N∗)→ Hom∗(S∗, N∗) is a surjective open map for S∗ ∈ FM∗ .
(2) For U∗ ∈ VN∗ , pU∗∗ : Hom∗(M∗, N∗)→ Hom∗(M∗, N∗/U∗) is a surjective open map.

Proof. (1) Straightforward from (2) of (1.4.9) and (2) of (3.1.7).
(2) Since N∗/U∗ is discrete and pU∗ : N∗ → N∗/U∗ is surjective, pU∗ has a continuous right inverse. Hence

the assertion follows from (3) of (3.1.7).

For right R∗-modules M∗ and N∗, we denote by Hom∗
R∗(M∗, N∗) the subsset of Hom∗(M∗, N∗) consisting

of homomorphisms of right R∗-modules. We give Hom∗
R∗(M∗, N∗) the topology induced by Hom∗(M∗, N∗).

Let us denote by FR∗

M∗ the set of finitely generated R∗-submodules of M∗. For S∗ ∈ FR∗

M∗ and U∗ ∈ VR∗

N∗ , we put

OR∗(S∗, U∗) = Ker(pU∗∗i
∗
S∗ : Hom∗

R∗(M∗, N∗)→ Hom∗
R∗(S∗, N∗/U∗)).

Proposition 3.1.9 Suppose that VR∗

N∗ is a fundamental system of neighborhoods of 0 of N∗. Then,{
OR∗(S∗, U∗)

∣∣S∗ ∈ FR
∗

M∗ , U∗ ∈ VR
∗

N∗

}
is a fundamental system of neighborhoods of 0 of Hom∗

R∗(M∗, N∗).

Proof. For S∗ ∈ FR∗

M∗ , we choose generators x1, x2, . . . , xn of S∗ over R∗ and let S̃∗ the K∗-submodule of
M∗ generated by x1, x2, . . . , xn. For V ∗ ∈ VR∗

N∗ and f ∈ O(S̃∗, V ∗) ∩ Homn
R∗(M∗, N∗), since f([n], xi) ∈ V ∗

and f is a homomorphism of R∗-modules and V ∗ is an R∗-submodule of N∗, we have f(ΣnS∗) ⊂ V ∗, that is,
f ∈ OR∗(S∗, V ∗). Therefore O(S̃∗, V ∗) ∩ Hom∗

R∗(M∗, N∗) ⊂ OR∗(S∗, V ∗) which shows that OR∗(S∗, V ∗) is an
open submodule of Hom∗

R∗(M∗, N∗).
Suppose S∗ ∈ FM∗ and U∗ ∈ VN∗ . Let S̄∗ be the R∗-submodule of M∗ generated by S∗, then S̄∗ ∈ FR∗

M∗ .
There exists V ∗ ∈ VR∗

N∗ which is contained in U∗ by the assumption. Then, we have OR∗(S̄∗, V ∗) ⊂ O(S∗, U∗).
Hence

{
OR∗(S∗, U∗)

∣∣S∗ ∈ FR∗

M∗ , U∗ ∈ VR∗

N∗

}
is cofinal in the set of neighborhood of 0 of Hom∗

R∗(M∗, N∗).

Proposition 3.1.10 Let L∗, M∗ and N∗ be objects of TopModK∗ . A map

T : Hom∗(M∗, N∗)→ Hom∗(M∗ ⊗K∗ L∗, N∗ ⊗K∗ L∗)

defined by T (f) = f ⊗K∗ idL∗ is continuous.
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Proof. Suppose S∗ ∈ FM∗ , T ∗ ∈ FL∗ , U∗ ∈ VN∗ and V ∗ ∈ FL∗ . Let us denote by S∗ ⊗K∗ T ∗ and U∗ ⊗K∗ T ∗

the images of maps S∗ ⊗K∗ T ∗ → M∗ ⊗K∗ L∗ and U∗ ⊗K∗ T ∗ → N∗ ⊗K∗ L∗ induced by inclusion maps. If
f ∈ O(S∗, U∗)n, T (f) maps ΣnS∗ ⊗K∗ T ∗ into U∗ ⊗K∗ T ∗ which is contained in o(U∗, V ∗). Thus we have
T (O(S∗, U∗)) ⊂ O(S∗ ⊗K∗ T ∗, o(U∗, V ∗)).

Proposition 3.1.11 Let (M∗
i )i∈I be a family of objects of TopModK∗ and N∗ an object of TopModK∗ . For

j ∈ I, we denote by ιj :M
∗
j →

⊕
i∈I

M∗
i the injection onto the j-th summand. We define a map

P : Hom∗
(⊕
i∈I

M∗
i , N

∗
)
→
∏
i∈I
Hom∗(M∗

i , N
∗)

by P (ϕ) = (ϕΣnιi)i∈I for ϕ ∈ Homn

(⊕
i∈I

M∗
i , N

∗
)
. Then, P is an isomorphism.

Proof. It follows from (1.1.17) and (3.1.7) that P is continuous. For (ϕi)i∈I ∈
∏
i∈I
Homn(M∗

i , N
∗), there exists

unique map ϕ : Σn
(⊕
i∈I

M∗
i

)
→ N∗ that satisfies ϕΣnιi = ϕi for any i ∈ I. Then, the inverse P−1 of P is

defined by P−1((ϕi)i∈I) = ϕ. For (xi)i∈I ∈
⊕
i∈I

M∗
i and U∗ ∈ VN∗ , since xi = 0 except for finite number of i’s,∏

i∈I
O(K∗xi, U

∗) is an open set of
∏
i∈I
Hom∗(M∗

i , N
∗). If ϕ ∈ O(K∗(xi)i∈I , U

∗)n, then ϕΣnιi(xi) ∈ U∗ for each

i ∈ I, which means P (O(K∗(xi)i∈I , U
∗)) ⊂

∏
i∈I

O(K∗xi, U
∗). For (ϕi)i∈I ∈

∏
i∈I

O(K∗xi, U
∗), put P−1((ϕi)i∈I) =

ϕ. Then, we have ϕ((xi)i∈I) =
∑
i∈I

ϕi(xi) ∈ U∗. It follows that P−1
(∏
i∈I

O(K∗xi, U
∗)
)
⊂ O(K∗(xi)i∈I , U

∗),

namely
∏
i∈I

O(K∗xi, U
∗) ⊂ P (O(K∗(xi)i∈I , U

∗)). Therefore P (O(K∗(xi)i∈I , U
∗)) =

∏
i∈I

O(K∗xi, U
∗) holds and

P is an open map.

Remark 3.1.12 For j ∈ I, let pj :
⊕
i∈I

M∗
i → M∗

j be a map defined by pj((xi)i∈I) = xj. If I is a finite set,

P−1 is given by P−1((ϕi)i∈I) =
∑
j∈I

ϕjΣ
npj =

∑
j∈I

p∗j (ϕj) if (ϕi)i∈I ∈
∏
i∈I
Homn(M∗

i , N
∗).

Proposition 3.1.13 Let (N∗
i )i∈I be a family of objects of TopModK∗ and M∗ an object of TopModK∗ . For

j ∈ I, we denote by prj :
∏
i∈I

N∗
i → N∗

j the projection onto the j-th component. We define a map

Q : Hom∗
(
M∗,

∏
i∈I

N∗
i ,

)
→
∏
i∈I
Hom∗(M∗, N∗

i )

by Q(ϕ) = (priϕ)i∈I . Then, Q is an isomorphism.

Proof. It follows from (1.1.17) and (3.1.7) that Q is continuous. For (ϕi)i∈I ∈
∏
i∈I
Homn(M∗, N∗

i ), there exists

unique map ϕ : ΣnM∗ →
∏
i∈I

N∗
i that satisfies priϕ = ϕi for any i ∈ I. Then, the inverse Q−1 of Q is

defined by Q−1((ϕi)i∈I) = ϕ. For x ∈ M∗ and U∗
i ∈ VN∗

i
such that U∗

i = N∗ except for finite number of

i’s so that
∏
i∈I

U∗
i is an open set of

∏
i∈I

N∗
i , if ϕ ∈ O

(
K∗x,

∏
i∈I

U∗
i

)n
, then priϕ(x) ∈ U∗

i for each i ∈ I, which

means Q
(
O
(
K∗x,

∏
i∈I

U∗
i

))
⊂
∏
i∈I

O(K∗x, U∗
i ). For (ϕi)i∈I ∈

∏
i∈I

O(K∗x, U∗
i ), put Q

−1((ϕi)i∈I) = ϕ. Then,

we have ϕ((xi)i∈I) = (ϕi(xi))i∈I ∈
∏
i∈I

U∗
i . It follows that Q−1

(∏
i∈I

O(K∗x, U∗
i )
)
⊂ O

(
K∗x,

∏
i∈I

U∗
i

)
, namely∏

i∈I
O(K∗x, U∗

i ) ⊂ Q
(
O
(
K∗x,

∏
i∈I

U∗
i

))
. Therefore Q

(
O
(
K∗x,

∏
i∈I

U∗
i

))
=
∏
i∈I

O(K∗x, U∗
i ) holds and Q is an

open map.

Let K∗ be a topological graded ring such that Kn = {0} if n 6= 0. Recall that un : idTopModK∗ → ιnεn
denotes the unit of the adjunction εn a ιn and cn : ιnεn → idTopModK∗ denotes the counit of the adjunction
ιn a εn (1.2.5).

Proposition 3.1.14 For an object M∗ of TopModK∗ and i ∈ Z, there is an isomorphism

θM∗,i : ιiεi(Hom∗(M∗,K∗))→ Hom∗(ι−iε−i(M
∗),K∗)

which is natural in M∗.

29



Proof. Since Kn = {0} for n 6= 0 and (Σj(ι−iε−i(M
∗)))0 = [j] × (ι−iε−i(M

∗))−j = {0} if j 6= i, we have
Homj(ι−iε−i(M

∗),K∗) = Homc
K∗(Σjι−iε−i(M

∗),K∗) = {0} if j 6= i. For f ∈ Homi(M∗,K∗), we define
(θM∗,i(f) : Σ

iι−iε−i(M
∗)→ K∗) ∈ Homi(ι−iε−i(M

∗),K∗) to be a composition

Σiι−iε−i(M
∗) = ι0ε0(Σ

iM∗)
ι0ϵ0(f)−−−−→ ι0ε0(K

∗)
c0K∗−−−→ K∗.

For g ∈ ιiεi(Hom∗(ι−iε−i(M
∗),K∗))i = Homi(ι−iε−i(M

∗),K∗), let θ−1
M∗,i(g) ∈ Homi(M∗,K∗) be the map

defined by

θ−1
M∗,i(g)([i], x) =

{
g([i], x) x ∈M−i

0 x ∈M j , j 6= −i
.

Then, we see that θ−1
M∗,i : Homi(ι−iε−i(M

∗),K∗)→ ιiεi(Hom∗(M∗,K∗))i is the inverse of θM∗,i.

Remark 3.1.15 Then, the following diagram is commutative.

Hom∗(M∗,K∗) ιiεi(Hom∗(M∗,K∗))

Hom∗(ι−iε−i(M
∗),K∗)

uiHom∗(M∗,K∗)

c∗−iM∗
θM∗,i

For an object M∗ of TopModK∗ and an object R∗ of TopAlgK∗ with multiplication µR∗ : R∗ ⊗K∗ R∗ → R∗,
let αR∗ : (M∗ ⊗K∗ R∗)⊗K∗ R∗ →M∗ ⊗K∗ R∗ be the following composition.

(M∗ ⊗K∗ R∗)⊗K∗ R∗ ∼=−→M∗ ⊗K∗ (R∗ ⊗K∗ R∗)
idM∗⊗K∗µR∗−−−−−−−−−→M∗ ⊗K∗ R∗

Then, M∗ ⊗K∗ R∗ is a right R∗-module with structure map αR∗ .

Proposition 3.1.16 Let R∗ be an object of TopAlgK∗ with unit u : K∗ → R∗ and N∗ a right R∗-module. We
denote by N∗

u a right K∗-module N∗ with structure map given by (m,x) 7→ mu(x). For a right K∗-module
M∗, we regard M∗ ⊗K∗ R∗ as a right R∗-module. We denote by i1 : M∗ → M∗ ⊗K∗ R∗ the map defined by
i1(m) = m⊗ 1. Define a map

adM
∗

N∗ : Hom∗
R∗(M∗ ⊗K∗ R∗, N∗)→ Hom∗(M∗, N∗

u)

by adM
∗

N∗ (f) = fi1. If VR∗

N∗ is a fundamental system of neighborhoods of 0 of N∗ and the topology of N∗ is
coarser than the topology induced by R∗, adM

∗

N∗ is an isomorphism.

Proof. For S∗ ∈ FM∗ and U∗ ∈ VR∗

N∗ , since S∗ ⊗K∗ R∗ ∈ FR∗

M∗⊗K∗R∗ and adM
∗

N∗ maps OR∗(S∗ ⊗K∗ R∗, U∗) into

O(S∗, U∗), adM
∗

N∗ is continuous. The right R∗-module structure map β : N∗ ⊗K∗ R∗ → N∗ of N∗ is continuous
by (1.1.10) and the inverse (adM

∗

N∗ )−1 of adM
∗

N∗ is given by (adM
∗

N∗ )−1(g) = β(g⊗K∗ idR∗) for g ∈ Hom∗(M∗, N∗
u).

Then, (adM
∗

N∗ )−1 is continuous by (3.1.10) and (1) of (3.1.7).

Definition 3.1.17 Consider the functor cK∗∗ : TopModK∗ → TopModK∗ induced by the conjugation cK∗ of K∗

defined in (1.2.1). For an object M∗ of TopModK∗ and n ∈ Z, we denote by cnK∗∗(M
∗) by nM∗. We call 1M∗

the conjugate of M∗. Define a map cM∗ : M∗ → 1M∗ by cM∗(x) = (−1)px if x ∈ Mp. Then, it is clear that
cM∗ is an isomorphism in TopModK∗ satisfying cM∗cM∗ = idM∗ . We call cM∗ the conjugation of M∗.

Remark 3.1.18 (1) It follows from (3) of (2.2.1) that m(nM∗) = m+nM∗ and that nM∗ =M∗ if n is even and
nM∗ is the conjugate of M∗ if n is odd.

(2) It follows from (5) of (2.2.1) that nΣmM∗ = Σm(nM∗).
(3) cm−n

M∗ : nM∗ → mM∗ is an isomorphism in TopModK∗ .

It is easy to verify the following.

Proposition 3.1.19 For m,n ∈ Z and M∗, N∗ ∈ ObTopModK∗ , let β̃m,nM∗,N∗ : mM∗×nN∗ → m+n(M∗⊗K∗N∗)

be the map given by β̃m,nM∗,N∗(x, y) = cnM∗(x)⊗ cmN∗(y). Then, β̃m,nM∗,N∗ is a bilinear and induces an isomorphism
mM∗ ⊗K∗ nN∗ → m+n(M∗ ⊗K∗ N∗) in TopModK∗ .
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We denote by βm,nM∗,N∗ : mM∗ ⊗K∗ nN∗ → m+n(M∗ ⊗K∗ N∗) the isomorphism induced by β̃m,nM∗,N∗ .
The following facts are direct consequences of the above definitions and (3.1.1).

Proposition 3.1.20 Let M∗ and N∗ be objects of TopModK∗ and n ∈ Z.
(1) Define a map σ̃n,M∗,N∗ : ΣnHom∗(M∗, N∗)→ Hom∗(M∗,ΣnN∗) by σ̃n,M∗,N∗([n], f) = (Σnf)εn,k−n,M∗

for f ∈ Homk−n(M∗, N∗) = Homc
K∗(Σk−nM∗, N∗). Then, σ̃n,M∗,N∗ is an isomorphism in TopModK∗ .

(2) Define a map σ̄n,M∗,N∗ : ΣnHom∗(M∗, N∗)→ nHom∗(Σ−nM∗, N∗) by σ̄n,M∗,N∗([n], f) = fε−1
k,−n,M∗ for

f ∈ Homk−n(M∗, N∗) = Homc
K∗(Σk−nM∗, N∗). Then, σ̄n,M∗,N∗ is an isomorphism in TopModK∗ .

Definition 3.1.21 Define a map εM∗ : M∗ → Σ0M∗ by εM∗(x) = ([0], x). Then, it follows from (3.1.20) that
the composition

Hom∗(M∗, N∗)
(ε−1
M∗ )

∗

−−−−−→ Hom∗(Σ0M∗, N∗)
(ε−1

−n,n,M∗ )
∗

−−−−−−−−→ Hom∗(Σ−n(ΣnM∗), N∗)
σ̄−1
n,ΣnM∗,N∗
−−−−−−−−→

ΣnHom∗(ΣnM∗, N∗)
σ̃n,ΣnM∗,N∗
−−−−−−−−→ Hom∗(ΣnM∗,ΣnN∗)

gives an isomorphism σn,M∗,N∗ : Hom∗(M∗, N∗)→ nHom∗(ΣnM∗,ΣnN∗) which is called the n-fold suspension
isomorphism.

For n ∈ Z and x ∈ Mn, we define maps ex : nΣnK∗ → M∗ and Ex : Hom∗(M∗, N∗) → nΣ−nN∗ by
ex([n], a) = ax for a ∈ K∗ and Ex(f) = ([−n], f([k], x)) for f ∈ Homk(M∗, N∗), respectively. Then, ex and Ex
are morphisms in TopModK∗ . We call Ex the evaluation map at x.

Proposition 3.1.22 Define a map evn : Homc
K∗(nΣnK∗,M∗) → Mn by evn(f) = f([n], 1). Then, evn is an

isomorphism of abelian groups.

Proof. It is clear that evn is injective. For x ∈Mn, since evn maps ex to x, evn is surjective.

Proposition 3.1.23 For x ∈Mn, Ex : Hom∗(M∗, N∗)→ nΣ−nN∗ is the following composition.

Hom∗(M∗, N∗)
e∗x−→ Hom∗(nΣnK∗, N∗)

E([n],1)−−−−−→ nΣ−nN∗

Moreover, E([n],1) : Hom∗(nΣnK∗, N∗)→ nΣ−nN∗ is the following composition.

Hom∗(nΣnK∗, N∗)
σ̄−1
−n,K∗,N∗
−−−−−−−→ nΣ−nHom∗(K∗, N∗)

nΣ−nE1−−−−−→ nΣ−nN∗

The next result immediately follows from (3) of (3.1.4).

Proposition 3.1.24 Let L∗, M∗ and N∗ be objects of TopModK∗ .
(1) For a submodule U∗ of N∗ and x ∈Mn, Ex : Hom∗(M∗, N∗)→ nΣ−nN∗ maps O(K∗x, U∗) into Σ−nU∗.
(2) The topology on Hom∗(M∗, N∗) is the coarsest topology such that Ex : Hom∗(M∗, N∗) → nΣ−nN∗ is

continuous for any n ∈ Z and x ∈Mn.
(3) A linear map ϕ : L∗ → Hom∗(M∗, N∗) is continuous if and only if Exϕ : L∗ → Σ−nN∗ is continuous

for any n ∈ Z and x ∈Mn.
(4) A map κN∗ :N∗ → Hom∗(K∗, N∗) defined by (κN∗(x))([n], a) = cnK∗(a)x for x ∈ Nn and a ∈ K∗ is the

inverse of E1 :Hom∗(K∗, N∗)→ N∗. Hence E([n],1) :Hom∗(ΣnK∗, N∗)→ nΣ−nN∗ is an isomorphism.

Definition 3.1.25 A graded set is a pair (S, d) of a set S and a map d : S → Z. For graded sets (S, d) and
(T, e), we say that a map f : S → T is a map of graded sets from (S, d) to (T, e) if ef = d. We denote by Set∗
the category of graded sets and map of graded sets.

We define a functor F : Set∗ → TopModK∗ as follows. For a graded set (S, d), we set

F (S, d) =
∐
x∈S

d(x)Σd(x)K∗.

If f is a is a map of graded sets from (S, d) to (T, e), F (f) : F (S, d) → F (T, e) is the unique map satisfying
F (f)ιz = ιf(z) for any z ∈ S, where ιz : d(z)Σd(z)K∗ → F (S, d) and ιw : e(w)Σe(w)K∗ → F (T, e) are the
canonical maps.

For an object M∗ of TopModK∗ , we set S(M∗) = {(n, x) ∈ Z ×M∗|x ∈Mn} and define dM∗ : S(M∗)→ Z
by dM∗(n, x) = n. Thus we have a graded set U(M∗) = (S(M∗), dM∗). For a homomorphism f :M∗ → N∗, let
us define U(f) : S(M∗)→ S(N∗) by U(f)(n, x) = (n, f(x)). Then, U(f) is a map of graded sets and we have a
functor U : TopModK∗ → Set∗.
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Proposition 3.1.26 F : Set∗ → TopModK∗ is a left adjoint of U .

Proof. Define a map ϕ : Homc
K∗(F (S, d),M∗)→ Set∗((S, d), U(M∗)) by (ϕ(f))(x) = (d(x), f(ιx([d(x)], 1))) for

x ∈ S. Then, ϕ is bijective. In fact, for a map g : (S, d)→ U(M∗) of graded sets, let ḡ : F (S, d)→ M∗ be the
unique homomorphism satisfying (ḡιz)([d(z)], 1) = p2g(z) for any z ∈ S, where p2 : S(M∗) → M∗ is the map
given by p2(n, x) = x. Then, ϕ−1 : Set∗((S, d), U(M∗))→ Homc

K∗(F (S, d),M∗) is given by ϕ−1(g) = ḡ.

Definition 3.1.27 We say that an object M∗ of TopModK∗ is free if there exists a graded set (S, d) such that
M∗ is isomorphic to F (S, d).

For a map d : S → Z and n ∈ Z, let Σnd : S → Z be the map given by Σnd(x) = d(x) + n. We note that,
if f is a map of graded sets from (S, d) to (T, e), then f is also a map of graded sets from (S,Σnd) to (T,Σne).
Define a functor Σn : Set∗ → Set∗ for n ∈ Z by Σn(S, d) = (S,Σnd) and Σn(f) = f .

Proposition 3.1.28 The composition Set∗ Σn−−→ Set∗ F−→ TopModK∗ of functors is naturally equivalent to the

composition Set∗ F−→ TopModK∗
Σn−−→ TopModK∗ .

Proof. For (S, d) ∈ ObSet∗, let Ψn(S,d) :
∐
x∈S

Σn
(
d(x)Σd(x)K∗)→ Σn

( ∐
x∈S

d(x)Σd(x)K∗
)

be the unique morphism

satisfying Ψn(S,d)ι
n
v = Σnιv for any v ∈ S, where ιnv : Σn

(
d(v)Σd(v)K∗) → ∐

x∈S
Σn
(
d(x)Σd(x)K∗) is the canonical

morphism. Then, Ψn(S,d) is an isomorphism. Since Σn
(
d(x)Σd(x)cnK∗

)
: Σn

(
d(x)Σd(x)nK∗) → Σn

(
d(x)Σd(x)K∗)

and εn,d(x),K∗ : d(x)+nΣd(x)+nK∗ → nΣn
(
d(x)Σd(x)K∗) = Σn

(
d(x)Σd(x)nK∗) are isomorphisms of K∗-modules

for each x ∈ S, we have isomorphisms
∐
x∈S

Σn
(
d(x)Σd(x)cnK∗

)
:
∐
x∈S

Σn
(
d(x)Σd(x)nK∗) → ∐

x∈S
Σn
(
d(x)Σd(x)K∗)

and
∐
x∈S

εn,d(x),K∗ :
∐
x∈S

d(x)+nΣd(x)+nK∗ →
∐
x∈S

nΣn
(
d(x)Σd(x)K∗) =

∐
x∈S

Σn
(
d(x)Σd(x)nK∗). Then, a natural

equivalence FΣn → ΣnF is given by the following composition

FΣn(S, d) =
∐
x∈S

d(x)+nΣd(x)+nK∗

∐
x∈S

εn,d(x),K∗

−−−−−−−−−→
∐
x∈S

nΣn
(
d(x)Σd(x)K∗

)
=
∐
x∈S

Σn
(
d(x)Σd(x)nK∗

)
∐
x∈S

Σn(d(x)Σd(x)cnK∗)
−−−−−−−−−−−−−−→

∐
x∈S

Σn
(
d(x)Σd(x)K∗

) Ψn(S,d)−−−−→ Σn

(∐
x∈S

d(x)Σd(x)K∗

)
= ΣnF (S, d)

For m,n ∈ Z, we denote by µm,n : mK∗ ⊗K∗ nK∗ → m+nK∗ the composition of the isomorphism βm,nK∗,K∗ :
mK∗⊗K∗ nK∗ → m+n(K∗⊗K∗ K∗) given in (3.1.19) and the isomorphism m+n(K∗⊗K∗ K∗)→ m+nK∗ induced
by the multiplication of K∗. For graded sets (S, d), (T, e) and x ∈ S, y ∈ T , we have following isomorphisms.

τ
d(x),e(y)
d(x)K∗,e(y)K∗ : Σd(x)

(
d(x)K∗

)
⊗K∗Σe(y)

(
e(y)K∗

)
→ Σd(x)+e(y)

(
d(x)K∗ ⊗K∗

e(y)K∗
)

Σd(x)+e(y)µd(x),e(y) : Σd(x)+e(y)
(
d(x)K∗ ⊗K∗

e(y)K∗
)
→ Σd(x)+e(y)

(
d(x)+e(y)K∗

)
We denote by d∗e : S×T → Z the map given by (d∗e)(x, y) = d(x)+ e(y). There exists a unique morphism

γ(S,d),(T,e) : F (S × T, d∗e)→ F (S, d)⊗K∗ F (T, e) in TopModK∗ that makes the following diagram commute for
any (x, y) ∈ S × T .

Σd(x)+e(y)
(
d(x)+e(y)K∗) Σd(x)

(
d(x)K∗)⊗K∗Σe(y)

(
e(y)K∗)

F (S × T, d∗e) F (S, d)⊗K∗ F (T, e)

(
τ
d(x),e(y)

d(x)K∗,e(y)K∗

)−1

(Σd(x)+e(y)µd(x),e(y))
−1

ι(x,y) ιx⊗ιy
γ(S,d),(T,e)

The next result follows from (2.1.13).

Proposition 3.1.29 If both S and T are finite sets, γ(S,d),(T,e) : F (S × T, d∗e) → F (S, d) ⊗K∗ F (T, e) is an
isomorphism.
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Proposition 3.1.30 For a family (M∗
i )i∈I of objects of TopModK∗ and an object N∗ of TopModK∗ , let ι∗ :

Hom∗
(∐
i∈I

M∗
i , N

∗
)
→
∏
i∈I
Hom∗(M∗

i , N
∗) be the map induced by the canonical inclusions ιj : M∗

j →
∐
i∈I

M∗
i

(j ∈ I). Then, ι∗ is an isomorphism.

Proof. Clearly, ι∗ is bijective. Let S∗ be a finitely generated submodule of
∐
i∈I

M∗
i and W ∗ an open submodule

of N∗. Suppose that S∗ is generated by x1, x2, . . . , xm. There exists a finite subset J of I such that xk =
∑
j∈J

xkj

for xkj ∈M∗
j and k = 1, 2, . . . ,m. Let S∗

j be the submodule of M∗
j generated by x1j , x2j , . . . , xmj . Then, S

∗ is
contained in the submodule of

∐
i∈I

M∗
i generated by

∑
j∈J

ιj(S
∗
j ). Let prj :

∏
i∈I
Hom∗(M∗

i , N
∗) → Hom∗(M∗

j , N
∗)

be the projection. Suppose (fi)i∈I ∈

( ⋂
j∈J

pr−1
j (O(S∗

j , V
∗))

)n
. Let f ∈ Homn

(∐
i∈I

M∗
i , N

∗
)

be the unique

element that maps to (fi)i∈I by ι∗. Then fιj(Σ
nS∗

j ) = fj(Σ
nS∗

j ) ⊂ V ∗ for j ∈ J and this implies that f maps

ΣnS∗ into V ∗. Thus we see ι∗(O(S∗, V ∗)) ⊃
⋂
j∈J

pr−1
j (O(S∗

j , V
∗)) and ι∗ is an open map.

Corollary 3.1.31 Let (S, d) be a graded set and N∗ an object of TopModK∗ . Then, a family(
Hom∗(F (S, d), N∗)

Eιx([d(x)],1)−−−−−−−→ d(x)Σ−d(x)N∗
)
x∈S

of evaluation maps induces an isomorphism Hom∗(F (S, d), N∗)→
∏
x∈S

d(x)Σ−d(x)N∗.

Proof. The canonical inclusions ιy : d(y)Σd(y)K∗ →
∐
x∈S

d(x)Σd(x)K∗ = F (S, d) for y ∈ S induce an isomorphism

ι∗ : Hom∗(F (S, d), N∗)→
∏
x∈S
Hom∗

(
d(x)Σd(x)K∗, N∗

)
by (3.1.30). It follows from (4) of (3.1.24) that E([d(x)],1) : Hom∗(d(x)Σd(x)K∗, N∗) → d(x)Σ−d(x)N∗ is an

isomorphism for each x ∈ S. It is clear that the composition of ι∗ and
∏
x∈S

E([d(x)],1) :
∏
x∈S
Hom∗(Σd(x)K∗, N∗)→∏

x∈S

d(x)Σ−d(x)N∗ and the projection
∏
x∈S

d(x)Σ−d(x)N∗ → d(x)Σ−d(x)N∗ coincides with the evaluation map

Eιx([d(x)],1) : Hom∗(F (S, d), N∗)→ d(x)Σ−d(x)N∗. Thus we have the assertion.

Remark 3.1.32 The inverse ψ−1 :
∏
x∈S

d(x)Σ−d(x)N∗ → Hom∗(F (S, d), N∗) of the isomorphism in (3.1.31) is

the map given as follows. For α ∈
( ∏
x∈S

d(x)Σ−d(x)N∗
)n

and x ∈ S, we put α(x) = ([−d(x)], ζ(x)) (ζ(x) ∈

Nn+d(x)). Let ψ−1(α) : ΣnF (S, d) → N∗ be the unique map satisfying (ψ−1(α))([n], ιx([d(x)], 1)) = ζ(x) for
x ∈ S.

Lemma 3.1.33 If M∗ is finitely generated K∗-module and N∗ is finite, then Hom∗(M∗, N∗) is finite.

Proof. Since M∗ is finitely generated, there exists an epimorphism p :
n∐
i=1

ΣkiK∗ → M∗. By (4) of (3.1.7),

p∗ : Hom∗(M∗, N∗) → Hom∗
(

n∐
i=1

ΣkiK∗, N∗
)

maps Hom∗(M∗, N∗) onto its image isomorphically. Since

Hom∗
(

n∐
i=1

ΣkiK∗, N∗
)

is isomorphic to
n∐
i=1

Σ−kiN∗ by (4) of (3.1.24), Hom∗(M∗, N∗) is finite length and dis-

crete.

Proposition 3.1.34 If N∗ is subcofinite, so is Hom∗(M∗, N∗).

Proof. Since, for S∗ ∈ FM∗ and U∗ ∈ VN∗ , i∗S∗pU∗∗ : Hom∗(M∗, N∗)→ Hom∗(S∗, N∗/U∗) induces an injective
map Hom∗(M∗, N∗)/O(S∗, U∗)→ Hom∗(S∗, N∗/U∗). Then, the assertion follows from (3.1.33).
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Proposition 3.1.35 For a non-negative integer m and S∗ ∈ FM∗ , take an non-negative integer k such that

S∗ ⊂
k∑

i=−k
M i. Then, we have (Hom∗(M∗, N∗))[m + k] ⊂ O (S∗,W ∗[m]). Hence, if N∗ is subskeletal, so is

Hom∗(M∗, N∗).

Proof. Suppose f ∈ Homi(M∗, N∗) and |i| ≥ m + k. Take arbitrary s ∈ Z and v ∈ (ΣiS∗)s. If s < −k + i
or s > k + i, then v ∈ (ΣiS∗)s = Ss−i = {0}, therefore v = 0. If −k + i ≤ s ≤ k + i, since k + i ≤ −m or
−k + i ≥ m, we have s ≤ −m or s ≥ m, hence f(v) ∈W s ⊂W ∗[m]. Thus f maps ΣnS∗ into W ∗[m].

Proposition 3.1.36 If M∗ is finite type and N∗ is discrete and bounded, Hom∗(M∗, N∗) has the skeletal
topology. In particular, the dual M∗∗ = Hom∗(M∗,K∗) of M∗ has the skeletal topology if K∗ is discrete and
bounded.

Proof. Since N∗ has the skeletal topology by the assumption, it follows from (3.1.35) that Hom∗(M∗, N∗) is
subskeletal. Suppose that N i = {0} for |i| ≥ k. For a non-negative integer j, let S∗ be the submodule of M∗

generated by
∑

|i|≤j+k
M i. Then, S∗ is finitely generated by the assumption and we have O(S∗, 0)n = 0 if |n| ≤ j.

Hence O(S∗, 0) ⊂ Hom∗(M∗, N∗)[j] hold.

3.2 Adjointness

Let M∗, N∗, L∗ be objects of TopModK∗ and f : M∗ ⊗K∗ N∗ → L∗ a morphism in TopModK∗ . For x ∈ Mk,
define a map fx : ΣkN∗ → L∗ by fx([k], y) = f(x ⊗ y) for ([k], y) ∈ (ΣkN∗)n. Clearly, fx is linear. If
U∗ ∈ VL∗ , there exist V ∗ ∈ VM∗ and W ∗ ∈ VN∗ such that f(Ker(pV ∗⊗ qW∗)) ⊂ U∗ by the continuity of f ,
where pV ∗ : M∗ → M∗/V ∗ and qW∗ : N∗ → N∗/W ∗ are the quotient maps. Hence, for ([k], y) ∈ (ΣkW ∗)n,
fx([k], y) = f(x ⊗ y) ∈ f(Ker(pV ∗⊗ qW∗)) ⊂ U∗ and it follows that fx is continuous. Thus we have a map
(fa)k : Mk → Homc

K∗(ΣkN∗, L∗) given by (fa)k(x) = fx and a family of linear maps ((fa)k)k∈Z defines a
morphism fa : M∗ → Hom∗(N∗, L∗) in TopModK∗ . In fact, for U∗ ∈ VL∗ , take V ∗ ∈ VM∗ and W ∗ ∈ VN∗ such
that f(Ker(pV ∗⊗ qW∗)) ⊂ U∗. Then, for x ∈ Sl, we have ((fa)l(x))([l], y) = fx([l], y) = f(x⊗ y) ∈ U∗ for any
([l], y) ∈ (ΣlN∗)n. It follows that fa(V ∗) ⊂ Ker rU∗∗ ⊂ O(S∗, U∗) for any S∗ ∈ FN∗ , where rU∗ : L∗ → L∗/U∗

is the quotient map. Therefore fa :M∗ → Hom∗(N∗, L∗) is continuous.

Now we can define a map Φ = ΦM∗,N∗,L∗ : Homc
K∗(M∗ ⊗K∗ N∗, L∗) → Homc

K∗(M∗,Hom∗(N∗, L∗)) by
Φ(f) = fa. Clearly, Φ is injective.

Proposition 3.2.1 ΦM∗,N∗,L∗ is natural in each variable, that is, the following diagrams commute for mor-
phisms f : P ∗ →M∗, g : P ∗ → N∗, h : L∗ → P ∗ in TopModK∗ .

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(M∗,Hom∗(N∗, L∗))

Homc
K∗(P ∗ ⊗K∗ N∗, L∗) Homc

K∗(P ∗,Hom∗(N∗, L∗))

ΦM∗,N∗,L∗

(f⊗K∗ idN∗ )∗ f∗

ΦP∗,N∗,L∗

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(M∗,Hom∗(N∗, L∗))

Homc
K∗(M∗ ⊗K∗ P ∗, L∗) Homc

K∗(M∗,Hom∗(P ∗, L∗))

ΦM∗,N∗,L∗

(idM∗⊗K∗g)∗ (g∗)∗

ΦM∗,P∗,L∗

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(M∗,Hom∗(N∗, L∗))

Homc
K∗(M∗ ⊗K∗ N∗, P ∗) Homc

K∗(M∗,Hom∗(N∗, P ∗))

ΦM∗,N∗,L∗

h∗ (h∗)∗

ΦM∗,N∗,P∗

Definition 3.2.2 ForM∗, N∗ ∈ Ob TopModK∗ , a subset S of Hom∗(M∗, N∗) is called an equi-continuous set if,
for any W ∗ ∈ VN∗ , there exists V ∗ ∈ VM∗ such that, for all n ∈ Z and f ∈ S∩Homn(M∗, N∗), f : ΣnM∗ → N∗

maps ΣnV ∗ into W ∗.

Proposition 3.2.3 Let f :M∗⊗K∗ N∗ → L∗ be a morphism in TopModK∗ . Then, Im fa is an equi-continuous
set of Hom∗(N∗, L∗).
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Proof. For U∗ ∈ VL∗ , there exist V ∗ ∈ VM∗ and W ∗ ∈ VN∗ such that f(Ker(pV ∗⊗ qW∗)) ⊂ U∗, where pV ∗ :
M∗ →M∗/V ∗ and qW∗ : N∗ → N∗/W ∗ are the quotient maps. Then we have ((fa)k(x))([k], y) = f(x⊗y) ∈ U∗

for any x ∈Mk and ([k], y) ∈ (ΣkW ∗)n.

Proposition 3.2.4 For objects M∗, N∗ and L∗ of TopModK∗ , we put

E(M∗;N∗, L∗) = {g ∈ Homc
K∗(M∗,Hom∗(N∗, L∗))| Im g is an equi-continuous set of Hom∗(N∗, L∗)}.

Then, ΦM∗,N∗,L∗ : Homc
K∗(M∗ ⊗K∗ N∗, L∗) → Homc

K∗(M∗,Hom∗(N∗, L∗)) is a monomorphism whose im-
age is contained in E(M∗;N∗, L∗). If M∗ is discrete or N∗ is fintely generated, Φ gives an isomorphism
Homc

K∗(M∗ ⊗K∗ N∗, L∗)→ E(M∗;N∗, L∗).

Proof. Let g : M∗ → Hom∗(N∗, L∗) be a morphism in TopModK∗ . Define a map ga : M∗ ⊗K∗ N∗ → L∗ by
ga(x ⊗ y) = g(x)([n], y) for x ∈ Mn and ([n], y) ∈ (ΣnN∗)n+k. Assume that Im g is an equi-continuous set of
Hom∗(N∗, L∗). For U∗ ∈ VL∗ , there exists W ∗ ∈ VN∗ such that g(x)(ΣnW ∗) ⊂ U∗ for all n ∈ Z and x ∈ Mn.
Then ga(Im(idM∗ ⊗ jW∗)) ⊂ U∗, where jW∗ : W ∗ → N∗ is the inclusion map. Hence ga is continuous if M∗ is
discrete. Suppose that N∗ is fintely generated. Since N∗ ∈ FN∗ , the continuity of g implies that there exists
V ∗ ∈ VM∗ such that g(V ∗) ⊂ O(N∗, U∗), namely, ga(Im(iV ∗ ⊗ idN∗)) ⊂ U∗, where iV ∗ : V ∗ → M∗ is the
inclusion map.

Remark 3.2.5 For objects N∗ and L∗ of TopModK∗ , define a map evN
∗

L∗ : Hom∗(N∗, L∗)⊗K∗N∗ → L∗ by
evN

∗

L∗ (f ⊗ x) = f([m], x) for f ∈ Homm(N∗, L∗) and x ∈ Nn. Then, for g ∈ Homc
K∗(M∗,Hom∗(N∗, L∗)),

ga :M∗ ⊗K∗ N∗ → L∗ is a composition M∗⊗K∗N∗ g⊗K∗ idN∗−−−−−−−→ Hom∗(N∗, L∗)⊗K∗N∗ evN
∗

L∗−−−→ L∗.

Suppose thatM∗⊗K∗N∗ is supercofinite (resp. superskeletal) and that the topology of L∗ is subcofinite (resp.
subskeletal). Then, for any morphism g : M∗ → Hom∗(N∗, L∗) in TopModK∗ , the map ga : M∗ ⊗K∗ N∗ → L∗

defined above is always continuous by (1.4.14). If the topology onM∗⊗K∗N∗ is finer than the topology induced
by K∗ and the topology on L∗ is coarser than the topology induced by K∗ the map ga : M∗ ⊗K∗ N∗ → L∗

defined above is always continuous by (1.1.11). Hence we have the following result.

Proposition 3.2.6 If one of the following conditions is satisfied, ΦM∗,N∗,L∗ : Homc
K∗(M∗ ⊗K∗ N∗, L∗) →

Homc
K∗(M∗,Hom∗(N∗, L∗)) is an isomorphism.

(i) M∗ ⊗K∗ N∗ is supercofinite and L∗ is subcofinite.
(ii) M∗ ⊗K∗ N∗ is superskeletal and L∗ is subskeletal.
(iii) The topology on M∗ ⊗K∗ N∗ is finer than the topology induced by K∗ and the topology on L∗ is coarser

than the topology induced by K∗.

By the equivalence τn,0M∗,N∗ : (ΣnM∗) ⊗K∗ (Σ0N∗) → Σn(M∗ ⊗K∗ N∗) and εN∗ : N∗ → Σ0N∗, we iden-
tify Σn(M∗ ⊗K∗ N∗) with (ΣnM∗) ⊗K∗ N∗. Define a morphism Φ∗

M∗,N∗,L∗ : Hom∗(M∗ ⊗K∗ N∗, L∗) →
Hom∗(M∗,Hom∗(N∗, L∗)) by

ΦnM∗,N∗,L∗ = ΦΣnM∗,N∗,L∗ : Homc
K∗(ΣnM∗ ⊗K∗ N∗, L∗)→ Homc

K∗(ΣnM∗,Hom∗(N∗, L∗)).

Proposition 3.2.7 Let M∗, N∗, L∗ and P ∗ be objects of TopModK∗ .
(1) If S∗, T ∗, U∗ are submodules of M∗, N∗, L∗, respectively, then we have

Φ∗
M∗,N∗,L∗(O(S∗ ⊗K∗ T ∗, U∗)) = O(S∗, O(T ∗, U∗)) ∩ Im,Φ∗

M∗,N∗,L∗ .

Hence Φ∗
M∗,N∗,L∗ : Hom∗(M∗ ⊗K∗ N∗, L∗)→ Hom∗(M∗,Hom∗(N∗, L∗)) is a homeomorphism onto its image.

(2) The following diagram commutes.

Homc
K∗(P ∗ ⊗K∗ M∗ ⊗K∗ N∗, L∗) Homc

K∗(P ∗ ⊗K∗ M∗,Hom∗(N∗, L∗))

Homc
K∗(P ∗,Hom∗(M∗ ⊗K∗ N∗, L∗)) Homc

K∗(P ∗,Hom∗(M∗,Hom∗(N∗, L∗)))

ΦP∗⊗K∗M∗,N∗,L∗

ΦP∗,M∗⊗K∗N∗,L∗ ΦP∗,M∗,Hom∗(N∗,L∗)

(Φ∗
M∗,N∗,L∗ )∗

Proof. (1) For f ∈ Homn(M∗ ⊗K∗ N∗, L∗) and x ∈ Sk−n, y ∈ T l−k, we have
(
Φ∗
M∗,N∗,L∗(f)([n], x)

)
([k], y) =

f(([n], x⊗y)) by the definition. Thus f ∈ O(S∗⊗K∗ T ∗, U∗) if and only if ΦΣnM∗,N∗,L∗(f) ∈ O(S∗, O(T ∗, U∗)).
(2) This is straightforward form the definitions.
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3.3 Homomorphisms

Definition 3.3.1 Let us define the following maps.

ξ = ξ(L∗;M∗, N∗) : Homc
K∗(M∗, N∗)→ Homc

K∗(Hom∗(L∗,M∗),Hom∗(L∗, N∗))

ζ = ζ(M∗, N∗;L∗) : Homc
K∗(M∗, N∗)→ Homc

K∗(Hom∗(N∗, L∗),Hom∗(M∗, L∗))

For ϕ ∈ Homc
K∗(M∗, N∗), ξ(ϕ) maps f ∈ Homk(L∗,M∗) = Homc

K∗(ΣkL∗,M∗) to ϕf ∈ Homk(L∗, N∗) and
ζ(ϕ) maps g ∈ Homk(N∗, L∗) = Homc

K∗(ΣkN∗, L∗) to gΣkϕ ∈ Homk(M∗, L∗). It follows from (3.1.7) that
ξ(ϕ) and ζ(ϕ) are continuous.

Similarly, we also define the following morphisms in TopModK∗ .

ξ∗ = ξ∗(L∗;M∗, N∗) : Hom∗(M∗, N∗)→ Hom∗(Hom∗(L∗,M∗),Hom∗(L∗, N∗))

ζ∗ = ζ∗(M∗, N∗;L∗) : Hom∗(M∗, N∗)→ Hom∗(Hom∗(N∗, L∗),Hom∗(M∗, L∗))

For ϕ ∈ Homn(M∗, N∗), let

ξ∗(ϕ) ∈ Homn(Hom∗(L∗,M∗),Hom∗(L∗, N∗)) = Homc
K∗(ΣnHom∗(L∗,M∗),Hom∗(L∗, N∗))

be the map defined by (ξ∗(ϕ))([n], f) = ϕ(Σnf)εn,k−n,L∗ for f ∈ Homk−n(L∗,M∗) and

ζ∗(ϕ) ∈ Homn(Hom∗(N∗, L∗),Hom∗(M∗, L∗)) = Homc
K∗(ΣnHom∗(N∗, L∗),Hom∗(M∗, L∗))

the map defined by (ζ∗(ϕ))([n], g) = (−1)n(k−n)g
(
Σk−nϕ

)
εk−n,n,M∗ for g ∈ Homk−n(N∗, L∗). It follows from

(3.1.7) that ξ∗(ϕ) and ζ∗(ϕ) are continuous.

Proposition 3.3.2 ξ∗ : Hom∗(M∗, N∗) → Hom∗(Hom∗(L∗,M∗),Hom∗(L∗, N∗)) and ζ∗ : Hom∗(M∗, N∗) →
Hom∗(Hom∗(N∗, L∗),Hom∗(M∗, L∗)) are continuous.

Proof. Suppose U∗ ∈ VN∗ and S∗ ∈ FHom∗(L∗,M∗), T
∗ ∈ FL∗ . Let f1, f2, . . . , fm be generators of S∗ with

fi ∈ Ski . We put P ∗ =
m∑
i=1

fi
(
ΣkiT ∗). For ϕ ∈ O(P ∗, U∗)n and 1 ≦ i ≦ m, we have (ξ∗(ϕ)(fi))(Σ

ki+nT ∗) =

ϕΣnf(Σki+nT ∗) ⊂ ϕ(ΣnP ∗) ⊂ U∗. Thus ξ∗(ϕ)(fi) ∈ O(T ∗, U∗) for ϕ ∈ O(P ∗, U∗)n and i = 1, 2, . . . ,m. This
implies ξ∗(O(P ∗, U∗)) ⊂ O(S∗, O(T ∗, U∗)).

Suppose S∗ ∈ FHom∗(N∗,L∗), T
∗ ∈ FM∗ and U∗ ∈ VL∗ . Let g1, g2, . . . , gm be generators of S∗ with gi ∈ Ski .

Put R∗ =
m⋂
i=1

Σ−kig−1
i (U∗). Since g−1

i (U∗) is an open subspace of ΣkiN∗, R∗ is an open subspace of N∗. For

ϕ ∈ O(T ∗, R∗)n, ζ∗(ϕ)(gi) = (−1)kingiΣkiϕ maps Σki+nT ∗ into gi
(
ΣkiR∗) ⊂ U∗. Hence ζ∗(ϕ)(gi) ∈ O(T ∗, U∗)

and it follows that ζ∗(ϕ)(S∗) ∈ O(T ∗, U∗). Therefore ζ∗(O(T ∗, R∗)) ⊂ O(S∗, O(T ∗, U∗)).

ξ, ζ, ξ∗ and ζ∗ are natural. In fact, the following fact is easily verified.

Proposition 3.3.3 Let f : P ∗ → M∗ and g : N∗ → Q∗ be morphisms in TopModK∗ . The following diagrams
commute.

Homc
K∗(M∗, N∗) Homc

K∗(Hom∗(L∗,M∗),Hom∗(L∗, N∗))

Homc
K∗(P ∗, Q∗) Homc

K∗(Hom∗(L∗, P ∗),Hom∗(L∗, Q∗))

ξ(L∗;M∗,N∗)

f∗g∗ (f∗)
∗(g∗)∗

ξ(L∗;P∗,Q∗)

Homc
K∗(M∗, N∗) Homc

K∗(Hom∗(N∗, L∗),Hom∗(M∗, L∗))

Homc
K∗(P ∗, Q∗) Homc

K∗(Hom∗(Q∗, L∗),Hom∗(P ∗, L∗))

ζ(M∗,N∗;L∗)

f∗g∗ (f∗)∗(g
∗)∗

ζ(P∗,Q∗;L∗)

Hom∗(M∗, N∗) Hom∗(Hom∗(L∗,M∗),Hom∗(L∗, N∗))

Hom∗(P ∗, Q∗) Hom∗(Hom∗(L∗, P ∗),Hom∗(L∗, Q∗))

ξ∗(L∗;M∗,N∗)

f∗g∗ (f∗)
∗(g∗)∗

ξ∗(L∗;P∗,Q∗)

Hom∗(M∗, N∗) Hom∗(Hom∗(N∗, L∗),Hom∗(M∗, L∗))

Hom∗(P ∗, Q∗) Hom∗(Hom∗(Q∗, L∗),Hom∗(P ∗, L∗))

ζ(M∗,N∗;L∗)

f∗g∗ (f∗)∗(g
∗)∗

ζ(P∗,Q∗;L∗)
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Definition 3.3.4 For M∗, N∗ ∈ Ob TopModK∗ , let us define a map χM∗,N∗ :M∗→ Hom∗(Hom∗(M∗, N∗), N∗)
to be the following composition.

M∗ κM∗−−−→ Hom∗(K∗,M∗)
ζ∗(K∗,M∗;N∗)−−−−−−−−−→ Hom∗(Hom∗(M∗, N∗),Hom∗(K∗, N∗))

E1∗=(κ−1
N∗ )∗−−−−−−−−→ Hom∗(Hom∗(M∗, N∗), N∗)

Then, χM∗,N∗ is given as follows. For x ∈ Mn, χM∗,N∗(x) : ΣnHom∗(M∗, N∗) → N∗ is the map defined by
(χM∗,N∗(x))([n], f) = (−1)n(k−n)f([k − n], x) for f ∈ Homk−n(M∗, N∗) = Homc

K∗(Σk−nM∗, N∗).

Proposition 3.3.5 Suppose that K∗ is a field which has discrete topology and satisfies Ki = {0} for i 6= 0. If
M∗ ∈ Ob TopModK∗ is a T1-space, χM∗,K∗ :M∗ → Hom∗(Hom∗(M∗,K∗),K∗) is injective.

Proof. Suppose that χM∗,K∗(x) = 0 for some non-zero x ∈ Mn. There exists an open submodule U∗ of
M∗ such that x 6∈ U∗. Let p : M∗ → M∗/U∗ the quotient map. Since M∗/U∗ has a discrete topology,
there exists a continuous linear map ϕ : (M∗/U∗)n → K0 which maps p(x) → 1. ϕ can be extended to a
continuous homomorphism ϕ̄ : Σn(M∗/U∗)→ K∗. Then, ϕ̄(Σ−np) : Σ−nM∗ → K∗ maps ([−n], x) to 1. Hence
(χM∗,K∗(x))([n], ϕ̄(Σ−np)) = (−1)nϕ̄(Σ−np)([−n], x) = (−1)n which contradicts the assumption.

Proposition 3.3.6 Suppose that K∗ is discrete and bounded. If M∗ has the skeletal topology and is projective
and finite type, χM∗,K∗ :M∗ → Hom∗(Hom∗(M∗,K∗),K∗) is an isomorphism.

Proof. It is clear that χM∗,K∗ is bijective. By (3.1.36), Hom∗(Hom∗(M∗,K∗),K∗) has the skeletal topology.

3.4 Completion and spaces of homomorphisms

We investigate relationships between the completion functor and functor Hom∗ in this section.

Proposition 3.4.1 If N∗ is Hausdorff, so is Hom∗(M∗, N∗).

Proof. Suppose that f ∈ Homn(M∗, N∗) is not zero. Then, f([n], x) 6= 0 for some x ∈ (ΣnM∗)k. By the
assumption, there exists U∗ ∈ VN∗ such that f([n], x) 6∈ U∗. Then f 6∈ O(K∗x, U∗).

Proposition 3.4.2 If N∗ is complete Hausdorff, then η∗M∗ : Hom∗(M̂∗, N∗) → Hom∗(M∗, N∗) is an isomor-
phism in TopModK∗ .

Proof. By (1.3.17) and (1.3.4), η∗M∗ is a continuous bijection. For S∗ ∈ FM∗ and U∗ ∈ VN∗ , it follows
from (1) of (3.1.7) that η∗M∗(O(ηM∗(S∗), U∗)) ⊂ O(S∗, U∗). For f ∈ O(S∗, U∗)n ⊂ Homc

K∗(ΣnM∗, N∗), let

g ∈ Homc
K∗

(
ΣnM̂∗, N∗) be the unique morphism such that gΣnηM∗ = f . Then, g maps (ΣnηM∗)(ΣnS∗) =

ΣnηM∗(S∗) into U∗. In other words, g ∈ O(ηM∗(S∗), U∗)n ⊂ Homn
(
M̂∗, N∗). Thus η∗M∗ maps O(ηM∗(S∗), U∗)

onto O(S∗, U∗), hence ηM∗ is an open map.

Proposition 3.4.3 Suppose that N∗ is complete Hausdorff. If there exists a finitely generated open submodule
of M∗, Hom∗(M∗, N∗) is complete Hausdorff.

Proof. Let U∗ be a finitely generated open submodule of M∗ generated by x1, x2, . . . , xk. Suppose that (fλ)λ∈Λ

is a Cauchy sequence in Homn(M∗, N∗). For ([n], x) ∈ (ΣnM∗)
k
and V ∗ ∈ VN∗ , there exists ν(x, V ∗) ∈ Λ such

that fλ − fµ ∈ O(K∗x + U∗, V ∗) if λ, µ ≥ ν(x, V ∗). Hence fλ([n], x) − fµ([n], x) ∈ V ∗ if λ, µ ≥ ν(x, V ∗) and
this implies that (fλ([n], x))λ∈Λ is a Cauchy sequence in N∗. Thus (fλ([n], x))λ∈Λ converges and let us denote
by f([n], x) the limit of (fλ([n], x))λ∈Λ. Thus we have a map f : ΣnM∗ → N∗.

For any ([n], x), ([n], y) ∈ (ΣnM∗)
k
, r, s∈K∗ and V ∗ ∈VN∗ , there exists κ ∈ Λ such that f([n], rx + sy) −

fλ([n], rx+sy), −f([n], x)+fλ([n], x), −f([n], y)+fλ([n], y) ∈ V ∗ if λ ≥ κ. Then, since fλ is a homomorphism,
we have

f([n], rx+ sy)− rf([n], x)− sf([n], y) = (f([n], rx+ sy)− fλ([n], rx+ sy)) + r(−f([n], x) + fλ([n], x))

+ s(−f([n], y) + fλ([n], y)) ∈ V ∗.

Since N∗ is a Hausdorff space, it follows that f([n], rx + sy) − rf([n], x) − sf([n], y) = 0. Therefore, f is a
homomorphism.
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For V ∗ ∈ VN∗ , there exists µ(V ∗) ∈ Λ such that f([n], xi)− fλ([n], xi) ∈ V ∗ for i = 1, 2, . . . , k if λ ≥ µ(V ∗).
Then, f([n], x) − fλ([n], x) ∈ V ∗ for any x ∈ ΣnU∗ if λ ≥ µ(V ∗). By the continuity of fµ(V ∗) at 0, there
exists W ∗ ∈ VM∗ satisfying fµ(V ∗) (Σ

nW ∗) ⊂ V ∗. If ([n], x) ∈ Σn(U∗ ∩ W ∗), then we have f([n], x) =(
f([n], x)− fµ(V ∗)([n], x)

)
+ fµ(V ∗)([n], x) ∈ V ∗, namely f (Σn(U∗ ∩W ∗)) ⊂ V ∗. Hence f is continuous.

If L∗ is complete Hausdorff, ηM∗⊗K∗N∗ : M∗ ⊗K∗ N∗ → M∗ ⊗̂K∗ N∗ induces an isomorphism η∗M∗⊗K∗N∗ :

Homc
K∗

(
M∗ ⊗̂K∗ N∗, L∗)→ Homc

K∗(M∗ ⊗K∗ N∗, L∗) by (3.4.2). Hence (3.2.4) implies the following result.

Proposition 3.4.4 Let M∗, N∗ and L∗ be objects of TopModK∗ . If L∗ is complete Hausdorff, then

Φη∗M∗⊗K∗N∗ : Hom
c
K∗

(
M∗ ⊗̂K∗ N∗, L∗)→ Homc

K∗(M∗,Hom∗(N∗, L∗))

is a monomorphism into E(M∗;N∗, L∗). If M∗ is discrete or N∗ is finitely generated, Φη∗M∗⊗K∗N∗ gives an

isomorphism Homc
K∗

(
M∗ ⊗̂K∗ N∗, L∗)→ E(M∗;N∗, L∗).

Proposition 3.4.5 Let D : D → TopModK∗ be a functor and (L∗ πi−→ D(i))i∈ObD a limiting cone of D.

Then, for an object M∗ of TopModK∗ , (Hom∗(M∗, L∗)
πi∗−−→ Hom∗(M∗, D(i)))i∈ObD is a limiting cone of the

functor DM∗
: D → TopModK∗ given by DM∗

(i) = Hom∗(M∗, D(i)) for i ∈ ObD and DM∗
(θ) = D(θ)∗ :

Hom∗(M∗, D(i))→ Hom∗(M∗, D(j)) for θ ∈ D(i, j).

Proof. Since (Homn(M∗, L∗)
πi∗−−→ Homn(M∗, D(i)))i∈ObD is a limiting cone of abelian groups for each n ∈ Z,

it is easy to verify that (Hom∗(M∗, L∗)
πi∗−−→ Hom∗(M∗, D(i)))i∈ObD is a limiting cone of graded K∗-modules.

For U∗ ∈ VL∗ , there exist U∗
s ∈ VD(is) (s = 1, 2, . . . , l, is ∈ ObD) such that U∗ ⊃

n⋂
s=1

π−1
is

(U∗
s ). By (3.1.4)

and (3.1.7), we have O(S∗, U∗) ⊃
n⋂
s=1

O(S∗, π−1
is

(U∗
s )) =

n⋂
s=1

π−1
is∗(O(S∗, U∗

s )) for S
∗ ∈ FM∗ . Thus the topology

on Hom∗(M∗, L∗) coincides with the one such that
(
Hom∗(M∗, L∗)

πi∗−−→ Hom∗(M∗, D(i))
)
i∈ObD

is a limiting

cone in TopModK∗ .

Corollary 3.4.6 ForM∗, N∗ ∈ Ob TopModK∗ , let πU∗ : M̂∗ → N∗/U∗ (U∗ ∈ VN∗) be the canonical projection.

Then
(
Hom∗(M∗, N̂∗) πU∗∗−−−→ Hom∗(M∗, N∗/U∗)

)
U∗∈VN∗

is a limiting cone of (dN∗)M
∗
: VN∗ → TopModK∗ .

Proposition 3.4.7 Regard FM∗ as a partially ordered set. For M∗, N∗ ∈ Ob TopModK∗ , we define a functor
FM∗,N∗ : FopM∗ → TopModK∗ as follows. For S∗ ∈ FM∗ , put FM∗,N∗(S∗) = Hom∗(S∗, N∗) and FM∗,N∗(T ∗) →
FM∗,N∗(S∗) is the map induced by the inclusion map S∗ → T ∗. If one of the following conditions is satisfied,(
Hom∗(M∗, N∗)

i∗S∗−−→ FM∗,N∗(S∗)

)
S∗∈FM∗

is an limiting cone of FM∗,N∗ .

(i) M∗ is supercofinite and N∗ is subcofinite.
(ii) M∗ is superskeletal and N∗ is subskeletal.
(iii) The topology on M∗ is finer than the topology induced by K∗ and the topology on N∗ is coarser than the

topology induced by K∗.

Proof. By (1.4.14) and (1.1.11),

(
Hom∗(M∗, N∗)

i∗S∗−−→ FM∗,N∗(S∗)

)
S∗∈FM∗

is an limiting cone of FM∗,N∗ in

the category of graded K∗-modules. {O(S∗, U∗)|U∗ ∈ VN∗} is a basis of the neighborhood of 0 of Hom∗(S∗, N∗)
and {O(S∗, U∗)|S∗ ∈ FM∗ , U∗ ∈ VN∗} is a basis of the neighborhood of 0 of Hom∗(M∗, N∗). It is clear that
(i∗S∗)−1(O(S∗, U∗)) = O(S∗, U∗) ⊂ Hom∗(M∗, N∗) and this implies the assertion.

Let C, D and E be categories and F : C × D → E a functor. For each U ∈ ObD, let FU : C → E be the
functor given by FU (S) = F (S,U) for S ∈ Ob C and FU (f) = F (f, idU ) for f ∈ Mor, C. Suppose that there

exists a limiting cone (XU
iS,U−−−→ F (S,U))S∈Ob C of FU for each U ∈ ObD. Then, for a morphism g : U → V

in D, there is unique morphism ḡ : XU → XV satisfying iS,V ḡ = F (idS , g)iS,U for any S ∈ Ob C. We define a
functor F : D → E by F (U) = XU and F (g) = ḡ.

Lemma 3.4.8 Under the above situation, if (Y
πU−−→ F (U))U∈ObD is a limiting cone of F ,(

Y
iS,UπU−−−−→ F (S,U)

)
(S,U)∈Ob C×D

is a limiting cone of F .
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Proof. Let
(
Z

pS,U−−−→ F (S,U)
)
(S,U)∈Ob C×D

be a cone of F . Since
(
Z

pS,U−−−→ F (S,U)
)
S∈Ob C

is a cone of FU for

each U ∈ ObD, there is unique morphism ϕU : Z → F (U) satisfying iS,UϕU = pS,U . Let g : U → V be a
morphism in D. Then, pS,V = F (idS , g)pS,U for any S ∈ Ob C by the assumption. It follows from the uniqueness

of ϕV that ϕV = F (g)ϕU , namely,
(
Z

φU−−→ F (U)
)
U∈ObD

is a cone. Hence there is unique morphism ψ : Z → Y

satisfying πUψ = ϕU for any U ∈ ObD and we have iS,UπUψ = iS,UϕU = pS,U .
Suppose that ψ,ψ′ : Z → Y satisfy iS,UπUψ = iS,UπUψ

′ = pS,U for any (S,U) ∈ Ob C × D. Since

(XU
iS,U−−−→ F (S,U))S∈Ob C is a limiting cone of FU , we have πUψ = πUψ

′ for any U ∈ ObD. Moreover, since

(Y
πU−−→ F (U))U∈ObD is a limiting cone of F , we have ψ = ψ′.

For M∗, N∗ ∈ Ob TopModK∗ , consider a directed set FM∗ × VopN∗ , that is, (S∗, U∗) ≤ (T ∗, V ∗) if and only
if S∗ ⊂ T ∗ and U∗ ⊃ V ∗. We define a functor DM∗,N∗ : (FM∗ × VopN∗)op → TopModK∗ by DM∗,N∗(S∗, U∗) =
Hom∗(S∗, N∗/U∗). If (S∗, U∗) ≤ (T ∗, V ∗), the map DM∗,N∗(T ∗, V ∗) → DM∗,N∗(S∗, U∗) is the composition
of the maps induced by the inclusion map S∗ → T ∗ and the quotient map N∗/V ∗ → N∗/U∗. We also
define a functor dM∗,N∗ : (FM∗ × VopN∗)op → TopModK∗ by dM∗,N∗(S∗, U∗) = Hom∗(M∗, N∗)/O(S∗, U∗). If
(S∗, U∗) ≤ (T ∗, V ∗), then O(S∗, U∗) ⊃ O(T ∗, V ∗) and the map dM∗,N∗(T ∗, V ∗) → dM∗,N∗(S∗, U∗) is the map
induced by the identity map of Hom∗(M∗, N∗). Then, there exists a limiting cone(

Hom∗(M∗, N∗)̂ π̃S∗,U∗
−−−−→ dM∗,N∗(S∗, U∗)

)
(S∗,U∗)∈FM∗×VN∗

of dM∗,N∗ such that π̃S∗,U∗ηHom∗(M∗,N∗) : Hom∗(M∗, N∗) → dM∗,N∗(S∗, U∗) is the quotient map for each
(S∗, U∗) ∈ FM∗ × VN∗ . Since O(S∗, U∗) is the kernel of pU∗∗i

∗
S∗ : Hom∗(M∗, N∗) → Hom∗(S∗, N∗/U∗) =

DM∗,N∗(S∗, U∗), pU∗i∗S∗ induces a natural monomorphism ιS∗,U∗ : dM∗,N∗(S∗, U∗)→ DM∗,N∗(S∗, U∗).

Proposition 3.4.9 Let
(
N̂∗ πU∗−−→ N∗/U∗

)
U∗∈VN∗

be the limiting cone of dN∗ : VN∗ → TopModK∗ . If M∗

is supercofinite and N∗ is subcofinite, then

(
Hom∗(M∗, N̂∗) πU∗∗i

∗
S∗−−−−−→ Hom∗(S∗, N∗/U∗)

)
(S∗,U∗)∈FM∗×VN∗

is a

limiting cone of DM∗,N∗ .

Proof. For each U∗ ∈ VN∗ ,

(
Hom∗(M∗, N∗/U∗)

i∗S∗−−→ DM∗,N∗(S∗, U∗)

)
S∗∈FM∗

is a limiting cone of (DM∗,N∗)U∗

by (3.4.7). It follows from (3.4.6) that
(
Hom∗(M∗, N̂∗) πU∗∗−−−→ Hom∗(M∗, N∗/U∗))

)
U∗∈VN∗

is a limiting cone

of (dN∗)M
∗
. Therefore the result follows from (3.4.8).

Lemma 3.4.10 Suppose that there exists a morphism λM∗,N∗ : Hom∗(M∗, N∗)̂→ Hom∗(M∗, N̂∗) that makes
the following diagram commute.

Hom∗(M∗, N∗) Hom∗(M∗, N∗)̂
Hom∗(M∗, N̂∗)

ηHom∗(M∗,N∗)

ηN∗∗ λM∗,N∗

(1) λM∗,N∗ is unique and a monomorphism.
(2) The following diagram commute for (S∗, U∗) ∈ FM∗ × VN∗ .

Hom∗(M∗, N∗)̂ Hom∗(S∗, N∗/U∗)

Hom∗(M∗, N̂∗) Hom∗(M∗, N∗/U∗)

ιS∗,U∗ π̃S∗,U∗

λM∗,N∗

πU∗∗

i∗S∗

Proof. (1) Since the image of ηHom∗(M∗,N∗) is dense by (1.1.16), the uniqueness of λM∗,N∗ is clear. Sup-
pose that there are morphisms f, g : L∗ → Hom∗(M∗, N∗)̂ satisfying λM∗,N∗f = λM∗,N∗g. Then, we have
ιS∗,U∗ π̃S∗,U∗f = πU∗∗i

∗
S∗λM∗,N∗f = πU∗∗i

∗
S∗λM∗,N∗g = ιS∗,U∗ π̃S∗,U∗g. Since ιS∗,U∗ is a monomorphism and
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(
Hom∗(M∗, N∗)̂ π̃S∗,U∗

−−−−→ dM∗,N∗(S∗, U∗)

)
(S∗,U∗)∈FM∗×VN∗

is a limiting cone, it follows that f = g , hence

λM∗,N∗ is a monomorphism.
(2) Since i∗S∗πU∗∗λM∗,N∗ηHom∗(M∗,N∗) = i∗S∗πU∗∗ηN∗∗ = i∗S∗pU∗∗ = ιS∗,U∗ π̃S∗,U∗ηHom∗(M∗,N∗) and the

image of ηHom∗(M∗,N∗) is dense by (1.1.16), we have i∗S∗πU∗∗λM∗,N∗ = ιS∗,U∗ π̃S∗,U∗ .

Proposition 3.4.11 If one of the following conditions (i) or (ii) is satisfied, there exists a unique monomor-

phism λM∗,N∗ : Hom∗(M∗, N∗)̂→ Hom∗(M∗, N̂∗) that makes a diagram

Hom∗(M∗, N∗) Hom∗(M∗, N∗)̂
Hom∗(M∗, N̂∗)

ηHom∗(M∗,N∗)

ηN∗∗ λM∗,N∗

commute.
(i) M∗ is supercofinite and N∗ is subcofinite. (ii) M∗ has a finitely generated open submodule.

Proof. Suppose that M∗ is supercofinite and N∗ is subcofinite. Since(
Hom∗(M∗, N∗)̂ ιS∗,U∗ π̃S∗,U∗

−−−−−−−−−→ DM∗,N∗(S∗, U∗)

)
(S∗,U∗)∈FM∗×VN∗

is a cone of DM∗,N∗ , there exists a unique map λM∗,N∗ : Hom∗(M∗, N∗)̂ → Hom∗(M∗, N̂∗) satisfying
πU∗∗i

∗
S∗λM∗,N∗ = ιS∗,U∗ π̃S∗,U∗ for any (S∗, U∗) ∈ FM∗ × VN∗ by (3.4.9). Since ιS∗,U∗ π̃S∗,U∗ηHom∗(M∗,N∗) =

pU∗∗i
∗
S∗ , we have πU∗∗i

∗
S∗λM∗,N∗ηHom∗(M∗,N∗) = ιS∗,U∗ π̃S∗,U∗ηHom∗(M∗,N∗) = pU∗∗i

∗
S∗ = πU∗∗ηN∗∗i

∗
S∗ =

πU∗∗i
∗
S∗ηN∗∗ which implies the commutativity of the diagram. By (3.4.10), λM∗,N∗ is unique and a monomor-

phism.
Suppose that M∗ has a finitely generated open submodule. Since Hom∗(M∗, N̂∗) is complete Hausdorff

by (3.4.3), there exists a unique morphism λM∗,N∗ : Hom∗(M∗, N∗)̂→ Hom∗(M∗, N̂∗) that makes the above
diagram commute. Then, it follows from (3.4.10) that λM∗,N∗ is unique and a monomorphism.

Definition 3.4.12 Let M∗ and N∗ be objects of TopModK∗ .
(1) We say that a pair (M∗, N∗) is nice if there exists a cofinal subset C of FM∗ × VopN∗ such that pU∗∗i

∗
S∗ :

Hom∗(M∗, N∗)→ Hom∗(S∗, N∗/U∗) is surjective for each (S∗, U∗) ∈ C.
(2) We say that a pair (M∗, N∗) is very nice if there exists a cofinal subset C of FM∗ × VopN∗ such that

pU∗∗i
∗
S∗ : Hom∗(M∗, N∗)→ Hom∗(S∗, N∗/U∗) is surjective and S∗ is projective for each (S∗, U∗) ∈ C.

Remark 3.4.13 (1) A pair (M∗, N∗) is nice if one of the following conditions is satisfied.

(i) M∗ is projective and there exists a cofinal subsetM of VopN∗ such that N∗/U∗ is injective for every U∗ ∈M.
(ii) There exists a cofinal subset S of FM∗ such that every element of S is a direct summand of M∗ and there

exists a cofinal subset M of VopN∗ such that every element of M is a direct summand of N∗.

(2) (M∗, N∗) is a very nice pair if N∗ is injective and there exists a cofinal subset S of FM∗ such that every
element of S is projective.

(3) It follows from (3.1.8) that the above (ii) is satisfied for S = FM∗ and M = VopN∗ if K∗ is a field and
M∗ is supercofinite. In this case, (M∗, N∗) is very nice by (1) of (1.4.9).

Proposition 3.4.14 Suppose that a pair (M∗, N∗) of objects of TopModK∗ is nice.

(1)

(
Hom∗(M∗, N∗)̂ ιS∗,U∗ π̃S∗,U∗

−−−−−−−−−→ Hom∗(S∗, N∗/U∗)

)
(S∗,U∗)∈FM∗×VN∗

is a limiting cone of DM∗,N∗ .

(2) There exists a unique morphism µM∗,N∗ : Hom∗(M∗, N̂∗) → Hom∗(M∗, N∗)̂ that makes the following
diagram commute for any (S∗, U∗) ∈ FM∗ × VN∗ .

Hom∗(M∗, N̂∗) Hom∗(M∗, N∗/U∗)

Hom∗(M∗, N∗)̂ Hom∗(S∗, N∗/U∗)

πU∗∗

µM∗,N∗ i∗S∗

ιS∗,U∗ π̃S∗,U∗
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Proof. (1) Let C be a cofinal subset C of FM∗ × VopN∗ such that pU∗∗i
∗
S∗ : Hom∗(M∗, N∗) → Hom∗(S∗, N∗/U∗)

is surjective for each (S∗, U∗) ∈ C. Assume (S∗, U∗) ∈ C. Since Hom∗(S∗, N∗/U∗) is discrete, pU∗∗i
∗
S∗ :

Hom∗(M∗, N∗) → Hom∗(S∗, N∗/U∗) is an open map, hence a regular epimorphism. Then, the map ιS∗,U∗ :
Hom∗(M∗, N∗)/O(S∗, U∗) → Hom∗(S∗, N∗/U∗) induced by pU∗∗i

∗
S∗ is an isomorphism by (1.1.23). Since we

have a limiting cone

(
Hom∗(M∗, N∗)̂ π̃S∗,U∗

−−−−→ dM∗,N∗(S∗, U∗)

)
(S∗,U∗)∈FM∗×VN∗

, the result follows.

(2) Since

(
Hom∗(M∗, N̂∗) i∗S∗πU∗∗−−−−−→ DM∗,N∗(S∗, U∗)

)
(S∗,U∗)∈FM∗×VN∗

is a cone of DM∗,N∗ , the assertion

follows from (1).

Theorem 3.4.15 Suppose that (M∗, N∗) is nice. If one of the following conditions (i) or (ii) is satisfied, then

the morphism λM∗,N∗ : Hom∗(M∗, N∗)̂→ Hom∗(M∗, N̂∗) given in (3.4.11) is an isomorphism whose inverse
is µM∗,N∗ .

(i) M∗ is supercofinite and N∗ is subcofinite. (ii) M∗ has a finitely generated open submodule.

Proof. Assume that M∗ is supercofinite and N∗ is subcofinite. Then, the assertion follows from (3.4.9), (2) of
(3.4.10) and (3.4.14).

Assume thatM∗ has a finitely generated open submodule. We have ιS∗,U∗ π̃S∗,U∗µM∗,N∗λM∗,N∗ = ιS∗,U∗ π̃S∗,U∗

and i∗S∗πU∗∗λM∗,N∗µM∗,N∗ = i∗S∗πU∗∗ for any (S∗, U∗) ∈ FM∗ × VN∗ by (2) of (3.4.14) and (3.4.10). It follows
from (3.4.14) that µM∗,N∗λM∗,N∗ = idHom∗(M∗,N∗) .̂ Since(

Hom∗(M∗, N∗/U∗)
i∗S∗−−→ Hom∗(S∗, N∗/U∗)

)
S∗∈FM∗

is a monomorphic family, equalities i∗S∗πU∗∗λM∗,N∗µM∗,N∗ = i∗S∗πU∗∗ for S
∗ ∈ FM∗ imply πU∗∗λM∗,N∗µM∗,N∗ =

πU∗∗. It follows from (3.4.6) that λM∗,N∗µM∗,N∗ = id
Hom∗

(
M∗,N̂∗

).
The above result and (3.1.34) imply the following.

Corollary 3.4.16 Suppose that (M∗, N∗) is nice. IfM∗ is supercofinite and N∗ is profinite, then Hom∗(M∗, N∗)
is profinite.

Define a map cM∗,N∗ : Hom∗(M∗, N∗) → Hom∗(M̂∗, N̂∗) by cM∗,N∗(f) = f̂ : ΣnM̂∗ = Σ̂nM∗ → N̂∗ for
f ∈ Homn(M∗, N∗).

Proposition 3.4.17 cM∗,N∗ is continuous and the following diagrams commute.

Hom∗(M̂∗, N∗) Hom∗(M∗, N∗) Hom∗(M∗, N̂∗)

Hom∗(M̂∗, N̂∗)
η∗M∗

ηN∗∗

ηN∗∗

cM∗,N∗
η∗M∗

Proof. For ϕ ∈ Homm(M̂∗, N∗) and ψ ∈ Homn(M∗, N∗), the following diagrams are commutative by the

definition of ϕ̂ and ψ̂.

ΣmM̂∗ N∗

Σm
̂̂
M∗ N̂∗

φ

Σmη
M̂∗ ηN∗

φ̂

ΣnM∗ N∗

ΣnM̂∗ N̂∗

ψ

ΣnηM∗ ηN∗

ψ̂

Thus we have cM∗,N∗η∗M∗(ϕ) = cM∗,N∗(ϕΣmηM∗) = ϕ̂Σmη̂M∗ = ϕ̂Σmη
M̂∗ = ηN∗ϕ = ηN∗∗(ϕ) by (1.3.6) and

η∗M∗cM∗,N∗(ψ) = ψ̂ΣnηM∗ = ηN∗ψ = ηN∗∗(ψ).

For U∗ ∈ VN∗ , let πU∗ : N̂∗ → N∗/U∗ be the map induced by the quotient map pU∗ : N∗ → N∗/U∗.

Then,
(
Hom∗(M∗, N̂∗) πU∗∗−−−→ Hom∗(M∗, N∗/U∗)

)
U∗∈VN∗

is a limiting cone in TopModK∗ by (3.4.5). Since

πU∗∗η
∗
M∗cM∗,N∗ = πU∗∗ηN∗∗ = pU∗∗ is continuous for every U∗ ∈ VN∗ , η∗M∗cM∗,N∗ is continuous. Hence the

continuity of cM∗,N∗ follows from (3.4.2).
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Lemma 3.4.18 Let F : C → E be a functor preserving limits. Suppose that E has finite products. For functors

D1 : D1 → C and D2 : D2 → C, let
(
L1

pi−→ D1(i)
)
i∈ObD1

and
(
L2

qj−→ D2(j)
)
j∈ObD2

be limiting cones of D1

and D2, respectively. Then,

(
F (L1)× F (L2)

F (pi)×F (qj)−−−−−−−−→ FD1(i)× FD2(j)

)
(i,j)∈ObD1×D2

is a limiting cone

of a functor D : D1 ×D2 → E defined by D(i, j) = FD1(i)× FD2(j).

Proof. Let P1 : D1 × D2 → D1 and P2 : D1 × D2 → D2 be projection functors. For each i ∈ ObD1, it is

clear that

(
FD1(i)

idD1(i)−−−−→ FD1P1(i, j)

)
j∈ObD2

is a limiting cone of a functor D1i : D2 → E given by D1i(j) =

FD1P1(i, j) = FD1(i) and D1i(f) = FD1P1(idi, f) = idFD1(i). Since

(
F (L1)

F (pi)−−−→ FD1(i)

)
i∈ObD1

is a

limiting cone of FD1 by the assumption, it follows from (3.4.8) that

(
F (L1)

F (pi)−−−→ FD1P1(i, j)

)
(i,j)∈ObD1×D2

is a limiting cone of FD1P1. Similarly,

(
F (L2)

F (qj)−−−→ FD2P2(i, j)

)
(i,j)∈ObD1×D2

is a limiting cone of FD2P2.

Suppose that
(
X

πij−−→ FD1(i)× FD2(j)
)
(i,j)∈ObD1×D2

is a cone of D. Let us denote by

prij1 : FD1(i)× FD2(j)→ FD1(i) = FD1P1(i, j), prij2 : FD1(i)× FD2(j)→ FD2(j) = FD2P2(i, j)

projections. Then,
(
X

prij1πij−−−−−→ FD1P1(i, j)
)
i∈ObD1

and
(
X

prij2πij−−−−−→ FD2P2(i, j)
)
j∈ObD2

are cones of FD1P1

and FD2P2, respectively. Hence there exist unique morphisms α : X → F (L1), β : X → F (L2) satisfying
F (pi)α = prij1πij , F (qj)β = prij2πij for any (i, j) ∈ ObD1×D2. Let γ : X → F (L1)×F (L2) be the morphism
induced by α and γ. It is easy to see that γ is the unique morphism satisfying (F (pi)× F (qj))γ = πij for each
(i, j) ∈ ObD1 ×D2.

For objects L∗, M∗ and N∗ of TopModK∗ , define a map

µL∗,M∗,N∗ : Hom∗(L∗,M∗)×Hom∗(M∗, N∗)→ Hom∗(L∗, N∗)

by µL∗,M∗,N∗(f, g) = gΣnf for f ∈ Homm(L∗,M∗), g ∈ Homm(M∗, N∗).

Proposition 3.4.19 Suppose that Ki = {0} if i 6= 0. Let s and t be fixed integers. If L∗ is supercofinite, M∗

is superskeletal and N∗ is profinite, then µL∗,M∗,N∗ : Homs(L∗,M∗) × Homt(M∗, N∗) → Homs+t(L∗, N∗) is
continuous.

Proof. For a non-negative integer k, putM∗〈k〉 =
k∑

i=−k
N i. Let αk :M∗〈k〉 →M∗/M∗[k+1] be the composition

of inclusion map ik :M∗〈k〉 →M∗ and quotient map pM∗[k+1] :M
∗ →M∗/M∗[k+1]. Since Ki = {0} if i 6= 0,

we have M∗〈k〉∩M∗[k+1] = {0}. Hence both M∗〈k〉 and M∗/M∗[k+1] are discrete since M∗ is superskeletal.
Therefore αk is an isomorphism. For S∗ ∈ FL∗ , U∗ ∈ VN∗ and a non-negative integer k, define a map

µS∗,k,U∗ : Homs(S∗,M∗/M∗[k + 1])×Homt(M∗〈k〉, N∗/U∗)→ Homs+t(S∗, N∗/U∗)

by µS∗,k,U∗(f, g) = gΣt(α−1
k f) for f ∈ Homs(S∗,M∗/M∗[k + 1]), g ∈ Homt(M∗〈k〉, N∗/U∗).

Since both Homs(S∗,M∗/M∗[k + 1]) and Homt(M∗〈k〉, N∗/U∗) are discrete, µS∗,k,U∗ is continuous.
For each (S∗, U∗) ∈ FL∗ × VN∗ , the following diagram commutes if S∗ ⊂ L∗〈l〉 and k ≥ l + |s|.

Homs(L∗,M∗)×Homt(M∗, N∗) Homs+t(L∗, N∗)

Homs(S∗,M∗/M∗[k + 1])×Homt(M∗〈k〉, N∗/U∗) Homs+t(S∗, N∗/U∗)

µL∗,M∗,N∗

i∗S∗pM∗[k+1]∗×i∗M∗⟨k⟩pU∗∗ i∗S∗pU∗∗

µS∗,k,U∗

Hence i∗S∗pU∗∗µL∗,M∗,N∗ is continuous and(
Homs(L∗,M∗)×Homt(M∗, N∗)

i∗S∗pU∗∗µL∗,M∗,N∗
−−−−−−−−−−−−→ Homs+t(S∗, N∗/U∗)

)
(S∗,U∗)∈FL∗×VN∗
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is a cone of Fεs+tDL∗,N∗ : (FL∗ × VopN∗)op → Top, where F : TopModK∗ → Top denotes the forgetful functor.
On the other hand, since N∗ is profinite, it follows from (3.4.9) and (1.2.5) that(

Homs+t(L∗, N∗)
i∗S∗pU∗∗−−−−−→ Homs+t(S∗, N∗/U∗)

)
(S∗,U∗)∈FL∗×VN∗

is a limiting cone of Fεs+tDL∗,N∗ : (FL∗ × VopN∗)op → Top. This implies the continuity of µL∗,M∗,N∗ :
Homs(L∗,M∗)×Homt(M∗, N∗)→ Homs+t(L∗, N∗).
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4 Relations between tensor products and spaces of homomorphisms

4.1 Completed tensor products of spaces of linear maps

Let M∗
s , N

∗
s (s = 1, 2) be objects of TopModK∗ . We define a map

φ̄ : Hom∗(M∗
1 , N

∗
1 )×Hom∗(M∗

2 , N
∗
2 )→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

by φ̄(f, g) = (f ⊗K∗ g)
(
τm,nM∗

1 ,M
∗
2

)−1
for f ∈ Homm(M∗

1 , N
∗
1 ) and g ∈ Homn(M∗

2 , N
∗
2 ). In other words, if

x ∈M i−m
1 , y ∈M j−n

2 , φ̄(f, g) : Σm+nM∗
1 ⊗K∗M∗

2 → N∗
1 ⊗K∗N∗

2 is the map defined by

φ̄(f, g)([m+ n], x⊗ y) = (−1)n(i−m)f([m], x)⊗ g([n], y).

Then, it is easy to verify that φ̄ is bilinear and it defines a map

φ = φ(M∗
1 ,M

∗
2 ;N

∗
1 , N

∗
2 ) : Hom∗(M∗

1 , N
∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) −→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

of graded K∗-modules.

Proposition 4.1.1 φ : Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) −→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 ) is continuous.

Proof. For T ∗ ∈ FM∗
1 ⊗K∗M∗

2
and U∗ ∈ VN∗

1 ⊗K∗N∗
2
, there exist S∗

i ∈ FM∗
i
, U∗

i ∈ VN∗
i
(i = 1, 2) such that

Im(iS∗
1
⊗ iS∗

2
) ⊃ T ∗ and Im(jU∗

1
⊗ idN∗

2
) + Im(idN∗

1
⊗ jU∗

2
) ⊂ U∗, where iS∗

l
: S∗

l → M∗
l and jU∗

l
: U∗

l → N∗
l

(l = 1, 2) are the inclusion maps. Let us denote by kO(S∗
l ,U

∗
l )

: O(S∗
l , U

∗
l ) → Hom∗(M∗

l , N
∗
l ) (l = 1, 2) the

inclusion maps. It is clear that φ maps Im
(
kO(S∗

1 ,U
∗
1 )
⊗ idHom∗(M∗

2 ,N
∗
2 )

)
+ Im

(
idHom∗(M∗

1 ,N
∗
1 )
⊗ kO(S∗

2 ,U
∗
2 )

)
into

O(Im(iS∗
1
⊗ iS∗

2
), Im(jU∗

1
⊗ idN∗

2
) + Im(idN∗

1
⊗ jU∗

2
)) ⊂ O(T ∗, U∗).

We denote by ι1 :M∗ →M∗ ⊗K∗K∗ the map given by ι1(x) = x⊗ 1. Then, ι1 is a morphism in TopModK∗

and it is an isomorphism if the topology on M∗ is coarser than the topology induced by K∗.
Suppose that the topology on N∗ is coarser than the topology induced by K∗. Then, the K∗-module

structure map of N∗ induces an isomorphism α̃ : K∗ ⊗K∗ N∗ → N∗ by (2.1.8). Let

ϕM
∗

N∗ : Hom∗(M∗,K∗)⊗K∗N∗ −→ Hom∗(M∗, N∗)

be the following composition of morphisms.

Hom∗(M∗,K∗)⊗K∗N∗ idHom∗(M∗,K∗)⊗K∗κN∗
−−−−−−−−−−−−−−−→ Hom∗(M∗,K∗)⊗K∗Hom∗(K∗, N∗)

ϕ(M∗,K∗;K∗,N∗)−−−−−−−−−−−→

Hom∗(M∗ ⊗K∗K∗,K∗ ⊗K∗N∗)
ι∗1−→ Hom∗(M∗,K∗ ⊗K∗N∗)

α̃∗−−→ Hom∗(M∗, N∗)

We note that ϕM
∗

N∗ maps f ⊗ y ∈ Homm(M∗,K∗)⊗K∗Nn to a map Σm+nM∗ → N∗ given by ([m+n], x) 7→
(−1)n(s−m−n)f([m], x)y for x ∈Ms−m−n.

The next assertion is easily verified from the definitions of Φ and φ.

Proposition 4.1.2 Let fi :M
∗
i ⊗K∗N∗

i → Z∗
i (i = 1, 2) be morphisms in TopModK∗. Then, composition

M∗
1 ⊗K∗M∗

2

ΦM∗
1 ,N

∗
1 ,Z

∗
1
(f1)⊗ΦM∗

2 ,N
∗
2 ,Z

∗
2
(f2)

−−−−−−−−−−−−−−−−−−−−−→ Hom∗(N∗
1 , Z

∗
1 )⊗K∗Hom∗(N∗

2 , Z
∗
2 )

ϕ−→ Hom∗(N∗
1 ⊗K∗N∗

2 , Z
∗
1 ⊗K∗Z∗

2 )

coincides with ΦM∗
1 ⊗K∗M∗

2 ,N
∗
1 ⊗K∗N∗

2 ,Z
∗
1⊗K∗Z∗

2
((f1 ⊗K∗ f2)(idM∗

1
⊗K∗ TM∗

2 ,N
∗
1
⊗K∗ idN∗

2
)).

The following facts are also easily verified.

Proposition 4.1.3 (1) The following diagram commutes.

Hom∗(M∗
1 , N

∗
1 )⊗K∗ Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

2 , N
∗
2 )⊗K∗ Hom∗(M∗

1 , N
∗
1 )

Hom∗(M∗
1 ⊗K∗ M∗

2 , N
∗
1 ⊗K∗ N∗

2 ) Hom∗(M∗
2 ⊗K∗ M∗

1 , N
∗
2 ⊗K∗ N∗

1 )

THom∗(M∗
1 ,N

∗
1 ),Hom∗(M∗

2 ,N
∗
2 )

ϕ ϕ

TN∗
1 ,N

∗
2 ∗T

∗
M∗

2 ,M
∗
1

(2) For x ∈Mp
1 , y ∈M

q
2 , the following diagram commutes.
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Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

pΣ−pN∗
1 ⊗K∗ qΣ−qN∗

2
p+qΣ−p−q(N∗

1 ⊗K∗N∗
2 )

Σ−p(pN∗
1 )⊗K∗Σ−q(qN∗

2 ) Σ−p−q(p+q(N∗
1 ⊗K∗N∗

2 ))

Σ−p−q(pN∗
1 )⊗K∗ (qN∗

2 ) Σ−p−q(p+q(N∗
1 ⊗K∗N∗

2 ))

ϕ

Ex⊗Ey Ex⊗y

τ−p,−q
pN∗

1 ,
qN∗

2
(−1)pq

Σ−p−qβp,q
N∗

1 ,N
∗
2

Proposition 4.1.4 Let M∗
i and N∗

i (i = 1, 2) be objects of TopModK∗. If both M∗
1 and M∗

2 are finitely
generated and projective, then φ : Hom∗(M∗

1 , N
∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 )→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 ) is an
isomorphism.

Proof. First, we show the assertion assuming that both M∗
1 and M∗

2 are finitely generated and free. Then, we
may assume that M∗

1 = F (S1, d1), M
∗
2 = F (S2, d2) for some graded sets (S1, d1) and (S2, d2) such that S1 and

S2 are finite sets. By (3.1.31), there are isomorphisms εi : Hom∗(M∗
i , N

∗
i )→

∏
x∈Si

di(x)Σ−di(x)N∗
i for i = 1, 2 and

ε3 : Hom∗(F (S1×S2, d1∗d2), N∗
1 ⊗K∗N∗

2 )→
∏

(x,y)∈S1×S2

d1(x)+d2(y)Σ−d1(x)−d2(y)N∗
1 ⊗K∗N∗

2 . Since S1 and S2 are

finite sets, we have an isomorphism γ(S1,d1),(S2,d2) : F (S1×S2, d1∗d2)→ F (S1, d1)⊗K∗F (S2, d2) by (3.1.29). For

(z, w) ∈ S1×S2, we denote by β(z,w) :
d1(z)Σ−d1(z)N∗

1⊗K∗ d2(w)Σ−d2(w)N∗
2 → d1(z)+d2(w)Σ−d1(z)−d2(w)N∗

1⊗K∗N∗
2

the map (−1)d1(z)d2(w)Σ−d1(z)−d2(w)β
d1(z),d2(w)
N∗

1 ,N
∗
2

τ
−d1(z),−d2(w)
d1(z)N∗

1 ,
d2(w)N∗

2

. Let

β :

(∏
x∈S1

d1(x)Σ−d1(x)N∗
1

)
⊗K∗

(∏
y∈S2

d2(y)Σ−d2(y)N∗
2

)
−→

∏
(x,y)∈S1×S2

d1(x)+d2(y)Σ−d1(x)−d2(y)N∗
1 ⊗K∗N∗

2

be the unique map that makes the following diagram commute for every (z, w) ∈ S1 × S2.( ∏
x∈S1

d1(x)Σ−d1(x)N∗
1

)
⊗K∗

( ∏
y∈S2

d2(y)Σ−d2(y)N∗
2

) ∏
(x,y)∈S1×S2

d1(x)+d2(y)Σ−d1(x)−d2(y)N∗
1 ⊗K∗N∗

2

d1(z)Σ−d1(z)N∗
1 ⊗K∗ d2(w)Σ−d2(w)N∗

2
d1(z)+d2(w)Σ−d1(z)−d2(w)N∗

1 ⊗K∗N∗
2

β

prz⊗prw pr(z,w)

β(z,w)

Here, we denote by prz :
∏
x∈S1

d1(x)Σ−d1(x)N∗
1 → d1(z)Σ−d1(z)N∗

1 , prw :
∏
y∈S2

d2(y)Σ−d2(y)N∗
2 → d2(w)Σ−d2(w)N∗

2 ,

pr(z,w) :
∏

(x,y)∈S1×S2

d1(x)+d2(y)Σ−d1(x)−d2(y)N∗
1 ⊗K∗N∗

2 → d1(z)+d2(w)Σ−d1(z)−d2(w)N∗
1 ⊗K∗N∗

2 the projections.

Then β is an isomorphism by (1.1.20) and (2.1.13). Since przε1 = Eιz([d1(z)],1), prwε2 = Eιw([d2(w)],1) and
pr(z,w)ε3γ

∗
(S1,d1),(S2,d2)

= Eιz([d1(z)],1)⊗ιw([d2(w)],1), it follows from (4.1.3) that the following diagram commutes.

Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

( ∏
x∈S1

d1(x)Σ−d1(x)N∗
1

)
⊗K∗

( ∏
y∈S2

d2(y)Σ−d2(y)N∗
2

) ∏
(x,y)∈S1×S2

d1(x)+d2(y)Σ−d1(x)−d2(y)N∗
1 ⊗K∗N∗

2

ϕ

ε1⊗K∗ε2 ε3γ
∗
(S1,d1),(S2,d2)

β

Thus we have shown the assertion when M∗
1 and M∗

2 are finitely generated and free.
Suppose that M∗

1 and M∗
2 are finitely generated and projective. Then, there exit finitely generated free

K∗-modules L∗
1 and L∗

2 and split epimorphisms p1 : L∗
1 → M∗

1 and p2 : L∗
2 → M∗

2 . Let s1 : M∗
1 → L∗

1 and
s2 : M∗

2 → L∗
2 be right inverses of p1 and p2, respectively. Since the middle horizontal map of the following

diagram is isomorphism, φ : Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 )→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 ) is a bijection
by the commutativity of the diagram.
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Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

Hom∗(L∗
1, N

∗
1 )⊗K∗Hom∗(L∗

2, N
∗
2 ) Hom∗(L∗

1 ⊗K∗L∗
2, N

∗
1 ⊗K∗N∗

2 )

Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

ϕ

p∗1⊗p
∗
2 (p1⊗K∗p2)

∗

ϕ

s∗1⊗s
∗
2 (s1⊗K∗s2)

∗

ϕ

It follows from (2) of (3.1.7) and (2.1.1) that the lower right map of the above diagram is an open map. Thus
φ : Hom∗(M∗

1 , N
∗
1 ) ⊗K∗Hom∗(M∗

2 , N
∗
2 ) → Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 ) is also an open map. Hence the
assertion follows.

By (1.3.4) and (4.1.1),

ηHom∗(M∗
1 ⊗K∗M∗

2 ,N
∗
1 ⊗K∗N∗

2 )
φ : Hom∗(M∗

1 , N
∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 )→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )̂
induces a unique morphism

φ̂ : Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗Hom∗(M∗

2 , N
∗
2 ) −→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )̂
that makes the following diagram commute.

Hom∗(M∗
1 , N

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )

Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )̂
ϕ

ηHom∗(M∗
1 ,N

∗
1 )⊗K∗Hom∗(M∗

2 ,N
∗
2 ) ηHom∗(M∗

1 ⊗K∗M∗
2 ,N

∗
1 ⊗K∗N∗

2 )

ϕ̂

For M∗
i , N

∗
i ∈ Ob TopModK∗ (i = 1, 2), consider a directed set FM∗

1
×VopN∗

1
×FM∗

2
×VopN∗

2
. We define functors

DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
, D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
:
(
FM∗

1
× VopN∗

1
×FM∗

2
× VopN∗

2

)op
→ TopModK∗ by

DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ) = Hom∗(S∗

1 ⊗K∗S∗
2 , N

∗
1 /U

∗
1 ⊗K∗N∗

2 /U
∗
2 ),

D̃M∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ) = Hom∗(S∗

1 , N
∗
1 /U

∗
1 )⊗K∗Hom∗(S∗

2 , N
∗
2 /U

∗
2 ).

If (T ∗
1 , Z

∗
1 , T

∗
2 , Z

∗
2 ) ≤ (S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ), the maps

DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 )→ DM∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
(T ∗

1 , Z
∗
1 , T

∗
2 , Z

∗
2 )

and
D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 )→ D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
(T ∗

1 , Z
∗
1 , T

∗
2 , Z

∗
2 )

are the composition of the maps induced by the inclusion maps T ∗
i → S∗

i and the quotient maps N∗
i /U

∗
i →

N∗
i /Z

∗
i (i = 1, 2).

Since both DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
and D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
take values in the full subcategory of TopModK∗ consisting of

discrete spaces, there are unique maps

ρS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2
: Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )̂→ DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ),

πS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2
: Hom∗(M∗

1 , N
∗
1 ) ⊗̂K∗Hom∗(M∗

2 , N
∗
2 )→ D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 )

satisfying the followings.

ρS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2
ηHom∗(M∗

1 ⊗K∗M∗
2 ,N

∗
1 ⊗K∗N∗

2 )
= pN∗

1 ⊗K∗U∗
2 +U

∗
1 ⊗K∗N∗

2 ∗(iS∗
1
⊗ iS∗

2
)∗

πS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2
ηHom∗(M∗

1 ,N
∗
1 )⊗K∗Hom∗(M∗

2 ,N
∗
2 )

= pU∗
1 ∗i

∗
S∗
1
⊗ pU∗

2 ∗i
∗
S∗
2

Lemma 4.1.5 (1) If both (M∗
1 , N

∗
1 ) and (M∗

2 , N
∗
2 ) are nice pairs, then(

Hom∗(M∗
1, N

∗
1 )⊗̂K∗Hom∗(M∗

2, N
∗
2 )

πS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2−−−−−−−−−→D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
(S∗

1, U
∗
1, S

∗
2, U

∗
2 )

)
(S∗

1 ,U
∗
1 ,S

∗
2 ,U

∗
2 )∈FM∗

1
×VN∗

1
×FM∗

2
×VN∗

2
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is a limiting cone of D̃M∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
.

(2) Suppose that there exists a cofinal subset C of FM∗
1
× VopN∗

1
×FM∗

2
× VopN∗

2
such that

(pU∗
1
⊗ pU∗

2
)∗(iS1

⊗ iS2
)∗ : Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )→ Hom∗(S∗
1 ⊗K∗S∗

2 , N
∗
1 /U

∗
1 ⊗K∗N∗

2 /U
∗
2 )

is surjective for each (S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 ) ∈ C. Then,(

Hom∗(M∗
1⊗K∗M∗

2 , N
∗
1⊗K∗N∗

2 )̂ ρS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2−−−−−−−−→ DM∗

1,M
∗
2,N

∗
1,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 )

)
(S∗

1 ,U
∗
1 ,S

∗
2 ,U

∗
2 )∈FM∗

1
×VN∗

1
×FM∗

2
×VN∗

2

is a limiting cone of DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
.

Proof. (1) By the assumption, there exist cofinal subsets Ck (k = 1, 2) of FM∗
k
× VopN∗

k
such that pU∗

k∗i
∗
S∗
k
:

Hom∗(M∗
k , N

∗
k )→ Hom∗(S∗

k , N
∗
k/U

∗
k ) is surjective for each (S∗

k , U
∗
k ) ∈ Ck. For (S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ) ∈ FM∗

1
× VN∗

1
×

FM∗
2
× VN∗

2
, let O(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ) be the open submodule of Hom∗(M∗

1 , N
∗
1 )⊗K∗ Hom∗(M∗

2 , N
∗
2 ) generated by

the images of O(S∗
1 , U

∗
1 )⊗K∗Hom∗(M∗

2 , N
∗
2 ) and Hom∗(M∗

1 , N
∗
1 )⊗K∗O(S∗

2 , U
∗
2 ). Since Hom∗(M∗

k , N
∗
k )

pU∗
k
∗i

∗
S∗
k−−−−−→

Hom∗(S∗
k , N

∗
k/U

∗
k ) (k = 1, 2) is a cokernel of the inclusion map O(S∗

k , U
∗
k )→ Hom∗(M∗

k , N
∗
k ) if (S

∗
k , U

∗
k ) ∈ Ck,

Hom∗(M∗
1 , N

∗
1 )⊗K∗ Hom∗(M∗

2 , N
∗
2 )

pU∗
1 ∗i

∗
S∗
1
⊗pU∗

2 ∗i
∗
S∗
2−−−−−−−−−−−−→ D̃M∗

1 ,N
∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 )

is a cokernel of the inclusion map O(S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 )→ Hom∗(M∗

1 , N
∗
1 )⊗K∗ Hom∗(M∗

2 , N
∗
2 ). Since

{O(S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 )| (S∗

1 , U
∗
1 , S

∗
2 , U

∗
2 ) ∈ C1 × C2}

is a cofinal subset of VHom∗(M∗
1 ,N

∗
1 )⊗K∗Hom∗(M∗

2 ,N
∗
2 )
, the assertion follows.

(2) If (S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 ) ∈ C,

(pU∗
1 ∗ ⊗ pU∗

2 ∗)(iS∗
1
⊗ iS∗

2
)∗ : Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )→ DM∗
1 ,N

∗
1 ,M

∗
2 ,N

∗
2
(S∗

1 , S
∗
2 , U

∗
1 , U

∗
2 )

is a cokernel of the inclusion map O(Im(iS∗
1
⊗ iS∗

2
),Ker(pU∗

1
⊗ pU∗

2
))→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 ). Since{
O
(
Im
(
iS∗

1
⊗ iS∗

2

)
,Ker

(
pU∗

1
⊗ pU∗

2

))∣∣ (S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 ) ∈ C

}
is a cofinal subset of VHom∗(M∗

1 ⊗K∗M∗
2 ,N

∗
1 ⊗K∗N∗

2 )
, the assertion follows.

Lemma 4.1.6 If both (M∗
1 , N

∗
1 ) and (M∗

2 , N
∗
2 ) are very nice pairs, then the condition of (2) of (4.1.5) is

satisfied.

Proof. Let Ck (k = 1, 2) be cofinal subsets of FM∗
k
×VopN∗

k
such that pU∗

k∗i
∗
S∗
k
: Hom∗(M∗

k , N
∗
k )→ Hom∗(S∗

k , N
∗
k/U

∗
k )

is surjective for each (S∗
k , U

∗
k ) ∈ Ck. We set C = C1×C2. Clearly, C is a cofinal subset of FM∗

1
×VopN∗

1
×FM∗

2
×VopN∗

2
.

Consider the following commutative diagram for ((S∗
1 , U

∗
1 ), (S

∗
2 , U

∗
2 )) ∈ C.

Hom∗(M∗
1 , N

∗
1 )⊗K∗ Hom∗(M∗

2 , N
∗
2 ) Hom∗(S∗

1 , N
∗
1 /U

∗
1 )⊗K∗ Hom∗(S∗

2 , N
∗
2 /U

∗
2 )

Hom∗(M∗
1 ⊗K∗M∗

2 , N
∗
1 ⊗K∗N∗

2 ) Hom∗(S∗
1 ⊗K∗S∗

2 , N
∗
1 /U

∗
1 ⊗K∗N∗

2 /U
∗
2 )

pU∗
1 ∗i

∗
S∗
1
⊗pU∗

2 ∗i
∗
S∗
2

ϕ ϕ

(pU∗
1
⊗pU∗

2
)∗(iS∗

1
⊗iS∗

2
)∗

Since the right vertical map is an isomophism by (4.1.4) and the upper horizontal map is surjective by the
assumption, the lower horizontal map is surjective.

Theorem 4.1.7 If both (M∗
1 , N

∗
1 ) and (M∗

2 , N
∗
2 ) are very nice pairs, then

φ̂ : Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗ Hom∗(M∗

2 , N
∗
2 )→ Hom∗(M∗

1 ⊗K∗M∗
2 , N

∗
1 ⊗K∗N∗

2 )̂
is an isomorphism.

Proof. Since the following diagram commutes for (S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 ) ∈ FM∗

1
× VN∗

1
× FM∗

2
× VN∗

2
, the assertion

follows from (4.1.6), (4.1.5) and (4.1.4).
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Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗ Hom∗(M∗

2 , N
∗
2 ) Hom∗(S∗

1 , N
∗
1 /U

∗
1 )⊗K∗ Hom∗(S∗

2 , N
∗
2 /U

∗
2 )

Hom∗(M∗
1 ⊗K∗M∗

2 , N
∗
1 ⊗K∗N∗

2 )̂ Hom∗(S∗
1 ⊗K∗S∗

2 , N
∗
1 /U

∗
1 ⊗K∗N∗

2 /U
∗
2 )

πS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2

ϕ̂ ϕ

ρS∗
1 ,U

∗
1 ,S

∗
2 ,U

∗
2

Suppose that the topology on N∗ is coarser than the topology induced by K∗. Let

ϕ̂M
∗

N∗ : Hom∗(M∗,K∗) ⊗̂K∗ N∗ → Hom∗(M∗, N∗)̂
be the unique morphism satisfying ϕ̂M

∗

N∗ ηHom∗(M∗,K∗)⊗K∗N∗ = ηHom∗(M∗,N∗)ϕ
M∗

N∗ . The following results are
special cases of (4.1.7).

Corollary 4.1.8 Let (M∗,K∗) be a very nice pair.

(1) φ̂ : Hom∗(M∗,K∗) ⊗̂K∗ Hom∗(M∗,K∗)→ Hom∗(M∗ ⊗K∗M∗,K∗)̂ is an isomorphism.
(2) If M∗ and N∗ are objects of TopMod iK∗ , then ϕ̂M

∗

N∗ : Hom∗(M∗,K∗) ⊗̂K∗ N∗ → Hom∗(M∗, N∗)̂ is an
isomorphism.

Lemma 4.1.9 If the condition of (2) of (4.1.5) is satisfied, then (M∗
1 ⊗K∗M∗

2 , N
∗
1 ⊗K∗N∗

2 ) is a nice pair.

Proof. Let S∗
1⊗K∗S∗

2
j−→ Im

(
iS∗

1
⊗ iS∗

2

) inc−−→M∗
1⊗K∗M∗

2 be the factorization of iS∗
1
⊗iS∗

2
: S∗

1⊗K∗S∗
2 →M∗

1⊗K∗M∗
2

such that j is surjective and inc is the inclusion map. Suppose (S∗
1 , U

∗
1 , S

∗
2 , U

∗
2 ) ∈ C. Since

(pU∗
1
⊗ pU∗

2
)∗(iS1 ⊗ iS2)

∗ : Hom∗(M∗
1 ⊗K∗M∗

2 , N
∗
1 ⊗K∗N∗

2 )→ Hom∗(S∗
1 ⊗K∗S∗

2 , N
∗
1 /U

∗
1 ⊗K∗N∗

2 /U
∗
2 )

is surjective and it is the composition of

(pU∗
1
⊗ pU∗

2
)∗inc

∗ : Hom∗(M∗
1 ⊗K∗M∗

2 , N
∗
1 ⊗K∗N∗

2 )→ Hom∗(Im (iS∗
1
⊗iS∗

2

)
, N∗

1 /U
∗
1 ⊗K∗N∗

2 /U
∗
2

)
and an injection

j∗ : Hom∗(Im (iS∗
1
⊗iS∗

2

)
, N∗

1 /U
∗
1 ⊗K∗N∗

2 /U
∗
2

)
→ Hom∗(S∗

1 ⊗K∗S∗
2 , N

∗
1 /U

∗
1 ⊗K∗N∗

2 /U
∗
2 ),

j∗ is bijective. Hence (pU∗
1
⊗ pU∗

2
)∗inc

∗ is surjective and this shows that (M∗
1 ⊗K∗M∗

2 , N
∗
1 ⊗K∗N∗

2 ) is a nice
pair.

Suppose that “M∗
1 ⊗K∗M∗

2 is supercofinite and both N∗
1 and N∗

2 are subcofinite” or “M∗
1 ⊗K∗M∗

2 has a
finitely generated open submodule”. Then, there is a morphism

λM∗
1 ⊗K∗M∗

2 ,N
∗
1 ⊗K∗N∗

2
: Hom∗(M∗

1 ⊗K∗ M∗
2 , N

∗
1 ⊗K∗ N∗

2 )̂→ Hom∗(M∗
1 ⊗K∗ M∗

2 , N
∗
1 ⊗̂K∗ N∗

2 )

by (3.4.11). Composing λM∗
1 ⊗K∗M∗

2 ,N
∗
1 ⊗K∗N∗

2
and

(η∗M∗
1 ⊗K∗M∗

2
)−1 : Hom∗(M∗

1 ⊗K∗ M∗
2 , N

∗
1 ⊗̂K∗ N∗

2 )→ Hom∗(M∗
1 ⊗̂K∗ M∗

2 , N
∗
1 ⊗̂K∗ N∗

2 )

with φ̂, we have a morphism

φ̃ : Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗ Hom∗(M∗

2 , N
∗
2 ) −→ Hom∗(M∗

1 ⊗̂K∗ M∗
2 , N

∗
1 ⊗̂K∗ N∗

2 ).

It can be verified from (3.4.17) that the following diagram commutes.

Hom∗(M∗
1 , N

∗
1 )⊗K∗ Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗K∗ M∗
2 , N

∗
1 ⊗K∗ N∗

2 )

Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗ Hom∗(M∗

2 , N
∗
2 ) Hom∗(M∗

1 ⊗̂K∗ M∗
2 , N

∗
1 ⊗̂K∗ N∗

2 )

ϕ

ηHom∗(M∗
1 ,N

∗
1 )⊗K∗Hom∗(M∗

2 ,N
∗
2 ) cM∗

1 ⊗K∗M∗
2 ,N

∗
1 ⊗K∗N∗

2

ϕ̃

Combining (4.1.7) and (3.4.15), we have the following result.

Corollary 4.1.10 Suppose that both (M∗
1 , N

∗
1 ) and (M∗

2 , N
∗
2 ) are very nice pairs. If one of the following

conditions is satisfied, then φ̃ : Hom∗(M∗
1 , N

∗
1 ) ⊗̂K∗ Hom∗(M∗

2 , N
∗
2 ) → Hom∗(M∗

1 ⊗̂K∗ M∗
2 , N

∗
1 ⊗̂K∗ N∗

2

)
is an

isomorphism.
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(i) M∗
1 ⊗K∗ M∗

2 is supercofinite and both N∗
1 and N∗

2 are subcofinite.
(ii) M∗

1 ⊗K∗ M∗
2 has a finitely generated open submodule (e.g. Both M∗

1 and M∗
2 are finitely generated.).

Proposition 4.1.11 Let fi :M
∗
i ⊗K∗ N∗

i → Z∗
i (i = 1, 2) be morphisms in TopModK∗. Then, composition

M∗
1 ⊗̂K∗M∗

2

ΦM∗
1 ,N

∗
1 ,Z

∗
1
(f1) ⊗̂ΦM∗

2 ,N
∗
2 ,Z

∗
2
(f2)

−−−−−−−−−−−−−−−−−−−−−→ Hom∗(N∗
1 , Z

∗
1 ) ⊗̂K∗ Hom∗(N∗

2 , Z
∗
2 )

ϕ̃−→ Hom∗(N∗
1 ⊗̂K∗ N∗

2 , Z
∗
1 ⊗̂K∗Z∗

2 )

coincides with ΦM∗
1 ⊗̂K∗ M∗

2 ,N
∗
1 ⊗̂K∗N∗

2 ,Z
∗
1 ⊗̂K∗ Z∗

2
((f1 ⊗̂K∗ f2)shM∗

1 ,M
∗
2 ,N

∗
1 ,N

∗
2
).

Proof. Since the following diagram commutes,

(M∗
1⊗K∗M∗

2 )⊗K∗ (N∗
1⊗K∗N∗

2 ) (M∗
1⊗K∗N∗

1 )⊗K∗ (M∗
2⊗K∗N∗

2 ) Z∗
1⊗K∗Z∗

2

(M∗
1 ⊗̂K∗M∗

2 )⊗K∗ (N∗
1 ⊗̂K∗N∗

2 ) (M∗
1⊗K∗N∗

1 ) ⊗̂K∗(M∗
2⊗K∗N∗

2 ) Z∗
1 ⊗̂K∗Z∗

2

idM∗
1
⊗K∗TM∗

2 ,N
∗
1
⊗K∗ idN∗

2

ηM∗
1 ⊗K∗M∗

2
⊗K∗ηN∗

1 ⊗K∗N∗
2

f1⊗K∗f2

ηZ∗
1⊗K∗Z∗

2

shM∗
1 ,M

∗
2 ,N

∗
1 ,N

∗
2 f1 ⊗̂K∗f2

(3.2.1) and (4.1.2) imply

η∗N∗
1 ⊗K∗N∗

2
Φ((f1 ⊗̂ f2)shM∗

1 ,M
∗
2 ,N

∗
1 ,N

∗
2
)ηM∗

1 ⊗K∗M∗
2
= ηZ∗

1⊗K∗Z∗
2 ∗Φ((f1 ⊗K∗ f2)(idM∗

1
⊗ TM∗

2 ,N
∗
1
⊗K∗ idN∗

2
))

= ηZ∗
1⊗K∗Z∗

2 ∗φ(Φ(f1)⊗K∗ Φ(f2)).

Thus we have

Φ((f1 ⊗̂ f2)shM∗
1 ,M

∗
2 ,N

∗
1 ,N

∗
2
)ηM∗

1 ⊗K∗M∗
2
= cN∗

1 ⊗K∗N∗
2 ,Z

∗
1⊗K∗Z∗

2
φ(Φ(f1)⊗ Φ(f2))

= φ̃ηHom∗(N∗
1 ,Z

∗
1 )⊗K∗Hom∗(N∗

2 ,Z
∗
2 )
(Φ(f1)⊗ Φ(f2))

= φ̃(Φ(f1) ⊗̂Φ(f2))ηM∗
1 ⊗K∗M∗

2
.

Lemma 4.1.12 Suppose that there exists a morphism ϕ̌M
∗

N∗ : Hom∗(M∗,K∗) ⊗̂K∗ N∗ → Hom∗(M∗, N̂∗) that
makes the following diagram commute.

Hom∗(M∗,K∗)⊗K∗ N∗ Hom∗(M∗, N∗)

Hom∗(M∗,K∗) ⊗̂K∗ N∗ Hom∗(M∗, N̂∗)
φM

∗
N∗

ηHom∗(M∗,K∗)⊗K∗N∗ ηN∗∗

φ̌M
∗

N∗

Then, ϕ̌M
∗

N∗ is unique and if there exists the morphism λM∗,N∗ : Hom∗(M∗, N∗)̂→ Hom∗(M∗, N̂∗) in (3.4.10),

ϕ̌M
∗

N∗ is given by ϕ̌M
∗

N∗ = λM∗,N∗ ϕ̂M
∗

N∗ .

Proof. Since the image of ηHom∗(M∗,K∗)⊗K∗N∗ is dense by (1.1.16), the uniqueness of ϕ̌M
∗

N∗ is clear. The second
assertion follows from (3.4.10).

Remark 4.1.13 If ϕ̂M
∗

N∗ : Hom∗(M∗,K∗) ⊗̂K∗ N∗ → Hom∗(M∗, N∗)̂ is an isomorphism and ϕ̌M
∗

N∗ above

exists, then λM∗,N∗ in (3.4.10) exists and given by λM∗,N∗ = ϕ̌M
∗

N∗

(
ϕ̂M

∗

N∗

)−1
.

We also have the following result from (4.1.10).

Corollary 4.1.14 Suppose that (M∗,K∗) is a very nice pair and that bothM∗ and N∗ are objects of TopMod iK∗ .
If “M∗ is supercofinite and N∗ is subcofinite.” or “M∗ has a finitely generated open submodule.”, then ϕ̌M

∗

N∗ :

M∗∗ ⊗̂K∗ N∗ → Hom∗(M∗, N̂∗) is an isomorphism.

LetK∗ be a field such thatKi = {0} for i 6= 0 andM∗, N∗ be objects of TopModK∗ such that both of them are
finite type and have the skeletal topologies. SinceHom∗(M∗,K∗) andHom∗(N∗,K∗) have the skeletal topologies
by (3.1.36), it follows from (2.3.2) that (Hom∗(M∗,K∗) ⊗̂K∗ Hom∗(N∗,K∗))n and (Hom∗(M∗,K∗) ⊗̂K∗ N∗)n

are isomorphic to
∏
i∈Z
Hom−i(M∗,K∗)⊗K∗ Homn+i(N∗,K∗) and

∏
i∈Z
Hom−i(M∗,K∗)⊗K∗ Nn+i, respectively.
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We choose a basis bi1, bi2, . . . , bidi of M i and let b∗i1, b
∗
i2, . . . , b

∗
idi

(b∗ij ∈ Hom−i(M∗,K∗)) be the dual basis of

bi1, bi2, . . . , bidi . Similarly, let ci1, ci2, . . . , ciei of N
i and c∗i1, c

∗
i2, . . . , c

∗
iei

(c∗ij ∈ Hom−i(N∗,K∗)) the dual basis
of ci1, ci2, . . . , ciei . Define maps

ρ : Hom∗(M∗⊗K∗N∗,K∗)→ Hom∗(M∗,K∗) ⊗̂K∗ Hom∗(N∗,K∗)

ψ : Hom∗(M∗, N∗)→ Hom∗(M∗,K∗) ⊗̂K∗ N∗

by ρ(g) =
∑

i+k=n

ek∑
l=1

di∑
j=1

(−1)ikg([−n], bij ⊗ ckl)b∗ij ⊗ c∗kl for g ∈ Hom−n(M∗⊗K∗N∗,K∗) and

ψ(f) =
∑
k∈Z

dk∑
l=1

(−1)k(k−n)b∗kl ⊗ f([−n], bkl) for f ∈ Hom−n(M∗, N∗).

Proposition 4.1.15 ρ is the inverse of φ̂ : Hom∗(M∗,K∗) ⊗̂K∗ Hom∗(N∗,K∗)→ Hom∗(M∗⊗K∗N∗,K∗) and
ψ is the inverse of ϕ̂M

∗

N∗ : Hom∗(M∗,K∗) ⊗̂K∗ N∗ → Hom∗(M∗, N∗).

Proof. For g ∈ Hom−n(M∗⊗K∗N∗,K∗) and f ∈ Hom−n(M∗, N∗), we have the following equalities if r+ t = n.

(φ̂(ρ(g)))([−n], brs ⊗ ctu) =
∑
i+k=n

ek∑
l=1

di∑
j=1

(−1)ikg([−n], bij ⊗ ckl)(φ(b∗ij ⊗ c∗kl))([−n], brs ⊗ ctu)

=
∑
i+k=n

ek∑
l=1

di∑
j=1

(−1)k(i+r)g([−n], bij ⊗ ckl)b∗ij([−i], brs)c∗kl([−k], ctu)

= g([−n], brs ⊗ ctu)(
ϕ̂M

∗

N∗ (ψ(f))
)
([−n], bij) =

∑
k∈Z

dk∑
l=1

(−1)k(k−n)
(
ϕ̂M

∗

N∗ (b∗kl ⊗ f([−n], bkl))
)
([−n], bij)

=
∑
k∈Z

dk∑
l=1

(−1)(i+k)(k−n)b∗kl([−n], bij)f([−n], bkl)

= f([−n], bij)

Thus we have φ̂(ρ(g)) = g and ϕ̂M
∗

N∗ (ψ(f)) = f .

4.2 Commutative diagrams

Definition 4.2.1 Suppose that the topology on L∗ is coarser than the topology induced by K∗ and that ϕ̂M
∗

L∗ :
M∗∗ ⊗̂K∗ L∗ → Hom∗(M∗, L∗)̂ is an isomorphism. We denote by

Λ = ΛM∗,N∗,L∗ : Homc
K∗(M∗ ⊗K∗ N∗, L∗)→ Homc

K∗(N∗, L∗ ⊗̂K∗ M∗∗)

the composition of following maps.

Homc
K∗

(
M∗ ⊗K∗ N∗, L∗) T∗

N∗,M∗
−−−−−→ Homc

K∗

(
N∗ ⊗K∗ M∗, L∗) ΦN∗,M∗,L∗

−−−−−−−→ Homc
K∗

(
N∗,Hom∗(M∗, L∗)

)
ηHom∗(M∗,L∗)∗−−−−−−−−−→ Homc

K∗

(
N∗,Hom∗(M∗, L∗)̂) (φ̂M

∗
L∗ )−1

∗−−−−−−→ Homc
K∗

(
N∗,M∗∗ ⊗̂K∗ L∗)

T̂M∗∗,L∗∗−−−−−−→ Homc
K∗

(
N∗, L∗ ⊗̂K∗ M∗∗)

For f ∈ Homc
K∗(M∗ ⊗K∗ N∗, L∗), we call Λ(f) : N∗ → L∗ ⊗̂K∗ M∗∗ the Milnor map associated with f .

Proposition 4.2.2 Assume that V ∗ and L∗ are complete Hausdorff and that the topologies on V ∗ and L∗ are
coarser than the topology induced by K∗. Let us denote by α̃V ∗ : K∗ ⊗K∗ V ∗ → V ∗ the isomorphism induced by
the K∗-module structure map of V ∗. If ϕ̌M

∗

L∗ : M∗∗ ⊗̂K∗ L∗→ Hom∗(M∗, L∗) in (4.1.12) is defined and it is an
isomorphism, the following diagram commutes.
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Homc
K∗(N∗,M∗∗ ⊗̂K∗ L∗) Homc

K∗(Hom∗(M∗∗ ⊗̂K∗ L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗,Hom∗(M∗, L∗)) Homc

K∗(Hom∗(M∗∗ ⊗K∗ L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗ ⊗K∗ M∗, L∗) Homc

K∗(Hom∗(M∗∗,K∗)⊗K∗ Hom∗(L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(M∗ ⊗K∗ Hom∗(L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(M∗,Hom∗(N∗, L∗)) Homc

K∗(M∗,Hom∗(Hom∗(L∗, V ∗),Hom∗(N∗, V ∗)))

ζ

((
η∗M∗∗⊗K∗L∗

)∗)−1(
φ̌M

∗
L∗

)−1

∗

(α̃V ∗∗ϕ)
∗

T∗
M∗,N∗

ΦN∗,M∗,L∗

(χM∗,K∗⊗K∗ idHom∗(L∗,V ∗))
∗

ΦM∗,N∗,L∗ ΦM∗,Hom∗(L∗,V ∗),Hom∗(N∗,V ∗)

(ζ∗)∗

Proof. By the the naturality of ζ, the following diagram is commutative.

Homc
K∗(N∗,Hom∗(M∗, L∗)) Homc

K∗(Hom∗(Hom∗(M∗, L∗), V ∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗,M∗∗ ⊗̂K∗ L∗) Homc

K∗(Hom∗(M∗∗ ⊗̂K∗ L∗, V ∗),Hom∗(N∗, V ∗))

ζ

ζ

(
φ̌M

∗
L∗

)
∗

((
φ̌M

∗
L∗

)∗)∗

Since both ϕ̌M
∗

L∗ and η∗M∗∗⊗K∗L∗ : Hom∗(M∗∗ ⊗̂K∗ L∗, V ∗) → Hom∗(M∗∗ ⊗K∗ L∗, V ∗) are isomorphisms by

the assumption and we have ϕ̌M
∗

L∗ ηM∗∗⊗K∗L∗ = ϕM
∗

L∗ , it follows that
(
ϕM

∗

L∗

)∗
: Hom∗(Hom∗(M∗, L∗), V ∗) →

Hom∗(M∗∗ ⊗K∗ L∗, V ∗) is an isomorphism. Hence it suffices to verify that the following diagram commutes.

Homc
K∗(N∗,Hom∗(M∗, L∗)) Homc

K∗(Hom∗(Hom∗(M∗, L∗), V ∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗ ⊗K∗ M∗, L∗) Homc

K∗(Hom∗(M∗∗ ⊗K∗ L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(Hom∗(M∗∗,K∗)⊗K∗ Hom∗(L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(M∗ ⊗K∗ Hom∗(L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(M∗,Hom∗(N∗, L∗)) Homc

K∗(M∗,Hom∗(Hom∗(L∗, V ∗),Hom∗(N∗, V ∗)))

ζ

(((
φM

∗
L∗

)∗)∗)−1
ΦN∗,M∗,L∗

T∗
M∗,N∗

(α̃V ∗∗ϕ)
∗

(χM∗,K∗⊗K∗ idHom∗(L∗,V ∗))
∗

ΦM∗,N∗,L∗ ΦM∗,Hom∗(L∗,V ∗),Hom∗(N∗,V ∗)

(ζ∗)∗

For a morphism f : N∗ ⊗K∗ M∗ → L∗, we have (ζ∗)∗ΦM∗,N∗,L∗T ∗
M∗,N∗(f) = ζ∗ΦM∗,N∗,L∗(fTM∗,N∗) and, for

x ∈ Mn, (ζ∗ΦM∗,N∗,L∗(fTM∗,N∗))(x) : ΣnHom∗(L∗, V ∗) → Hom∗(N∗, V ∗) maps ([n], g) ∈ (ΣnHom∗(L∗, V ∗))k

to a map (−1)n(k−n)gΣk−n(ΦM∗,N∗,L∗(fTM∗,N∗)(x))εk−n,n,N∗ : ΣkN∗ → V ∗ which maps ([k], y) ∈ (ΣkN∗)k+m

to (−1)n(k+m−n)g([k − n], (ΦN∗,M∗,L∗(f)(y))([m], x)). On the other hand, for x ∈ Mn and g : Σk−nL∗ → V ∗,

we set γ =
((
ϕM

∗

L∗

)∗)−1

(α̃V ∗φ(χM∗,K∗(x)⊗ g)) ∈ Homk(Hom∗(M∗, L∗), V ∗). Then,(
ΦM∗,Hom∗(L∗,V ∗),Hom∗(N∗,V ∗)

(
χM∗,K∗ ⊗K∗ idHom∗(L∗,V ∗)

)∗
(α̃V ∗∗φ)

∗
(((

ϕM
∗

L∗

)∗)∗)−1

ζΦN∗,M∗,L∗(f)

)
(x)

maps ([n], g) ∈ ΣnHom∗(L∗, V ∗) to a composition ΣkN∗ ΣkΦN∗,M∗,L∗ (f)
−−−−−−−−−−−→ ΣkHom∗(M∗, L∗)

γ−→ V ∗ which maps
([k], y) ∈ (ΣkN∗)k+m to γ([k],ΦN∗,M∗,L∗(f)(y)). The following diagram commutes.

Σk(M∗∗ ⊗K∗ L∗) ΣnM∗∗ ⊗K∗ Σk−nL∗ K∗ ⊗K∗ V ∗

ΣkHom∗(M∗, L∗) V ∗

(τn,k−nM∗∗,L∗)
−1

ΣkφM
∗

L∗

χM∗,K∗ (x)⊗g

α̃V ∗

γ
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Hence, for h ∈ Hom l(M∗,K∗) and z ∈ Zm−l, we have

γ
(
[k], ϕ̌M

∗

L∗ ηM∗∗⊗K∗L∗(h⊗ z)
)
= γ

(
[k], ϕM

∗

L∗ (h⊗ z)
)
= γ

(
ΣkϕM

∗

L∗

)
([k], h⊗ z)

= α̃V ∗(χM∗,K∗(x)⊗ g)
(
τn,k−nHom∗(M∗,K∗),L∗

)−1

([k], h⊗ z)

= (−1)klh([l], x)g([k − n], z) = (−1)n(k−l−n)g([k − n], h([l], x)z)

= (−1)n(k+m−n)g
(
[k − n],

(
ϕM

∗

L∗ (h⊗ z)
)
([m], x)

)
= (−1)n(k+m−n)g

(
[k − n],

(
ϕ̌M

∗

L∗ ηM∗∗⊗K∗L∗(h⊗ z)
)
([m], x)

)
.

It follows that γ
(
[k], ϕ̌M

∗

L∗ ηM∗∗⊗K∗L∗(w)
)
= (−1)n(k+m−n)g

(
[k − n],

(
ϕ̌M

∗

L∗ ηM∗∗⊗K∗L∗(w)
)
([m], x)

)
for any m ∈

N and w ∈ (M∗∗ ⊗K∗ L∗)m. Since the image of ηM∗∗⊗K∗L∗ is dense and ϕ̌M
∗

L∗ is an isomorphism, we have
γ([k], ψ) = (−1)n(k+m−n)g([k − n], ψ([m], x)) for any m ∈ N and ψ ∈ Homm(M∗, L∗). In particular, we have
γ([k],ΦN∗,M∗,L∗(f)(y)) = (−1)n(k+m−n)g([k − n],ΦN∗,M∗,L∗(f)(y)([m], x)) which implies the assertion.

Remark 4.2.3 Suppose that M∗ and L∗ satisfies the assumptions of (3.4.16) and that L∗ and V ∗ are complete
and have topologies coarser than the topology induced by K∗. Moreover, if ϕ̂M

∗

L∗ :M∗∗ ⊗̂K∗ L∗ → Hom∗(M∗, L∗)̂
is an isomorphism, so is ϕ̌M

∗

L∗ :M∗∗ ⊗̂K∗ L∗→ Hom∗(M∗, L∗).

Proposition 4.2.4 Under the same condition as in (4.2.2), the following diagram is commutative.

Homc
K∗

(
N∗, L∗ ⊗̂K∗ M∗∗) Homc

K∗

(
Hom∗(L∗ ⊗̂K∗ M∗∗, V ∗) ,Hom∗(N∗, V ∗)

)
Homc

K∗

(
N∗,M∗∗ ⊗̂K∗ L∗) Homc

K∗(Hom∗(L∗ ⊗K∗ M∗∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗,Hom∗(M∗, L∗)) Homc

K∗(Hom∗(L∗, V ∗)⊗K∗ Hom∗(M∗∗,K∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗ ⊗K∗ M∗, L∗) Homc

K∗(Hom∗(L∗, V ∗)⊗K∗ M∗,Hom∗(N∗, V ∗))

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(M∗ ⊗K∗ Hom∗(L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(M∗,Hom∗(N∗, L∗)) Homc

K∗(M∗,Hom∗(Hom∗(L∗, V ∗),Hom∗(N∗, V ∗)))

ζ

((
η∗L∗⊗K∗M∗∗

)∗)−1
T̂M∗∗,L∗∗

(α̃V ∗∗TV ∗,K∗∗ϕ)
∗

(
φ̌M

∗
L∗

)−1

∗

(idHom∗(L∗,V ∗)⊗K∗χM∗,K∗)
∗

T∗
M∗,N∗

ΦN∗,M∗,L∗

T∗
M∗,Hom∗(L∗,V ∗)

ΦM∗,N∗,L∗ ΦM∗,Hom∗(L∗,V ∗),Hom∗(N∗,V ∗)

(ζ∗)∗

Proof. The assertion follows from (4.2.2) and the commutativity of the following diagrams.

Hom∗(L∗, V ∗)⊗K∗ M∗ M∗ ⊗K∗ Hom∗(L∗, V ∗)

Hom∗(L∗, V ∗)⊗K∗ Hom∗(M∗∗,K∗) Hom∗(M∗∗,K∗)⊗K∗ Hom∗(L∗, V ∗)

Hom∗(L∗ ⊗K∗ M∗∗, V ∗ ⊗K∗ K∗) Hom∗(M∗∗ ⊗K∗ L∗,K∗ ⊗K∗ V ∗)

Hom∗(L∗ ⊗K∗ M∗∗, V ∗) Hom∗(M∗∗ ⊗K∗ L∗, V ∗)

idHom∗(L∗,V ∗)⊗K∗χM∗,K∗

TM∗,Hom∗(L∗,V ∗)

χM∗,K∗⊗K∗ idHom∗(L∗,V ∗)

ϕ

THom∗(L∗,V ∗),Hom∗(M∗∗,K∗)

ϕ

TV ∗,K∗∗T
∗
M∗∗,L∗

α̃V ∗∗TV ∗,K∗∗ α̃V ∗∗

T∗
L∗,M∗∗

M∗∗ ⊗K∗ L∗ M∗∗ ⊗̂K∗ L∗

L∗ ⊗K∗ M∗∗ L∗ ⊗̂K∗ M∗∗

ηM∗∗⊗K∗L∗

TM∗∗,L∗ T̂M∗∗,L∗

ηL∗⊗K∗M∗∗
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Homc
K∗(N∗,M∗∗ ⊗̂K∗ L∗) Homc

K∗(Hom∗(M∗∗ ⊗̂K∗ L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(N∗, L∗ ⊗̂K∗ M∗∗) Homc

K∗(Hom∗(L∗ ⊗̂K∗ M∗∗, V ∗),Hom∗(N∗, V ∗))

ζ

T̂M∗∗,L∗∗ (T̂∗
M∗∗,L∗)

∗

ζ

It follows from (4.1.8), (3.4.1), (3.2.6) and (3.4.15), we have the following result.

Proposition 4.2.5 Consider the following conditions.

(i) The topologies are M∗ and L∗ are coarser than the topologies induced by K∗.
(ii) (M∗,K∗) is a very nice pair.
(iii) L∗ is Hausdorff.
(iv) (M∗, L∗) is a nice pair.
(v) M∗ and M∗ ⊗K∗ N∗ are supercofinite and L∗ is profinite.

ΛM∗,N∗,L∗ is defined if (i) and (ii) are satisfied. ΛM∗,N∗,L∗ is injective if (i), (ii) and (iii) are satisfied.
ΛM∗,N∗,L∗ is an isomorphism if (i), (ii), (iv) and (v) are satisfied.

Remark 4.2.6 If ϕ̂M
∗

L∗ : M∗∗ ⊗̂K∗ L∗ → Hom∗(M∗, L∗)̂ is an isomorphism and λM∗,L∗ : Hom∗(M∗, L∗)̂→
Hom∗(M∗, L̂∗) in (3.4.10) exists and it is an isomorphism, then ϕ̌M

∗

L∗ :M∗∗ ⊗̂K∗ L∗ → Hom∗(M∗, L̂∗) is defined
and it is an isomorphism. In this case, ΛM∗,N∗,L∗ is the following composition.

Homc
K∗

(
M∗ ⊗K∗ N∗, L∗) T∗

N∗,M∗
−−−−−→ Homc

K∗

(
N∗ ⊗K∗ M∗, L∗) ΦN∗,M∗,L∗

−−−−−−−→ Homc
K∗

(
N∗,Hom∗(M∗, L∗)) (ηL∗∗)∗−−−−−→

Homc
K∗

(
N∗,Hom∗(M∗, L̂∗)) (φ̌M

∗
L∗ )−1

∗−−−−−−→ Homc
K∗

(
N∗,M∗∗ ⊗̂K∗ L∗) T̂M∗∗,L∗∗−−−−−−→ Homc

K∗

(
N∗, L∗ ⊗̂K∗ M∗∗)

Proposition 4.2.7 Let K∗ be a field such that Ki = {0} if i 6= 0. Assume that M∗ is finite type, L∗ is
profinite, For a morphism γ : N∗ → L∗ ⊗̂K∗ M∗ of TopModK∗ , let γ̃ : N∗ → Hom∗(M∗∗, L∗) be the following
composition.

N∗ γ−→ L∗ ⊗̂K∗ M∗ T̂L∗,M∗
−−−−−→M∗ ⊗̂K∗ L∗ χM∗,K∗ ⊗̂K∗ idL∗

−−−−−−−−−−−−→ Hom∗(M∗∗,K∗) ⊗̂K∗ L∗ φ̂M
∗∗

L∗−−−−→ Hom∗(M∗∗, L∗)

If there exists γ̄ ∈ Homc
K∗(N∗⊗K∗M∗∗, L∗) which is mapped to γ̃ by

ΦN∗,M∗∗,L∗ : Homc
K∗(N∗⊗K∗M∗∗, L∗)→ Homc

K∗(N∗,Hom∗(M∗∗, L∗)),

then we have ΛM∗∗,N∗,L∗(γ̄TM∗∗,N∗) = (idL∗ ⊗̂K∗ χM∗,K∗)γ.

Proof. We note that M∗∗ has the skeletal topology by (3.1.36) which coincides with the cofinite topology
since M∗∗ is finite type. Hence Hom∗(M∗∗, L∗) is complete by (3.4.15) and ϕ̂M

∗∗

L∗ : Hom∗(M∗∗,K∗) ⊗̂K∗ L∗ →
Hom∗(M∗∗, L∗) is an isomorphism by (4.1.14). It follows from (4.2.5) that

ΛM∗∗,N∗,L∗ : Homc
K∗(M∗∗ ⊗K∗ N∗, L∗)→ Homc

K∗(N∗, L∗ ⊗̂K∗ M∗∗∗)

is defined and injective. Then, the assertion is verified directly from the definition of ΛM∗∗,N∗,L∗ and γ̄.

Proposition 4.2.8 Suppose that L∗ is Hausdorff and the topology on L∗ is coarser than the topology induced
by K∗. Assume moreover that ϕ̌M

∗

L∗ : M∗∗ ⊗̂K∗ L∗ → Hom∗(M∗, L̂∗) is defined and it is an isomorphism. For
f ∈ Homc

K∗(M∗ ⊗K∗ N∗, L∗) and y ∈ Nm, let (αi)i∈I be a sequence in L∗ ⊗K∗ M∗∗ indexed by a directed set I

such that (ηL∗⊗K∗M∗∗(αi))i∈I converges to Λ(f)(y). If αi =
νi∑
j=1

zij ⊗ gij for zij ∈ Lm−dij and gij ∈ (M∗∗)dij ,

we set βi(x) =
νi∑
j=1

(−1)(m−dij)(n+dij)gij([dij ], x)zij for x ∈ Mn. Then ((−1)mnβi(x))i∈I converges to f(x ⊗ y)

in L∗.

Proof. Since ηL∗∗ΦN∗,M∗,L∗(fTN∗,M∗) = ϕ̌M
∗

L∗ T̂L∗,M∗∗Λ(f) by the definition of Λ, we have

(−1)mnηL∗(f(x⊗ y)) = (ηL∗∗ΦN∗,M∗,L∗(fTN∗,M∗)(y)))([m], x) =
(
ϕ̌M

∗

L∗ T̂L∗,M∗∗Λ(f)(y)
)
([m], x).
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On the other hand, since(
ϕ̌M

∗

L∗ T̂L∗,M∗∗(ηL∗⊗K∗M∗∗(αi))
)
([m], x) =

(
ηL∗ϕM

∗

L∗ TL∗,M∗∗(αi)
)
([m], x)

=

νi∑
j=1

(−1)dij(m−dij)ηL∗ϕM
∗

L∗ (gij ⊗ zij)([m], x)

=

νi∑
j=1

(−1)(m−dij)(n+dij)ηL∗gij([dij ], x)zij

= ηL∗(βi(x)),

(ηL∗(βi(x)))i∈I converges to (−1)mnηL∗(f(x⊗ y)). Hence the assertion follows from the assumption that L∗ is
Hausdorff.

Corollary 4.2.9 Suppose that Ki = {0} for i 6= 0 and K∗ is discrete. IfM∗ is finite type and L∗ has the skeletal
topology, then the dual M∗∗ of M∗ has the skeletal topology by (3.1.36) and

(
L∗ ⊗̂K∗ M∗∗)m is isomorphic to∏

i∈Z
Lm−i ⊗K∗ (M∗∗)i by (2.3.2). Assume moreover that ϕ̌M

∗

L∗ :M∗∗ ⊗̂K∗ L∗ → Hom∗(M∗, L̂∗) is defined and it

is an isomorphism. Let f ∈ Homc
K∗(M∗ ⊗K∗ N∗, L∗) and y ∈ Nm.

(1) We set Λ(f)(y) = (aj)j∈Z where aj =
νj∑
k=1

zjk ⊗ gjk ∈ Lm+j ⊗K∗ (M∗∗)−j. Then, for x ∈ Mn, we have

f(x⊗ y) = (−1)mn
νn∑
k=1

gnk([−n], x)znk.

(2) Assume that M∗ is a free K∗-module. Let {vij}j∈Ii be a basis of M i and {v∗ij}j∈Ii the dual basis of

{vij}j∈Ii . If we put ai = (−1)im
∑
j∈Ii

f(vij ⊗ y)⊗ v∗ij ∈ Lm+i ⊗K∗ (M∗∗)−i, then Λ(f)(y) = (ai)i∈Z .

Proof. (1) Put aij =

{
aj |j| ≦ i

0 |j| > i
and αi = (aij)j∈Z . Then, (αi)i∈N converges to Λ(f)(y). Since βi(x) =

νn∑
k=1

gnk([−n], x)znk if i ≧ |n|, the assertion follows from (4.2.8).

(2) We may put Λ(f)(y) = (ai)i∈Z where ai =
∑
k∈Ii

zik ⊗ v∗ik ∈ Lm+i ⊗K∗ (M∗∗)−i. By (1), we have

f(vij ⊗ y) = (−1)im
∑
k∈Ii

v∗ik([−i], vij)zik = (−1)imzij . Hence the result follows.

Suppose that the topology on L∗ is coarser than the topology induced by K∗ and that ϕ̂M
∗

L∗ :M∗∗ ⊗̂K∗ L∗ →
Hom∗(M∗, L∗)̂ is an isomorphism. If V ∗ is complete Hausdorff and the topology on V ∗ is coarser than the
topology induced by K∗, we denote by

Θ = ΘM∗,N∗,L∗,V ∗ : Homc
K∗(M∗ ⊗K∗ N∗, L∗)→ Homc

K∗(Hom∗(L∗, V ∗)⊗K∗ M∗,Hom∗(N∗, V ∗))

the composition of following maps.

Homc
K∗(M∗⊗K∗N∗, L∗)

ΛM∗,N∗,L∗
−−−−−−−→ Homc

K∗(N∗, L∗ ⊗̂K∗ M∗∗)

ζ−→ Homc
K∗(Hom∗(L∗ ⊗̂K∗ M∗∗, V ∗),Hom∗(N∗, V ∗))(

η∗−1
L∗⊗K∗M∗∗

)∗

−−−−−−−−−−→ Homc
K∗(Hom∗(L∗ ⊗K∗ M∗∗, V ∗),Hom∗(N∗, V ∗))

(αV ∗∗TV ∗,K∗∗)
∗

−−−−−−−−−−−→ Homc
K∗(Hom∗(L∗ ⊗K∗ M∗∗, V ∗ ⊗K∗ K∗),Hom∗(N∗, V ∗))

ϕ∗

−→ Homc
K∗(Hom∗(L∗, V ∗)⊗K∗ Hom∗(M∗∗,K∗),Hom∗(N∗, V ∗))

(idHom∗(L∗,V ∗)⊗K∗χM∗,K∗ )∗

−−−−−−−−−−−−−−−−−−−→ Homc
K∗(Hom∗(L∗, V ∗)⊗K∗ M∗,Hom∗(N∗, V ∗))

Proposition 4.2.10 Under the assumption of (4.2.8), assume moreover that V ∗ is complete Hausdorff and
the topology on V ∗ is coarser than the topology induced by K∗. The map Θ = ΘM∗,N∗,L∗,V ∗ is given by
(Θ(f)(g⊗x))([k], y) = g([k−n], f(x⊗ y)) for f ∈ Homc

K∗(M∗⊗K∗ N∗, L∗), g ∈ Homk−n(L∗, V ∗), x ∈Mn and
y ∈ Nm.
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Proof. We put h =
(
η∗−1
L∗⊗K∗M∗∗

)∗
(ζ(Λ(f))) ∈ Homc

K∗(Hom∗(L∗⊗K∗M∗∗, V ∗),Hom∗(N∗, V ∗)). Then, we have

hη∗L∗⊗K∗M∗∗ = ζ(Λ(f)) and h(γΣkηL∗⊗K∗M∗∗) = γΣkΛ(f) for γ ∈ Homk(L∗ ⊗̂K∗ M∗∗, V ∗). On the other

hand, since η∗L∗⊗K∗M∗∗ : Homk(L∗ ⊗̂K∗ M∗∗, V ∗) → Homk(L∗ ⊗K∗ M∗∗, V ∗) is an isomorphism, there is a

unique γ ∈ Homk(L∗ ⊗̂K∗ M∗∗, V ∗) satisfying γΣkηL∗⊗K∗M∗∗ = αV ∗TV ∗,K∗φ(g ⊗K∗ χM∗,K∗(x)). Then,

Θ(f)(g ⊗ x) =
(
hαV ∗∗TV ∗,K∗∗φ(idHom∗(L∗,V ∗) ⊗K∗ χM∗,K∗)

)
(g ⊗ x) = h(αV ∗TV ∗,K∗φ(g ⊗ χM∗,K∗(x)))

= h
(
γΣkηL∗⊗K∗M∗∗

)
= γΣkΛ(f)

and it follows that (Θ(f)(g⊗ x))([k], y) = γ([k],Λ(f)(y)). Let (αi)i∈I be a sequence in L∗⊗K∗ M∗∗ indexed by

a directed set I such that (ηL∗⊗K∗M∗∗(αi))i∈I converges to Λ(f)(y). Suppose αi =
νi∑
j=1

zij⊗gij for zij ∈ Lm−dij ,

gij ∈ (M∗∗)dij and put βi(x) =
νi∑
j=1

(−1)(m−dij)(n+dij)gij([dij ], x)zij . Then, we have

γ([k], ηL∗⊗K∗M∗∗(αi)) = γΣkηL∗⊗K∗M∗∗([k], αi) = αV ∗TV ∗,K∗φ(g ⊗ χM∗,K∗(x))([k], αi)

=

νi∑
j=1

αV ∗TV ∗,K∗φ(g ⊗ χM∗,K∗(x))([k], zij ⊗ gij)

=

νi∑
j=1

(−1)nmαV ∗TV ∗,K∗g([k − n], zij)⊗ gij([dij ], x)

=

νi∑
j=1

(−1)nm+(n+dij)(k−n+m−dij)gij([dij ], x)g([k − n], zij)

=

νi∑
j=1

(−1)nm+(n+dij)(m−dij)g([k − n], gij([dij ], x)zij) = (−1)nmg([k − n], βi(x)).

Since (βi(x))i∈I converges to (−1)mnf(x ⊗ y) in L∗ by (4.2.8), we have γ([k],Λ(f)(y)) = g([k − n], f(x ⊗ y))
and this shows the assertion.

Proposition 4.2.11 Under the same condition as in (4.2.2), Θ = ΘM∗,N∗,L∗,V ∗ is the unique map that makes
the following diagram commutative.

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(Hom∗(L∗, V ∗)⊗K∗ M∗,Hom∗(N∗, V ∗))

Homc
K∗(M∗,Hom∗(N∗, L∗)) Homc

K∗(M∗ ⊗K∗ Hom∗(L∗, V ∗),Hom∗(N∗, V ∗))

Homc
K∗(M∗,Hom∗(Hom∗(L∗, V ∗),Hom∗(N∗, V ∗)))

Θ

ΦM∗,N∗,L∗ T∗
M∗,Hom∗(L∗,V ∗)

(ζ∗)∗
ΦM∗,Hom∗(L∗,V ∗),Hom∗(N∗,V ∗)

Proof. The commutativity of the diagram is nothing but the assertion of (4.2.4). The uniqueness of Θ follows
from the injectivity of T ∗

M∗,Hom∗(L∗,V ∗) and ΦM∗,Hom∗(L∗,V ∗),Hom∗(N∗,V ∗).

Proposition 4.2.12 Under the same condition as in (4.2.10), the following diagram commutes.

Homc
K∗(M∗ ⊗K∗ N∗, L∗) Homc

K∗(Hom∗(L∗, V ∗)⊗K∗ M∗,Hom∗(N∗, V ∗))

Homc
K∗(Hom∗(L∗, V ∗),Hom∗(M∗⊗K∗N∗, V ∗)) Homc

K∗(Hom∗(L∗, V ∗),Hom∗(M∗,Hom∗(N∗, V ∗)))

Θ

ζ ΦHom∗(L∗,V ∗),M∗,Hom∗(N∗,V ∗)

(Φ∗
M∗,N∗,L∗ )∗

Proof. Since (ζ(f))(g) = gΣk−nf , (Φ∗
M∗,N∗,L∗)∗(ζ(f)) : Hom∗(L∗, V ∗)→ Hom∗(M∗,Hom∗(N∗, V ∗)) maps g to

ΦΣk−nM∗,N∗,L∗(gΣk−nf). Thus we have((
((Φ∗

M∗,N∗,L∗)∗(ζ(f)))(g)
)
([k − n], x)

)
([k], y) = (ΦΣk−nM∗,N∗,L∗(gΣk−nf)([k − n], x))([k], y)

= g([k − n], f(x⊗ y))

55



On the other hand, ΦHom∗(L∗,V ∗),M∗,Hom∗(N∗,V ∗)Θ(f) maps g to the map ψ : Σk−nM∗ → Hom∗(N∗, V ∗) given
by ψ([k − n], x)([k], y) = (Θ(f))(g ⊗ x)([k], y) = g([k − n], f(x⊗ y)) by (4.2.10).

The following facts are easily verified from routine diagram chasing.

Proposition 4.2.13 The following diagrams are commutative.

Hom∗(L∗, U∗)⊗K∗ Hom∗(M∗, V ∗)⊗K∗Hom∗(N∗,W∗)⊗K∗ Hom∗(P∗, Z∗) Hom∗(L∗ ⊗K∗M∗, U∗ ⊗K∗ V ∗) ⊗K∗Hom∗(N∗ ⊗K∗ P∗,W∗ ⊗K∗Z∗)

Hom∗(L∗, U∗)⊗K∗Hom∗(N∗,W∗) ⊗K∗ Hom∗(M∗, V ∗)⊗K∗Hom∗(P∗, Z∗) Hom∗(L∗ ⊗K∗M∗ ⊗K∗N∗ ⊗K∗P∗, U∗⊗K∗V ∗⊗K∗W∗⊗K∗Z∗)

Hom∗(L∗ ⊗K∗N∗, U∗ ⊗K∗W∗) ⊗K∗ Hom∗(M∗ ⊗K∗ P∗, V ∗ ⊗K∗Z∗) Hom∗(L∗⊗K∗N∗⊗K∗M∗⊗K∗P∗, U∗⊗K∗W∗⊗K∗V ∗⊗K∗Z∗)

ϕ⊗ϕ

1⊗THom∗(M∗,V ∗),Hom∗(N∗,W∗)⊗1 ϕ

ϕ⊗ϕ (1⊗TN∗,M∗⊗1)∗(1⊗TV ∗,W∗⊗1)∗
ϕ

M∗⊗K∗N∗ Hom∗(Hom∗(M∗, U∗), U∗)⊗K∗Hom∗(Hom(N∗, V ∗), V ∗)

Hom∗(Hom∗(M∗⊗K∗N∗, U∗ ⊗K∗N∗), U∗⊗K∗V ∗) Hom∗(Hom∗(M∗, U∗)⊗K∗Hom∗(N∗, V ∗), U∗ ⊗K∗V ∗)

χM∗,U∗⊗χN∗,V ∗

χM∗⊗K∗N∗,U∗⊗K∗V ∗ ϕ

ϕ∗

Hom∗(L∗,K∗)⊗K∗Hom∗(M∗,K∗)⊗K∗N∗ Hom∗(L∗,Hom∗(M∗,K∗)⊗K∗N∗)

Hom∗(L∗,K∗)⊗K∗Hom∗(M∗, N∗) Hom∗(L∗,Hom∗(M∗, N∗))

φL
∗

Hom∗(M∗,K∗)⊗K∗N∗

idHom∗(L∗,K∗)⊗K∗φM
∗

N∗

(
φM

∗
N∗

)
∗

φL
∗

Hom∗(M∗,N∗)

Proposition 4.2.14 Suppose that the topologies on V ∗ and W ∗ are coaser than the topologies induced by K∗.
The following diagrams commutes. µ̃K∗ : K∗⊗K∗K∗ → K∗ denotes the map induced by the product of K∗.

Hom∗(M∗,K∗)⊗K∗V ∗⊗K∗Hom∗(N∗,K∗)⊗K∗W ∗ Hom∗(M∗, V ∗)⊗K∗Hom∗(N∗,W ∗)

Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗)⊗K∗V ∗⊗K∗W ∗ Hom∗(M∗⊗K∗N∗, V ∗⊗K∗W ∗)

Hom∗(M∗⊗K∗N∗,K∗⊗K∗K∗)⊗K∗V ∗⊗K∗W ∗ Hom∗(M∗⊗K∗N∗,K∗)⊗K∗V ∗⊗K∗W ∗

φM
∗

V ∗ ⊗φN
∗

W∗

idHom∗(M∗,K∗)⊗K∗TV ∗,Hom∗(N∗,K∗)⊗K∗ idW∗ ϕ

ϕ⊗K∗ idV ∗⊗K∗ idW∗

µ̃K∗∗⊗K∗ idV ∗⊗K∗ idV ∗

φ
M∗⊗K∗N∗

V ∗⊗K∗W∗

M∗∗⊗K∗N∗∗⊗K∗V ∗ Hom∗(M∗⊗K∗N∗,K∗⊗K∗K∗)⊗K∗V ∗

M∗∗⊗K∗Hom∗(N∗, V ∗) Hom∗(M∗⊗K∗N∗,K∗)⊗K∗V ∗

Hom∗(M∗,Hom∗(N∗, V ∗)) Hom∗(M∗⊗K∗N∗, V ∗)

ϕ⊗K∗ idV ∗

idM∗∗⊗K∗φN
∗

V ∗ µ̃K∗∗⊗K∗ idV ∗

φM
∗

Hom∗(N∗,V ∗) φ
M∗⊗K∗N∗

V ∗
Φ∗
M∗,N∗,V ∗

V ∗⊗K∗Hom∗(M∗,K∗) Hom∗(Hom∗(V ∗,K∗),K∗)⊗K∗Hom∗(M∗,K∗)

Hom∗(M∗,K∗)⊗K∗V ∗ Hom∗(M∗, V ∗) Hom∗(Hom∗(V ∗,K∗),Hom∗(M∗,K∗))

χV ∗,K∗⊗1

TV ∗,Hom∗(M∗,K∗) φ
Hom∗(V ∗,K∗)

Hom∗(M∗,K∗)

φM
∗

V ∗ ζ∗
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5 Algebras and coalgebras

5.1 Algebras, coalgebras and duality

We denote by µ̃K∗ : K∗ ⊗K∗ K∗ → K∗ the isomorphism induced by the product µK∗ : K∗ ×K∗ → K∗ of K∗

and we often identify K∗ ⊗K∗ K∗ with K∗ by this map.

Proposition 5.1.1 Let K∗ be a linearly topologized graded ring which is complete Hausdorff. Suppose that
morphisms δ : C∗ → C∗ ⊗̂K∗ C∗ and ε : C∗ → K∗ in TopModK∗ are given. We define δ̃ : C∗∗ ⊗K∗ C∗∗ → C∗∗

and ε̃ : K∗ → C∗∗ to be the following compositions.

C∗∗ ⊗K∗ C∗∗ = Hom∗(C∗,K∗)⊗K∗ Hom∗(C∗,K∗)
ϕ(C∗,C∗;K∗,K∗)−−−−−−−−−−−→ Hom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)

µ̃K∗∗−−−→ Hom∗(C∗ ⊗K∗ C∗,K∗)

(
η∗C∗⊗K∗C∗

)−1

−−−−−−−−−−→ Hom∗(C∗ ⊗̂K∗ C∗,K∗)
δ∗−→ Hom∗(C∗,K∗) = C∗∗

K∗ κK∗−−−→ Hom∗(K∗,K∗)
ε∗−→ Hom∗(C∗,K∗) = C∗∗

(1) The right diagram below commutes if the left one does.

C∗ C∗ ⊗̂K∗ C∗

C∗ ⊗̂K∗ C∗ C∗ ⊗̂K∗ C∗ ⊗̂K∗ C∗

δ

δ δ ⊗̂K∗ 1

1 ⊗̂K∗ δ

C∗∗ ⊗K∗ C∗∗ ⊗K∗ C∗∗ C∗∗ ⊗K∗ C∗∗

C∗∗ ⊗K∗ C∗∗ C∗∗

1⊗K∗ δ̃

δ̃ δ̃⊗K∗1

δ̃

(2) The lower diagram below commutes if the upper one does.

C∗

C∗ ⊗̂K∗ K∗ C∗ ⊗̂K∗ C∗ K∗ ⊗̂K∗ C∗

ηC∗⊗K∗K∗ i1
δ

ηK∗⊗K∗C∗ i2

1 ⊗̂K∗ ε ε ⊗̂K∗ 1

C∗∗ ⊗K∗ K∗ C∗∗ ⊗K∗ C∗∗ K∗ ⊗K∗ C∗∗

C∗∗

1⊗K∗ ε̃

i−1
1 δ̃

ε̃⊗K∗1

i−1
2

(3) The right diagram below commutes if the left one does.

C∗ C∗ ⊗̂K∗ C∗

C∗ ⊗̂K∗ C∗

δ

δ
T̂

C∗∗ ⊗K∗ C∗∗ C∗∗

C∗∗ ⊗K∗ C∗∗

δ̃

T
δ̃

Proof. (1) The commutativity of the right diagram follows from the commutativity of the following diagram.
Here, ⊗ means ⊗K∗ and ⊗̂ means ⊗̂K∗ .

C∗∗ ⊗ C∗∗ ⊗ C∗∗ C∗∗ ⊗ Hom∗(C∗ ⊗ C∗, K∗) C∗∗ ⊗ Hom∗(C∗ ⊗̂C∗, K∗) C∗∗ ⊗ C∗∗

Hom∗(C∗⊗C∗, K∗) ⊗ C∗∗ Hom∗(C∗⊗C∗⊗C∗, K∗) Hom∗(C∗⊗(C∗ ⊗̂C∗), K∗) Hom∗(C∗⊗C∗, K∗)

Hom∗(C∗ ⊗̂C∗, K∗) ⊗ C∗∗ Hom∗((C∗ ⊗̂C∗)⊗C∗, K∗) Hom∗(C∗ ⊗̂C∗ ⊗̂C∗, K∗) Hom∗(C∗ ⊗̂C∗, K∗)

C∗∗ ⊗ C∗∗ Hom∗(C∗ ⊗ C∗, K∗) Hom∗(C∗ ⊗̂C∗, K∗) C∗∗

1⊗ϕ

ϕ⊗1 ϕ

1⊗η∗
C∗⊗C∗ 1⊗δ∗

ϕ ϕ

ϕ (1⊗ηC∗⊗C∗ )∗ (1⊗δ)∗

ϕ

η∗
C∗⊗C∗⊗1

δ∗⊗1

(ηC∗⊗C∗⊗1)∗

(δ⊗1)∗

η∗
(C∗ ⊗̂C∗)⊗C∗ (1 ⊗̂ δ)∗

η∗
C∗⊗(C∗ ⊗̂C∗)

(δ∗ ⊗̂ 1)∗

η∗
C∗⊗C∗

δ∗

ϕ
η∗
C∗⊗C∗ δ∗

(2) The commutativity of the lower diagram follows from the commutativity of the following diagram.
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C∗∗ ⊗K∗ K∗ C∗∗ ⊗K∗ C∗∗ K∗ ⊗K∗ C∗∗

Hom∗(C∗ ⊗K∗ K∗,K∗) Hom∗(C∗ ⊗K∗ C∗,K∗) Hom∗(K∗ ⊗K∗ C∗,K∗)

Hom∗(C∗ ⊗̂K∗ K∗,K∗) Hom∗(C∗ ⊗̂K∗ C∗,K∗) Hom∗(K∗ ⊗̂K∗ C∗,K∗)

C∗∗

1⊗K∗ ε̃

ϕ ϕ

ε̃⊗K∗1

ϕ

(1⊗K∗ε)∗ (ε⊗K∗1)∗

(1 ⊗̂K∗ ε)∗

η∗C∗⊗K∗K∗

(ηC∗⊗K∗K∗ i1)
∗

η∗C∗⊗K∗C∗

δ∗

(ε ⊗̂K∗ 1)∗

η∗K∗⊗K∗C∗

(ηK∗⊗K∗C∗ i2)
∗

(3) The commutativity of the right diagram follows from the commutativity of the following diagram.

C∗∗ ⊗K∗ C∗∗ Hom∗(C∗ ⊗K∗ C∗,K∗) Hom∗(C∗ ⊗̂K∗ C∗,K∗) C∗∗

C∗∗ ⊗K∗ C∗∗ Hom∗(C∗ ⊗K∗ C∗,K∗) Hom∗(C∗ ⊗̂K∗ C∗,K∗)

ϕ

T T∗

ηC∗⊗K∗C∗
δ∗

T̂∗

ϕ ηC∗⊗K∗C∗
δ∗

Definition 5.1.2 Let δ : C∗ → C∗ ⊗̂K∗ C∗ and ε : C∗ → K∗ be morphisms in TopModK∗ . If the left diagrams
of (1) and (2) of (5.1.1) commute, we call a triple (C∗, δ, ε) a coalgebra in TopModK∗ . Moreover, if the left
diagram of (3) of (5.1.1) commutes, we say that C∗ is cocomutative. We call C∗∗ the dual algebra with product
δ̃ : C∗∗ ⊗K∗ C∗∗ → C∗∗ and unit ε̃ : K∗ → C∗∗.

Remark 5.1.3 The following diagram is commutative by (3.4.17).

Hom∗(C∗ ⊗̂K∗ C∗,K∗) Hom∗(C∗ ⊗K∗ C∗,K∗)

Hom∗(C∗ ⊗̂K∗ C∗, K̂∗)

η∗C∗⊗K∗C∗

ηK∗∗
∼=

cC∗⊗K∗C∗,K∗

Hence δ̃ coincides with a composition

C∗∗ ⊗K∗ C∗∗ ϕ(C∗,C∗;K∗,K∗)−−−−−−−−−−−→ Hom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)
µ̃K∗∗−−−→ Hom∗(C∗ ⊗K∗ C∗,K∗)

cC∗⊗K∗C∗,K∗
−−−−−−−−−→

Hom∗(C∗ ⊗̂K∗ C∗, K̂∗)
(ηK∗∗)

−1

−−−−−−→ Hom∗(C∗ ⊗̂K∗ C∗,K∗)
δ∗−→ Hom∗(C∗,K∗).

Definition 5.1.4 We say that an object M∗ is proper if φ̂ : M∗∗ ⊗̂K∗ M∗∗ → Hom∗(M∗ ⊗K∗ M∗,K∗)̂ is an
isomorphism.

Assume that A∗ is proper (e.g. (A∗,K∗) is a very nice pair (4.1.8)). For morphisms µ : A∗ ⊗K∗ A∗ → A∗

and η : K∗ → A∗ in TopModK∗ , we define morphisms µ̂ : A∗∗ → A∗∗ ⊗̂K∗ A∗∗ and η̂ : A∗∗ → K∗ to be the
following compositions, respectively.

A∗∗ = Hom∗(A∗,K∗)
µ∗

−→Hom∗(A∗ ⊗K∗ A∗,K∗)
ηHom∗(A∗⊗K∗A∗,K∗)

−−−−−−−−−−−−−→ Hom∗(A∗ ⊗K∗ A∗,K∗)̂ ϕ̂−1

−−→
Hom∗(A∗,K∗) ⊗̂K∗ Hom∗(A∗,K∗) = A∗∗ ⊗̂K∗ A∗∗

A∗∗ = Hom∗(A∗,K∗)
η∗−→Hom∗(K∗,K∗)

E1−−→ K∗

The following result shows that a K∗-algebra A∗ defines a coalgebra in TopModK∗ if A∗ is proper.

Proposition 5.1.5 (1) The right diagram below commutes if the left one does.

A∗ ⊗K∗ A∗ ⊗K∗ A∗ A∗ ⊗K∗ A∗

A∗ ⊗K∗ A∗ A∗

µ⊗K∗1

1⊗K∗µ µ

µ

A∗∗ A∗∗ ⊗̂K∗ A∗∗

A∗∗ ⊗̂K∗ A∗∗ A∗∗ ⊗̂K∗ A∗∗ ⊗̂K∗ A∗∗

µ̂

µ̂ µ̂ ⊗̂K∗ 1

1 ⊗̂K∗ µ̂
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(2) Assume that the topology of A∗ is coarser than the topology induced by K∗ and we denote by α̃A∗ :
K∗⊗K∗A∗ → A∗ the isomorphism induced by the K∗-module structure of A∗. The right diagram below commutes
if the left one does.

A∗⊗K∗K∗ A∗⊗K∗A∗ K∗⊗K∗A∗

A∗

1⊗η

∼=
α̃A∗TA∗,K∗

µ

η⊗1

α̃A∗

∼=

A∗

A∗∗⊗̂K∗K∗ A∗∗⊗̂K∗A∗∗ K∗⊗̂K∗A∗∗

ηA∗∗⊗i1
µ̂

ηK∗⊗A∗∗ i2

1 ⊗̂ η̂ η̂ ⊗̂ 1

Proof. (1) Let
ˆ̂
φ : Hom∗(A∗ ⊗K∗A∗,K∗)̂ ⊗̂K∗ A∗∗ → Hom∗(A∗ ⊗K∗A∗ ⊗K∗A∗,K∗)̂ be the map satisfying

φ̂ =
ˆ̂
φ
(
ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ 1

)
: Hom∗(A∗⊗K∗A∗,K∗) ⊗̂K∗ A∗∗ → Hom∗(A∗⊗K∗A∗⊗K∗A∗,K∗)̂ (see (2.3.5)).

The assertion follows from the commutativity of the following diagram.

A∗∗ Hom∗(A∗ ⊗K∗ A∗,K∗)̂ A∗∗ ⊗̂K∗ A∗∗

Hom∗(A∗ ⊗K∗ A∗,K∗)̂ Hom∗(A∗ ⊗K∗ A∗ ⊗K∗ A∗,K∗)̂ Hom∗(A∗ ⊗K∗ A∗,K∗)̂ ⊗̂K∗ A∗∗

A∗∗ ⊗̂K∗ A∗∗ A∗∗ ⊗̂K∗ Hom∗(A∗ ⊗K∗ A∗,K∗)̂ A∗∗ ⊗̂K∗ A∗∗ ⊗̂K∗ A∗∗

ηHom∗(A∗⊗K∗A∗,K∗)µ
∗

ηHom∗(A∗⊗K∗A∗,K∗)µ
∗

(µ⊗1)∗̂
ϕ̂

ηHom∗(A∗⊗K∗A∗,K∗)µ
∗ ⊗̂ 1

(1⊗µ)∗̂ ˆ̂
ϕ

1 ⊗̂µ∗

ϕ̂ ϕ̂

1 ⊗̂ ϕ̂

ϕ̂ ⊗̂ 1

(2) We first note that the following diagrams commute.

A∗∗ ⊗K∗ Hom∗(K∗,K∗) A∗∗ ⊗K∗ K∗

Hom∗(A∗ ⊗K∗K∗,K∗) A∗∗

1⊗E1

ϕ

i∗1

i1

Hom∗(K∗,K∗)⊗K∗ A∗∗ K∗ ⊗K∗ A∗∗

Hom∗(K∗ ⊗K∗A∗,K∗) A∗∗

E1⊗1

ϕ

i∗2

i2

A∗∗ A∗∗ ⊗K∗ K∗

Â∗∗ A∗∗ ⊗̂K∗ K∗

i1

ηA∗∗ ηA∗∗⊗K∗K∗

î1

A∗∗ K∗ ⊗K∗ A∗∗

Â∗∗ K∗ ⊗̂K∗ A∗∗

i2

ηA∗∗ ηK∗⊗K∗A∗∗

î2

Since i1 : A∗ → A∗ ⊗K∗ K∗ (resp. i2 : A∗ → K∗ ⊗K∗ A∗) is the inverse of α̃A∗TA∗,K∗ (resp. α̃A∗), µ(1 ⊗ η) =
α̃A∗TA∗,K∗ (resp. µ(η ⊗ 1) = α̃A∗) implies that µ(1 ⊗ η)i1 = idA∗ (resp. µ(η ⊗ 1)i2 = idA∗). Thus we have
i∗1(1⊗ η)∗µ∗ = idA∗∗ (resp. i∗2(η⊗ 1)∗µ∗ = idA∗∗). Then, the assertions follows from the following commutative
diagrams.

A∗∗ Hom∗(A∗ ⊗K∗ A∗,K∗) A∗∗

A∗∗ ⊗̂K∗ A∗∗ Hom∗(A∗ ⊗K∗A∗,K∗)̂ Hom∗(A∗ ⊗K∗A∗,K∗)

A∗∗ ⊗̂K∗ Hom∗(K∗,K∗) Hom∗(A∗ ⊗K∗K∗,K∗)̂ Hom∗(A∗ ⊗K∗K∗,K∗)

A∗∗ ⊗̂K∗ K∗ Â∗∗ A∗∗

µ∗

µ̂ ηHom∗(A∗⊗K∗A∗,K∗) µ∗

ϕ̂

1 ⊗̂ η∗ (1⊗η)∗̂
ηHom∗(A∗⊗K∗A∗,K∗)

(1⊗η)∗

ϕ̂

1 ⊗̂E1 î∗1

ηHom∗(A∗⊗K∗K∗,K∗)

i∗1

î1 ηA∗∗

A∗∗ Hom∗(A∗ ⊗K∗ A∗,K∗) A∗∗

A∗∗ ⊗̂K∗ A∗∗ Hom∗(A∗ ⊗K∗A∗,K∗)̂ Hom∗(A∗ ⊗K∗A∗,K∗)

Hom∗(K∗,K∗) ⊗̂K∗ A∗∗ Hom∗(K∗ ⊗K∗A∗,K∗)̂ Hom∗(K∗ ⊗K∗A∗,K∗)

K∗ ⊗̂K∗ A∗∗ Â∗∗ A∗∗

µ∗

µ̂ ηHom∗(A∗⊗K∗A∗,K∗) µ∗

ϕ̂

η∗ ⊗̂ 1 (η⊗1)∗̂
ηHom∗(A∗⊗K∗A∗,K∗)

(η⊗1)∗

ϕ̂

E1 ⊗̂ 1 î∗2

ηHom∗(K∗⊗K∗A∗,K∗)

i∗2

î2 ηA∗∗
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Proposition 5.1.6 Suppose that K∗ is complete Hausdorff and that A∗ is proper. If a diagram

A∗ ⊗K∗ A∗ A∗

(A∗ ⊗̂K∗ A∗)⊗K∗ (A∗ ⊗̂K∗ A∗) (A∗ ⊗K∗ A∗) ⊗̂K∗(A∗ ⊗K∗ A∗) A∗ ⊗̂K∗ A∗

µ

δ⊗K∗δ δ

sh µ ⊗̂K∗ µ

is commutative, the following diagram is commutative.

A∗∗ ⊗K∗ A∗∗ A∗∗

(A∗∗ ⊗̂K∗ A∗∗)⊗K∗ (A∗∗ ⊗̂K∗ A∗∗) (A∗∗ ⊗K∗ A∗∗) ⊗̂K∗(A∗∗ ⊗K∗ A∗∗) A∗∗ ⊗̂K∗ A∗∗

δ̃

µ̂⊗K∗ µ̂ µ̂

sh δ̃ ⊗̂K∗ δ̃

Proof. Since ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ ηHom∗(A∗⊗K∗A∗,K∗) : Hom∗(A∗ ⊗K∗A∗,K∗) ⊗̂K∗ Hom∗(A∗ ⊗K∗A∗,K∗) →
Hom∗(A∗ ⊗K∗A∗,K∗)̂ ⊗̂K∗ Hom∗(A∗ ⊗K∗A∗,K∗)̂ is an isomorphism by (2.3.5), we define a map

φ̌ : Hom∗(A∗ ⊗K∗A∗,K∗)̂⊗K∗ Hom∗(A∗ ⊗K∗A∗,K∗)̂→ Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗)̂
to be the following composition.

Hom∗(A∗ ⊗K∗A∗,K∗)̂⊗K∗ Hom∗(A∗ ⊗K∗A∗,K∗)̂ ηHom∗(A∗⊗K∗A∗,K∗)̂⊗K∗Hom∗(A∗⊗K∗A∗,K∗)̂
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Hom∗(A∗ ⊗K∗A∗,K∗)̂ ⊗̂K∗ Hom∗(A∗ ⊗K∗A∗,K∗)̂ (ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ ηHom∗(A∗⊗K∗A∗,K∗))
−1

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Hom∗(A∗ ⊗K∗A∗,K∗) ⊗̂K∗ Hom∗(A∗ ⊗K∗A∗,K∗)
ϕ̂−→ Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗)̂

Then, by the commutativity of diagram 3 and diagram 4 of the next page, the upper middle rectangle of
diagram 5 commutes. By the assumption, the lower left rectangle of the diagram 5 commutes. By the definition
of the map sh : (A∗ ⊗̂K∗A∗)⊗K∗ (A∗ ⊗̂K∗A∗)→ (A∗ ⊗K∗A∗) ⊗̂K∗(A∗ ⊗K∗A∗) (2.3.7), the following diagram 1
commutes.

Hom∗((A∗ ⊗K∗A∗) ⊗̂K∗(A∗ ⊗K∗A∗),K∗) Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗)

Hom∗((A∗ ⊗̂K∗A∗)⊗K∗ (A∗ ⊗̂K∗A∗),K∗) Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗)

Hom∗((A∗ ⊗̂K∗A∗) ⊗̂K∗(A∗ ⊗̂K∗A∗),K∗) Hom∗((A∗ ⊗K∗A∗) ⊗̂K∗(A∗ ⊗K∗A∗),K∗)

sh∗

η∗(A∗⊗K∗A∗)⊗K∗(A∗⊗K∗A∗)

∼=

(1⊗TA∗,A∗⊗1)∗

(ηA∗⊗K∗A∗⊗ηA∗⊗K∗A∗ )∗

(ηA∗⊗K∗A∗ ⊗̂ ηA∗⊗K∗A∗ )∗

∼=

∼= η∗
(A∗ ⊗̂K∗A∗)⊗K∗(A∗ ⊗̂K∗A∗)

∼= η∗(A∗⊗K∗A∗)⊗K∗(A∗⊗K∗A∗)

diagram 1

It is easy to verify that the following diagram 2 also commutes.

(A∗∗ ⊗K∗A∗∗)⊗K∗ (A∗∗ ⊗K∗A∗∗) (A∗∗ ⊗K∗A∗∗)⊗K∗ (A∗∗ ⊗K∗A∗∗)

Hom∗(A∗⊗K∗A∗,K∗)⊗K∗Hom∗(A∗⊗K∗A∗,K∗) Hom∗(A∗⊗K∗A∗,K∗)⊗K∗Hom∗(A∗⊗K∗A∗,K∗)

Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗) Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗)

1⊗TA∗∗,A∗∗⊗1

ϕ⊗ϕ ϕ⊗ϕ

ϕ ϕ

(1⊗TA∗,A∗⊗1)∗

diagram 2
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It follows that

Hom∗(A∗ ⊗K∗A∗,K∗)⊗K∗Hom∗(A∗ ⊗K∗A∗,K∗) (A∗∗ ⊗K∗A∗∗)⊗K∗ (A∗∗ ⊗K∗A∗∗)

Hom∗((A∗ ⊗K∗A∗)⊗K∗ (A∗ ⊗K∗A∗),K∗) (A∗∗ ⊗K∗A∗∗)⊗K∗ (A∗∗ ⊗K∗A∗∗)

Hom∗((A∗ ⊗K∗A∗) ⊗̂K∗(A∗ ⊗K∗A∗),K∗) Hom∗(A∗ ⊗K∗A∗,K∗)⊗K∗Hom∗(A∗ ⊗K∗A∗,K∗)

Hom∗((A∗ ⊗̂K∗A∗)⊗K∗ (A∗ ⊗̂K∗A∗),K∗) Hom∗(A∗ ⊗̂K∗A∗,K∗)⊗K∗Hom∗(A∗ ⊗̂K∗A∗,K∗)

ϕ

ϕ⊗ϕ

1⊗TA∗∗,A∗∗⊗1

ϕ⊗ϕ

sh∗

∼= η∗(A∗⊗K∗A∗)⊗(A∗⊗K∗A∗)

η∗A∗⊗A∗⊗η∗A∗⊗A∗

ϕ

commutes and this implies that the upper right rectangle of the diagram 5 commutes. The other rectangles of
the diagram 5 commute by the naturality of φ, φ̂ and the completion maps. Hence the assertion follows.

Definition 5.1.7 Let A∗ be a proper algebra in TopModK∗ . If A∗ has a structure of colagebra and satisfies the
condition of (5.1.6), we call A∗ an Hopf algebra in TopModK∗ . Then, the dual A∗∗ of A∗ has a structure of
Hopf algebra with multiplication δ̃ : A∗∗ ⊗K∗ A∗∗ → A∗∗ and comultiplication µ̂ : A∗∗ → A∗∗ ⊗̂K∗ A∗∗. We call
this the dual Hopf algebra of A∗.

Lemma 5.1.8 Let α : U∗⊗K∗ V ∗ → X∗, β : V ∗⊗K∗W ∗ → Y ∗, γ : X∗⊗K∗W ∗ → Z∗ and δ : U∗⊗K∗ Y ∗ → Z∗

be morphisms in TopModK∗ . A diagram

U∗ ⊗K∗ V ∗ ⊗K∗ W ∗ X∗ ⊗K∗ W ∗

U∗ ⊗K∗ Y ∗ Z∗

α⊗K∗1

1⊗K∗β γ

δ

commutes if and only if the following diagram commutes.

U∗ Hom∗(V ∗, X∗) Hom∗(V ∗,Hom∗(W ∗, Z∗))

Hom∗(Y ∗, Z∗) Hom∗(V ∗ ⊗K∗ W ∗, Z∗)

Φ(α)

Φ(δ)

Φ(γ)∗

β∗
Φ∗
V ∗,W∗,Z∗

Proof. By (3.2.7) and the naturality of Φ’s, the following diagram commutes.

Homc
K∗(U∗⊗K∗Y ∗, Z∗) Homc

K∗(U∗,Hom∗(Y ∗, Z∗))

Homc
K∗(X∗⊗K∗W ∗, Z∗) Homc

K∗(U∗⊗K∗V ∗⊗K∗W ∗, Z∗) Homc
K∗(U∗,Hom∗(V ∗⊗K∗W ∗, Z∗))

Homc
K∗(X∗,Hom∗(W ∗, Z∗)) Homc

K∗(U∗⊗K∗V ∗,Hom∗(W ∗, Z∗)) Homc
K∗(U∗,Hom∗(V ∗,Hom∗(W ∗, Z∗)))

Homc
K∗(U∗⊗K∗V ∗, X∗) Homc

K∗(U∗,Hom∗(V ∗, X∗))

Φ

(1⊗β)∗ (β∗)∗

(α⊗1)∗

Φ

Φ

Φ (Φ∗)∗

α∗ Φ

Φ

Φ(γ)∗ (Φ(γ)∗)∗

Then, we have the following equalities.

ΦΦ(γ(α⊗ 1)) = ΦΦ((α⊗ 1)∗(γ)) = Φ(α∗(Φ(γ))) = Φ(Φ(γ)α) = Φ(Φ(γ)∗(α)) = (Φ(γ)∗)∗(Φ(α)) = Φ(γ)∗Φ(α)

ΦΦ(δ(1⊗ β)) = ΦΦ((1⊗ β)∗(δ)) = (Φ∗)∗Φ((1⊗ β)∗(δ)) = (Φ∗)∗((β
∗)∗(Φ(δ))) = Φ∗β∗Φ(δ)

Since Φ’s are injective, we have the result.
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5.2 Milnor coaction

Lemma 5.2.1 Let A∗, B∗, V ∗ and W ∗ be objects of TopModK∗ . Assume that the topologies on V ∗ and W ∗

are coarser than the topology induced by K∗ and that ϕ̂B
∗

W∗ : B∗∗ ⊗̂K∗W ∗ → Hom∗(B∗,W ∗)̂is an isomorphism.
Then, for a morphism f : V ∗ → Hom∗(B∗,W ∗) in TopModK∗ , the following diagram commutes.

A∗∗ ⊗̂K∗ V ∗ A∗∗ ⊗̂K∗ Hom∗(B∗,W ∗) A∗∗ ⊗̂K∗ Hom∗(B∗,W ∗)̂
A∗∗ ⊗̂K∗ B∗∗ ⊗̂K∗ W ∗

Hom∗(A∗, V ∗)̂ Hom∗(A∗,Hom∗(B∗,W ∗))̂ Hom∗(A∗⊗K∗B∗,K∗)̂ ⊗̂K∗W ∗

Hom∗(A∗⊗K∗B∗,W ∗)̂ Hom∗(A∗⊗K∗B∗,K∗) ⊗̂K∗ W ∗

1 ⊗̂ f

φ̂A
∗

V ∗

1 ⊗̂ ηHom∗(B∗,W∗)

1 ⊗̂
(
φ̂B

∗
W∗

)−1

ϕ̂ ⊗̂ 1

f̂∗

(ηHom∗(A∗⊗K∗B∗,K∗) ⊗̂ 1)
−1

Φ̂∗
A∗,B∗,V ∗

φ̂
A∗⊗K∗B∗

W∗

Proof. By the naturality of completion of modules and the commutativity of the second diagram of (4.2.14)
every rectangle of diagram 6 commutes except for the central rectangle. Hence we have

Φ̂∗
A∗,B∗,W∗ ϕ̂

A∗⊗K∗B∗

W∗

(
ηHom∗(A∗⊗K∗B∗,K∗)⊗̂1

)−1
(φ̂⊗̂1)

(
1⊗̂ϕ̂B

∗

W∗

)−1(
1⊗̂ηHom∗(B∗,W∗)

)(
1⊗̂ϕB

∗

W∗

)
ηA∗∗⊗K∗B∗∗⊗K∗W∗

= Φ̂∗
A∗,B∗,W∗ ϕ̂

A∗⊗K∗B∗

W∗

(
ηHom∗(A∗⊗K∗B∗,K∗) ⊗̂ 1

)−1
(φ̂ ⊗̂ 1)

(
1 ⊗̂ ηB∗∗⊗K∗W∗

)
ηA∗∗⊗K∗B∗∗⊗K∗W∗

= Φ̂∗
A∗,B∗,W∗ ϕ̂

A∗⊗K∗B∗

W∗ ηHom∗(A∗⊗K∗B∗,K∗)⊗K∗W∗(φ⊗ 1)

= Φ̂∗
A∗,B∗,W∗ηHom∗(A∗⊗K∗B∗,W∗)ϕ

A∗⊗K∗B∗

W∗ (φ⊗ 1)

= ηHom∗(A∗,Hom∗(B∗,W∗))Φ
∗
A∗,B∗,W∗ϕ

A∗⊗K∗B∗

W∗ (φ⊗ 1)

= ηHom∗(A∗,Hom∗(B∗,W∗))ϕ
A∗

Hom∗(B∗,W∗)

(
1⊗ ϕB

∗

W∗

)
= ϕ̂A

∗

Hom∗(B∗,W∗)ηA∗∗⊗K∗Hom∗(B∗,W∗)

(
1⊗ ϕB

∗

W∗

)
= ϕ̂A

∗

Hom∗(B∗,W∗)

(
1 ⊗̂ϕB

∗

W∗

)
ηA∗∗⊗K∗B∗∗⊗K∗W∗ .

Since ηA∗∗⊗K∗B∗∗⊗K∗W∗ is an epimorphism in TopModK∗ and 1 ⊗̂ϕB∗

W∗ is an isomorphism, It follows that

ϕ̂A
∗

Hom∗(B∗,W∗) = Φ̂∗
A∗,B∗,W∗ ϕ̂

A∗⊗K∗B∗

W∗

(
ηHom∗(A∗⊗K∗B∗,K∗) ⊗̂ 1

)−1
(φ̂ ⊗̂ 1)

(
1 ⊗̂ ϕ̂B

∗

W∗

)−1(
1 ⊗̂ ηHom∗(B∗,W∗)

)
.

This implies that

Φ̂∗
A∗,B∗,W∗ ϕ̂

A∗⊗K∗B∗

W∗

(
ηHom∗(A∗⊗K∗B∗,K∗) ⊗̂ 1

)−1
(φ̂ ⊗̂ 1)

(
1 ⊗̂ ϕ̂B

∗

W∗

)−1(
1 ⊗̂ ηHom∗(B∗,W∗)

)(
1 ⊗̂ f

)
ηA∗∗⊗K∗V ∗

= ϕ̂A
∗

Hom∗(B∗,W∗)

(
1 ⊗̂ f

)
ηA∗∗⊗K∗V ∗ = ϕ̂A

∗

Hom∗(B∗,W∗)ηA∗∗⊗K∗Hom∗(B∗,W∗)(1⊗ f)

= ηHom∗(A∗,Hom∗(B∗,W∗))ϕ
A∗

Hom∗(B∗,W∗)(1⊗ f) = ηHom∗(A∗,Hom∗(B∗,W∗))f∗ϕ
A∗

V ∗

= f̂∗ηHom∗(A∗,V ∗)ϕ
A∗

V ∗ = f̂∗ϕ̂
A∗

V ∗ηA∗∗⊗K∗V ∗ .

Since ηA∗∗⊗K∗V ∗ is an epimorphism in TopModK∗ , the assertion follows.

Let V ∗, W ∗ and Z∗ be objects in TopModK∗ . Suppose that the topology on Z∗ is coarser than the topology
induced by K∗ and that ϕ̂W

∗

Z∗ : W ∗∗ ⊗̂K∗ Z∗ → Hom∗(W ∗, Z∗)̂ is an isomorphism. We define a map Ξ :
Homc

K∗(V ∗ ⊗K∗ W ∗, Z∗)→ Homc
K∗(V ∗,W ∗∗ ⊗̂K∗ Z∗) to be the the following composition.

Homc
K∗(V ∗ ⊗K∗ W ∗, Z∗)

ΦV ∗,W∗,Z∗
−−−−−−−→ Homc

K∗(V ∗,Hom∗(W ∗, Z∗))
ηHom∗(W∗,Z∗)∗−−−−−−−−−−→ Homc

K∗(V ∗,Hom∗(W ∗, Z∗)̂)(
φ̂W

∗
Z∗

)−1

∗−−−−−−→ Homc
K∗(V ∗,W ∗∗ ⊗̂K∗ Z∗)
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Proposition 5.2.2 Let V ∗ and A∗ be objects of TopModK∗ such that V ∗ is Hausdorff and that the topology on
V ∗ is coarser than the topology induced by K∗. Let β : V ∗⊗K∗ A∗ → V ∗ be a morphism in TopModK∗ . Suppose
that A∗ is proper and that the following morphisms are isomorphisms.

ϕ̂A
∗

V ∗ : A∗∗ ⊗̂K∗ V ∗ → Hom∗(A∗, V ∗)̂ , ϕ̂A
∗⊗K∗A∗

V ∗ : Hom∗(A∗⊗K∗A∗,K∗) ⊗̂K∗ V ∗ → Hom∗(A∗⊗K∗A∗, V ∗)̂
(1) For a morphism µ : A∗ ⊗K∗ A∗ → A∗, the following right diagram commutes if and only if the left one

does.

V ∗ ⊗K∗ A∗ ⊗K∗ A∗ V ∗ ⊗K∗ A∗

V ∗ ⊗K∗ A∗ V ∗

β⊗K∗ idA∗

idV ∗⊗K∗µ β

β

V ∗ A∗∗ ⊗̂K∗ V ∗

A∗∗ ⊗̂K∗ V ∗ A∗∗ ⊗̂K∗ V ∗∗ ⊗̂K∗ V ∗

Ξ(β)

Ξ(β) idA∗∗ ⊗̂K∗ Ξ(β)

µ̂ ⊗̂K∗ idV ∗

(2) For a morphism η : K∗ → A∗, the following left diagram commutes if and only if the right one does.

V ∗ ⊗K∗ K∗ V ∗ ⊗K∗ A∗

K∗ ⊗K∗ V ∗ V ∗

idV ∗⊗K∗η

TV ∗,K∗ β

α̃V ∗

V ∗ Hom∗(A∗,K∗) ⊗̂K∗ V ∗

K∗ ⊗̂K∗ V ∗ Hom∗(K∗,K∗) ⊗̂K∗ V ∗

Ξ(β)

ηK∗⊗K∗V ∗ i2 η∗ ⊗̂K∗ idV ∗

κK∗ ⊗̂K∗ idV ∗

Proof. (1) We denote by ϕ̂2 : Hom∗(A∗ ⊗K∗ V ∗,K∗) ⊗̂K∗ V ∗ → Hom∗(A∗,Hom∗(A∗, V ∗))̂ the composition

Hom∗(A∗ ⊗K∗ V ∗,K∗) ⊗̂K∗ V ∗ φ̂
A∗⊗K∗V ∗

V ∗−−−−−−−→ Hom∗(A∗ ⊗K∗ V ∗, V ∗)̂ Φ̂∗
A∗,A∗,V ∗
−−−−−−−→ Hom∗(A∗,Hom∗(A∗, V ∗))̂ .

It follows from (3.2.7) and (1.3.12) that ϕ̂2 is injective. Since Ξ(β) : V ∗ → A∗∗ ⊗̂K∗V ∗ is a composition

V ∗ ΦV ∗,A∗,V ∗ (β)
−−−−−−−−−→ Hom∗(A∗, V ∗)

ηHom∗(A∗,V ∗)−−−−−−−−−→ Hom∗(A∗, V ∗)̂ (
φ̂A

∗
V ∗

)−1

−−−−−−→ A∗∗ ⊗̂K∗V ∗,

it follows from (5.2.1) that the top rectangle of diagram 7 commutes. By (5.1.8), β(1 ⊗ µ) = β(β ⊗ 1) holds
if and only if the trapezoid in the left middle of the diagram 7 commutes. The other rectangles, triangles and
trapezoid commute.

A∗∗⊗̂K∗A∗∗⊗̂K∗V ∗ Hom∗(A∗⊗K∗A∗,K∗)̂ ⊗̂K∗V ∗ Hom∗(A∗⊗K∗A∗,K∗) ⊗̂K∗V ∗

A∗∗ ⊗̂K∗V ∗ Hom∗(A∗, V ∗)̂ Hom∗(A∗,Hom∗(A∗, V ∗))̂
V ∗ Hom∗(A∗, V ∗) Hom∗(A∗,Hom∗(A∗, V ∗))

Hom∗(A∗, V ∗) Hom∗(A∗ ⊗K∗A∗, V ∗)

Hom∗(A∗, V ∗)̂ Hom∗(A∗ ⊗K∗A∗, V ∗)̂ Hom∗(A∗,Hom∗(A∗, V ∗))̂
A∗∗ ⊗̂K∗V ∗ Hom∗(A∗ ⊗K∗A∗,K∗) ⊗̂K∗V ∗ (A∗∗ ⊗K∗A∗∗) ⊗̂K∗V ∗

Hom∗(A∗ ⊗K∗A∗,K∗)̂ ⊗̂K∗V ∗

A∗∗ ⊗̂K∗A∗∗ ⊗̂K∗V ∗

ϕ̂ ⊗̂ 1

(
ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ 1

)−1

φ̂2

φ̂A
∗

V ∗
∼=

1 ⊗̂Ξ(β)

Φ̂(β)∗

Φ(β)

Ξ(β)

Φ(β)

Φ(β)∗

ηHom∗(A∗,V ∗) ηHom∗(A∗,Hom∗(A∗,V ∗))

ηHom∗(A∗,Hom∗(A∗,V ∗))
µ∗

ηHom∗(A∗,V ∗)

Φ∗
A∗,A∗,V ∗

ηHom∗(A∗⊗K∗A∗,V ∗)

µ̂∗ Φ̂∗
A∗,A∗,V ∗

µ∗ ⊗̂ 1

∼= φ̂A
∗

V ∗

µ̂ ⊗̂ 1

∼= φ̂
A∗⊗K∗A∗

V ∗
φ̂2

ϕ ⊗̂ 1

ηA∗∗⊗K∗A∗∗ ⊗̂ 1

∼=

(
ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ 1

)−1

ϕ̂ ⊗̂ 1

diagram 7
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Therefore we have

ϕ̂2
(
ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ 1

)−1
(φ̂ ⊗̂ 1)(1 ⊗̂Ξ(β))Ξ(β) = ηHom∗(A∗,Hom∗(A∗,V ∗))Φ(β)∗Φ(β)

ϕ̂2
(
ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ 1

)−1
(φ̂ ⊗̂ 1)(µ̂ ⊗̂ 1)Ξ(β) = ηHom∗(A∗,Hom∗(A∗,V ∗))Φ

∗
A∗,A∗,V ∗µ∗Φ(β)

Since ϕ̂2
(
ηHom∗(A∗⊗K∗A∗,K∗) ⊗̂ 1

)−1
(φ̂ ⊗̂ 1) and ηHom∗(A∗,Hom∗(A∗,V ∗)) are injective, (1 ⊗̂Ξ(β))Ξ(β) = (µ̂ ⊗̂ 1)Ξ(β)

holds if and only if the trapezoid in the left middle of the diagram 7 commutes.
(2) We first claim that (κV ∗)

−1
η∗Φ(β) = β(1⊗ η)TK∗,V ∗i2. In fact, for x ∈ V n, we have(

(κV ∗)
−1
η∗Φ(β)

)
(x) = (κV ∗)

−1
(Φ(β)(x)Σnη) = (Φ(β)(x))Σnη([n], 1) = β(x⊗ η(1))

= (β(1⊗ η))(x⊗ 1) = β(1⊗ η)TK∗,V ∗i2(x).

Since the following diagram commutes, it follows that

ηV ∗β(1⊗ η)TK∗,V ∗i2 = ηV ∗ (κV ∗)
−1
η∗Φ(β) = ̂̃αV ∗

(
(κK∗)−1 ⊗̂ 1

)
(η∗ ⊗̂ 1)Ξ(β).

V ∗ Hom∗(A∗,K∗) ⊗̂K∗ V ∗ Hom∗(K∗,K∗) ⊗̂K∗ V ∗ K∗ ⊗̂K∗ V ∗

Hom∗(A∗, V ∗) Hom∗(A∗, V ∗)̂ Hom∗(K∗, V ∗)̂ V̂ ∗

Hom∗(K∗, V ∗) V ∗

Ξ(β)

Φ(β)

η∗ ⊗̂ 1

φ̂A
∗

V ∗

(κK∗ )−1 ⊗̂ 1

∼=

φ̂K
∗

V ∗
̂̃αV ∗

ηHom∗(A∗,V ∗)

η∗

η̂∗ (κ̂V ∗ )−1

∼=
ηHom∗(K∗,V ∗)

(κV ∗ )−1

∼=

ηV ∗

Moreover, since the map α̃V ∗ induced by the K∗-module structure map αV ∗ : K∗ × V ∗ → V ∗ is the inverse of
the map i2 : V ∗ → K∗ ⊗K∗ V ∗, we have

ηK∗⊗K∗V ∗i2β(1⊗ η)TK∗,V ∗i2 = î2ηV ∗β(1⊗ η)TK∗,V ∗i2 =
(
(κK∗)−1 ⊗̂ 1

)
(η∗ ⊗̂ 1)Ξ(β).

Therefore (η∗ ⊗̂ 1)Ξ(β) =
(
κK∗ ⊗̂ 1

)
ηK∗⊗K∗V ∗i2β(1⊗η)TK∗,V ∗i2. If β(1⊗η) = α̃V ∗TV ∗,K∗ , then the right hand

side of the above equality is
(
κK∗ ⊗̂ 1

)
ηK∗⊗K∗V ∗i2. Since i2, ηK∗⊗K∗V ∗ and κK∗ ⊗̂ 1 are monomorphisms, the

above equality implies β(1⊗ η)TK∗,V ∗i2 = idV ∗ , namely β(1⊗ η) = α̃V ∗TV ∗,K∗ .

Remark 5.2.3 Suppose that K∗ is complete Hausdorff, M∗ is profinite and that the topologies of M∗ and
A∗ are coarser than the topology induced by K∗. We also assume that A∗ is supercofinite and (A∗,M∗) is a
very nice pair. Then ϕ̂A

∗

M∗ : A∗∗ ⊗̂K∗ M∗ → Hom∗(A∗,M∗)̂ is an isomorphism and the following diagram is
commutative by (4.2.4).

Homc
K∗(A∗ ⊗K∗ M∗,M∗) Homc

K∗

(
M∗, A∗∗ ⊗̂K∗ M∗)

Homc
K∗(A∗,Hom∗(M∗,M∗)) Homc

K∗

(
M∗,M∗ ⊗̂K∗ A∗∗)

Homc
K∗(A∗,Hom∗(M∗∗,M∗∗)) Homc

K∗

(
Hom∗(M∗ ⊗̂K∗ A∗∗,K∗) ,M∗∗)

Homc
K∗(A∗ ⊗K∗ M∗∗,M∗∗) Homc

K∗(Hom∗(M∗ ⊗K∗ A∗∗,K∗),M∗∗)

Homc
K∗(M∗∗ ⊗K∗ A∗,M∗∗) Homc

K∗(M∗∗ ⊗K∗ Hom∗(A∗∗,K∗),M∗∗)

ΛA∗,M∗,M∗

ΦA∗,M∗,M∗ T̂A∗∗,M∗∗

(ζ∗)∗ ζ

((
η∗M∗⊗K∗A∗∗

)∗)−1
ΦA∗,M∗∗,M∗∗

(α̃K∗∗TK∗,K∗∗ϕ)
∗T∗

A∗,M∗∗

(idM∗∗⊗K∗χA∗,K∗)
∗

If K∗ is a field such that Ki = {0} for i 6= 0, both A∗ and M∗ are finite type and A∗ has skeletal topology, then
ΦA∗,M∗∗,M∗∗ , χA∗,K∗ , ψ and ζ in the above diagram are all isomorphisms. Hence, in the case that A∗ is the
mod p Steenrod algebra A∗

p and M∗ is the mod p cohomology H∗(X) of a space X of finite type, the image of
the action A∗

p ⊗F p H∗(X)→ H∗(X) by ΛA∗
p,H

∗(X),H∗(X) coincides with the homomorphism “λ∗” given in [16]
which is called the Milnor coaction.
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Proposition 5.2.4 Let α : A∗ ⊗K∗ V ∗ → V ∗ be a morphism in TopModK∗ .
(1) Under the assumption of (5.2.2), the following right diagram commutes if and only if the left one does.

A∗ ⊗K∗ A∗ ⊗K∗ V ∗ A∗ ⊗K∗ V ∗

A∗ ⊗K∗ V ∗ V ∗

idA∗⊗K∗α

µ⊗K∗ idV ∗ α

α

V ∗ V ∗ ⊗̂K∗ A∗∗

V ∗ ⊗̂K∗ A∗∗ V ∗ ⊗̂K∗ A∗∗ ⊗̂K∗ A∗∗

Λ(α)

Λ(α) Λ(α) ⊗̂K∗ idA∗∗

idV ∗ ⊗̂K∗ µ̂

(2) Under the assumption of (5.2.2), the following left diagram commutes if and only if the right one does.

K∗ ⊗K∗ V ∗ A∗ ⊗K∗ V ∗

V ∗

η⊗K∗ idV ∗

∼=
α̃V ∗ α

V ∗ V ∗ ⊗̂K∗ Hom∗(A∗,K∗)

V ∗ ⊗̂K∗ K∗ V ∗ ⊗̂K∗ Hom∗(K∗,K∗)

Λ(α)

ηV ∗⊗K∗K∗ i1∼= idV ∗ ⊗̂K∗ η∗

idV ∗ ⊗̂K∗κK∗

∼=

Proof. Put β = αTV ∗,A∗ : V ∗ ⊗K∗ A∗ → V ∗ and ν = µTA∗,A∗ : A∗ ⊗K∗ A∗ → A∗. Then, Λ(α) = T̂A∗∗,V ∗Ξ(β).
(1) The lower right rectangle of the upper diagram below commutes if and only if the outer rectangle

commutes. Note that the outer rectangle is nothing but the lower one below.

V ∗ ⊗K∗ A∗ ⊗K∗ A∗ A∗ ⊗K∗ V ∗ ⊗K∗ A∗ V ∗ ⊗K∗ A∗

V ∗ ⊗K∗ A∗ ⊗K∗ A∗ A∗ ⊗K∗ A∗ ⊗K∗ V ∗ A∗ ⊗K∗ V ∗

V ∗ ⊗K∗ A∗ A∗ ⊗K∗ V ∗ V ∗

TV ∗,A∗⊗1

1⊗TA∗,A∗

α⊗1

TA∗⊗V ∗,A∗ TV ∗,A∗

TV ∗,A∗⊗K∗A∗

1⊗µ

1⊗α

µ⊗1 α

TV ∗,A∗ α

V ∗ ⊗K∗ A∗ ⊗K∗ A∗ V ∗ ⊗K∗ A∗

V ∗ ⊗K∗ A∗ V ∗

β⊗1

1⊗ν β

β

On the other hand, the upper left rectangle of the uppoer diagram below commutes if and only if the outer
rectangle commutes. Note that the outer rectangle is nothing but the lower one below.

V ∗ A∗∗ ⊗̂K∗ V ∗ V ∗ ⊗̂K∗ A∗∗

A∗∗ ⊗̂K∗ V ∗ A∗∗ ⊗̂K∗ A∗∗ ⊗̂K∗ V ∗ A∗∗ ⊗̂K∗ V ∗ ⊗̂K∗ A∗∗

V ∗ ⊗̂K∗ A∗∗ V ∗ ⊗̂K∗ A∗∗ ⊗̂K∗ A∗∗ V ∗ ⊗̂K∗ A∗∗ ⊗̂K∗ A∗∗

Ξ(β)

Ξ(β)

T̂A∗∗,V ∗

1 ⊗̂Ξ(β) Ξ(β) ⊗̂ 1

ν̂ ⊗̂ 1

T̂A∗∗,V ∗

T̂A∗∗,A∗∗ ⊗̂K∗ V ∗

T̂A∗∗ ⊗̂K∗ A∗∗,V ∗ T̂A∗∗,V ∗ ⊗̂ 1

1 ⊗̂ ν̂ 1 ⊗̂ T̂A∗∗,A∗∗

V ∗ V ∗ ⊗̂K∗ A∗∗

V ∗ ⊗̂K∗ A∗∗ V ∗ ⊗̂K∗ A∗∗ ⊗̂K∗ A∗∗

Λ(α)

Λ(α) Λ(α) ⊗̂ 1

1 ⊗̂ µ̂

Applying (5.2.2), the first assertion follows.
(2) It is clear that α(η ⊗ 1) = α̃V ∗ holds if and only if β(1 ⊗ η) = α̃V ∗TV ∗,K∗ and that (1 ⊗̂ η∗)Λ(α) =(

1 ⊗̂κK∗
)
ηV ∗⊗K∗K∗i1 holds if and only if (η∗ ⊗̂ 1)Ξ(β) =

(
κK∗ ⊗̂ 1

)
ηK∗⊗K∗V ∗i2. Hence the second assertion

follows from (5.2.2).

Proposition 5.2.5 Let V ∗, W ∗ and A∗ be objects of TopModK∗ such that V ∗ and W ∗ are Hausdorff. Assume
that ϕ̂A

∗

V ∗ :A∗∗ ⊗̂K∗ V ∗→Hom∗(A∗, V ∗)̂ and ϕ̂A
∗

W∗ : A∗∗ ⊗̂K∗ W ∗ → Hom∗(A∗,W ∗)̂ are isomorphisms. For a
morphism f : V ∗ →W ∗ in TopModK∗ , the following right diagram commutes if and only if the left one does.
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A∗ ⊗K∗ V ∗ V ∗

A∗ ⊗K∗ W ∗ W ∗

α

1⊗f f

β

V ∗ V ∗ ⊗̂K∗ A∗∗

W ∗ W ∗ ⊗̂K∗ A∗∗

Λ(α)

f f ⊗̂ 1

Λ(β)

Proof. Since the switching maps TV ∗,A∗ :V ∗⊗K∗ A∗ → A∗⊗K∗ V ∗ and TW∗,A∗ :W ∗⊗K∗ A∗ → A∗⊗K∗ W ∗

are isomorphisms, the above left diagram commutes if and only if fαTV ∗,A∗ = βTW∗,A∗(f ⊗ 1) holds. Since
Φ :Homc

K∗(V ∗⊗K∗A∗,W ∗) → Homc
K∗(V ∗,Hom∗(A∗,W ∗)) is injective, it follows from (3.2.1) that the above

equality is equivalent to f∗Φ(αTV ∗,A∗) = Φ(fαTV ∗,A∗) = Φ(βTW∗,A∗(f ⊗ 1)) = Φ(βTW∗,A∗)f . Hence the above
left diagram commutes if and only if the left rectangle of the following commute.

V ∗ Hom∗(A∗, V ∗) Hom∗(A∗, V ∗)̂ A∗∗ ⊗̂K∗V ∗ V ∗ ⊗̂K∗A∗∗

W ∗ Hom∗(A∗,W ∗) Hom∗(A∗,W ∗)̂ A∗∗ ⊗̂K∗W ∗ W ∗ ⊗̂K∗A∗∗

Φ(αTV ∗,A∗ )

f

ηHom∗(A∗,V ∗)

f∗

(φ̂A
∗

V ∗ )
−1

f̂∗

T̂A∗∗,V ∗

1 ⊗̂ f f ⊗̂ 1

Φ(βTW∗,A∗ ) ηHom∗(A∗,W∗) (φ̂A
∗

W∗ )
−1 T̂A∗∗,W∗

Since the other rectangles commute and maps ηHom∗(A∗,W∗), (ϕ̂
A∗

W∗)−1 and T̂A∗∗,W∗ are monomorphisms, the
commutativity of the left rectangle is equivalent to the commutativity of the outer rectangle. Thus the assertion
follows from the definition of Λ.

Definition 5.2.6 Let C∗ be a coalgebra in TopModK∗ with coproduct δ : C∗ → C∗ ⊗̂K∗ C∗ and counit ε : C∗ →
K∗. A right C∗-comodule in TopModK∗ is a pair (M∗, λ) of an objectM∗ and a morphism λ :M∗ →M∗ ⊗̂K∗ C∗

of TopModK∗ such that the following diagrams commute.

M∗ M∗ ⊗̂K∗ C∗

M∗ ⊗̂K∗ C∗ M∗ ⊗̂K∗ C∗ ⊗̂K∗ C∗

λ

λ λ ⊗̂ 1

1 ⊗̂ δ

M∗ M∗ ⊗̂K∗ C∗

M∗ ⊗K∗ K∗ M∗ ⊗̂K∗ K∗

λ

i1 1 ⊗̂K∗ ε

ηM∗⊗K∗K∗

Let A∗ be a proper Hopf algebra in TopModK∗ with multiplication µ : A∗⊗K∗A∗ → A∗ and comultiplication
δ : A∗ → A∗ ⊗̂K∗ A∗. The following result shows that a left A∗-algebra has a structure of a right A∗∗-comodule
algebra if ϕ̂A

∗

M∗ : A∗∗ ⊗̂K∗ M∗ → Hom∗(A∗,M∗)̂ is an isomorphism.

Proposition 5.2.7 Let M∗ be a Hausdorff left A∗-module with structure map α : A∗ ⊗K∗ M∗ →M∗. Suppose
that M∗ has a structure of K∗-algebra with multiplication ν :M∗ ⊗K∗ M∗ →M∗ which is a homomorphism of
left A∗-modules. If ϕ̂A

∗

M∗ : A∗∗ ⊗̂K∗ M∗ → Hom∗(A∗,M∗)̂ is an isomorphism, Λ(α) : M∗ → M∗ ⊗̂K∗ A∗∗ is a
K∗-algebra homomorphism. Namely, the following diagram commutes.

M∗⊗K∗M∗ (M∗ ⊗̂K∗ A∗∗)⊗K∗(M∗ ⊗̂K∗ A∗∗) (M∗⊗K∗M∗) ⊗̂K∗(A∗∗⊗K∗A∗∗)

M∗ M∗ ⊗̂K∗ A∗∗ (M∗⊗K∗M∗) ⊗̂K∗ Hom∗(A∗⊗K∗A∗,K∗)

Λ(α)⊗Λ(α)

ν

sh

1 ⊗̂ µ̃K∗∗ϕ

Λ(α) ν ⊗̂ δ∗

Proof. The following diagram commutes by the assumption.

A∗ ⊗K∗ M∗ A∗ ⊗K∗ (M∗ ⊗K∗ M∗) (A∗ ⊗K∗ A∗)⊗K∗ (M∗ ⊗K∗ M∗)

M∗ M∗ ⊗K∗ M∗ (A∗ ⊗K∗ M∗)⊗K∗ (A∗ ⊗K∗ M∗)

α

1A∗⊗ν δ⊗1M∗⊗K∗M∗

1A∗⊗TA∗,M∗⊗1M∗

ν α⊗α

A∗ ⊗̂K∗(M∗ ⊗̂K∗ M∗) (A∗ ⊗̂K∗ A∗) ⊗̂K∗(M∗ ⊗̂K∗ M∗)

A∗ ⊗̂K∗ M∗ (A∗ ⊗̂K∗ M∗) ⊗̂K∗(A∗ ⊗̂K∗ M∗)

M∗ M∗ ⊗̂K∗ M∗

δ ⊗̂ 1M∗ ⊗̂K∗ M∗

1A∗ ⊗̂ ν 1A∗ ⊗̂ T̂A∗,M∗ ⊗̂ 1M∗

α̂ α̂ ⊗̂ α̂

ν̂
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By (3.2.1), (4.1.2) and the commutativity of the above diagram, we have

Φ(αTM∗,A∗)ν = Φ(αTM∗,A∗(ν⊗1A∗)) = Φ(α(1A∗⊗ν)TM∗⊗K∗M∗,A∗)

= Φ(ν(α⊗ α)(1A∗ ⊗ TA∗,M∗ ⊗ 1M∗)(δ ⊗ 1M∗⊗K∗M∗)TM∗⊗K∗M∗,A∗)

= ν∗Φ((α⊗ α)(1A∗ ⊗ TA∗,M∗ ⊗ 1M∗)TM∗⊗K∗M∗,A∗⊗K∗A∗(1M∗⊗K∗M∗ ⊗ δ))
= ν∗δ

∗Φ((αTM∗,A∗⊗ αTM∗,A∗)(1M∗ ⊗ TM∗,A∗⊗ 1A∗))

= ν∗δ
∗φ(Φ(αTM∗,A∗)⊗ Φ(αTM∗,A∗)).

Since Λ(α) = T̂A∗∗,M∗
(
ϕ̂A

∗

M∗

)−1
ηHom∗(A∗,M∗)Φ(αTM∗,A∗), it follows that

Λ(α)ν = T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ηHom∗(A∗,M∗)ν∗δ
∗φ(Φ(αTM∗,A∗)⊗ Φ(αTM∗,A∗))

= T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ν̂∗δ̂
∗φ̂ηHom∗(A∗,M∗)⊗K∗Hom∗(A∗,M∗)(Φ(αTM∗,A∗)⊗ Φ(αTM∗,A∗))

= T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ν̂∗δ̂
∗φ̂(ηHom∗(A∗,M∗) ⊗̂ ηHom∗(A∗,M∗))

−1ηHom∗(A∗,M∗)̂⊗K∗Hom∗(A∗,M∗)̂
(ηHom∗(A∗,M∗) ⊗ ηHom∗(A∗,M∗))(Φ(αTM∗,A∗)⊗ Φ(αTM∗,A∗))

= T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ν̂∗δ̂
∗φ̂(ηHom∗(A∗,M∗) ⊗̂ ηHom∗(A∗,M∗))

−1ηHom∗(A∗,M∗)̂⊗K∗Hom∗(A∗,M∗)̂(
ϕ̂A

∗

M∗ T̂M∗,A∗∗ ⊗ ϕ̂A
∗

M∗ T̂M∗,A∗∗

)
(Λ(α)⊗ Λ(α))

= T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ν̂∗δ̂
∗φ̂(ηHom∗(A∗,M∗) ⊗̂ ηHom∗(A∗,M∗))

−1
(
ϕ̂A

∗

M∗ ⊗̂ ϕ̂A
∗

M∗

)
(
T̂M∗,A∗∗ ⊗̂ T̂M∗,A∗∗

)
η(M∗ ⊗̂K∗ A∗∗)⊗K∗ (M∗ ⊗̂K∗ A∗∗)(Λ(α)⊗ Λ(α)) · · · (∗)

The following diagram 8 commutes by the naturality of ϕ̂A
∗
.

(M∗⊗K∗M∗) ⊗̂K∗Hom∗(A∗⊗K∗A∗,K∗) M∗ ⊗̂K∗A∗∗ A∗∗ ⊗̂K∗M∗

Hom∗(A∗⊗K∗A∗,K∗) ⊗̂K∗(M∗⊗K∗M∗) Hom∗(A∗⊗K∗A∗,M∗⊗K∗M∗)̂ Hom∗(A∗,M∗)̂
ν ⊗̂ δ∗

T̂M∗⊗K∗M∗,Hom∗(A∗⊗K∗A∗,K∗)

T̂M∗,A∗∗

φ̂A
∗

M∗
φ̂
A∗⊗K∗A∗

M∗⊗K∗M∗ ν̂∗δ̂
∗

diagram 8

It follows from the definition (2.3.7) of sh and the commutativity of the first diagram of (4.2.14) that following
diagram 9 commutes.

(M∗ ⊗̂K∗A∗∗)⊗K∗ (M∗ ⊗̂K∗A∗∗) (M∗⊗K∗M∗) ⊗̂K∗(A∗∗⊗K∗A∗∗)

(M∗ ⊗̂K∗A∗∗) ⊗̂K∗(M∗ ⊗̂K∗A∗∗) (M∗ ⊗̂K∗M∗) ⊗̂K∗(A∗∗ ⊗̂K∗A∗∗)

(A∗∗ ⊗̂K∗M∗) ⊗̂K∗(A∗∗ ⊗̂K∗M∗) (M∗ ⊗̂K∗M∗) ⊗̂K∗Hom∗(A∗⊗K∗A∗,K∗⊗K∗K∗)̂
Hom∗(A∗,M∗)̂ ⊗̂K∗Hom∗(A∗,M∗)̂ (M∗ ⊗̂K∗M∗) ⊗̂K∗Hom∗(A∗⊗K∗A∗,K∗)̂
Hom∗(A∗,M∗) ⊗̂K∗Hom∗(A∗,M∗) (M∗⊗K∗M∗) ⊗̂K∗Hom∗(A∗⊗K∗A∗,K∗)

Hom∗(A∗⊗K∗A∗,M∗⊗K∗M∗)̂ Hom∗(A∗⊗K∗A∗,K∗) ⊗̂K∗(M∗⊗K∗M∗)

sh

η(M∗ ⊗̂K∗A∗∗)⊗K∗(M∗ ⊗̂K∗A∗∗) ηM∗⊗K∗M∗ ⊗̂ ηA∗∗⊗K∗A∗∗

1M∗ ⊗̂ T̂A∗∗,M∗ ⊗̂ 1A∗∗

T̂M∗,A∗∗ ⊗̂ T̂M∗,A∗∗ 1M∗ ⊗̂K∗M∗ ⊗̂ ϕ̂

φ̂A
∗

M∗ ⊗̂ φ̂A
∗

M∗ 1M∗ ⊗̂K∗M∗ ⊗̂ ̂̃µK∗∗

(ηHom∗(A∗,M∗) ⊗̂ ηHom∗(A∗,M∗))
−1 (ηM∗⊗K∗M∗ ⊗̂ ηHom∗(A∗⊗K∗ ,M∗))

−1

ϕ̂ T̂M∗⊗K∗M∗,Hom∗(A∗⊗K∗A∗,K∗)

φ̂
A∗⊗K∗A∗

M∗⊗K∗M∗

diagram 9
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Therefore we have

(∗) = T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ν̂∗δ̂
∗ϕ̂A

∗⊗K∗A∗

M∗⊗K∗M∗ T̂M∗⊗K∗M∗,Hom∗(A∗⊗K∗A∗,K∗)

(
ηM∗⊗K∗M∗ ⊗̂ ηHom∗(A∗⊗K∗ ,M∗)

)−1(
1M∗ ⊗̂K∗M∗ ⊗̂ ̂̃µK∗∗

)(
1M∗ ⊗̂K∗M∗ ⊗̂ φ̂

)(
ηM∗⊗K∗M∗ ⊗̂ ηA∗∗⊗K∗A∗∗

)
sh(Λ(α)⊗ Λ(α))

= T̂A∗∗,M∗

(
ϕ̂A

∗

M∗

)−1

ν̂∗δ̂
∗ϕ̂A

∗⊗K∗A∗

M∗⊗K∗M∗ T̂M∗⊗K∗M∗,Hom∗(A∗⊗K∗A∗,K∗)

(
1M∗⊗K∗M∗ ⊗̂ µ̃K∗∗φ

)
sh(Λ(α)⊗ Λ(α))

=
(
ν ⊗̂ δ∗

)(
1M∗⊗K∗M∗ ⊗̂ µ̃K∗∗φ

)
sh(Λ(α)⊗ Λ(α))

and this completes the proof.

For an algebra A∗ (resp. coalgebra C∗) in TopModK∗ , let us denote by Mod(A∗) (resp. Comod(C∗)) the
category of left A∗-modules (resp. right C∗-comodules).

Suppose that A∗ is an algebra in TopMod iK∗ such that both (A∗,K∗) and (A∗⊗K∗A∗,K∗) are very nice pairs
(for example, K∗ is a field and both A∗ and A∗⊗K∗A∗ are supercofinite). If an object M∗ of TopMod iK∗ is a left
A∗-module with structure map α : A∗ ⊗K∗ M∗ → M∗, it follows from (5.2.4) that Λ(α) : M∗ → M∗ ⊗̂K∗ A∗∗

is a structure map of right A∗∗-comodule. We denote byMod i(A
∗) (resp. Comod i(C

∗)) the full subcategory of
Mod(A∗) (resp. Comod(C∗)) consisting of objects whose topologies are coarser than the topology induced by K∗.
Then, we have a functor Γ :Mod i(A

∗) → Comod i(A
∗∗) defined by Γ(M∗, α) = (M∗,Λ(α)) and Γ(f) = f . Let

us denote by ModΛ(A
∗) (resp. ComodΛ(C

∗)) the full subcategory of Mod i(A
∗) (resp. Comod i(C

∗)) consisting
of objects (M∗, α) (resp. (M∗, ϕ)) such that Λ : Homc

K∗(A∗ ⊗K∗ M∗,M∗) → Homc
K∗(M∗,M∗ ⊗̂K∗ A∗∗) is an

isomorphism. Clearly, Γ induces ΓΛ :ModΛ(A
∗)→ ComodΛ(A

∗∗).

Proposition 5.2.8 Let A∗ be an algebra in TopMod iK∗ such that A∗ and A∗ ⊗K∗ A∗ are supercofinite. Then,
ΓΛ :ModΛ(A

∗)→ ComodΛ(A
∗∗) is an isomorphism of categories.

Proof. Define a functor ComodΛ(A
∗∗)→ModΛ(A

∗) by (M∗, γ) 7→ (M∗,Λ−1(γ)). This is the inverse of ΓΛ.

Suppose that K∗ is a field such that Ki = {0} for i 6= 0 and that A∗ is coconnective, finite type and
superskeletal. Then, A∗⊗K∗A∗ is superskeletal by (2.1.20), hence A∗ and A∗⊗K∗A∗ are supercofinite by (1.4.6).
Let us denote by Modcfs(A

∗) (resp. Comodcfs(C
∗)) the full subcategory of Mod i(A

∗) (resp. Comod i(C
∗))

consisting of objects (M∗, α) (resp. (M∗, ϕ)) such that M∗ is coconnective and finite type and has the skeletal
topology. Then,Modcfs(A

∗) (resp. Comodcfs(C
∗)) is a full subcategory ofModΛ(A

∗) (resp. ComodΛ(C
∗)) by

(4.2.5) and Γ induces Γcfs :Modcfs(A
∗)→ Comodcfs(A

∗∗). Thus we have the following result.

Theorem 5.2.9 Let A∗ be an algebra in TopModK∗ such that A∗ is coconnective and superskeletal. Then,
Γcfs :Modcfs(A

∗)→ Comodcfs(A
∗∗) is an isomorphism of categories.

For a Hopf algebra A∗ in TopModK∗ , we denote by A(A∗) (resp. CA(A∗)) the category of left A∗-algebras
(resp. right A∗-comodule algebras). Ai(A∗) (resp. CAi(A∗)) denotes the full subcategory of A(A∗) (resp.
CA(A∗)) consisting of objects whose topologies are coarser than the topology induced by K∗.

We assume again that K∗ is a field such that Ki = {0} for i 6= 0 and that A∗ is coconnective, finite type
and superskeletal. If a M∗ is a left A∗-algebra with structure map α : A∗⊗K∗ M∗ →M∗, it follows from (5.2.7)
that Λ(α) : M∗ → M∗ ⊗̂K∗ A∗∗ is a structure map of right A∗∗-comodule algebra. Thus we have a functor
Γ : Ai(A∗)→ CAi(A∗∗) defined by Γ(M∗, α) = (M∗,Λ(α)) and Γ(f) = f .

Moreover, Acfs(A∗) (resp. CAcfs(A∗)) denotes the full subcategory of Ai(A∗) (resp. CAi(A∗)) consisting
of objects (M∗, α) (resp. (M∗, ϕ)) such that M∗ is coconnective and finite type and has the skeletal topology.
Then, (4.2.5) imply the following result.

Theorem 5.2.10 Let A∗ be a Hopf algebra in TopModK∗ which is coconnective and has the the skeletal topology.
Then, the functor Acfs(A∗)→ CAcfs(A∗∗) given by (M∗, α) 7→ (M∗,Λ(α)) induces an isomorphism of categories
from Acfs(A∗) to CAcfs(A∗).

Proposition 5.2.11 Let A∗ be a Hopf algebra in TopModK∗ such that the coproduct δ̂ : A∗ → A∗ ⊗̂K∗ A∗ lifts to
δ : A∗ → A∗⊗K∗A∗ and ϕ̂ :M∗ →M∗ ⊗̂K∗ A∗ a right A∗-comodule such that ϕ̂ lifts to ϕ :M∗ →M∗⊗K∗A∗. If
M∗ is a finitely generated free K∗-module, there exists a finitely generated Hopf subalgebra B∗ of A∗ such thatM∗

is a right B∗-comodule, that is, there there exists a map ψ : M∗ → M∗ ⊗̂K∗ B∗ satisfying (idM∗ ⊗̂K∗ ι)ψ = ϕ,
where ι : B∗ → A∗ denotes the inclusion map.
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Proof. Let v1, v2, . . . , vn be a basis of M∗. Put ϕ(vj) =
n∑
i=1

vi ⊗ aij and B∗ be the subalgebra of A∗ genarated

by {aij | i, j = 1, 2, . . . , n}. Since

n∑
i=1

vi ⊗ δ(aij) = (1M∗ ⊗ δ)ϕ(vj) = (ϕ⊗ 1A∗)ϕ(vj) =

n∑
k=1

ϕ(vk)⊗ akj =
n∑
i=1

vi ⊗

(
n∑
k=1

aik ⊗ akj

)
,

we have δ(aij) =
n∑
k=1

aik ⊗ akj . Hence B∗ is a Hopf subalgebra and M∗ is a right B∗-comodule.

Remark 5.2.12 If M∗ is a finitely generated free K∗-module and A∗ is complete, it follows from (2.3.9) that
M∗ ⊗K∗ A∗ is complete. Hence a comodule structure of M∗ always lifts to M∗ →M∗ ⊗K∗ A∗.
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6 Study on fibered categories

6.1 Fibered categories

First, we review the notion of fibered category.
Let p : F → T be a functor. For an object X of T , we denote by FX the subcategory of F consiting of

objects M of F satisfying p(M) = X and morphisms ϕ satisfying p(ϕ) = idX . For a morphism f : X → Y in
T and M ∈ ObFX , N ∈ ObFY , we put Ff (M,N) = {ϕ ∈ F(M,N)| p(ϕ) = f}.

Definition 6.1.1 ([9], p.161 Définition 5.1.) Let α : M → N be a morphism in F and set X = p(M), Y =
p(N), f = p(α). We call α a cartesian morphism if, for any M ′ ∈ ObFX , the map FX(M ′,M)→ Ff (M ′, N)
defined by ϕ 7→ αϕ is bijective.

The following assertion is immediate from the definition.

Proposition 6.1.2 Let αi :Mi → Ni (i = 1, 2) be morphisms in F such that p(M1) = p(M2), p(N1) = p(N2),
p(α1) = p(α2) and λ : N1 → N2 a morphism in F such that p(λ) = idp(N1). If α2 is cartesian, there is a unique
morphism µ :M1 →M2 such that p(µ) = idp(M1) and α2µ = λα1.

Corollary 6.1.3 If αi : Mi → N (i = 1, 2) are cartesian morphisms in F such that p(M1) = p(M2) and
p(α1) = p(α2), there is a unique morphism µ :M1 →M2 such that α1 = α2µ and p(µ) = idp(M1). Moreover, µ
is an isomorphism.

Definition 6.1.4 ([9], p.162 Définition 5.1.) Let f : X → Y be a morphism in T and N ∈ ObFY . If there
exists a cartesian morphism α : M → N such that p(α) = f , M is called an inverse image of N by f . We
denote M by f∗(N) and α by αf (N) : f∗(N)→ N . By (6.1.3), f∗(N) is unique up to isomorphism.

Remark 6.1.5 For an identity morphism idX of X ∈ Ob T and N ∈ ObFX , the identity morphism idN
of N is obviously cartesian. Hence the inverse image of N by the identity morphism of X always exists and
αidX (N) : id∗X(N) → N can be chosen as the identity morphism of N . By the uniqueness of id∗X(N) up to
isomorphism, αidX (N) : id∗X(N)→ N is an isomorphism for any choice of id∗X(N).

The following assertion is also immediate.

Proposition 6.1.6 Let f : X → Y be a morphism in T . If, for any N ∈ ObFY , there exists a cartesian
morphism αf (N) : f∗(N) → N , N 7→ f∗(N) defines a functor f∗ : FY → FX such that, for any morphism
ϕ : N → N ′ in FY , the following square commutes.

f∗(N) N

f∗(N ′) N ′

αf (N)

f∗(φ) φ

αf (N
′)

Definition 6.1.7 ([9], p.162 Définition 5.1.) If the assumption of (6.1.6) is satisfied, we say that the functor
of the inverse image by f exists.

Definition 6.1.8 ([9], p.164 Définition 6.1.) If a functor p : F → T satisfies the following condition (i), p is
called a prefibered category and if p satisfies both (i) and (ii), p is called a fibered category or p is fibrant.

(i) For any morphism f in T , the functor of the inverse image by f exists.
(ii) The composition of cartesian morphisms is cartesian.

Example 6.1.9 Let ∆1 be a category given by Ob∆1 = {0, 1} and Mor∆1 = {id0, id1, 0→ 1}. For a category

E, we set E(2) = Funct(∆1, E). Then, an object of E(2) is identified with a morphism (R
η−→ A) in E and a

morphism from (R
η−→ A) to (S

ι−→ B) in E(2) is identified with a pair (f, ϕ) of morphisms f : R → S and
ϕ : A→ B in E satisfying ιf = ϕη.

(1) Let p : E(2) → E be the evaluation functor E0 at 0. For a morphism f : R → S in E, consider

the functor f∗ : E(2)S → E(2)R given by f∗(S
η−→ B) = (R

ηf−→ B) and f∗(idS , ϕ) = (idR, ϕ). We define a

morphism αf (S
η−→ B) : f∗(S

η−→ B) → (S
η−→ B) to be (f, idB). Then, for (R

ι−→ A) ∈ Ob E(2)R , the map
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E(2)R ((R
ι−→ A), f∗(S

η−→ B)) → E(2)f ((R
ι−→ A), (S

η−→ B)) given by (idR, ϕ) 7→ αf (S
η−→ B)(idR, ϕ) = (f, ϕ) is

bijective. Hence αf (S
η−→ B) is cartesian. Let g : Q→ R be a morphism in E. Then,

αf (S
η−→ B)αg(f

∗(S
η−→ B)) = (f, idB)(g, idB) = (fg, idB) = αfg(S

η−→ B),

hence cf,g(S
η−→ B) is the identity morphism of g∗f∗(S

η−→ B) = (Q
ηfg−−→ B) = (fg)∗(S

η−→ B). Thus p : E(2) → E
is a fibered category.

(2) Suppose that E has finite limits. Let p : E(2) → E be the evaluation functor E1 at 1. For (f : X → Y ) ∈
Mor E and (N

π−→ Y ) ∈ Ob E(2)Y , consider the following cartesian square.

N ×Y X N

X Y

fπ

πf π

f

Then, (f, fπ) : (N ×Y X
πf−−→ X)→ (N

π−→ Y ) induces a bijection

E(2)X ((M
ρ−→ X), (N ×Y X

πf−−→ X))→ E(2)f ((M
ρ−→ X), (N

π−→ Y )).

Hence (f, fπ) is a cartesian morphism and we have a functor f∗ : E(2)Y → E(2)X which is given by f∗(N
π−→ Y ) =

(N ×Y X
πf−−→ X) and f∗(idY , ϕ) = (idX , ϕ ×Y idX), where (idY , ϕ) : (N

π−→ Y ) → (N ′ π′

−→ Y ) is a morphism

of E(2)Y and ϕ ×Y idX : N ×Y X → N ′ ×Y X is the unique morphism that satisfies π′
f (ϕ ×Y idX) = πf and

fπ(ϕ×Y idX) = fπ′ϕ. For morphisms f : X → Y , g : Z → X in E and an object N
π−→ Y of E(2),

cf,g(N
π−→ Y ) : (fg)∗(N

π−→ Y )→ g∗f∗(N
π−→ Y )

is the isomorphism induced by (idN ×Y g, pr2) : N ×Y Z → (N ×Y X) ×X Z. Hence p : E(2) → E is a fibered
category.

Definition 6.1.10 ([9], p.170 Définition 7.1.) Let p : F → T be a functor. A map

κ : Mor T →
∐

X,Y ∈Ob T

Funct(FY ,FX)

is called a cleavage if κ(f) is an inverse image functor f∗ : FY → FX for (f : X → Y ) ∈ Mor T . A cleavage κ
is said to be normalized if κ(idX) = idFX for any X ∈ Ob T . A category F over T is called a cloven prefibered
category (resp. normalized cloven prefibered category) if a cleavage (resp. normalized cleavage) is given.

p : F → T has a cleavage if and only if p is prefibered. If p is prefibered, p has a normalized cleavage by
(6.1.5).

Let f : X → Y , g : Z → X be morphisms in T and N an object of FY . If p : F → T is a prefibered
category, there is a unique morphism cf,g(N) : g∗f∗(N) → (fg)∗(N) such that the following square commutes
and p(cf,g(N)) = idZ .

g∗f∗(N) f∗(N)

(fg)∗(N) N

αg(f
∗(N))

cf,g(N) αf (N)

αfg(N)

Then, we see the following.

Proposition 6.1.11 For a morphism ϕ :M → N in FY , the following square commutes.

g∗f∗(M) (fg)∗(M)

g∗f∗(N) (fg)∗(N)

cf,g(M)

g∗f∗(φ) (fg)∗(φ)

cf,g(N)
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In other words, cf,g gives a natural transformation g∗f∗ → (fg)∗ of functors from FY to FZ .

Proof. In fact,

αfg(N)(fg)∗(ϕ)cf,g(M) = ϕαfg(M)cf,g(M) = ϕαf (M)αg(f
∗(M)) = αf (N)f∗(ϕ)αg(f

∗(M))

= αf (N)αg(f
∗(N))g∗f∗(ϕ) = αfg(N)cf,g(N)g∗f∗(ϕ).

Since αfg(N) is cartesian and p((fg)∗(ϕ)cf,g(M)) = p(cf,g(N)g∗f∗(ϕ)) = idZ , the assertion follows.

Remark 6.1.12 Suppose that p : F → T is a normalized prefibered category. For a morphism f : X → Y of T
and N ∈ ObFY , since αidX (f∗(N)) is the identity morphism of f∗(N), cf,idX (N) is also the identity morphism
of f∗(N). Similarly, since αidY (N) is the identity morphism of N , cidY ,f (N) is the identity morphism of f∗(N).

Proposition 6.1.13 ([9], p.172 Proposition 7.2.) Let p : F → T be a cloven prefibered category. Then, p is a

fibered category if and only if cf,g(N) is an isomorphism for any Z
g→ X

f→ Y and N ∈ ObFY .

Proof. Suppose that p is a fibered category. Then, both αfg(N) and αf (N)αg(f
∗(N)) are cartesian morphisms

such that p(αfg(N)) = p(αf (N)αg(f
∗(N))) = fg. Hence by (6.1.3), cf,g(N) is an isomorphism.

Conversely, suppose that cf,g(N) is an isomorphism for any Z
g→ X

f→ Y and N ∈ ObFX . Let α :M → N
and β : L → M be a cartesian morphisms in F . Put p(M) = X, p(N) = Y , p(L) = Z, p(α) = f and
p(β) = g. There is a unique morphism ζ : L → (fg)∗(N) such that αfg(N)ζ = αβ and p(ζ) = idZ . There
are isomorphisms ψ : M → f∗(N) and ξ : L → g∗(M) such that α = αf (N)ψ, β = αg(M)ξ and p(ψ) = idX ,
p(ξ) = idZ . By (6.1.6), αg(f

∗(N))g∗(ψ) = ψαg(M). Hence αfg(N)cf,g(N)g∗(ψ)ξ = αf (N)αg(f
∗(N))g∗(ψ)ξ =

αf (N)ψαg(M)ξ = αβ and p(cf,g(N)g∗(ψ)ξ) = idZ . By the uniqueness of ζ, cf,g(N)g∗(ψ)ξ = ζ. Thus ζ is an
isomorphism and it follows that αβ is cartesian.

Proposition 6.1.14 ([9], p.172 Proposition 7.4.) Let p : F → T be a cloven prefibered category. For a

diagram X
f→ Y

g→ Z
h→W in T and an object M of FW , we have ch,idZ (M) = αidZ (id

∗
Zh

∗(M)), cidW ,h(M) =
h∗(αidW (M)) and the following diagram commutes.

(f∗g∗)h∗(M) (gf)∗h∗(M) (h(gf))∗(M)

f∗(g∗h∗)(M) f∗(hg)∗(M) ((hg)f)∗(M)

cg,f (h
∗(M)) ch,gf (M)

f∗(ch,g(M)) chg,f (M)

Proof. By the definition of ch,idZ (M), we have αh(M)ch,idZ (M) = αh(M)αidZ (id
∗
Zh

∗(M)). On the other
hand, αh(M)cidW ,h(M) = αidW (M)αh(id

∗
W (M))) = αh(M)h∗(αidW (M)) by the definition of cidW ,h(M) and

h∗(αidW (M)). Since α(M) is cartesian and

p(ch,idZ (M)) = p(αidZ (id
∗
Zh

∗(M))) = p(cidW ,h(M)) = p(h∗(αidW (M))) = idZ ,

it follows ch,idZ (M) = αidZ (id
∗
Zh

∗(M)) and cidW ,h(M) = h∗(αidW (M)). Similarly, since

αhgf (M)ch,gf (M)cg,f (h
∗(M)) = αh(M)αgf (h

∗(M))cg,f (h
∗(M)) = αh(M)αg(h

∗(M))αf (g
∗h∗(M))

= αhg(M)ch,g(M)αf (g
∗h∗(M)) = αhg(M)αf ((hg)

∗(M))f∗(ch,g(M))

= αhgf (M)chg,f (M)f∗(ch,g(M)),

we have ch,gf (M)cg,f (h
∗(M)) = chg,f (M)f∗(ch,g(M)).

Let p : F → E , q : G → C be normalized cloven fibered categories and F : E → C, Φ : F → G functors such
that qΦ = Fp. For a morphism f : X → Y of E and an object M of FY , since αF (f)(Φ(M)) : F (f)∗(Φ(M))→
Φ(M) is a cartesian morphism mapped to F (f) by q and Φ(αf (M)) : Φ(f∗(M))→ Φ(M) also mapped to F (f)
by q, there exists unique morphism cf,Φ(M) : Φ(f∗(M)) → F (f)∗(Φ(M)) of GF (X) that makes the following
diagram commute.

Φ(f∗(M)) Φ(M)

F (f)∗(Φ(M))

Φ(αf (M))

cf,Φ(M)
αF (f)(Φ(M))
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We note that Φ preserves cartesian morphisms if and only if cf,Φ(M) is an isomorphism for any morphism
f : X → Y of E and any object M of FY .

Proposition 6.1.15 For a morphism ϕ :M → N of FY , the following digram is commutative.

Φ(f∗(M)) Φ(f∗(N))

F (f)∗(Φ(M)) F (f)∗(Φ(N))

Φ(f∗(φ))

cf,Φ(M) cf,Φ(N)

F (f)∗(Φ(φ))

Proof. It follows from (6.1.6) that the lower middle rectangle and the outer trapezoid of the following diagram
are commutative. The triangles of the both sides are also commutative by the definition of cf,Φ(M) and cf,Φ(N).

F (f)∗(Φ(M)) F (f)∗(Φ(N))

Φ(f∗(M)) Φ(f∗(N))

Φ(M) Φ(N)

αF (f)(Φ(M))

F (f)∗(Φ(φ))

αF (f)(Φ(N))

Φ(f∗(φ))

cf,Φ(M)

Φ(αf (M))

cf,Φ(N)

Φ(αf (N))

Φ(φ)

Hence we have
αF (f)(Φ(M))cf,Φ(N)Φ(f∗(ϕ)) = αF (f)(Φ(M))F (f)∗(Φ(ϕ))cf,Φ(M).

Since both cf,Φ(N)Φ(f∗(ϕ)) and F (f)∗(Φ(ϕ))cf,Φ(M) are morphisms of GF (X) and αF (f)(Φ(M)) is a cartesian
morphism, the above equality implies the result.

Proposition 6.1.16 For morphisms f : X → Y , k : V → X of E and M ∈ ObFY , the following diagram is
commutative.

Φ(k∗(f∗(M))) F (k)∗(Φ(f∗(M)) F (k)∗(F (f)∗(Φ(M)))

Φ((fk)∗(M)) F (fk)∗(Φ(M))

ck,Φ(f∗(M))

Φ(cf,k(M))

F (k)∗(cf,Φ(M))

cF (f),F (k)(Φ(M))

cfk,Φ(M)

Proof. The inner triangles are all commutative by (6.1.6) and definitions of cf,k(M), ck,Φ(f
∗(M)), cf,Φ(M),

cF (f),F (k)(Φ(M)), cfk,Φ(M).

Φ(k∗(f∗(M))) F (k)∗(Φ(f∗(M)))

Φ(f∗(M)) F (f)∗(Φ(M)) F (k)∗(F (f)∗(Φ(M)))

Φ(M)

Φ((fk)∗(M)) F (fk)∗(Φ(M))

ck,Φ(f∗(M))

Φ(cf,k(M))

Φ(αk(f
∗(M))) F (k)∗(cf,Φ(M))

αF (k)(Φ(f∗(M)))

Φ(αf (M))

cf,Φ(M)

αF (f)∗(Φ(M))

cF (f),F (k)(Φ(M))

αF (k)(F (f)∗(Φ(M)))

cfk,Φ(M)

Φ(αfk(M))
αF (fk)(Φ(M))

Thus we have the following equality.

αF (fk)(Φ(M))cF (f),F (k)(Φ(M))F (k)∗(cf,Φ(M))ck,Φ(f
∗(M)) = αF (fk)(Φ(M))cfk,Φ(M)Φ(cf,k(M))

Since both cF (f),F (k)(Φ(M))F (k)∗(cf,Φ(M))ck,Φ(f
∗(M)) and cfk,Φ(M)Φ(cf,k(M)) are morphisms of GF (V ) and

αF (fk)(Φ(M)) is a cartesian morphism, the assertion follows from the above equality.

Let p : F → T be a normalized cloven fibered category. Assume that T has a terminal object 1. We
denote by oX : X → 1 the unique morphism of T for X ∈ Ob T . Define a functor FX : Fop1 × F1 → Set by
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FX(M,N) = FX(o∗X(M), o∗X(N)) for M,N ∈ ObF1 and FX(ϕ,ψ) = o∗X(ϕ)∗o∗X(ψ)∗ for ϕ,ψ ∈ MorF1. For a

morphism f : Y → X of T andM,N ∈ ObF1, let f
♯
M,N : FX(M,N)→ FY (M,N) be the following composition.

FX(M,N) = FX(o∗X(M), o∗X(N))
f∗

−→ FY (f∗(o∗X(M)), f∗(o∗X(N)))
(coX,f (M)−1)∗

−−−−−−−−−−→ FY ((oXf)∗(M), f∗(o∗X(N)))

coX,f (N)∗−−−−−−−→ FY ((oXf)∗(M), (oXf)
∗(N)) = FY (o∗Y (M), o∗Y (N)) = FY (M,N)

Let ϕ : M → L and ψ : P → N be morphisms of F1. Since the following diagram is commutative by (6.1.11),

f ♯M,N is natural in M , N and we have a natural transformation f ♯ : FX → FY .

FX(o∗X(L), o∗X(P )) FY (f∗(o∗X(L)), f∗(o∗X(P ))) FY ((oXf)∗(L), (oXf)∗(P ))

FX(o∗X(M), o∗X(N)) FY (f∗(o∗X(M)), f∗(o∗X(N))) FY ((oXf)∗(M), (oXf)
∗(N))

f∗

o∗X(φ)∗o∗X(ψ)∗ f∗(o∗X(φ))∗f∗(o∗X(ψ))∗

coX,f (P )∗(coX,f (L)
−1)∗

(oXf)
∗(φ)∗(oXf)

∗(ψ)∗

f∗ coX,f (N)∗(coX,f (M)−1)∗

Proposition 6.1.17 Let f : Y → X be a morphism of T and L, M , N objects of F1.
(1) For ζ ∈ FX(o∗X(L), o∗X(M)) and ξ ∈ FX(o∗X(M), o∗X(N)), we have f ♯L,N (ξζ) = f ♯M,N (ξ)f ♯L,M (ζ).

(2) A composition F1(M,N)
o∗X−−→ FX(o∗X(M), o∗X(N))

f♯M,N−−−→ FY (o∗Y (M), o∗Y (N)) coincides with the map

o∗Y : F1(M,N)→ FY (o∗Y (M), o∗Y (N)). In particular, f ♯M,M : FX(o∗X(M), o∗X(M))→ FY (o∗Y (M), o∗Y (M)) maps
the identity morphism of o∗X(M) to the identity morphism of o∗Y (M).

Proof. (1) The assertion follows from

f ♯M,N (ξ)f ♯L,M (ζ) = coX ,f (N)f∗(ξ)coX ,f (M)−1coX ,f (M)f∗(ζ)coX ,f (L)
−1 = coX ,f (N)f∗(ξ)f∗(ζ)coX ,f (L)

−1

= coX ,f (N)f∗(ξζ)coX ,f (L)
−1 = f ♯L,N (ξζ).

(2) The assertion follows from the definition of k♯ and (6.1.11).

Proposition 6.1.18 For morphisms f : Y → X and g : Z → Y of T , (fg)♯ = g♯f ♯.

Proof. For M,N ∈ ObF1 and ξ ∈ FX(M,N), it follows from (6.1.11) and (6.1.14) that

g♯M,Nf
♯
M,N (ξ) = coY ,g(N)g∗(coX ,f (N)f∗(ξ)coX ,f (M)−1)coY ,g(M)−1

= coY ,g(N)g∗(coX ,f (N))g∗(f∗(ξ))g∗(coX ,f (M)−1)coY ,g(M)−1

= coY ,g(N)g∗(coX ,f (N))cf,g(o
∗
X(N))−1(fg)∗(ξ)cf,g(o

∗
X(M))g∗(coX ,f (M)−1)coY ,g(M)−1

= coY ,g(N)g∗(coX ,f (N))cf,g(o
∗
X(N))−1(fg)∗(ξ)(coY ,g(M)g∗(coX ,f (M))cf,g(o

∗
X(M))−1)−1

= coX ,fg(N)(fg)∗(ξ)coX ,fg(M)−1 = (fg)♯M,N (ξ).

Hence we have g♯M,Nf
♯
M,N = (fg)♯M,N for any M,N ∈ ObF1.

Let p : F → E , q : G → C be normalized cloven fibered categories and F : E → C, Φ : F → G functors such
that qΦ = Fp. Assume that F preserves terminal objects and Φ preserves cartesian morphisms. For object X
of E and objects M , N of F1, we denote by ΦXM,N a composition

FX(o∗X(M), o∗X(N))
Φ−→ GF (X)(Φ(o

∗
X(M)),Φ(o∗X(N)))

(coX,Φ(M)−1)∗

−−−−−−−−−−→ GF (X)(o
∗
F (X)(Φ(M)),Φ(o∗X(N)))

coX,Φ(N)∗−−−−−−−→ GF (X)(o
∗
F (X)(Φ(M)), o∗F (X)(Φ(N))).

Proposition 6.1.19 Let X be an object of E and M , N , L objects of F1. For ϕ ∈ FX(o∗X(M), o∗X(N)) and
ψ ∈ FX(o∗X(N), o∗X(L)), ΦXM,L(ψϕ) = ΦXN,L(ψ)Φ

X
M,N (ϕ) holds.

Proof. The assertion follows from

ΦXN,L(ψ)Φ
X
M,N (ϕ) = coX ,Φ(L)Φ(ψ)coX ,Φ(N)−1coX ,Φ(N)Φ(ϕ)coX ,Φ(M)−1 = coX ,Φ(L)Φ(ψ)Φ(ϕ)coX ,Φ(M)−1

= coX ,Φ(L)Φ(ψϕ)coX ,Φ(M)−1 = ΦXM,L(ψϕ)
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Proposition 6.1.20 For a morphism k : V → X of E and objects M , N of F1, the following diagram is
commutative.

FX(o∗X(M), o∗X(N)) FV (o∗V (M), o∗V (N))

GF (X)(o
∗
F (X)(Φ(M)), o∗F (X)(Φ(N))) GF (V )(o

∗
F (V )(Φ(M)), o∗F (V )(Φ(N)))

k♯M,N

ΦXM,N ΦVM,N
F (k)♯

Φ(M),Φ(N)

Proof. The following diagram is commutative by (6.1.16), (6.1.6) and the definition of ck,Φ(o
∗
X(M)).

Φ(o∗V (M)) Φ(k∗(o∗X(M)))

F (k)∗(Φ(o∗X(M))) Φ(o∗X(M))

o∗F (V )(Φ(M)) F (k)∗(o∗F (X)(Φ(M))) o∗F (X)(Φ(M))

coV ,Φ(M)

Φ(αk(o
∗
X(M)))

ck,Φ(o∗X(M))

Φ(coX,k(M))

F (k)∗(coX,Φ(M))

αF (k)(Φ(o∗X(M)))

coX,Φ(M)

αF (k)(o
∗
F (X)(Φ(M)))coF (X),F (k)(Φ(M))

Hence we have the following equality.

Φ(αk(o
∗
X(M))coX ,k(M)−1)coV ,Φ(M)−1 = coX ,Φ(M)−1αF (k)(o

∗
F (X)(Φ(M)))coF (X),F (k)(Φ(M))−1 · · · (∗)

Consider the cartesian morphism αoF (V )
(Φ(N)) : o∗F (V )(Φ(N))→ Φ(N). For ϕ ∈ FX(o∗X(M), o∗X(N)), we have

αoF (V )
(Φ(N))ΦVM,N (k♯M,N (ϕ)) = αoF (V )

(Φ(N))coV ,Φ(N)Φ(k♯M,N (ϕ))coV ,Φ(M)−1

= Φ(αoV (N))Φ(k♯M,N (ϕ))coV ,Φ(M)−1

= Φ(αoV (N)coX ,k(N)k∗(ϕ)coX ,k(M)−1)coV ,Φ(M)−1

= Φ(αoX (N)αk(o
∗
X(N))k∗(ϕ)coX ,k(M)−1)coV ,Φ(M)−1

= Φ(αoX (N))Φ(ϕαk(o
∗
X(M))coX ,k(M)−1)coV ,Φ(M)−1

= αoF (X)
(Φ(N))coX ,Φ(N)Φ(ϕ)Φ(αk(o

∗
X(M))coX ,k(M)−1)coV ,Φ(M)−1

αoF (V )
(Φ(N))F (k)♯Φ(M),Φ(N)(Φ

X
M,N (ϕ)) = αoF (V )

(Φ(N))F (k)♯Φ(M),Φ(N)(coX ,Φ(N)Φ(ϕ)coX ,Φ(M)−1)

= αoF (V )
(Φ(N))coF (X),F (k)(Φ(N))F (k)∗(coX ,Φ(N)Φ(ϕ)coX ,Φ(M)−1)coF (X),F (k)(Φ(M))−1

= αoF (X)
(Φ(N))αF (k)(o

∗
F (X)(Φ(N)))F (k)∗(coX ,Φ(N)Φ(ϕ)coX ,Φ(M)−1)coF (X),F (k)(Φ(M))−1

= αoF (X)
(Φ(N))coX ,Φ(N)Φ(ϕ)coX ,Φ(M)−1αF (k)(o

∗
F (X)(Φ(M)))coF (X),F (k)(Φ(M))−1.

Then, (∗) implies αoF (V )
(Φ(N))(ΦVM,Nk

♯
M,N (ϕ)) = αoF (V )

(Φ(N))F (k)♯Φ(M),Φ(N)(Φ
X
M,N (ϕ)). Therefore we have

ΦVM,Nk
♯
M,N (ϕ) = F (k)♯Φ(M),Φ(N)Φ

X
M,N (ϕ).

6.2 Bifibered category

We briefly review the notion of bifibered category following section 10 of [19].

Definition 6.2.1 Let p : F → E be a functor and α : M → N a morphism in F . Set X = p(M), Y = p(N),
f = p(α). We call α a cocartesian morphism if, for any N ′ ∈ ObFY , the map FX(N,N ′)→ Ff (M,N ′) defined
by ϕ 7→ ϕα is bijective.

The following assertion is the dual of (6.1.2).

Proposition 6.2.2 If αi : M → Ni (i = 1, 2) are cocartesian morphisms in F such that p(N1) = p(N2) and
p(α1) = p(α2), there is a unique morphism ψ : N1 → N2 such that α1 = α2ψ and p(ψ) = idp(N1). Moreover, ψ
is an isomorphism.

Definition 6.2.3 Let f : X → Y be a morphism in E and M ∈ ObFX . If there exists a cocartesian morphism
α : M → N such that p(α) = f , N is called a direct image of M by f . We denote M by f∗(N) and α by
αf (M) :M → f∗(M). By (6.2.2), f∗(N) is unique up to isomorphism.
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Proposition 6.2.4 Let α :M → N , α′ :M ′ → N ′ be morphisms in F such that p(M) = p(M ′), p(N) = p(N ′),
p(α) = p(α′)(= f) and λ : M → M ′ a morphism in F such that p(λ) = idp(M). If α′ is cocartesian, there is a
unique morphism µ : N → N ′ such that p(µ) = idp(N) and α′µ = λα.

Corollary 6.2.5 Let f : X → Y be a morphism in E. If, for any M ∈ ObFX , there exists a cocartesian
morphism αf (M) :M → f∗(M), M 7→ f∗(M) defines a functor f∗ : FX → FY .

Definition 6.2.6 If the assumption of (6.2.5) is satisfied, we say that the functor of the direct image by f
exists.

Definition 6.2.7 If a functor p : F → E sadisfies the following condition (i), p is called a precofibered category
and if p satisfies both (i) and (ii), p is called a cofibered category or p is cofibrant.

(i) For any morphism f in E, the functor of the direct image by f exists.
(ii) The composition of cocartesian morphisms is cocartesian.

In other words, p : F → E is a precofibered (resp. cofibered) category if and only if p : Fop → Eop is a
prefibered (resp. fibered) category.

Let p : F → E be a functor. A map κ : Mor E →
∐

X,Y ∈Ob E
Funct(FX ,FY ) is called a cocleavage if κ(f) is

a direct image functor f∗ : FX → FY for (f : X → Y ) ∈ Mor E . A cocleavage κ is said to be normalized if
κ(idX) = idFX for any X ∈ Ob E . A category F over E is called a cloven precofibered category (resp. normalized
cloven precofibered category) if a cocleavage (resp. normalized cocleavage) is given.

p : F → E has a cocleavage if and only if p is precofibered. If p is precofibered, p has a normalized cocleavage.
Let f : X → Y , g : Z → X be morphisms in E and M an object of FZ . If p : F → E is a precofibered

category, there is a unique morphism cf,g(M) : (fg)∗(M)→ f∗g∗(M) such that the following square commutes
and p(cf,g(M)) = idZ .

M (fg)∗(M)

g∗(M) f∗g∗(M)

αfg(M)

αg(M) cf,g(M)

αf (g∗(M))

The following is the dual of (6.1.10).

Proposition 6.2.8 Let p : F → E be a cloven precofibered category. Then, p is a cofibered category if and only

if cf,g(M) is an isomorphism for any Z
g→ X

f→ Y and M ∈ ObFZ .

Proposition 6.2.9 Let p : F → E be a functor and f : X → Y a morphism in E.
(1) Suppose that the functor of the inverse image by f exists. Then, the inverse image f∗ : FY → FX by f

has a left adjoint if and only if the functor of the direct image by f exists.
(2) Suppose that the functor of the direct image by f exists. Then, the direct image f∗ : FX → FY by f has

a right adjoint if and only if the functor of the inverse image by f exists.

Proof. (1) Suppose that the functor of the inverse image by f exists and that it has a left adjoint f∗ : FX → FY .
We denote by η : idFX → f∗f∗ the unit of the adjunction f∗ a f∗. ForM ∈ ObFX , set αf (M) = αf (f∗(M))ηM :
M → f∗(M). By the assumption, the following composition is bijective for any M ∈ ObFX , N ∈ ObFY .

FY (f∗(M), N)
f∗

−→ FX(f∗f∗(M), f∗(N))
η∗M−−→ FX(M, f∗(N))

αf (N)∗−−−−−→ Ff (M,N)

We note that, since αf (N)f∗(ϕ) = ϕαf (f∗(M)) for ϕ ∈ FY (f∗(M), N), the above composition coincides with
the map αf (M)∗ : FY (f∗(M), N) → Ff (M,N) induced by αf (M). This shows that the functor of the direct
image by f exists.

Conversely, assume that the functor of the direct image by f exists. For M ∈ ObFX , let us denote by
αf (M) :M → f∗(M) a cocartesian morphism. Then, we have bijections αf (M)∗ : FY (f∗(M), N)→ Ff (M,N)
and αf (M)∗ : FX(M, f∗(N)) → Ff (M,N) given by ψ 7→ ψαf (M) and ϕ 7→ αf (M)ϕ, which are natural in
M ∈ ObFX and N ∈ ObFY . Thus we have a natural bijection FY (f∗(M), N)→ FX(M, f∗(N)).
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(2) Suppose that the functor of the direct image by f exists and that it has a right adjoint f∗ : FY → FX . We
denote by ε : f∗f

∗ → idFY the counit of the adjunction f∗ a f∗. For N ∈ ObFY , set αf (N) = εNα
f (f∗(N)) :

f∗(N)→ N . By the assumption, the following composition is bijective for any M ∈ ObFX , N ∈ ObFY .

FX(M, f∗(N))
f∗−→ FY (f∗(M), f∗f

∗(N))
εN∗−−→ FY (f∗(M), N)

αf (M)∗−−−−−→ Ff (M,N)

We note that, since f∗(ϕ)α
f (M) = αf (f∗(N))ϕ for ϕ ∈ FX(M, f∗(N)), the above composition coincides with

the map αf (N)∗ : FX(M, f∗(N)) → Ff (M,N) induced by αf (N). This shows that the functor of the inverse
image by f exists.

Conversely, assume that the functor of the inverse image by f exists. For N ∈ ObFY , let us denote by
αf (N) : f∗(N) → N a cartesian morphism. Then, we have bijections αf (N)∗ : FX(M, f∗(N)) → Ff (M,N)
and αf (M)∗ : FY (f∗(M), N) → Ff (M,N) given by ϕ 7→ αf (N)ϕ and ψ 7→ ψαf (M)ϕ, which are natural in
M ∈ ObFX and N ∈ ObFY . Thus we have a natural bijection FY (f∗(M), N)→ FX(M, f∗(N)).

Remark 6.2.10 Let p : F → E be a functor and f : X → Y a morphism in E such that the functors of the
inverse and direct images by f exist. For M ∈ ObFX and N ∈ FY , since there exist a cartesian morphism
αf (N) : f∗(N) → N and a cocartesian morphism αf (M) : M → f∗(M), there is a bijection adf (M,N) :
FY (f∗(M), N) → FX(M, f∗(N)) which satisfies αf (N)adf (M,N)(ϕ) = ϕαf (M) for any ϕ ∈ FY (f∗(M), N).
Hence the unit η : idFX → f∗f∗ of the adjunction f∗ a f∗ is the unique natural transformation satisfying
αf (f∗(M))ηM = αf (M) for any M ∈ ObFX . Dually, the counit ε : f∗f

∗ → idFY is the unique natural
transformation satisfying εNα

f (f∗(N)) = αf (N) for any N ∈ ObFY .

Proposition 6.2.11 ([19], p.182 Proposition 10.1.) Let p : E → F be a prefibered and precofibered category.
Then, it is a fibered category if and only if it is a cofibered category.

Proof. For a morphism f : X → Y in E , we denote by ηf : idFX → f∗f∗ the unit of the adjunction f∗ a f∗.
Let f : X → Y , g : Z → X be morphisms in E . For M ∈ ObFZ and N ∈ ObFY , we claim that the following
diagram commutes.

FX(f∗f∗g∗(M), f∗(N)) FY (f∗g∗(M), N) FY ((fg)∗(M), N)

FX(g∗(M), f∗(N)) FZ((fg)∗(fg)∗(M), (fg)∗(N))

FZ(g∗g∗(M), g∗f∗(N)) FZ(M, g∗f∗(N)) FZ(M, (fg)∗(N))

ηf∗
g∗(M)

f∗ cf,g(M)∗

(fg)∗

g∗ ηfg∗M

ηg∗M cf,g(M)∗

Let ψ : f∗g∗(M)→ N be a morphism in FY . Then we have

αfg(N)ηfg∗M (fg)∗cf,g(M)∗(ψ) = αfg(N)(fg)∗(ψ)(fg)∗(cf,g(M))ηfgM = ψαfg(f∗g∗(M))(fg)∗(cf,g(M))ηfgM

= ψcf,g(M)αfg((fg)∗(M))ηfgM = ψcf,g(M)αfg(M) = ψαf (g∗(M))αg(M)

= ψαf (f∗g∗(M))ηfg∗(M)αg(g∗(M))ηgM

= αf (N)f∗(ψ)αg(f
∗f∗g∗(M))g∗(ηfg∗(M))η

g
M

= αf (N)αg(f
∗(N))g∗f∗(ψ)g∗(ηfg∗(M))η

g
M

= αfg(N)cf,g(N)g∗f∗(ψ)g∗(ηfg∗(M))η
g
M = αfg(N)cf,g(N)∗η

g∗
M g

∗ηf∗g∗(M)(ψ).

Since αfg(N) : (fg)∗(N)→ N is cartesian and both ηfg∗M (fg)∗cf,g(M)∗(ψ) and cf,g(N)∗η
g∗
M g

∗ηf∗g∗(M)(ψ) are mor-

phisms in FY , we see that the above diagram commutes. Note that the compositions ηf∗M f∗ : FY (f∗(M), N)→
FX(M, f∗(N)), ηg∗M g

∗ : FX(g∗(M), N)→ FZ(M, g∗(N)) and ηfg∗M (fg)∗ : FY ((fg)∗(M), N)→ FZ(M, (fg)∗(N))
are bijective. Hence, by the commutativity of the above diagram, cf,g(N)∗ is bijective if and only if cf,g(M)∗ is
so. Then the assertion follows from (6.1.10) and (6.2.8).

Definition 6.2.12 We call a functor p : F → E a bifibered category if it is a fibered and cofibered category.
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Example 6.2.13 Let p : E(2) → E be the fibered category given in (2) of (6.1.9). For a morphism f : X → Y

in E, define a functor f∗ : E(2)X → E(2)Y by f∗(E
π−→ X) = (E

fπ−−→ Y ) and

f∗((ϕ, idX) : (E
π−→ X)→ (G

ρ−→ X)) = ((ϕ, idY ) : (E
fπ−−→ Y )→ (G

fρ−→ Y )).

For (G
ρ−→ Y ) ∈ Ob E(2)Y , let G

fρ←− G×Y X
ρf−→ X be a limit of a diagram G

ρ−→ Y
f←− X. Then,

E(2)Y (f∗(E
π−→ X), (G

ρ−→ Y )) = {ϕ ∈ E(E,G) | ρϕ = fπ}

E(2)X ((E
π−→ X), f∗(G

ρ−→ Y )) = {ψ ∈ E(E,G×Y X) | ρfψ = π}

and define a map Ψ : E(2)X ((E
π−→ X), f∗(G

ρ−→ Y )) → E(2)Y (f∗(E
π−→ X), (G

ρ−→ Y )) by Ψ(ψ) = fρψ. It is easily
seen that Ψ is bijective and f∗ is a left adjoint of f∗.

6.3 Fibered category with products

For X ∈ Ob T and M ∈ ObF1, define a presheaf FX,M : F1 → Set on Fop1 by

FX,M (N) = FX(M,N) = FX(o∗X(M), o∗X(N))

for N ∈ ObF1 and FX,M (ϕ) = o∗X(ϕ)∗ for ϕ ∈ MorF1.
Suppose that FX,M is representable for X ∈ Ob T and M ∈ ObF1. We choose an object X ×M of F1

such that there exists a natural equivalence PX(M) : FX,M → ĥX×M , where ĥX×M is the presheaf on Fop1
represented by X×M . Since o∗1 : F1 → F1 is the identity functor of F1, we take M as 1×M . Hence P1(M)N is
the identity map of F1(M,N). Let us denote by ιX(M) : o∗X(M)→ o∗X(X ×M) the morphism of FX which is
mapped to the identity morphism of X ×M by PX(M)X×M : FX(o∗X(M), o∗X(X ×M))→ F1(X ×M,X ×M).

Remark 6.3.1 If o∗X : F1 → FX has a left adjoint oX∗ : FX → F1, FX,M : F1 → Set is representable for
any object M of F1. In fact, X ×M is defined to be oX∗o

∗
X(M) in this case. If we denote by (adX)P,N :

F1(oX∗(P ), N) → FX(P, o∗X(N)) the bijection which is natural in P ∈ ObFX and N ∈ ObF1, we have
PX(M)N = (adX)−1

o∗X(M),N : FX(o∗X(M), o∗X(N)) → F1(oX∗o
∗
X(M), N). Let us denote by ηX : idFX → o∗XoX∗

the unit of the adjunction oX∗ a o∗X . We have ιX(M) = (ηX)o∗X(M) : o
∗
X(M)→ o∗XoX∗o

∗
X(M) = o∗X(X ×M).

Proposition 6.3.2 The inverse of PX(M)N : FX(o∗X(M), o∗X(N))→ F1(X×M,N) is given by the map defined
by ϕ 7→ o∗X(ϕ)ιX(M).

Proof. For ϕ ∈ F1(X ×M,N), the following diagram commutes by naturality of PX(M).

FX(o∗X(M), o∗X(X ×M)) FX(o∗X(M), o∗X(N))

F1(X ×M,X ×M) F1(X ×M,N)

o∗X(φ)∗

PX(M)X×M PX(M)N

φ∗

It follows that PX(M)N maps o∗X(ϕ)ιX(M) to ϕ.

For a morphism ϕ : L→M of F1, define a natural transformation FX,φ : FX,M → FX,L by

(FX,φ)N = o∗X(ϕ)∗ : FX,M (N) = FX(o∗X(M), o∗X(N))→ FX(o∗X(L), o∗X(N)) = FX,L(N).

It is clear that FX,ψφ = FX,φFX,ψ for morphisms ψ :M → P and ϕ : L→M of F1. If FX,L is also representable,
we define X × ϕ : X × L→ X ×M by

X × ϕ = PX(L)X×M ((FX,φ)X×M (ιX(M))) = PX(L)X×M (ιX(M)o∗X(ϕ)) ∈ ĥX×L(X ×M).

Proposition 6.3.3 Let ϕ : L→M be a morphism of F1.
(1) The following diagrams commute for any N ∈ ObF1.

o∗X(L) o∗X(M)

o∗X(X × L) o∗X(X ×M)

o∗X(φ)

ιX(L) ιX(M)

o∗X(X×φ)

FX(o∗X(M), o∗X(N)) FX(o∗X(L), o∗X(N))

F1(X ×M,N) F1(X × L,N)

o∗X(φ)∗

PX(M)N PX(L)N

(X×φ)∗
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(2) For morphisms ψ :M → K and ϕ : L→M of F1, we have X × (ψϕ) = (X × ψ)(X × ϕ).
(3) If o∗X : F1 → FX preserves epimorphisms (o∗X has a right adjoint, for example) and ϕ : L → M is an

epimorphism, so is X × ϕ : X × L→ X ×M .

Proof. (1) We have PX(L)X×M (ιX(M)o∗X(ϕ)) = X × ϕ by the definition of X × ϕ. On the other hand,
PX(L)X×M (o∗X(X × ϕ)ιX(L)) = X × ϕ by (6.3.2). Since PX(L)X×M is bijective, the left diagram commutes.

For ψ ∈ F1(X ×M,N), it follows from (6.3.2) and commutativity of the left diagram that we have

o∗X(ϕ)∗PX(M)−1
N (ψ) = o∗X(ψ)ιX(M)o∗X(ϕ) = o∗X(ψ)o∗X(X × ϕ)ιX(L) = o∗X(ψ(X × ϕ))ιX(L)

= PX(L)−1
N (ψ(X × ϕ)) = PX(L)−1

N (X × ϕ)∗(ψ).

Hence the right diagram commutes.
(2) The following diagram commutes by (1).

FX(o∗X(K), o∗X(X ×K)) FX(o∗X(M), o∗X(X ×K)) FX(o∗X(L), o∗X(X ×K)))

F1(X ×K,X ×K) F1(X ×M,X ×K) F1(X × L,X ×K)

o∗X(ψ)∗

PX(K)X×K

o∗X(φ)∗

PX(M)X×K PX(L)X×K

(X×ψ)∗ (X×φ)∗

Hence, by the definition of X × (ψϕ) we have

(X × ψ)(X × ϕ) = (X × ϕ)∗(X × ψ)∗(idX×K) = (X × ϕ)∗(X × ψ)∗PX(K)X×K(ιX(K))

= PX(L)X×Ko
∗
X(ϕ)∗o∗X(ψ)∗(ιX(K)) = PX(L)X×K(ιX(K)o∗X(ϕψ)) = X × (ψϕ).

(3) is a direct consequence of (1).

Remark 6.3.4 If o∗X : F1 → FX has a left adjoint oX∗ : FX → F1, for a morphism ϕ : L → M of F1,
we have X × ϕ = oX∗o

∗
X(ϕ) : X × L = oX∗o

∗
X(L) → oX∗o

∗
X(M) = X × M . In fact, if we denote by

εX : o∗XoX∗ → idFX the counit of the adjunction oX∗ a o∗X , we have X × ϕ = PX(L)X×M (ιX(M)o∗X(ϕ)) =
(adX)−1

o∗X(L),X×M ((ηX)o∗X(M)o
∗
X(ϕ)) = (εX)oX∗o∗X(M)oX∗((ηX)o∗X(M))oX∗o

∗
X(ϕ) = oX∗o

∗
X(ϕ).

Lemma 6.3.5 Let ξ : o∗X(L) → o∗X(M), ζ : o∗X(N) → o∗X(K) be morphisms of FX for morphisms ϕ : L → N

and ψ : M → K of F1. We put ξ̂ = PX(L)M (ξ) and ζ̂ = PX(N)K(ζ). The following left diagram commutes if
and only if the right one commutes.

o∗X(L) o∗X(M)

o∗X(N) o∗X(K)

ξ

o∗X(φ) o∗X(ψ)

ζ

X × L M

X ×N K

ξ̂

X×φ ψ

ζ̂

Proof. The following diagram is commutative by (6.3.3).

FX(o∗X(L), o∗X(M)) FX(o∗X(L), o∗X(K)) FX(o∗X(N), o∗X(K))

F1(X × L,M) F1(X × L,K) F1(X ×N,K)

o∗X(ψ)∗

PX(L)M PX(L)K

o∗X(φ)∗

PX(N)K

ψ∗ (X×φ)∗

Since ξ̂ = PX(L)M (ξ), ζ̂ = PX(N)K(ζ) and PX(L)K is bijective, o∗X(ψ)ξ = o∗X(ψ)∗(ξ) = o∗X(ϕ)∗(ζ) = ζo∗X(ϕ)

if and only if ψξ̂ = ψ∗(ξ̂) = (X × ϕ)∗(ζ̂) = ζ̂(X × ϕ).

For X,Y ∈ Ob T and M ∈ ObF1, suppose that FX,M and FY,M are representable. For a morphism
f : X → Y of T , we define a morphism f ×M : X ×M → Y ×M of F1 by

f ×M = PX(M)Y×M (f ♯M,Y×M (ιY (M))).

Since F1,M is represented by M , we identify M with 1×M and oX induces oX ×M : X ×M →M .

Proposition 6.3.6 (1) The following diagram commutes for any N ∈ ObF1.
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FY (o∗Y (M), o∗Y (N)) FX(o∗X(M), o∗X(N))

F1(Y ×M,N) F1(X ×M,N)

f♯M,N

PY (M)N PX(M)N

(f×M)∗

(2) For X,Y, Z ∈ Ob T and M ∈ ObF1, suppose that FX,M , FY,M and FZ,M are representable. For
morphisms f : X → Y and g : Y → Z of T , we have gf ×M = (g ×M)(f ×M).

(3) The image of the identity morphism of o∗X(M) by PX(M)M is oX ×M : X ×M → 1×M =M .

(4) A compisition o∗X(M)
ιX(M)−−−−→ o∗X(X ×M)

o∗X(oX×M)−−−−−−−→ o∗X(1×M) = o∗X(M) is the identity morphism of
o∗X(M).

Proof. (1) For ϕ ∈ F1(Y ×M,N), it follows from the naturality of f ♯M,N and (6.3.2) that we have

f ♯M,NPY (M)−1
N (ϕ) = f ♯M,N (o∗Y (ϕ)ιY (M)) = f ♯M,No

∗
Y (ϕ)∗(ιY (M)) = o∗X(ϕ)∗f

♯
M,Y×M (ιY (M))

= o∗X(ϕ)∗PX(M)−1
Y×M (f ×M) = o∗X(ϕ)o∗Y (f ×M)ιX(M) = o∗X(ϕ(f ×M))ιX(M)

= o∗X((f ×M)∗(ϕ))ιX(M) = PX(M)−1
N (f ×M)∗(ϕ).

(2) The following diagram commutes by (1). Hence the assertion follows from (6.1.18).

FZ(o∗Y (M), o∗Y (N)) FY (o∗Y (M), o∗Y (N)) FX(o∗X(M), o∗X(N))

F1(Z ×M,N) F1(Y ×M,N) F1(X ×M,N)

g♯M,N

PZ(M)N

f♯M,N

PY (M)N PX(M)N

(g×M)∗ (f×M)∗

(3) Apply (1) for N =M , Y = 1 and f = oX : X → 1.
(4) It follows from (6.3.2) that PX(M)M : FX(o∗X(M), o∗X(M))→ F1(X ×M,M) maps o∗X(oX ×M)ιX(M)

to oX ×M : X ×M →M . Thus the assertion follows from (3).

Remark 6.3.7 Suppose that the inverse image functors o∗X : F1 → FX and o∗Y : F1 → FY have left adjoints
oX∗ : FX → F1 and oY ∗ : FY → F1, respectively.

(1) Since f ♯M,Y×M (ιY (M)) = coY ,f (Y ×M)f∗
(
(ηY )o∗Y (M)

)
coX ,f (M)−1 by (6.3.1) and

PX(M)Y×M = (adX)−1
o∗X(M),Y×M : FX(o∗X(M), o∗X(Y ×M))→ F1(X ×M,Y ×M)

maps ϕ ∈ FX(o∗X(M), o∗X(Y ×M)) to (εX)Y×MoX∗(ϕ), f ×M : X ×M → Y ×M coincides with the following
composition.

X ×M = oX∗o
∗
X(M)

oX∗(coX,f (M))−1

−−−−−−−−−−−→oX∗f
∗o∗Y (M)

oX∗f
∗
(
(ηY )o∗

Y
(M)

)
−−−−−−−−−−−−−→oX∗f

∗o∗Y oY ∗o
∗
Y (M) = oX∗f

∗o∗Y (Y ×M)

oX∗(coX,f (Y×M))
−−−−−−−−−−−−→ oX∗o

∗
X(Y ×M)

(εX)Y×M−−−−−−→ Y ×M

(2) The following diagram commutes by (6.3.6).

F1(o1∗(o
∗
1(M)),M) F1(oX∗(o

∗
X(M)),M)

F1(o
∗
1(M), o∗1(M)) FX(o∗X(M), o∗X(M))

(oX×M)∗

ad1
o∗1(M),M adXo∗

X
(M),M

(o♯X)M,M

Since o∗1 is the identity functor of F1, so is o1∗. Hence oX ×M : oX∗o
∗
X(M) = X ×M → 1 ×M = M is

identified with the counit (εX)M : oX∗o
∗
X(M)→M of the adjunction oX∗ a o∗X by the above diagram.

Lemma 6.3.8 For a morphism f : X → Y of T and an object M of F1,

f ♯M,Y×M : FY (o∗Y (M), o∗Y (Y ×M))→ FX(o∗X(M), o∗X(Y ×M))

maps ιY (M) to o∗X(f ×M)ιX(M).
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Proof. The following diagram commutes by (1) of (6.3.6).

FY (o∗Y (M), o∗Y (Y ×M)) FX(o∗X(M), o∗X(Y ×M))

F1(Y ×M,Y ×M) F1(X ×M,Y ×M)

f♯M,Y×M

PY (M)Y×M PX(M)Y×M

(f×M)∗

The assertion follows from (6.3.2).

Proposition 6.3.9 For a morphism f : X → Y of T and a morphism ϕ : L→M of F1, the following diagram
commutes.

X × L Y × L

X ×M Y ×M

f×L

X×φ Y×φ
f×M

Proof. The following diagram commutes by the naturality of f ♯.

FY (o∗Y (M), o∗Y (N)) FX(o∗X(M), o∗X(N))

FY (o∗Y (L), o∗Y (N)) FX(o∗X(L), o∗X(N))

f♯M,N

o∗Y (φ)∗ o∗X(φ)∗

f♯L,N

Then, it follows from the commutativity of four diagrams

FY (o∗Y (M), o∗Y (N)) F1(Y ×M,N)

FY (o∗Y (L), o∗Y (N)) F1(Y × L,N)

PY (M)N

o∗Y (φ)∗ (Y×φ)∗

PY (L)N

FX(o∗X(M), o∗X(N)) F1(X ×M,N)

FX(o∗X(L), o∗X(N)) F1(X × L,N)

PX(M)N

o∗X(φ)∗ (X×φ)∗

PX(L)N

FY (o∗Y (M), o∗Y (N)) F1(Y ×M,N)

FX(o∗X(M), o∗X(N)) F1(X ×M,N)

PY (M)N

f♯M,N (f×M)∗

PX(M)N

FY (o∗Y (L), o∗Y (N)) F1(Y × L,N)

FX(o∗X(L), o∗X(N)) F1(Y × L,N)

PY (L)N

f♯L,N (f×L)∗

PX(L)N

and the fact that PY (M)N : FY (o∗Y (M), o∗Y (N)) → F1(Y × M,N) is bijective that the following diagram
commutes for any N ∈ ObF1.

F1(Y ×M,N) F1(X ×M,N)

F1(Y × L,N) F1(X × L,N)

(f×M)∗

(Y×φ)∗ (X×φ)∗

(f×L)∗

Thus the assertion follows.

Remark 6.3.10 We denote by f × ϕ : X × L → Y ×M the composition (f ×M)(X × ϕ) = (Y × ϕ)(f × L).
It follows from (6.3.9) that f × (g ×M) = (Y × (g ×M))(f × (Z ×M)) = (f × (W ×M))(X × (g ×M)) for
g ∈ T (Z,W ).

For X ∈ Ob T and M ∈ ObF1, we define a morphism δX,M : X ×M → X × (X ×M) of F1 to be the image
of ιX(X ×M)ιX(M) ∈ FX(o∗X(M), o∗X(X × (X ×M))) by

PX(M)X×(X×M) : FX(o∗X(M), o∗X(X × (X ×M)))→ F1(X ×M,X × (X ×M)).

Proposition 6.3.11 The following diagram commutes for any N ∈ ObF1.
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FX(o∗X(X ×M), o∗X(N)) FX(o∗X(M), o∗X(N))

F1(X × (X ×M), N) F1(X ×M,N)

ιX(M)∗

PX(X×M)N PX(M)N

δ∗X,M

Proof. For ϕ ∈ F1(X × (X ×M), N), by the definition of δX,M and the naturality of PX(M), we have

ιX(M)∗PX(X ×M)−1
N (ϕ) = o∗X(ϕ)ιX(X ×M)ιX(M) = o∗X(ϕ)∗PX(M)−1

X×(X×M)(δX,M )

= PX(M)−1
N ϕ∗(δX,M ) = PX(M)−1

N δ∗X,M (ϕ).

We note that δX,M : X ×M → X × (X ×M) is the unique morphism that makes the diagram of (6.3.11)
commute for any N ∈ ObF1.

Remark 6.3.12 If o∗X : F1 → FX has a left adjoint oX∗ : FX → F1, the following diagram is commutative for
any N ∈ ObF1 by the naturality of adX .

FX(o∗XoX∗o
∗
X(M), o∗X(N)) FX(o∗X(M), o∗X(N))

F1(oX∗o
∗
XoX∗o

∗
X(M), N) F1(oX∗o

∗
X(M), N)

(ηX)∗o∗
X

(M)

(adX)−1
o∗
X
oX∗o

∗
X

(M),N
(adX)−1

o∗
X

(M),N

oX∗

(
(ηX)o∗

X
(M)

)∗

It follows that δX,M = oX∗
(
(ηX)o∗X(M)

)
.

Proposition 6.3.13 For a morphism f : X → Y of T and a morphism ϕ : L → M of F1, the following
diagrams are commutative.

X × L X × (X × L)

X ×M X × (X ×M)

δX,L

X×φ X×(X×φ)
δX,M

X ×M X × (X ×M)

Y ×M Y × (Y ×M)

δX,M

f×M f×(f×M)

δY,M

Proof. The following diagram is commutative for any N ∈ ObF1 by (1) of (6.3.3).

FX(o∗X(X ×M), o∗X(N)) FX(o∗X(M), o∗X(N))

FX(o∗X(X × L), o∗X(N)) FX(o∗X(L), o∗X(N))

ιX(M)∗

o∗X(X×φ)∗ o∗X(φ)∗

ιX(L)∗

Hence the following diagram commutes by (6.3.11) and (1) of (6.3.3).

F1(X × (X ×M), N) F1(X ×M,N)

F1(X × (X × L), N) F1(X × L,N)

δ∗X,M

(X×(X×φ))∗ (X×φ)∗

δ∗X,L

Thus the left diagram is commutative.
For N ∈ ObF1 and ξ ∈ FY (o∗Y (Y ×M), o∗Y (N)), it follows from (6.3.8) and (6.1.17) that we have

f ♯Y×M,N (ξ)o∗X(f ×M)ιX(M) = f ♯Y×M,N (ξ)f ♯M,Y×M (ιY (M)) = f ♯M,N (ξιY (M)).

This shows that the following diagram commutes.

FY (o∗Y (Y ×M), o∗Y (N)) FY (o∗Y (M), o∗Y (N))

FX(o∗X(X ×M), o∗X(N)) FX(o∗X(X ×M), o∗X(N))

ιY (M)∗

o∗X(f×M)∗f♯Y×M,N f♯M,N

ιX(M)∗
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The following diagram commutes by (1) of (6.3.3) and (6.3.6).

FY (o∗Y (Y ×M), o∗Y (N)) FX(o∗X(Y ×M), o∗X(N)) FX(o∗X(X ×M), o∗X(N))

F1(Y × (Y ×M), N) F1(X × (Y ×M), N) F1(X × (X ×M), N)

f♯Y×M,N

PY (Y×M)N

o∗X(f×M)∗

PX(Y×M)N PX(X×M)N

(f×(Y×M))∗ (X×(f×M))∗

Since f × (f ×M) = (Y × (f ×M))(f × (X ×M)), it follows from (6.3.11) and (1) of (6.3.6) that the following
diagram commutes for any N ∈ ObF1.

F1(Y × (Y ×M), N) F1(Y ×M,N)

F1(X × (X ×M), N) F1(X ×M,N)

δ∗Y,M

(f×(f×M))∗ (f×M)∗

δ∗X,M

Thus the right diagram is also commutative.

Proposition 6.3.14 The following diagrams are commutative.

o∗X(M) o∗X(X ×M)

o∗X(X ×M) o∗X(X × (X ×M))

ιX(M)

ιX(M) ιX(X×M)

o∗X(δX,M )

X ×M X × (X ×M)

X × (X ×M) X × (X × (X ×M))

δX,M

δX,M δX,X×M

X×δX,M

Proof. It follows from the definition of δX,M and (6.3.2) that

ιX(X ×M)ιX(M) = PX(M)−1
X×(X×M)(δX,M ) = o∗X(δX,M )ιX(M).

Hence the following diagram commutes for N ∈ ObF1.

FX(o∗X(X × (X ×M)), o∗X(N)) FX(o∗X(X ×M), o∗X(N))

FX(o∗X(X ×M), o∗X(N)) FX(o∗X(M), o∗X(N))

o∗X(δX,M )∗

ιX(X×M)∗ ιX(M)∗

ιX(M)∗

Therefore the following diagram commutes by (6.3.11) and (1) of (6.3.3).

F1(X × (X × (X ×M)), N) F1(X × (X ×M), N)

F1(X × (X ×M), N) F1(X ×M,N)

(X×δX,M )∗

δ∗X,X×M δ∗X,M

δ∗X,M

Proposition 6.3.15 The following compositions coincide with the identity morphism of X ×M .

X ×M δX,M−−−→ X × (X ×M)
oX×(X×M)−−−−−−−−→ 1× (X ×M) = X ×M

X ×M δX,M−−−→ X × (X ×M)
X×(oX×M)−−−−−−−−→ X × (1×M) = X ×M

Proof. The following diagram commutes for any N ∈ ObF1 by (1) of (6.3.6) and (6.3.11).

F1(o
∗
1(X ×M), o∗1(N)) FX(o∗X(X ×M), o∗X(N)) FX(o∗X(M), o∗X(N))

F1(1× (X ×M), N) F1(X × (X ×M), N) F1(X ×M,N)

(oX)♯X×M,N

P1(X×M)N

ιX(M)∗

PX(X×M)N PX(M)N

(oX×(X×M))∗ δ∗X,M
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It follows from (6.3.2) that δ∗X,M (oX × (X ×M))∗ : F1(X ×M,N) = F1(1× (X ×M), N)→ F1(X ×M,N) is
the identity map of F1(X ×M,N).

The following diagram commutes by (1) of (6.3.3) and and (6.3.11).

FX(o∗X(1×M), o∗X(N)) FX(o∗X(X ×M), o∗X(N)) FX(o∗X(M), o∗X(N))

F1(X × (1×M), N) F1(X × (X ×M), N) F1(X ×M,N)

o∗X(oX×M)∗

PX(1×M)N

ιX(M)∗

PX(X×M)N PX(M)N

(X×(oX×M))∗ δ∗X,M

Since the composition of the upper horizontal maps of the above diagram coincides with the identity map of
FX(o∗X(M), o∗X(N)) by (4) of (6.3.6), the composition of the lower horizontal maps of the above diagram is the
identity map of F1(X ×M,N).

Lemma 6.3.16 If the following left diagram in T is commutative, then the following right diagram in F1 is
commutative for M ∈ ObF1.

X

Z Y

V W U

g f

j q p i

X ×M Y × (V ×M)

U × (Z ×M) U × (W × (V ×M))

(f×(jg×M))δX,M

(if×(g×M))δX,M (i×(p×(V×M)))δY,V×M

U×((q×(j×M))δZ,M )

Proof. The following diagram is commutative by (6.3.14), (6.3.13), (6.3.9), (6.3.3) and (6.3.6).

X ×M X × (X ×M) Y × (X ×M) Y × (V ×M)

X×(X×M) X×(X×(X×M)) Y ×(Y ×(X×M)) Y ×(Y ×(V ×M))

X×(Z×M) X×(Z×(Z×M)) Y ×(W×(V ×M))

U×(Z×M) U×(Z×(Z×M)) U×(W×(V ×M))

δX,M

δX,M

f×(X×M)

δX,X×M

Y×(jg×M)

δY,X×M δY,V×M

X×δX,M

X×(g×M)

f×(f×(X×M))

X×(g×(g×M))

Y×(Y×(jg×M))

Y×(p×(jg×M))
Y×(p×(V×M))

X×δZ,M

if×(Z×M)

f×(q×(j×M))

if×(Z×(Z×M)) i×(W×(W×M))

U×δZ,M U×(q×(j×M))

Hence the asserion follows.

For X ∈ Ob T , let us denote by prX : X × 1 → X and pr2 : X × 1 → 1 the projections. Similarly, for
Y ∈ Ob T , let us denote by pr1 : 1× Y → 1 and prY : 1× Y → Y the projections. We note that prX and prY
are isomorphisms.

Proposition 6.3.17 Suppose that p : F → T is a normalized cloven fibered category. For X,Y ∈ Ob T and
M ∈ ObF1, the following diagrams commutes.

(X × 1)×M (X × 1)× ((X × 1)×M)

X ×M X × (1×M)

δX×1,M

prX×M prX×(pr2×M)

(1× Y )×M (1× Y )× ((1× Y )×M)

Y ×M 1× (Y ×M)

δ1×Y,M

prY ×M pr1×(prY ×M)

Proof. Since pr2 = oX×1 : X × 1 → 1 and pr1 = o1×Y : 1 × Y → 1, it follows from (6.3.15) that the following
diagrams commutes.

(X × 1)× ((X × 1)×M)

(X × 1)×M (X × 1)× (1×M)

X ×M X × (1×M)

(X×1)×(pr2×M)
δX×1,M

prX×M prX×(1×M)

(1× Y )× ((1× Y )×M)

(1× Y )×M 1× ((1× Y )×M)

Y ×M 1× (Y ×M)

pr1×((1×Y )×M)
δ1×Y,M

prY ×M 1×(prY ×M)
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Hence the assertions follows.

Let X be an object of T and L, M , N objects of F1. We define a map

γX,L,M,N : F1(X × L,M)×F1(X ×M,N)→ F1(X × L,N)

as follows. For ϕ ∈ F1(X × L,M) and ψ ∈ F1(X ×M,N), let γX,L,M,N (ϕ,ψ) be the following composition.

X × L δX,L−−−→ X × (X × L) X×φ−−−→ X ×M ψ−→ N

Proposition 6.3.18 The following diagram is commutative.

FX(o∗X(L), o∗X(M))×FX(o∗X(M), o∗X(N)) FX(o∗X(L), o∗X(N))

F1(X × L,M)×F1(X ×M,N) F1(X × L,N)

composition

PX(L)M×PX(M)N PX(L)N

γX,L,M,N

Proof. For ζ ∈ FX(o∗X(L), o∗X(M)) and ξ ∈ FX(o∗X(M), o∗X(N)), we put ϕ = PX(L)M (ζ) and ψ = PX(M)N (ξ).
Then, we have ψ(X × ϕ) = PX(X × L)N (ξo∗X(ϕ)) by (6.3.3). It follows from (6.3.11) and (6.3.2) that

ψ(X × ϕ)δX,L = δ∗X,LPX(X × L)N (ξo∗X(ϕ)) = PX(L)N (ξo∗X(ϕ)ιX(L)) = PX(L)N (ξζ).

Thus the result follows.

Definition 6.3.19 Let p : F → T be a normalized cloven fibered category. We say that p : F → T is a fibered
category with products if the presheaf FX,M on Fop1 is representable for any X ∈ Ob T and M ∈ ObF1.

Let p : F → T be a fibered category with products. Suppose that T has finite products. For X,Y ∈ Ob T ,
we denote by prX : X × Y → X and prY : X × Y → Y the projections. For M ∈ ObF1, we define a morphism
θX,Y (M) : (X × Y )×M → X × (Y ×M) of F1 to be the following composition.

(X × Y )×M δX×Y,M−−−−−→ (X × Y )× ((X × Y )×M)
prX×(prY ×M)−−−−−−−−−−→ X × (Y ×M)

Proposition 6.3.20 For morphisms f : X → Z, g : Y → W of T and a morphism ϕ : L → M of F1, the
following diagrams are commutative.

(X × Y )× L X × (Y × L)

(X × Y )×M X × (Y ×M)

θX,Y (L)

(X×Y )×φ X×(Y×φ)
θX,Y (M)

(X × Y )×M X × (Y ×M)

(Z ×W )×M Z × (W ×M)

θX,Y (M)

(f×g)×M f×(g×M)

θZ,W (M)

Proof. The following diagrams commute by (6.3.13), (6.3.9), (6.3.3) and (6.3.6).

(X × Y )× L (X × Y )× ((X × Y )× L) X × (Y × L)

(X × Y )×M (X × Y )× ((X × Y )×M) X × (Y ×M)

δX×Y,L

(X×Y )×φ

prX×(prY ×L)

(X×Y )×((X×Y )×φ) X×(Y×φ)
δX×Y,M prX×(prY ×M)

(X × Y )×M (X × Y )× ((X × Y )×M) X × (Y ×M)

(Z ×W )×M (Z ×W )× ((Z ×W )×M) Z × (W ×M)

δX×Y,M

(f×g)×M

prX×(prY ×M)

(f×g)×((f×g)×M) f×(g×M)

δZ×W,M prZ×(prW×M)

Hence the assertion follows.

Proposition 6.3.21 For X,Y, Z ∈ Ob T and M ∈ ObF1, the following diagram is commutative.

(X × Y × Z)×M (X × Y )× (Z ×M)

X × ((Y × Z)×M) X × (Y × (Z ×M))

θX×Y,Z(M)

θX,Y×Z(M) θX,Y (Z×M)

X×θY,Z(M)
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Proof. Let us denote by pX×Y : X × Y × Z → X × Y , pY×Z : X × Y × Z → Y × Z, prX : X × Y → X,
prY : X × Y → Y , pr′Y : Y × Z → Y and pr′Z : Y × Z → Z the projections. Since

θX×Y,Z(M) = (pX×Y × (pr′ZpY×Z ×M))δX×Y×Z,M : (X × Y × Z)×M → (X × Y )× (Z ×M)

θX,Y×Z(M) = (prXpX×Y × (pY×Z ×M))δX×Y×Z,M : (X × Y × Z)×M → X × ((Y × Z)×M)

θX,Y (Z ×M) = (prX × (prY × (Z ×M)))δX×Y,Z×M : (X × Y )× (Z ×M)→ X × (Y × (Z ×M))

X × θY,Z(M) = X × ((pr′Y × (pr′Z ×M))δY×Z,M ) : X × ((Y × Z)×M)→ X × (Y × (Z ×M)),

the assertion follows by applying (6.3.16) for f = pX×Y , g = pY×Z , p = prY , q = pr′Y , i = prX and j = pr′Z .

Proposition 6.3.22 For objects X, Y of T and an object M of F1, θX,1(M) : (X × 1)×M → X × (1×M) =
X ×M is identified with prX ×M : (X × 1)×M → X ×M and θ1,Y (M) : (1× Y )×M → X ×M is identified
with prY ×M : (1× Y )×M → Y ×M .

Proof. This is a direct consequence of (6.3.17).

Lemma 6.3.23 For objects X, Y of T and an object M of F1, the following diagram is commutative.

o∗X×Y (M) o∗X×Y ((X × Y )×M)

o∗X×Y (Y ×M) o∗X×Y (X × (Y ×M))

ιX×Y (M)

pr♯Y (ιY (M)) o∗X×Y (θX,Y (M))

pr♯X(ιX(Y×M))

Proof. It follows from (6.3.8) and (1) of (6.3.3) that we have

pr♯X(ιX(Y×M))pr♯Y (ιY (M)) = o∗X×Y (prX×(Y×M))ιX×Y (Y×M)o∗X×Y (prY×M)ιX×Y (M)

= o∗X×Y (prX×(Y×M))o∗X×Y ((X×Y )×(prY×M))ιX×Y ((X×Y )×M)ιX×Y (M)

= o∗X×Y (prX×(prY×M))ιX×Y ((X×Y )×M)ιX×Y (M)

By the naturality of PX×Y (M) and the definition of δX×Y,M , the above equality implies that

PX×Y (M)X×(Y×M) : FX×Y (o
∗
X×Y (M), o∗X×Y (X × (Y ×M)))→ F1((X × Y )×M,X × (Y ×M))

maps pr♯X(ιX(Y×M))pr♯Y (ιY (M)) to (prX×(prY×M))δX×Y,M = θX,Y (M). By (6.3.2), PX×Y (M)X×(Y×M)

also maps o∗X×Y (θX,Y (M))ιX×Y (M) to θX,Y (M).

Let us denote by ∆X : X → X ×X the diagonal morphism of X ∈ Ob T .

Proposition 6.3.24 For X ∈ Ob T and M ∈ ObF1, we have θX,X(M)(∆X ×M) = δX,M .

Proof. We denote by pri : X × X → X the projection to i th component for i = 1, 2. It follows from the
commutativity of the right diagram of (6.3.13) that

θX,X(M)(∆X ×M) = (pr1 × (pr2 ×M))δX×X,M (∆X ×M) = (pr1 × (pr2 ×M))(∆X × (∆X ×M))δX,M

= (pr1∆X × (pr2∆X ×M))δX,M = δX,M

since pr1∆X = pr2∆X = idX .

Definition 6.3.25 Let p : F → T be a fibered category with products. Suppose that T has finite products. If
θX,Y (M) : (X ×Y )×M → X × (Y ×M) is an isomorphism for any X,Y ∈ Ob T and M ∈ ObF1, we say that
p : F → T is an associative fibered category with products.
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6.4 Fibered category with exponents

Let p : F → T be a normalized cloven fibered category. Assume that T has a terminal object 1.
For X ∈ Ob T and N ∈ ObF1, define a presheaf FXN : Fop1 → Set on F1 by

FXN (M) = FX(M,N) = FX(o∗X(M), o∗X(N))

for M ∈ ObF1 and FXN (ϕ) = o∗X(ϕ)∗ for ϕ ∈ MorF1. Suppose that FXN is representable for X ∈ Ob T and
N ∈ ObF1. We choose an object NX of F1 such that there exists a natural equivalence EX(N) : FXN → hNX ,
where hNX is the presheaf represented by NX . Since o∗1 : F1 → F1 is the identity functor of F1, we take N as
N1. Hence E1(N)M is the identity morphism of F1(M,N). Let us denote by πX(N) : o∗X(NX) → o∗X(N) the
morphism of FX which is mapped to the identity morphism of NX by EX(N)NX : FX(o∗X(NX), o∗X(N)) →
F1(N

X , NX).

Remark 6.4.1 If o∗X : F1 → FX has a right adjoint oX! : FX → F1, F
X
N : Fop1 → Set is representable for any

object N of F1. In fact, NX is defined to be oX!o
∗
X(N) in this case. If we denote by adXM,P : FX(o∗X(M), P )→

F1(M, oX!(P )) the bijection which is natural in M ∈ ObF1 and P ∈ ObFX , we have EX(N)M = adXM,o∗X(N) :

FX(o∗X(M), o∗X(N)) → F1(M, oX!o
∗
X(N)). Let us denote by εX : o∗XoX! → idFX the counit of the adjunction

o∗X a oX!. We have πX(N) = εXo∗X(N) : o
∗
X(NX) = o∗XoX!o

∗
X(N)→ o∗X(N).

Proposition 6.4.2 The inverse of EX(N)M :FX(o∗X(M), o∗X(N))→F1(M,NX) is given by the map defined
by ϕ 7→ πX(N)o∗X(ϕ).

Proof. For ϕ ∈ F1(M,NX), the following diagram commutes by naturality of EX(N).

FX(o∗X(NX), o∗X(N)) FX(o∗X(M), o∗X(N))

F1(N
X , NX) F1(M,NX)

o∗X(φ)∗

EX(N)NX EX(N)M

φ∗

It follows that EX(N)M maps πX(N)o∗X(ϕ) to ϕ.

For a morphism ϕ : L→ N of F1, define a natural transformation FXφ : FXL → FXN by

(FXφ )M = o∗X(ϕ)∗ : FXL (M) = FX(o∗X(M), o∗X(L))→ FX(o∗X(M), o∗X(N)) = FXN (M).

It is clear that FXψφ = FXψ F
X
φ for morphisms ψ : N → P and ϕ : L → N of F1. We define ϕX : LX → NX by

ϕX = EX(N)LX ((F
X
φ )LX (πX(L))) = EX(N)LX (o

∗
X(ϕ)πX(L)) ∈ hNX (LX).

Proposition 6.4.3 (1) The following diagrams commute for any M ∈ ObF1.

o∗X(LX) o∗X(NX)

o∗X(L) o∗X(N)

o∗X(φX)

πX(L) πX(N)

o∗X(φ)

FX(o∗X(M), o∗X(L)) FX(o∗X(M), o∗X(N))

F1(M,LX) F1(M,NX)

o∗X(φ)∗

EX(L)M EX(N)M

φX∗

(2) For morphisms ψ : N → P and ϕ : L→ N of F1, we have (ψϕ)X = ψXϕX .
(3) If o∗X : F1 → FX preserves monomorphisms (o∗X has a left adjoint, for example) and ϕ : L → N is a

monomorphism, so is ϕX : LX → NX .

Proof. (1) We have EX(N)LX (o
∗
X(ϕ)πX(L)) = ϕX by the definition of ϕX . On the other hand, it follows from

(6.4.2) that EX(N)LX (πX(N)o∗X(ϕX)) = ϕX . Since EX(N)LX is bijective, the left diagram commutes.
For ψ ∈ F1(M,LX), it follows from 6.4.2 and commutativity of the left diagram that we have

o∗X(ϕ)∗EX(L)−1
M (ψ) = o∗X(ϕ)πX(L)o∗X(ψ) = πX(N)o∗X(ϕX)o∗X(ψ) = πX(N)o∗X(ϕXψ)

= EX(N)−1
M (ϕXψ) = EX(N)−1

M ϕX∗ (ψ).

Hence the right diagram commutes.
(2) The following diagram commutes by (1).
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FX(o∗X(LX), o∗X(L)) FX(o∗X(LX), o∗X(N)) FX(o∗X(LX), o∗X(P )))

F1(L
X , LX) F1(L

X , NX) F1(L
X , PX)

o∗X(φ)∗

EX(L)LX

o∗X(ψ)∗

EX(N)LX EX(P )LX

φX∗ ψX∗

Hence ψXϕX = ψX∗ ϕ
X
∗ (idLX ) = EX(P )LX (o

∗
X(ψ)o∗X(ϕ)πX(L)) = EX(P )LX (o

∗
X(ψϕ)πX(L)) = (ψϕ)X .

(3) is a direct consequence of (1).

Remark 6.4.4 Suppose that o∗X : F1 → FX has a right adjoint oX! : FX → F1. For a morphism ϕ : L→ N of
F1, we have ϕ

X = oX!o
∗
X(ϕ) : LX = oX!o

∗
X(L)→ oX!o

∗
X(N) = NX . In fact, if we denote by ηX : idFX → oX!o

∗
X

the unit of the adjunction o∗X a oX!, we have ϕX = EX(N)LX (o
∗
X(ϕ)πX(L)) = adXLX ,o∗X(N)

(
o∗X(ϕ)εXo∗X(L)

)
=

oX!o
∗
X(ϕ)oX!

(
εXo∗X(L)

)
ηXoX!o∗X(L)= oX!o

∗
X(ϕ).

Lemma 6.4.5 Let ξ : o∗X(L)→ o∗X(M), ζ : o∗X(N)→ o∗X(K) be morphisms of FX for K,L,M,N ∈ ObF1 and
ϕ : L → N , ψ : M → K morphisms of F1. We put ξ̌ = EX(L)M (ξ) and ζ̌ = EX(K)N (ζ). The following left
diagram commutes if and only if the right one commutes.

o∗X(L) o∗X(M)

o∗X(N) o∗X(K)

ξ

o∗X(φ) o∗X(ψ)

ζ

L MX

N KX

ξ̌

φ ψX

ζ̌

Proof. The following diagram is commutative by (6.4.3) and the naturality of EX(K).

FX(o∗X(L), o∗X(M)) FX(o∗X(L), o∗X(K)) FX(o∗X(N), o∗X(K))

F1(L,M
X) F1(L,K

X) F1(N,K
X)

o∗X(ψ)∗

EX(M)L EX(K)L

o∗X(φ)∗

EX(K)N

ψX∗ φ∗

Since ξ̌ = EX(L)M (ξ), ζ̌ = EX(K)N (ζ) and EX(K)L is bijective, o∗X(ψ)ξ = o∗X(ψ)∗(ξ) = o∗X(ϕ)∗(ζ) = ζo∗X(ϕ)
if and only if ψX ξ̌ = ψX∗ (ξ̌) = ϕ∗(ζ̌) = ζ̌ϕ.

For X,Y ∈ Ob T and N ∈ ObF1, suppose that FXN and FYN are representable. For a morphism f : X → Y
of T , we define a morphism Nf : NY → NX of F1 by

Nf = EX(N)NY (f
♯
NY ,N (πY (N))) ∈ F1(N

Y , NX).

Since F 1
N is represented by N , we identify N with N1 and oX induces NoX : N → NX .

Proposition 6.4.6 (1) The following diagram commutes for any M ∈ ObF1.

FY (o∗Y (M), o∗Y (N)) FX(o∗X(M), o∗X(N))

F1(M,NY ) F1(M,NX)

f♯M,N

EY (N)M EX(N)M

Nf∗

(2) For morphisms f : X → Y and g : Y → Z of T , Ngf = NfNg.
(3) The image of the identity morphism of o∗X(N) by EX(N)N is NoX : N = N1 → NX .

(4) A composition o∗X(N) = o∗X(N1)
o∗X(NoX )−−−−−−→ o∗X(NX)

πX(N)−−−−→ o∗X(N) is the identity morphism of o∗X(N).

Proof. (1) For ϕ ∈ F1(M,NY ), it follows from the naturality of f ♯M,N and (6.4.2) that we have

f ♯M,NEY (N)−1
M (ϕ) = f ♯M,N (πY (N)o∗Y (ϕ)) = f ♯M,No

∗
Y (ϕ)

∗(πY (N)) = o∗X(ϕ)∗f ♯
NY ,N

(πY (N))

= o∗X(ϕ)∗EX(N)−1
NY

(Nf ) = πX(N)o∗Y (N
f )o∗X(ϕ) = πX(N)o∗X(Nfϕ)

= πX(N)o∗X((Nf )∗(ϕ)) = EX(N)−1
M (Nf )∗(ϕ).

(2) The following diagram commutes by (1).
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FX(o∗Z(N
Z), o∗Z(N)) FY (o∗Y (NZ), o∗Y (N)) FX(o∗X(NZ), o∗X(N))

F1(N
Z , NZ) F1(N

Z , NY ) F1(N
Z , NX)

g♯
NZ,N

EZ(N)NZ

f♯
NZ,N

EY (N)NZ EX(N)NZ

Ng∗ Nf∗

Hence NfNg=Nf
∗N

g
∗ (idNZ )=EZ(N)NZ (f

♯
NZ,N

g♯
NZ,N

(πY (N)))=EX(N)NZ ((gf)
♯
NZ,N

(πZ(N)))=Ngf .

(3) Apply (1) for M = N , Y = 1 and f = oX : X → 1.
(4) It follows from (6.4.2) that EX(N)N : FX(o∗X(N), o∗X(N)) → F1(N,N

X) maps πX(N)o∗X(NoX ) to
NoX : N → NX . Thus the assertion follows from (3).

Remark 6.4.7 Suppose that the inverse image functors o∗X : F1 → FX and o∗Y : F1 → FY have right adjoints
oX! : FX → F1 and oY ! : FY → F1, respectively.

(1) Since f ♯
NY ,N

(πY (N)) = coX ,f (N)f∗
(
εYo∗Y (N)

)
coX ,f (N

Y )−1 by (6.4.1) and

EX(N)NY = adXNY ,o∗X(N) : FX(o∗X(NY ), o∗X(N))→ F1(N
Y , NX)

maps ϕ ∈ FX(o∗X(NY ), o∗X(N)) to oX!(ϕ)η
X
NY , N

f : NY → NX coincides with the following composition.

NY
ηX
NY−−−→ oX!o

∗
X(NY )

oX!(coX,f (N
Y ))−1

−−−−−−−−−−−−→ oX!f
∗o∗Y (N

Y ) = oX!f
∗o∗Y oY !o

∗
Y (N)

oX!f
∗
(
εYo∗
Y

(N)

)
−−−−−−−−−−→ oX!f

∗o∗Y (N)

oX!(coX,f (N))
−−−−−−−−−→ oX!o

∗
X(N) = NX

(2) The following diagram commutes by (6.4.6).

F1(N, o1!(o
∗
1(N))) F1(N, oX!(o

∗
X(N)))

F1(o
∗
1(N), o∗1(N)) FX(o∗X(N), o∗X(N))

N
oX
∗

(ad1
N,o∗1(N))

−1 (adXN,o∗
X

(N))
−1

(o♯X)N,N

Since o∗1 is the identity functor of F1, so is o1!. Hence NoX : N = N1 → NX = oX!o
∗
X(N) is identified with the

unit ηXN : N → oX!o
∗
X(N) of the adjunction o∗X a oX! by the above diagram.

Lemma 6.4.8 For a morphism f : X → Y of T and an object N of F1, f
♯
NY ,N

: FY (o∗Y (NY ), o∗Y (N)) →
FX(o∗X(NY ), o∗X(N)) maps πY (N) to πX(N)o∗X(Nf ).

Proof. The following diagram commutes by (1) of (6.4.6).

FY (o∗Y (NY ), o∗Y (N)) FX(o∗X(NY ), o∗X(N))

F1(N
Y , NY ) F1(N

Y , NX)

f♯
NY ,N

EY (N)NY EX(N)NY

Nf∗

The assertion follows from (6.4.2).

Proposition 6.4.9 For a morphism ϕ : L→ N of F1 and a morphism f : Y → X of T , the following diagram
commutes.

LX NX

LY NY

φX

Lf Nf

φY

Proof. The following diagram commutes by the naturality of f ♯.

FX(o∗X(M), o∗X(L)) FY (o∗Y (M), o∗Y (L))

FX(o∗X(M), o∗X(N)) FY (o∗Y (M), o∗Y (N))

f♯M,L

o∗X(φ)∗ o∗Y (φ)∗

f♯M,N
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Then, it follows from the commutativity of four diagrams

FX(o∗X(M), o∗X(L)) F1(M,LX)

FX(o∗X(M), o∗X(N)) F1(M,NX)

EX(L)M

o∗X(φ)∗ φX∗

EX(N)M

FY (o∗Y (M), o∗Y (L)) F1(M,LY )

FY (o∗Y (M), o∗Y (N)) F1(M,NY )

EY (L)M

o∗Y (φ)∗ φY∗

EY (N)M

FX(o∗X(M), o∗X(L)) F1(M,LX)

FY (o∗Y (M), o∗Y (L)) F1(M,LY )

EX(L)M

f♯M,L Lf∗

EY (L)M

FX(o∗X(M), o∗X(N)) F1(M,NX)

FY (o∗Y (M), o∗Y (N)) F1(M,NY )

EX(N)M

f♯M,N Nf∗

EY (N)M

and the fact that EX(L)M : FX(o∗X(M), o∗X(L))→ F1(M,LX) is bijective that the following diagram commutes
for any M ∈ ObF1.

F1(M,LX) F1(M,NX)

F1(M,LY ) F1(M,NY )

φX∗

Lf∗ Nf∗

φY∗

Thus the assertion follows.

Remark 6.4.10 We denote by ϕf : LX → NY the composition NfϕX = ϕY Lf . It follows from (6.4.9) that
(Nf )g = (NY )g(Nf )Z = (Nf )W (NX)g for g ∈ T (W,Z).

For X ∈ Ob T and N ∈ ObF1, we define a morphism εXN : (NX)X → NX of F1 to be the image of
πX(N)πX(NX) ∈ FX(o∗X((NX)X), o∗X(N)) by

EX(N)(NX)X : FX(o∗X((NX)X), o∗X(N))→ F1((N
X)X , NX).

Proposition 6.4.11 The following diagram commutes for any M ∈ ObF1.

FX(o∗X(M), o∗X(NX)) FX(o∗X(M), o∗X(N))

F1(M, (NX)X) F1(M,NX)

πX(N)∗

EX(NX)M EX(N)M

ϵXN∗

Proof. For ϕ ∈ F1(M, (NX)X), by the definition of εXN and the naturality of EX(N), we have

πX(N)∗EX(NX)−1
M (ϕ) = πX(N)πX(NX)o∗X(ϕ) = o∗X(ϕ)∗EX(N)−1

(NX)X
(εXN ) = EX(N)−1

M ϕ∗(εXN )

= EX(N)−1
M εXN∗(ϕ).

We note that εXN : (NX)X → NX is the unique morphism that makes the diagram of (6.4.11) commute for
any M ∈ ObF1.

Remark 6.4.12 If o∗X : F1 → FX has a right adjoint oX! : FX → F1, the following diagram is commutative

for any M ∈ ObF1 by the naturality of adX .

FX(o∗X(M), o∗XoX!o
∗
X(N)) FX(o∗X(M), o∗X(N))

F1(M, oX!o
∗
XoX!o

∗
X(N)) F1(M, oX!o

∗
X(N))

εXo∗
X

(N)∗

adXM,o∗
X
oX!o

∗
X

(N) adXM,o∗
X

(N)

oX!

(
εXo∗
X

(N)

)
∗

It follows that εXN = oX!

(
εXo∗X(N)

)
.

Lemma 6.4.13 For a morphism f : Y → X of T and a morphism ϕ : M → N of F1, the following diagrams
are commutative.
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(MX)X MX

(NX)X NX

ϵXM

(φX)X φX

ϵXN

(NX)X NX

(NY )Y NY

ϵXN

(Nf )f Nf

ϵYN

Proof. The following diagram is commutative by (1) of (6.4.3) for any L ∈ ObF1.

FX(o∗X(L), o∗X(MX)) FX(o∗X(L), o∗X(M))

FX(o∗X(L), o∗X(NX)) FX(o∗X(L), o∗X(N))

πX(M)∗

o∗X(φX)∗ o∗X(φ)∗

πX(N)∗

Hence the following diagram commutes by (6.4.11) and (1) of (6.4.3).

F1(L, (M
X)X) F1(L,M

X)

F1(L, (N
X)X) F1(L,N

X)

ϵXM∗

(φX)X∗ φX∗

ϵXN∗

Thus the left diagram is commutative.
For M ∈ ObF1 and ξ ∈ FX(o∗X(M), o∗Y (N

X)), it follows from (6.4.8) and (6.1.17) that we have

πY (N)o∗Y (N
f )f ♯

M,NX
(ξ) = f ♯

NX ,N
(πX(N))f ♯

M,NX
(ξ) = f ♯M,N (πX(N)ξ).

This shows that the following diagram commutes.

FX(o∗X(M), o∗X(NX)) FX(o∗X(M), o∗X(N))

FY (o∗Y (M), o∗Y (N
Y )) FY (o∗Y (M), o∗Y (N))

πX(N)∗

o∗Y (Nf )∗f
♯

M,NX
f♯M,N

πY (N)∗

The following diagram commutes by (1) of (6.4.3) and (6.4.6).

FX(o∗X(M), o∗X(NX)) FY (o∗Y (M), o∗Y (N
X)) FY (o∗Y (M), o∗Y (N

Y ))

F1(M, (NX)X) F1(M, (NX)Y ) F1(M, (NY )Y )

f♯
M,NX

EX(NX)M

o∗Y (Nf )∗

EY (NX)M EY (N)M

(NX)f∗ (Nf )Y∗

Since (Nf )f = (Nf )Y (NX)f , it follows from (6.4.11) and (1) of (6.4.6) that the following diagram commutes
for any M ∈ ObF1.

F1(M, (NX)X) F1(M,NX)

F1(M, (NY )Y ) F1(M,NY )

ϵXN∗

(Nf )f∗ Nf∗

ϵYN∗

Thus the right diagram is also commutative.

Proposition 6.4.14 The following diagrams are commutative.

o∗X((NX)X) o∗X(NX)

o∗X(NX) o∗X(N)

o∗X(ϵXN )

πX(NX) πX(N)

πX(N)

((NX)X)X (NX)X

(NX)X NX

(ϵXN )X

ϵX
NX

ϵXN

ϵXN

Proof. Since the following diagram commutes, we have EX(N)(NX)X (πX(N)πX(NX)) = εXN .
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FX(o∗X((NX)X), o∗X(NX)) FX(o∗X((NX)X), o∗X(N))

F1((N
X)X , (NX)X) F1((N

X)X , NX)

πX(N)∗

EX(NX)(NX )X
EX(N)(NX )X

ϵXN∗

It follows from (6.4.2) that πX(N)πX(NX) = EX(N)−1
(NX)X

(εXN ) = πX(N)o∗X(εXN ). Hence the following diagram

commutes for M ∈ ObF1.

FX(o∗X(M), o∗X((NX)X)) FX(o∗X(M), o∗X(NX))

FX(o∗X(M), o∗X(NX)) FX(o∗X(M), o∗X(N))

πX(NX)∗

o∗X(ϵXN )∗ πX(N)∗

πX(N)∗

Therefore the following diagram commutes by (6.4.11) and (1) of (6.4.3).

F1(M, ((NX)X)X) F1(M, (NX)X)

F1(M, (NX)X) F1(M,NX)

ϵX
NX∗

(ϵXN )X∗ ϵXN∗

ϵXN∗

Proposition 6.4.15 The following compositions coincide with the identity morphism of NX .

NX = (NX)1
(NX)oX−−−−−→ (NX)X

ϵXN−−→ NX , NX = (N1)X
(NoX )X−−−−−→ (NX)X

ϵXN−−→ NX

Proof. The following diagram commutes for any M ∈ ObF1 by (1) of (6.4.6) and (6.4.11).

F1(o
∗
1(M), o∗1(N

X)) FX(o∗X(M), o∗X(NX)) FX(o∗X(M), o∗X(N))

F1(M, (NX)1) F1(M, (NX)X) F1(M,NX)

(o♯X)M,NX

E1(N
X)M

πX(N)∗

EX(NX)N EX(N)M

(NX)
oX
∗ ϵXN∗

It follows from (6.4.2) that εXN∗(N
X)oX∗ : F1(M,NX) = F1(M, (NX)1) → F1(M,NX) is the identity map of

F1(M,NX).
The following diagram commutes by (1) of (6.4.3) and (6.4.11).

FX(o∗X(M), o∗X(N1)) FX(o∗X(M), o∗X(NX)) FX(o∗X(M), o∗X(N))

F1(M, (N1)X) F1(M, (NX)X) F1(M,NX)

o∗X(NoX )∗

EX(N1)M

πX(N)∗

EX(NX)M EX(N)M

(NoX )X∗ ϵXN∗

Since the composition of the upper horizontal maps of the above diagram coincides with the identity map of
FX(o∗X(M), o∗X(N)) by (4) of (6.4.6), the composition of the lower horizontal maps of the above diagram is the
identity map of F1(M,NX).

Lemma 6.4.16 If the following left diagram in T is commutative, then the following right diagram in F1 is
commutative for N ∈ ObF1.

X

Z Y

V W U

g f

j q p i

((NV )W )U (NV )Y

(NZ)U NX

ϵY
NV

((NV )p)i

(ϵZN (Nj)q)U ϵXN (Njg)f

ϵXN (Ng)if

Proof. The following diagram is commutative by (6.4.14), (6.4.13), (6.4.9), (6.4.3) and (6.4.6).
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((NV )Y )Y (NV )Y

((NV )W )U ((NV )W )Y ((NX)Y )Y (NX)Y

((NZ)Z)U ((NZ)Z)X ((NX)X)X (NX)X

(NZ)U (NZ)X (NX)X NX

ϵY
NV

((Njg)Y )Y (Njg)Y

((NV )W )i

((Nj)q)U

((Njg)p)Y

((NV )p)Y

((Nj)q)f

ϵY
NX

((NX)f )f (NX)f

((NZ)Z)if

(ϵZN )U

((Ng)g)X

(ϵZN )X

ϵX
NX

(ϵXN )X ϵXN

(NZ)if (Ng)X ϵXN

Hence the asserion follows from (6.4.3) and (6.4.6).

Proposition 6.4.17 Suppose that p : F → T is a normalized cloven fibered category. For X,Y ∈ Ob T and
N ∈ ObF1, the following diagrams commutes.

(NX)1 NX

(NX×1)X×1 NX×1

(NprX )pr2 NprX

ϵX×1
N

(N1)Y NY

(N1×Y )1×Y N1×Y

(Npr1 )prY NprY

ϵ1×YN

Proof. Since pr2 = oX×1 : X × 1 → 1 and pr1 = o1×Y : 1 × Y → 1, it follows from (6.4.15) that the following
diagrams commutes.

(NX)1 NX

(NX×1)1 NX×1

(NX×1)X×1

(NprX )1 NprX

(NX×1)pr2

ϵX×1
N

(N1)Y NY

(N1)1×Y N1×Y

(N1×Y )1×Y

(N1)prY NprY

(Npr1 )1×Y
ϵ1×YN

Hence the assertions follows.

Let X be an object of T and L, M , N objects of F1. We define a map

γXL,M,N : F1(L,M
X)×F1(M,NX)→ F1(L,N

X)

as follows. For ϕ ∈ F1(L,M
X) and ψ ∈ F1(M,NX), let γXL,M,N (ϕ,ψ) be the following composition.

L
φ−→MX ψX−−→ (NX)X

ϵXN−−→ NX

Proposition 6.4.18 The following diagram is commutative.

FX(o∗X(L), o∗X(M))×FX(o∗X(M), o∗X(N)) FX(o∗X(L), o∗X(N))

F1(L,M
X)×F1(M,NX) F1(L,N

X)

composition

EX(M)L×EX(N)M EX(N)L

γXL,M,N

Proof. For ζ ∈ FX(o∗X(L), o∗X(M)) and ξ ∈ FX(o∗X(M), o∗X(N)), we put ϕ = EX(M)L(ζ) and ψ = EX(N)M (ξ).
Then, we have ψXϕ = EX(NX)L(o

∗
X(ψ)ζ) by (6.4.3). It follows from (6.4.11) and (6.4.2) that

εXNψ
Xϕ = εXN∗EX(NX)L(o

∗
X(ψ)ζ) = EX(N)L(πX(N)o∗X(ψ)ζ) = EX(N)L(ξζ).

Thus the result follows.

Definition 6.4.19 Let p : F → T be a normalized cloven fibered category. We say that p : F → T is a fibered
category with exponentials if the presheaf FXN on F1 is representable for any X ∈ Ob T and N ∈ ObF1.
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Let p : F → T be a fibered category with exponentials. Assume that T has finite products. For X,Y ∈ Ob T
and N ∈ ObF1, we define a morphism θX,Y (N) : (NX)Y → NX×Y of F1 to be the following composition.

(NX)Y
(NprX )prY

−−−−−−−→ (NX×Y )X×Y ϵX×Y
N−−−−→ NX×Y

Proposition 6.4.20 For morphisms f : X → Z, g : Y → W of T and a morphism ϕ : M → N of F1, the
following diagrams are commutative.

(MX)Y MX×Y

(NX)Y NX×Y

θX,Y (M)

(φX)Y φX×Y

θX,Y (N)

(NZ)W NZ×W

(NX)Y NX×Y

θZ,W (N)

(Nf )g Nf×g

θX,Y (N)

Proof. The following diagrams commute by (6.4.13), (6.4.9), (6.4.3) and (6.4.6).

(MX)Y (MX×Y )X×Y MX×Y

(NX)Y (NX×Y )X×Y NX×Y

(MprX )prY

(φX)Y

ϵX×Y
M

(φX×Y )X×Y φX×Y

(NprX )prY ϵX×Y
N

(NZ)W (NZ×W )Z×W NZ×W

(NX)Y (NX×Y )X×Y NX×Y

(NprZ )prW

(Nf )g

ϵZ×W
N

(Nf×g)f×g Nf×g

(NprX )prY ϵX×Y
N

Hence the assertion follows.

Proposition 6.4.21 For X,Y, Z ∈ Ob T and N ∈ ObF1, the following diagram is commutative.

((NX)Y )Z (NX)Y×Z

(NX×Y )Z NX×Y×Z

θY,Z(NX)

θX,Y (N)Z θX,Y×Z(N)

θX×Y,Z(N)

Proof. Let us denote by pX×Y : X × Y × Z → X × Y , pY×Z : X × Y × Z → Y × Z, prX : X × Y → X,
prY : X × Y → Y , pr′Y : Y × Z → Y and pr′Z : Y × Z → Z the projections. Since

θX×Y,Z(N) = εX×Y×Z
N (NpX×Y )pr

′
ZpY×Z : (NX×Y )Z → NX×Y×Z

θX,Y×Z(N) = εX×Y×Z
N (NprXpX×Y )pY×Z : (NX)Y×Z → NX×Y×Z

θY,Z(NX) = εY×Z
NX

((NX)pr
′
Y )pr

′
Z : ((NX)Y )Z → (NX)Y×Z

θX,Y (N)Z = (εX×Y
N (NprX )prY )Z : ((NX)Y )Z → (NX×Y )Z ,

the assertion follows by applying (6.4.16) for f = pY×Z , g = pX×Y , p = pr′Y , q = prY , i = pr′Z and j = prX .

Proposition 6.4.22 For an object X, Y of T and an object N , θX,1(N) : NX = (NX)1 → NX×1 is identified
with NprX : NX → NX×1 and θ1,Y (N) : NY = (N1)Y → N1×Y is identified with NprY : NY → N1×Y .

Proof. This is a direct consequence of (6.4.17).

Lemma 6.4.23 For objects X, Y of T and an object N of F1, the following diagram is commutative.

o∗X×Y ((N
X)Y ) o∗X×Y (N

X)

o∗X×Y (N
X×Y ) o∗X×Y (N)

pr♯Y (πY (NX))

o∗X×Y (θX,Y (N)) pr♯X(πX(N))

πX×Y (N)

Proof. It follows from (6.4.8) and (1) of (6.4.3) that we have

pr♯X(πX(N))pr♯Y (πY (N
X)) = πX×Y (N)o∗X×Y (N

prX )πX×Y (N
X)o∗X×Y ((N

X)prY )

= πX×Y (N)πX×Y (N
X×Y )o∗X×Y ((N

prX )X×Y )o∗X×Y ((N
X)prY )

= πX×Y (N)πX×Y (N
X×Y )o∗X×Y ((N

prX )prY )
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By the naturality of EX×Y (N) and the definition of εX×Y
N ,

EX×Y (N)(NX)Y : FX×Y (o
∗
X×Y ((N

X)Y ), o∗X×Y (N))→ F1((N
X)Y , NX×Y )

maps pr♯X(πX(N))pr♯Y (πY (N
X)) to εX×Y

N (NprX )prY = θX,Y (N). On the other hand, EX×Y (N)(NX)Y also maps

πX×Y (N)o∗X×Y (θ
X×Y (N)) to θX×Y (N) by (6.4.2).

Proposition 6.4.24 For X ∈ Ob T and N ∈ ObF1, we have N∆XθX,X(N) = εXN .

Proof. We denote by pri : X × X → X the projection to i th component for i = 1, 2. It follows from the
commutativity of the right diagram of (6.4.13) that

N∆XθX,X(N) = N∆X εX×X
N (Npr1)pr2 = εXN

(
N∆X

)∆X
(Npr1)pr2 = εXN

(
Npr1∆X

)pr2∆X = εXN

since pr1∆X = pr2∆X = idX .

Definition 6.4.25 Let p : F → T be a fibered category with exponents. Suppose that T has finite products. If
θX,Y (N) : (NX)Y → NX×Y is an isomorphism for any X,Y ∈ Ob T and N ∈ ObF1, we say that p : F → T
is an associative fibered category with exponents.

6.5 Cartesian closed fibered category

Proposition 6.5.1 Let E be a category with finite limits and a terminal object 1. Let p : E(2) → E be the

fibered category given in (2) of (6.1.9). For objects X and Z of E, define a functor GXZ : E(2)op1 → Set by

GXZ (Y
oY−−→ 1) = E(2)X (o∗X(Y

oY−−→ 1), o∗X(Z
oZ−−→ 1)) and GXZ (f) = (f × idX)∗. Then, E is cartesian closed if and

only if GXZ is representable for any X,Z ∈ Ob E.

Proof. For X,Y, Z ∈ Ob E , let us denote by qY,X : Y ×X → X, qZ,X : Z ×X → X and pZ,X : Z ×X → Z the

projections. Since o∗X(Y
oY−−→ 1) = (Y ×X qY,X−−−→ X), we have

GXZ (Y
oY−−→ 1) = E(2)X (o∗X(Y

oY−−→ 1), o∗X(Z
oZ−−→ 1)) = {f ∈ E(Y ×X,Z ×X) | qZ,Xf = qY,X}.

Define a map Φ : E(2)X (o∗X(Y
oY−−→ 1), o∗X(Z

oZ−−→ 1)) → E(Y × X,Z) by Φ(f) = pZ,Xf . It is clear that Φ is
bijective and natural in Y .

If GXZ is representable for any X,Z ∈ Ob E , there exist (W
oW−−→ 1) ∈ Ob E(2)1 and a bijection

GXZ (Y
oY−−→ 1) = E(2)X (o∗X(Y

oY−−→ 1), o∗X(Z
oZ−−→ 1))→ E(2)1 ((Y

oY−−→ 1), (W
oW−−→ 1))

which is natural in Y . Since E(2)1 ((Y
oY−−→ 1), (W

oW−−→ 1)) is identified with E(Y,W ), we have a bijection
E(Y ×X,Z)→ E(Y,W ) which is natural in Y . Conversely, assume that E is cartesian closed. For X,Z ∈ Ob E ,
since E(2)1 ((Y

oY−−→ 1), (ZX
oZX−−−→ 1)) is identified with E(Y, ZX) and there is a bijection E(Y, ZX)→ E(Y ×X,Z)

which is natural in Y , GXZ is representable.

Lemma 6.5.2 Let X be an object of T and ϕ :M → N a morphism of F1.
(1) Suppose that the presheaf FXN on F1 is representable. If ϕ is an epimorphism,

o∗X(ϕ)∗ : FX(o∗X(N), o∗X(N))→ FX(o∗X(M), o∗X(N))

is injective. If ϕ is a coequalizer of morphisms α, β : L→M of F1, o
∗
X(ϕ)∗ is an equalizer of

o∗X(α)∗, o∗X(β)∗ : FX(o∗X(M), o∗X(N))→ FX(o∗X(L), o∗X(N)).

(2) Suppose that the presheaf FK,M on Fop1 is representable. If ϕ is an monomorphism,

o∗X(ϕ)∗ : FX(o∗X(N), o∗X(N))→ FX(o∗X(M), o∗X(N))

is injective. If ϕ is an equalizer of morphisms α, β : N → L of F1, o
∗
X(ϕ)∗ is an equalizer of

o∗X(α)∗, o
∗
X(β)∗ : FX(o∗X(M), o∗X(N))→ FX(o∗X(M), o∗X(L)).
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Proof. (1) Suppose that ϕ is an epimorphism. We have the following commutative diagram by the assumption.

FX(o∗X(N), o∗X(N)) FX(o∗X(M), o∗X(N))

F1(N,N
X) F1(M,NX)

EX(N)N

o∗X(φ)∗

EX(N)M

φ∗

Since both ϕ∗ and EX(N)N are injective, so is o∗X(ϕ)∗.
Suppose that ϕ is a coequalizer of α, β : L → M . Then, ϕ∗ : F1(N,N

X) → F1(M,NX) is an equalizer of
α∗, β∗ : F1(M,NX)→ F1(L,N

X). The following diagram is commutative for ψ = α, β.

FX(o∗X(M), o∗X(N)) FX(o∗X(L), o∗X(N))

F1(M,NX) F1(L,N
X)

EX(N)M

o∗X(ψ)∗

EX(N)L

ψ∗

Since the vertical maps of the above diagram are bijective, o∗X(ϕ)∗ is an equalizer of o∗X(α)∗, o∗X(β)∗.
(2) Suppose that ϕ is a monomorphism. We have the following commutative diagram by the assumption.

FX(o∗X(M), o∗X(M)) FX(o∗X(M), o∗X(N))

F1(X ×M,M) F1(X ×M,N)

o∗X(φ)∗

PX(M)M PX(M)N

φ∗

Since both ϕ∗ and PX(M)M are injective, so is o∗X(ϕ)∗.
Suppose that ϕ is an equalizer of α, β : N → L. Then, ϕ∗ : F1(X ×M,M)→ F1(X ×M,N) is an equalizer

of α∗, β∗ : F1(X ×M,N)→ F1(X ×M,L).

FX(o∗X(M), o∗X(N)) FX(o∗X(M), o∗X(L))

F1(X ×M,N) F1(X ×M,L)

o∗X(ψ)∗

PX(M)M PX(M)L

ψ∗

Since the vertical maps of the above diagram are bijective, o∗X(ϕ)∗ is an equalizer of o∗X(α)∗, o
∗
X(β)∗.

Proposition 6.5.3 Let p : F → T be a cloven fibered category and X ∈ Ob T , (ϕ :M → N) ∈ MorF1.
(1) Suppose that the presheaf FXK on F1 is representable for any K ∈ ObF1 and that the presheaves FX,M

and FX,N on Fop1 are representable. If ϕ :M → N is an epimorphism, so is X × ϕ : X ×M → X ×N .
(2) Suppose that the presheaf FX,K on Fop1 is representable for any K ∈ ObF1 and that the presheaves FXM

and FXN on F1 are representable. If ϕ :M → N is a monomorphism, so is ϕX :MX → NX .

Proof. (1) The following diagram commutes by (6.3.3) and the naturality of EX(K).

F1(X ×N,K) FX(o∗X(N), o∗X(K)) F1(N,K
X)

F1(X ×M,K) FX(o∗X(M), o∗X(K)) F1(M,KX)

(X×φ)∗

EX(K)NPX(N)K

o∗X(φ)∗ φ∗

EX(K)MPX(M)K

Since ϕ∗ : F1(N,K
X) → F1(M,KX) is injective by the assumption, it follows from the above diagram that

(X × ϕ)∗ : F1(X ×N,K)→ F1(X ×M,K) is also injective.
(2) The following diagrams commute by (6.4.3) and the naturality of PX(K).

F1(K,M
X) FX(o∗X(K), o∗X(M)) F1(X ×K,M)

F1(K,N
X) FX(o∗X(K), o∗X(N)) F1(X ×K,N)

φX∗

PX(K)MEX(M)K

o∗X(φ)∗ φ∗

PX(K)NEX(N)K
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Since ϕ∗ : F1(X ×K,M) → F1(X ×K,N) is injective by the assumption, it follows from the above diagram
that ϕX : F1(K,M

X)→ F1(K,N
X) is also injective.

Proposition 6.5.4 Let p : F → T be a cloven fibered category and X ∈ Ob T , L,M,N ∈ ObF1.
(1) Suppose that the presheaf FXK on F1 is representable for any K ∈ ObF1 and that the presheaves FX,L,

FX,M , FX,N on Fop1 are representable. If λ : N → L is a coequalizer of morphisms ϕ,ψ : M → N of F1, then
X × λ : X ×N → X × L is a coequalizer of morphisms X × ϕ,X × ψ : X ×M → X ×N .

(2) Suppose that the presheaf FX,K on Fop1 is representable for any K ∈ ObF1 and that the presheaves FXL ,
FXM , FXN on F1 are representable. If λ : L → M is an equalizer of morphisms ϕ,ψ : M → N of F1, then
λX : LX →MX is an equalizer of morphisms ϕX , ψX :MX → NN .

Proof. (1) The following diagrams commute by (6.3.3) and the naturality of EX(K).

F1(X ×N,K) FX(o∗X(N), o∗X(K)) F1(N,K
X)

F1(X ×M,K) FX(o∗X(M), o∗X(K)) F1(M,KX)

(X×φ)∗

EX(K)NPX(N)K

o∗X(φ)∗ φ∗

EX(K)MPX(M)K

F1(X ×N,K) FX(o∗X(N), o∗X(K)) F1(N,K
X)

F1(X ×M,K) FX(o∗X(M), o∗X(K)) F1(M,KX)

(X×ψ)∗

EX(K)NPX(N)K

o∗X(ψ)∗ ψ∗

EX(K)MPX(M)K

F1(X × L,K) FX(o∗X(L), o∗X(K)) F1(L,K
X)

F1(X ×N,K) FX(o∗X(N), o∗X(K)) F1(N,K
X)

(X×λ)∗

EX(K)LPX(L)K

o∗X(λ)∗ λ∗

EX(K)NPX(N)K

Since λ∗ : F1(L,K
X)→ F1(N,K

X) is an equalizer of maps ϕ∗, ψ∗ : F1(N,K
X)→ F1(M,KX), it follows from

the above diagrams that (X×λ)∗ : F1(X×L,K)→ F1(X×N,K) is an equalizer of maps (X×ϕ)∗, (X×ψ)∗ :
F1(X ×N,K)→ F1(X ×M,K).

(2) The following diagrams commute by (6.4.3) and the naturality of PX(K).

F1(K,M
X) FX(o∗X(K), o∗X(M)) F1(X ×K,M)

F1(K,N
X) FX(o∗X(K), o∗X(N)) F1(X ×K,N)

φX∗

PX(K)MEX(M)K

o∗X(φ)∗ φ∗

PX(K)NEX(N)K

F1(K,M
X) FX(o∗X(K), o∗X(M)) F1(X ×K,M)

F1(K,N
X) FX(o∗X(K), o∗X(N)) F1(X ×K,N)

ψX∗

PX(K)MEX(M)K

o∗X(ψ)∗ ψ∗

PX(K)NEX(N)K

F1(K,M
X) FX(o∗X(K), o∗X(M)) F1(X ×K,M)

F1(K,N
X) FX(o∗X(K), o∗X(N)) F1(X ×K,N)

λX∗

PX(K)MEX(M)K

o∗X(λ)∗ λ∗

PX(K)NEX(N)K

Since λ∗ : F1(X ×K,L) → F1(X ×K,M) is an equalizer of maps ϕ∗, ψ∗ : F1(X ×K,M) → F1(X ×K,N),
it follows from the above diagrams that λ∗ : F1(K,L

X) → F1(K,M
X) is an equalizer of maps ϕX∗ , ψ

X
∗ :

F1(K,M
X)→ F1(K,N

X).

Proposition 6.5.5 For X,Y ∈ Ob T and M,N ∈ ObF1, the following diagram is commutative.
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F1(X × (Y ×M), N) F1((X × Y )×M,N) FX×Y (o
∗
X×Y (M), o∗X×Y (N))

FX(o∗X(Y ×M), o∗X(N)) F1(M,NX×Y )

F1(Y ×M,NX) FY (o∗Y (M), o∗Y (N
X)) F1(M, (NX)Y )

θX,Y (M)∗

PX(Y×M)−1
N

PX×Y (M)−1
N

EX×Y (N)M

EX(N)Y×M

PY (M)−1

NX EY (NX)M

θX,Y (N)∗

Proof. For ϕ ∈ F1(X×(Y ×M), N), we put ψ = EX(N)Y×MPX(Y ×M)−1
N (ϕ) and ξ = EY(N

X)MPY (M)−1
NX

(ψ).
It follows from (6.3.2) and (6.4.2) that the following diagrams commute.

o∗X(Y ×M) o∗X(X × (Y ×M))

o∗X(NX) o∗X(N)

ιX(Y×M)

o∗X(ψ) o∗X(φ)

πX(N)

o∗Y (M) o∗Y (Y ×M)

o∗Y ((N
X)Y ) o∗Y (N

X)

ιY (M)

o∗Y (ξ) o∗Y (ψ)

πY(N
X)

By applying pr♯X to the above left diagram and pr♯Y to the right one, we have the following commutative diagram
by (6.1.17).

o∗X×Y (M) o∗X×Y (Y ×M) o∗X×Y (X × (Y ×M))

o∗X×Y ((N
X)Y ) o∗X×Y (N

X) o∗X×Y (N)

pr♯Y (ιY (M))

o∗X×Y (ξ)

pr♯X(ιX(Y×M))

o∗X×Y (ψ) o∗X×Y (φ)

pr♯Y (πY(N
X)) pr♯X(πX(N))

Hence, by (6.3.23) and (6.4.23), the following diagram commutes.

o∗X×Y (M) o∗X×Y (X × (Y ×M))

o∗X×Y ((N
X)Y ) o∗X×Y (N)

o∗X×Y (θX,Y (M))ιX×Y (M)

o∗X×Y (ξ) o∗X×Y (φ)

πX×Y (N)o∗X×Y (θX,Y (N))

By (6.3.2) and (6.4.2), we have

PX×Y (M)N (o∗X×Y (ϕ)o
∗
X×Y (θX,Y (M))ιX×Y (M)) = PX×Y (M)N (o∗X×Y (ϕθX,Y (M))ιX×Y (M)) = ϕθX,Y (N)

EX×Y (N)M (πX×Y (N)o∗X×Y (θ
X,Y (N))o∗X×Y (ξ)) = EX×Y (N)M (πX×Y (N)o∗X×Y (θ

X,Y (N)ξ)) = θX,Y (N)ξ.

This shows that PX×Y (M)−1
N (ϕθX,Y (N)) = EX×Y (N)−1

M (θX,Y (N)ξ), which implies the result.

Remark 6.5.6 The above result implies that θX,Y (M) : (X × Y )×M → X × (Y ×M) is an isomorphism for
all M ∈ ObF1 if and only if θX,Y (N) : (NX)Y → NX×Y is an isomorphism for all N ∈ ObF1.

Definition 6.5.7 A normalized cloven fibered category p : F → T is called a cartesian closed fibered category
if the following conditions are satisfied.

(i) T has finite products with a terminal object 1.
(ii) p : F → T is an associative fibered category with products.
(iii) p : F → T is an associative fibered category with exponents.

100



7 Quasi-topological category

7.1 Quasi-topological category and continuous functor

We denote by Top the category of topological spaces and continuous maps. Let X and Y be topological
spaces. For x ∈ X, we denote by evx : Top(X,Y ) → Y the map defined by evx(f) = f(x). For O ⊂ Y ,
put W (x,O) = ev−1

x (O) = {f ∈ Top(X,Y )| f(x) ∈ O}. We give Top(X,Y ) the pointwise convergent topology
generated by {W (x,O)|x ∈ X, O is an open set of Y }. In other words, the pointwise convergent topology on
Top(X,Y ) is the coarsest topology that evx is continuous for every x ∈ X.

Proposition 7.1.1 Let X, Y and Z be topological spaces.
(1) A map ϕ : Z → Top(X,Y ) is continuous if and only if evxϕ : Z → Y is continuous for any x ∈ X.
(2) For a continuous map f : X → Y , the maps f∗ : Top(Y, Z)→ Top(X,Z) and f∗ : Top(Z,X)→ Top(Z, Y )

induced by f are continuous.

Proof. (1) Since {ev−1
x (O)|x ∈ X, O is an open set of Y } is a subbasis of the topology of Top(X,Y ), the

assertion is straightforward.
(2) Since evxf

∗ = evf(x) for any x ∈ X and evzf∗ = fevz for any z ∈ Z, the assertion follows from 1).

Definition 7.1.2 A category T is called a quasi-topological category if the following conditions are satisfied.

(1) For each R,S ∈ Ob T , T (R,S) is a topological space.
(2) For any morphism f : R → S in T and Z ∈ Ob T , the maps f∗ : T (Z,R)→ T (Z, S) and f∗ : T (S,Z)→
T (R,Z) are continuous.

It follows from (2) of (7.1.1) that Top is a quasi-topological category.

Condition 7.1.3 Let T be a quasi-topological category and D : D → T a functor. For an object X of T ,
define functors DX : D → Top and DX : Dop → Top by DX(i) = T (X,D(i)), DX(τ) = D(τ)∗ and DX(i) =
T (D(i), X), DX(τ) = D(τ)∗ for i ∈ ObD and τ ∈ MorD. We consider the following conditions for D and X.

(L) If
(
L

πi−→ D(i)
)
i∈ObD

is a limiting cone of D,
(
T (X,L) πi∗−−→ T (X,D(i))

)
i∈ObD

is a limiting cone of DX .

(C) If
(
D(i)

ιi−→ C
)
i∈ObD

is a colimiting cone of D,

(
T (C,X)

ι∗i−→ T (D(i), X)

)
i∈ObD

is a limiting cone of DX .

Proposition 7.1.4 The conditions (L) and (C) above are satisfied for any functor D : D → Top and topological
space X.

Proof. Let
(
L

πi−→ D(i)
)
i∈ObD

be a limiting cone of D. Suppose that x ∈ X and O is an open set of L.

For any f ∈ W (x,O), there exist i1, i2, . . . , in ∈ Ob C and open sets Ok of D(ik) (k = 1, 2, . . . , n) such that

f(x) ∈
n⋂
k=1

π−1
ik

(Ok) ⊂ O. Hence f ∈
n⋂
k=1

W (x, π−1
ik

(Ok)) ⊂ W (x,O). Since W (x, π−1
ik

(Ok)) = π−1
ik∗(W (x,Ok)),

we have f ∈
n⋂
k=1

π−1
ik∗(W (x,Ok)) ⊂ W (x,O) and it follows that the coarsest topology on Top(X,L) such that

every πi∗ : Top(X,L)→ Top(X,D(i)) is continuous is finer than the pointwise convergent topology on Top(X,L).
On the other hand, every πi∗ : Top(X,L)→ Top(X,D(i)) is continuous by (2) of (7.1.1). Thus the condtion (L)
is satisfied.

Let
(
D(i)

ιi−→ C
)
i∈ObD

be a colimiting cone of D. Suppose that x ∈ L and O is an open set of X. There exist

j ∈ ObD and w ∈ D(j) such that ιj(w) = x. For any f ∈W (x,O), we have f ∈ (ι∗j )
−1(W (w,O)) =W (x,O) and

it follows that the coarsest topology on Top(L,X) such that every ι∗i : Top(L,X)→ Top(D(i), X) is continuous
is finer than the pointwise convergent topology on Top(L,X). On the other hand, every ι∗i : Top(L,X) →
Top(D(i), X) is continuous by 2) of (7.1.1). Thus the condtion (C) is satisfied.

Definition 7.1.5 Let C and T be quasi-topological categories. We say that a functor F : C → T is continuous
if F : C(R,S) → T (F (R), F (S)) is continuous for any R,S ∈ Ob C. We denote by Functc(C, T ) the full
subcategory of Funct(C, T ) consiting of continuous functors.

Proposition 7.1.6 Let T be a quasi-topological category and R an object of T . Then, the functor hR : T → Top
represented by R (i.e. the functor given by hR(S) = T (R,S)) is continuous.
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Proof. Let S and T be objects of T . For ϕ ∈ hR(S) and an open set O of hR(T ). The inverse image of W (ϕ,O)
by hR : T (S, T )→ Top(hR(S), hR(T )) coincides with the inverse inverse image of O by ϕ∗ : T (S, T )→ T (R, T ).
Since ϕ∗ is continuous, h−1

R (W (ϕ,O)) is open. Hence hR is continuous.

Let C and T be categories. For R ∈ Ob C, define an evaluation functor ER : Funct(C, T ) → T at R by
ER(F ) = F (R) and ER(ϕ) = ϕR.

Proposition 7.1.7 Let C and T be quasi-topological categories and D : D → Funct(C, T ) a functor such that
D(i) is a continuous functor for every i ∈ Ob C.

(1) If
(
L

πi−→ D(i)
)
i∈ObD

a cone of D such that

(
T (L(R), L(S)) (πi)S∗−−−−→ T (L(R), D(i)(S))

)
i∈ObD

is a lim-

iting cone of the functor (ESD)L(R) : D → Top for any R,S ∈ Ob C, then L is a continuous functor.

(2) If
(
D(i)

ιi−→ L
)
i∈ObD

a cone of D such that

(
T (L(R), L(S)) (ιi)

∗
R−−−→ T (D(i)(R), L(S))

)
i∈ObD

is a lim-

iting cone of the functor (ERD)L(S) : Dop → Top for any R,S ∈ Ob C, L is a continuous functor.

Proof. (1) Since the following diagram commutes for i ∈ ObD, (πi)S∗L : C(R,S) → T (L(R), D(i)(S)) is
continuous.

C(R,S) T (L(R), L(S))

T (D(i)(R), D(i)(S)) T (L(R), D(i)(S))

L

D(i) (πi)S∗

(πi)
∗
R

Hence L is continuous by the assumption.
(2) Since the following diagram commutes for i ∈ ObD, (ιi)∗RL : C(R,S)→ T (D(i)(R), L(S)) is continuous.

C(R,S) T (L(R), L(S))

T (D(i)(R), D(i)(S)) T (D(i)(R), L(S))

L

D(i) (ιi)
∗
R

(ιi)R∗

Hence L is continuous by the assumption.

By the above result and (7.1.4), we have the following result.

Corollary 7.1.8 Let C be a quasi-topological category and D : D → Funct(C, Top) a functor such that D(i) is
a continuous functor for every i ∈ Ob C.

(1) If
(
L

πi−→ D(i)
)
i∈ObD

is a limiting cone of D, L is a continuous functor.

(2) If
(
D(i)

ιi−→ L
)
i∈ObD

is a colimiting cone of D, L is a continuous functor.

Let us denote by Set the category of sets and maps and by Φ : Top → Set the forgetful functor.

Corollary 7.1.9 For a quasi-topological category C, the composition Φ̃ : Functc(C, Top)→ Funct(C,Set) of the
inclusion functor Functc(C, Top) → Funct(C, Top) and the functor Φ∗ : Funct(C, Top) → Funct(C,Set) induced
by Φ creates limits and colimits. Hence Functc(C, Top) is complete and cocomplete.

Proof. Let D : D → Functc(C, Top) be a functor. Suppose that
(
L
πi−→ Φ̃D(i)

)
i∈ObD

(resp.
(
Φ̃D(i)

ιi−→C
)
i∈ObD

)

is a limiting cone (resp. colimiting cone) of Φ̃D : D → Funct(C,Set). For each R ∈ Ob C, we give L(R) (resp.

C(R)) the topology such that

(
L(R)

(πi)R−−−→ D(i)(R)

)
i∈ObD

(resp.

(
D(i)(R)

(ιi)R−−−→ C(R)

)
i∈ObD

) is a limiting

cone (resp. colimiting cone) of a functor ERD : D → Top. Let f : R → S be a morphism in C. Since the
following diagrams commutes for any i ∈ ObD, L(f) : L(R)→ L(S) and C(f) : C(R)→ C(S) are continuous.

L(R) D(i)(R)

L(S) D(i)(S)

(πi)R

L(f) D(i)(f)

(πi)S

D(i)(R) C(R)

D(i)(S) L(S)

(ιi)R

D(i)(f) C(f)

(ιi)S
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Hence L and C are regarded as functors from C to Top and the assertion follows from (7.1.8).

Proposition 7.1.10 Let C, D be quasi-topological categories. Suppose a functor F : C → D has a right adjoint
G : D → C and let us denote by adX,W : D(F (X),W ) → C(X,G(W )) the natural bijection for X ∈ Ob C and
W ∈ ObD.

(1) If ad−1
X,F (Y ) : C(X,G(F (Y ))) → D(F (X), F (Y )) is continuous for any X,Y ∈ Ob C, F is a continuous

functor.
(2) If adG(Z),W : D(F (G(Z)),W )→ C(G(Z), G(W )) is continuous for any Z,W ∈ ObD, G is a continuous

functor.
(3) If F : C(X,G(W )) → C(F (X), FG(W )) is continuous for X ∈ Ob C and W ∈ ObD, ad−1

X,W :
C(X,G(W ))→ D(F (X),W ) is continuous.

(4) If G : D(F (X),W ) → C(GF (X), G(W )) is continuous for X ∈ Ob C and W ∈ ObD, adX,W :
D(F (X),W )→ C(X,G(W )) is continuous .

Proof. Let us denote by η : idC → GF and ε : FG→ idD the unit and counit of the adjunction, respectively.
(1) Since the composition

C(X,Y )
η∗X−−→ C(X,G(F (Y )))

ad−1
X,F (Y )−−−−−−→ D(F (X), F (Y ))

coincide with F : C(X,Y )→ D(F (X), F (Y )), the assertion follows.
(2) Since the composition

D(Z,W )
ε∗Z−−→ C(FG(Z),W )

adG(Z),W−−−−−−→ D(G(Z), G(W ))

coincide with G : D(Z,W )→ C(F (Z), F (W )), the assertion follows.
(3) Since the composition

C(X,G(W ))
F−→ D(F (X), F (G(W )))

εW∗−−−→ D(F (X),W )

coincide with ad−1
X,W : C(X,G(W ))→ D(F (X),W ), the assertion follows.

(4) Since the composition

D(F (X),W )
G−→ C(GF (X), G(W ))

η∗X−−→ D(X,G(W ))

coincide with adX,W : C(X,G(W ))→ C(F (X),W ), the assertion follows.

7.2 Yoneda’s lemma

Definition 7.2.1 Let T be a quasi-topological category. For F,G ∈ ObFunct(C, T ), we give Funct(C, T )(F,G)
the coarsest topology such that ER : Funct(C, T )(F,G) → T (F (R), G(R)) is continuous for any object R of C.
If F is a subcategory of Funct(C, T ) (e.g. C is also a quasi-topological category and F = Functc(C, T )) and
F,G ∈ ObF , we give F(F,G) the topology such that F(F,G) is a subspace of Funct(C, T )(F,G).

Remark 7.2.2 (1) Since {E−1
R (O)|R ∈ Ob C, O is an open set of T (F (R), G(R))} is a basis of the topology

on Funct(C, T )(F,G), a map f : Z → Funct(C, T )(F,G) is continuous if and only if ERf : Z → T (F (R), G(R))
is continuous for any R ∈ Ob C.

(2) If T = Set or Top, for a functor F : C → T , we denote by CF the category of F -models, that is, CF is
given by Ob CF = {(R, x)|R ∈ Ob C, x ∈ F (R)} and CF ((R, x), (Y, y)) = {f ∈ C(R, Y )|F (f)(x) = y}. Since
{E−1

R (W (x,O))| (R, x) ∈ Ob CF , O is an open set of G(R)} is a subbasis of the topology on Funct(C, Top)(F,G),
a map f : Z → Funct(C, Top)(F,G) is continuous if and only if evxERf : Z → G(R) is continuous for any
(R, x) ∈ Ob CF .

Proposition 7.2.3 Let F , G, H be functors from C to a quasi-topological category T and f : F → G a natural
transformation. Then, maps f∗ : Funct(C, T )(G,H) → Funct(C, T )(F,H) and f∗ : Funct(C, T )(H,F ) →
Funct(C, T )(H,G) are continuous. Hence Funct(C, T ) is a quasi-topological category.

Proof. Since the following diagrams commute for any R ∈ Ob C, the assertion follows from (7.2.2).
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Funct(C, T )(G,H) Funct(C, T )(F,H)

T (G(R),H(R)) ct(F (R),H(R))

f∗

ER ER

f∗
R

Funct(C, T )(H,F ) Funct(C, T )(H,G)

T (H(R), F (R)) T (H(R), G(R))

f∗

ER ER

fR∗

Proposition 7.2.4 Let T be a quasi-topological category and F : C → T a functor.

(1) Suppose that
(
L

πi−→ D(i)
)
i∈ObD

is a limiting cone of a functor D : D → Funct(C, T ) and that, for any

R ∈ Ob C, ERD : D → T and F (R) ∈ Ob T satisfy the condition (L) of (7.1.3) (T = Top, for example). Then,(
Funct(C, T )(F,L) πi∗−−→ Funct(C, T )(F,D(i))

)
i∈ObD

is a limiting cone of a functor DF : D → Top defined by DF (i) = Funct(C, T )(F,D(i)) and DF (τ) = D(τ)∗ for
i ∈ ObD, τ ∈ MorD. In other words, the condition (L) of (7.1.3) is satisfied for D and F .

(2) Suppose that
(
D(i)

ιi−→ C
)
i∈ObD

is a colimiting cone of a functor D : D → Funct(C, T ) and that, for

any R ∈ Ob C, ERD : D → T and F (R) ∈ Ob T satisfy the condition (C) of (7.1.3) (T = Top, for example).
Then, (

Funct(C, T )(C,F ) ι∗i−→ Funct(C, T )(D(i), F )

)
i∈ObD

is a limiting cone of a functor DF : Dop → Top defined by DF (i) = Funct(C, T )(D(i), F ) and DF (τ) = D(τ)∗

for i ∈ ObD, τ ∈ MorD. In other words, the condition (C) of (7.1.3) is satisfied for D and F .

Proof. (1) It is clear that
(
Funct(C, T )(F,L) πi∗−−→ Funct(C, T )(F,D(i))

)
i∈ObD

is a limiting cone in the category

of sets. Let O be an open set of Funct(C, T )(F,L) and ϕ ∈ O. There exists R1, R2, . . . , Rn ∈ Ob C and open sets

Os of T (L(Rs), F (Rs)) (s = 1, 2, . . . , n) such that ϕ ∈
n⋂
s=1

E−1
Rs

(Os) ⊂ O. Since Os is open in T (L(Rs), F (Rs))

and

(
T (F (Rs), L(Rs))

(πi)Rs∗−−−−−→ T (F (Rs), D(i)(Rs))

)
i∈ObD

is a limiting cone of (ERsD)F (Rs) : D → Top , there

exist open sets Oks (k = 1, 2, . . . , νs) of T (F (Rs), D(iks)(Rs)) such that ϕRs ∈
νs⋂
k=1

(πiks)
−1
Rs∗(Oks) ⊂ Os. Hence

ϕ ∈
νs⋂
k=1

E−1
Rs

((πiks)
−1
Rs∗(Oks)) =

νs⋂
k=1

π−1
iks∗(E

−1
Rs

(Oks)) and we have ϕ ∈
n⋂
s=1

νs⋂
k=1

π−1
iks∗(E

−1
Rs

(Oks)) ⊂ O, which

implies the assertion.

(2) It is clear that

(
Funct(C, T )(C,F ) ι∗i−→ Funct(C, T )(D(i), F )

)
i∈ObD

is a limiting cone in the category

of sets. Let O be an open set of Funct(C, T )(C,F ) and ϕ ∈ O. There exists R1, R2, . . . , Rn ∈ Ob C and

open sets Os of T (C(Rs), F (Rs)) such that ϕ ∈
n⋂
s=1

E−1
Rs

(Os) ⊂ O. Since Os is open in T (F (Rs), C(Rs)) and(
T (C(Rs), F (Rs))

(ιi)
∗
Rs−−−−→ T (D(i)(Rs), F (Rs))

)
i∈ObD

is a limiting cone of (ERsD)F (Rs) : Dop → Top, there

exist open sets Oks (k = 1, 2, . . . , νs) of T (D(iks)(Rs), F (Rs)) such that ϕRs ∈
νs⋂
k=1

((ιiks)
∗
Rs

)−1(Oks) ⊂ Os.

Hence ϕ ∈
νs⋂
k=1

E−1
Rs

(((ιiks)
∗
Rs

)−1(Oks)) =
νs⋂
k=1

(ι∗iks)
−1(E−1

Rs
(Oks)) and we have ϕ ∈

n⋂
s=1

νs⋂
k=1

(ι∗iks)
−1(E−1

Rs
(Oks)) ⊂

O, which implies the assertion.

Definition 7.2.5 Let C be a quasi-topological category and F : C → Top a functor.
(1) For (R, x) ∈ Ob CF and S ∈ Ob C, we define a map (ϕ(F )(R,x))S : hR(S) → F (S) to be the following

composition of maps.

hR(S) = C(R,S)
F−→ Top(F (R), F (S)) evx−−→ F (S)

If F is continuous, (ϕ(F )(R,x))S is continuous and we have a morphism ϕ(F )(R,x) : hR → F in Funct(C, Top).
(2) For R ∈ Ob C, we define a map θR(F ) : Funct(C, Top)(hR, F ) → F (R) to be the following composition

of maps. It is clear that θR(F ) is continuous.

Funct(C, Top)(hR, F )
ER−−→ Top(hR(R), F (R))

evidR−−−−→ F (R)
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The following assertion can be easily verified.

Lemma 7.2.6 (1) The following diagram commutes for any (R, x) ∈ Ob CF .

Funct(C, Top)(F,G) Top(F (R), G(R))

Funct(C, Top)(hR, G) G(R)

ER

φ(F )∗(R,x) evx

θR(G)

(2) The following diagram commutes for any f ∈ hR(S).

Funct(C, Top)(hR, G) Top(hR(S), G(S))

G(R) G(S)

ES

θR(G) evf

G(f)

Proposition 7.2.7 For an object R of C and a functor G : C → Top, the following topologies O, O1 and
O2 on Funct(C, Top)(hR, G) are the same. O is the topology given in (7.2.1). O1 the coarsest topology on
Funct(C, Top)(hR, G) such that θR(G) : Funct(C, Top)(hR, G)→ G(R) is continuous, O2 is the coarsest topology
such that ER : Funct(C, Top)(hR, G)→ Top(hR(R), G(R)) is continuous.

Proof. It is clear that O is finer than O2 and that O2 is finer than O1 by the definition of θR(G). With
topology O1 on Funct(C, Top)(hR, G), it follows from 2) of (7.2.6) that evfES : Funct(C, Top)(hR, G)→ G(S) is
continuous for any S ∈ Ob C and f ∈ hS(R). Since Top(hR(S), G(S)) has the coarsest topology such that evf :
Top(hR(S), G(S)) → G(S) is continuous for any f ∈ hR(S), ES : Funct(C, Top)(hR, G) → Top(hR(S), G(S)) is
continuous. Therefore O is coarser than O1.

Corollary 7.2.8 A map f : X → Funct(C, Top)(hR, G) is continuous if and only if one of the following condi-
tions is satisfied.

(1) ESf : X → Top(hR(S), G(S)) is continuous for any S ∈ Ob C.
(2) ERf : X → Top(hR(R), G(R)) is continuous.
(3) θR(G)f : X → G(R) is continuous,

Corollary 7.2.9 A functor h : Cop → Functc(C, Top) defined by h(R) = hR and h(f) = hf is continuous.

Proof. For R,S ∈ Ob C, C(S,R) h−→ Functc(C, Top)(hR, hS)
θR(hS)−−−−→ hS(R) maps f ∈ C(S,R) to (hf )R(idR) = f ,

namely θR(hS)h is the identity map of C(S,R) = hS(R). Hence θR(hS)h is continuous and the assertion follows
from (7.2.8).

The following is the Yoneda’s lemma for continuous functors.

Proposition 7.2.10 Let C be a quasi-topological category and F : C → Top a continuous functor. Then,
θR(F ) : Funct(C, Top)(hR, F )→ F (R) is a homeomorphism.

Proof. θR(F ) is continuous by (7.2.7). It is easy to verify that a correspondance x 7→ ϕ(F )(R,x) gives the inverse
of θR(F ) by (7.2.5). It follows from (7.2.8) that θR(F )

−1 : F (R)→ Funct(C, Top)(hR, F ) is continuous.

For a functor F : C → Set , let D(F ) : CopF → Funct(C,Set) be a functor defined by D(F )(R, x) = hR and
D(F )(f) = hf . If C is a quasi-topological category, we denote by Dtop(F ) : CopF → Functc(C, Top) a functor
given by Dtop(F )(R, x) = hR and Dtop(F )(f) = hf .

Proposition 7.2.11 Let C be a quasi-topological category. The functor Φ̃ : Functc(C, Top) → Funct(C,Set)
given in (7.1.9) has a left adjoint.

Proof. For F ∈ ObFunct(C,Set), by the ordianry Yoneda’s lemma,

(
D(F )(R, x)

φ(F )(R,x)−−−−−−→ F

)
(R,x)∈Ob CF

is a

colimiting cone of D(F ) : CopF → Funct(C,Set), where ϕ(F )(R,x) : D(F )(R, x) → F is the morphism given in

(7.2.5). By giving F (S) the topology for each S ∈ Ob C such that

(
D(F )(R, x)(S)

(φ(F )(R,x))S−−−−−−−−→F (S)

)
(R,x)∈Ob CF
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is a colimiting cone in Top, namely a subset O of F (S) is open if and only if (ϕ(F )(R,x))
−1
S (O) is an open set of

D(F )(R, x)(S) = C(R,S) for any (R, x) ∈ Ob CF , we have a functor F̌ : C → Top satisfying Φ̃(F̌ ) = F . Then,(
Dtop(F )(R, x)

φ(F )(R,x)−−−−−−→ F̌

)
(R,x)∈Ob CF

· · · (∗)

is a colimiting cone of Dtop(F ). It follows from (7.1.6) and (2) of (7.1.8) that F̌ is continuous. We set Ψ(F ) = F̌ .
For functors F,G : C → Set and a natural transformation λ : F → G, define a functor λ♯ : CF → CG by

λ♯(R, x) = (R, λR(x)) and λ♯(f : (R, x)→ (S, y)) = (f : (R, λR(x))→ (S, λS(y)). (Note that y = F (f)(x), thus
λS(y) = G(f)(λR(x)).) Then, Dtop(G)λ♯ = Dtop(F ) and(

Dtop(F )(R, x) = Dtop(G)λ♯(R, x)
φ(G)λ♯(R,x)−−−−−−−−→Ǧ

)
(R,x)∈Ob CF

is a cone of Dtop(F ) and the following diagram commutes.

Φ̃Dtop(F )(R, x) Φ̃(F̌ )

Φ̃Dtop(G)λ♯(R, x) Φ̃(Ǧ)

Φ̃(φ(F )(R,x))

λ

Φ̃(φ(G)λ♯(R,x))

Since λ is the unique morphism that makes the above diagram commute and (∗) is a colimiting cone of Dtop(F ),
λS : F (S) → G(S) is continuous for each S ∈ Ob C and this implies that λ induces a unique natural transfor-
mation λ̌ : F̌ → Ǧ satisfying λ̌ϕ(F )(R,x) = ϕ(G)λ♯(R,x) for any (R, x) ∈ Ob CF . We set Ψ(λ) = λ̌.

It follows from (7.2.5) that, for F ∈ ObFunctc(C, Top),
(
Dtop(F )(R, x)

φ(F )(R,x)−−−−−−→ F

)
(R,x)∈Ob CF

is a cone

in Funct(C, Top), hence there is a natural transformation ρ : ΨΦ̃ → idFunctc(C,Top) such that Φ̃(ρF ) = idΦ̃(F )

for F ∈ ObFunctc(C, Top). It is clear that Φ̃Ψ = idFunct(C,Set). Moreover, for F ∈ ObFunct(C,Set), since
CΦ̃(F̌ ) = CF , D(F ) = D(Φ̃(F̌ )) and ϕ(F )(R,x) = ϕ(Φ̃(F̌ ))(R,x), we have ρF̌ = idF̌ . It follows that Ψ is a left

adjoint of Φ̃.

7.3 Left adjoint of the Yoneda embedding

For a quasi-topological category C and a functor D : Dop → C, we denote by hD : D → Functc(C, Top) the
composition of functors Dop : D → Cop and h : Cop → Functc(C, Top) defined in (7.2.9).

Proposition 7.3.1 Let C be a quasi-topological category. If F : C → Top is a colimit of representable functors,

then

(
D(F )(R, x)

φ(F )(R,x)−−−−−−→ F

)
(R,x)∈Ob CF

is a colimiting cone of the functor D(F ) : CopF → Functc(C, Top).

Hence F is in the image of the functor Ψ : Funct(C,Set)→ Functc(C, Top) given in the proof of (7.2.11).

Proof. Suppose that
(
hD(i)

ιi−→ F
)
i∈ObD

is a colimiting cone of hD. It follows from (7.1.6) and (7.1.8) that F

is a continuous functor. Since the map F (D(ξ)) : F (D(j)) → F (D(i)) induced by a morphism ξ : i → j in D
maps (ιj)D(j)

(
idD(j)

)
to (ιi)D(i)

(
idD(i)

)
, we can define a functor D̃ : D → CopF by

D̃(i) =
(
D(i), (ιi)D(i)

(
idD(i)

))
and D̃(ξ : i→ j) = D(ξ) :

(
D(j), (ιj)D(j)

(
idD(j)

))
→
(
D(i), (ιi)D(i)

(
idD(i)

))
.

Consider the functor D(F ) : CopF → Functc(C, Top) defined in the proof of (7.2.11). Then, we have D(F )D̃ = hD.

Suppose that

(
D(F )(R, x)

ψ(R,x)−−−−→ G

)
(R,x)∈Ob CF

is a cone of D(F ). Since

(
hD(i) = D(F )D̃(i)

ψ
D̃(i)−−−→ G

)
i∈ObD

is a cone of hD, there exists a unique morphism f : F → G satisfying fιi = ψD̃(i) for any i ∈ Ob C. For any

(R, x) ∈ Ob CF , there exist i ∈ ObD and α ∈ hD(i)(R) satisfying (ιi)R(α) = x. Then, for any S ∈ Ob C and
β ∈ hR(S) = D(F )(R, x)(S), we have

(ιihα)S(β) = (ιi)S(hα)S(β) = (ιi)S(βα) = (ιi)ShD(i)(β)(α) = F (β)(ιi)R(α) = F (β)(x) = (ϕ(F )(R,x))S(β).

Hence ιihα = ϕ(F )(R,x) and it follows from F (α)
(
(ιi)D(i)

(
idD(i)

))
= (ιi)RhD(i)(α)

(
idD(i)

)
= (ιi)R(α) = x that

fϕ(F )(R,x) = fιihα = ψD̃(i)D(F )(α) = ψ(R,x). Therefore the assertion follows.
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Proposition 7.3.2 Let C be a quasi-topological category and D : Dop → C a functor. If F : C → Top is a colimit

of representable functors and
(
hD(i)

ιi−→F
)
i∈ObD

is a cone of hD such that

(
Φ̃(hD(i))

Φ̃(ιi)−−−→ Φ̃(F )

)
i∈ObD

is a

colimiting cone of Φ̃hD. Then
(
hD(i)

ιi−→ F
)
i∈ObD

is a colimiting cone of hD.

Proof. Let
(
hD(i)

ηi−→ G
)
i∈ObD

be a cone of hD. Then, there exists a unique morphism f : Φ̃(F ) → Φ̃(G)

in Funct(C,Set) satisfying fΦ̃(ιi) = Φ̃(ηi) for each i ∈ ObD. For (R, x) ∈ Ob CF , we choose i ∈ ObD
and α ∈ hD(i)(R) satisfying (ιi)R(α) = x. For S ∈ Ob C and β ∈ hR(S), (ιi)S(hα)S(β) = (ιi)S(βα) =

(ιi)ShD(i)(β)(α) = F (β)(ιi)R(α) = F (β)(x) =
(
ϕ(F )(R,x)

)
S
(β) by the naturality of ιi. Hence we have

(ιi)S(hα)S =
(
ϕ(F )(R,x)

)
S
. Then, fS

(
ϕ(F )(R,x)

)
S

= fS(ιi)S(hα)S = (ηi)S(hα)S and, since (ηi)S(hα)S :

hR(S) → G(S) is continuous for any i ∈ Ob C, it follows that fS
(
ϕ(F )(R,x)

)
S
is continuous for any (R, x) ∈

Ob CF . Since

(
D(F )(R, x)

φ(F )(R,x)−−−−−−→ F

)
(R,x)∈Ob CF

is a colimiting cone of D(F ) : CopF → Functc(C, Top) by

(7.3.1), fS : F (S)→ G(S) is continuous for any S ∈ Ob C. Thus f is regarded as a morphism in Functc(C, Top)
and this proves the assertion.

Proposition 7.3.3 Let C be a quasi-topological category and D : Dop → C a functor. Suppose that F is a
colimit of hD : D → Functc(C, Top) and that L is a limit of D. Then, L is a limit of the functor D̂(F ) : CF → C
defined by D̂(F )(R, x) = R and D̂(F )(f) = f .

Proof. Suppose that
(
hD(i)

ιi−→ F
)
i∈ObD

is a colimiting cone of hD and that
(
L

πi−→ D(i)
)
i∈D

is a limiting

cone of D : Dop → C. For R ∈ Ob C, assume that i, j ∈ ObD and α ∈ hD(i)(R), β ∈ hD(j)(R) satisfy
(ιi)R(α) = (ιj)R(β). Then there exist objects i1, i2, . . . , i2n−1, morphisms τ2s−1 : i2s−1 → i2s−2, τ2s : i2s−1 → i2s
(s = 1, 2, . . . , n, i0 = i, i2n = j) of D and αs ∈ hD(is)(R) (s = 1, 2, . . . , 2n− 1) such that (hD(τ2s−1))R(α2s−1) =
α2s−2, (hD(τ2s))R(α2s−1) = α2s for s = 1, 2, . . . , n, where we set α0 = α, α2n = β. Hence we have α2s−2πi2s−2

=
α2s−1D(τ2s−1)πi2s−2

= α2s−1πi2s−1
, α2sπi2s = α2s−1D(τ2s)πi2s = α2s−1πi2s−1

for s = 1, 2, . . . , n. It follows
απi = α0πi0 = α1πi1 = α2πi2 = · · · = α2nπi2n = βπj .

For (R, x) ∈ Ob CF , take i ∈ ObD and α ∈ hD(i)(R) satisfying (ιi)R(α) = x and we set π(R,x) = απi : L→
R = D̂(F )(R, x). By the above argument, this definition of π(R,x) does not depend on the choice of i ∈ ObD
and α ∈ hD(i)(R) satisfying (ιi)R(α) = x. For a morphism f : (R, x) → (S, y) of CF , we take i ∈ ObD and
α ∈ hD(i)(R) satisfying (ιi)R(α) = x, then y = F (f)(x) = F (f)((ιi)R(α)) = (ιi)S(hD(i)(f)(α)) = (ιi)S(fα).

Hence we have π(S,y) = fαπi = D̂(F )(f)π(R,x) and this shows that
(
L

π(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF

is a cone

of D̂(F ). Suppose that
(
A

ρ(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF

is a cone of D̂(F ). For a morphism τ : i → j of

D, since F (D(τ))
(
(ιj)D(j)

(
idD(j)

))
= (ιj)D(i)hD(j)(D(τ))

(
idD(j)

)
= (ιj)D(i)(D(τ)) = (ιj)D(i)hD(τ)

(
idD(i)

)
=

(ιi)D(i)

(
idD(i)

)
, D(τ) : D(j) → D(i) defines a morphism

(
D(j), (ιj)D(j)

(
idD(j)

))
→
(
D(i), (ιi)D(i)

(
idD(i)

))
.

Therefore

(
A

ρ
(D(i),(ιi)D(i)(idD(i)))−−−−−−−−−−−−−−−→ D̂(F )

(
D(i), (ιi)D(i)

(
idD(i)

))
= D(i)

)
i∈Ob cd

is a cone of D and there exists

a unique morphism λ : A→ L satisfying πiλ = ρ(D(i),(ιi)D(i)(idD(i))) for any i ∈ ObD. For (R, x) ∈ CF , take i ∈
ObD and α ∈ hD(i)(R) satisfying (ιi)R(α) = x. Then, since F (α)

(
(ιi)D(i)

(
idD(i)

))
= (ιi)RhD(i)(α)

((
idD(i)

))
=

(ιi)R(x), α is regarded as a morphism
(
D(i), (ιi)D(i)

(
idD(i)

))
→ (R, x). It follows that π(R,x)λ = απiλ =

D̂(F )(α)ρ(D(i),(ιi)D(i)(idD(i))) = ρ(R,x). Assume that µ : A → L also satisfies π(R,x)µ = ρ(R,x) for any (R, x) ∈
Ob CF . Then, πiµ = π(D(i),(ιi)D(i)(idD(i)))µ = ρ(D(i),(ιi)D(i)(idD(i))) = πiλ for any i ∈ ObD and this implies

µ = λ. Hence
(
L

π(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF

is a limiting cone of D̂(F ).

Let C be a quasi-topological category and ψ : F → G a morphism of Funct(C, Top). Suppose that limits of

funtors D̂(F ) : CF → C and D̂(G) : CG → C defined in (7.3.3) exist. Let
(
L(F )

π(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF
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and

(
L(G)

π′
(R,y)−−−−→ D̂(G)(R, y)

)
(R,y)∈Ob CG

be limiting cones of D̂(F ) and D̂(G), respectively. Since

(
L(G)

π′
(R,ψR(x))−−−−−−−→ D̂(G)(R,ψR(x)) = D̂(F )(R, x)

)
(R,x)∈Ob CF

is a cone of D̂(F ), there exists a unique morphism L(ψ) : L(G) → L(F ) satisfying π(R,x)L(ψ) = π′
(R,ψR(x))

for any (R, x) ∈ Ob CF . Hence, if a limit of D̂(F ) exists for any F ∈ ObFunct(C, Top), we have a functor
L : Funct(C, Top)→ Cop.

For an object A of C, we define a map ΘF,A : Funct(C, Top)(F, hA)→ C(A,L(F )) = Cop(L(F ), A) as follows.

Clearly,

(
D(F )(R, x)

φ(F )(R,x)−−−−−−→ F

)
(R,x)∈Ob CF

is a cone of D(F ) : CopF → Functc(C, Top), hence

(
Funct(C, Top)(F, hA)

φ(F )∗(R,x)−−−−−−→ Funct(C, Top)(D(F )(R, x), hA)

)
(R,x)∈Ob CF

is a cone of (D(F ))hA : CF → Top given by (D(F ))hA(R, x) = Funct(C, Top)(D(F )(R, x), hA), (D(F ))hA(f) =
D(F )(f)∗. For any morphism f : (R, x)→ (S, y) in CF , a diagram

Funct(C, Top)(D(F )(R, x), hA) C
(
A, D̂(F )(R, x)

)

Funct(C, Top)(D(F )(S, y), hA) C
(
A, D̂(F )(S, y)

)
θR(hA)

D(F )(f)∗ D̂(F )(f)∗

θS(hA)

commutes and it follows that(
Funct(C, Top)(F, hA)

θR(hA)φ(F )∗(R,x)−−−−−−−−−−−→ C
(
A, D̂(F )(R, x)

))
(R,x)∈Ob CF

is a cone of the functor (D̂(F ))A considered in (7.1.3).

On the other hand, since
(
L(F )

π(R,x)−−−−→D̂(F )(R, x)
)
(R,x)∈Ob CF

is a limiting cone of D̂(F ),

(
C (A,L(F ))

π(R,x)∗−−−−→ C
(
A, D̂(F )(R, x)

))
(R,x)∈Ob CF

· · · (∗)

is a limiting cone of Φ(D̂(F ))A : CF → Set . Hence there exists a unique map ΘF,A : Funct(C, Top)(F, hA) →
C (A,L(F )) that makes the following diagram commutes.

Funct(C, Top)(F, hA) C (A,L(F ))

Funct(C, Top)(D(F )(R, x), hA) C
(
A, D̂(F )(R, x)

)
ΘF,A

φ(F )∗(R,x)
π(R,x)∗

θR(hA)

If the condition (L) of (7.1.3) is satisfied for A and
(
L(F )

π(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF

, the above limiting

cone (∗) is the one in the category of topological spaces. In this case ΘF,A is continuous.

By the naturality of θR(hA) : Funct(C, Top) (D(F )(R, x), hA) → C
(
A, D̂(F )(R, x)

)
in A, the following

diagram commutes for a morphism ψ : A→ B of C.

Funct(C, Top)(F, hB) C (B,L(F ))

Funct(C, Top)(F, hA) C (A,L(F ))

ΘF,B

(hψ)∗ ψ∗

ΘF,A

If ψ : F → G is a morphism of Funct(C, Top) and a limit of D̂(G) exist. Then, for any (R, x) ∈ Ob CF , since
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D(F )(R, x) F

D(G)(R,ψR(x)) G

φ(F )(R,x)

ψ

φ(G)(R,ψR(x))

commutes, the following diagram commutes.

Funct(C, Top)(G,hA) Funct(C, Top)(D(G)(R,ψR(x)), hA) C
(
A, D̂(G)(R,ϕR(x))

)

Funct(C, Top)(F, hA) Funct(C, Top)(D(F )(R, x), hA) C
(
A, D̂(F )(R, x)

)
φ(G)∗(R,ψR(x))

ψ∗

θR(hA)

φ(F )∗(R,x) θR(hA)

Since π′
(R,ψR(x))∗ΘG,A = ϕ(G)∗(R,ψR(x))θR(hA) and π(R,x)∗ΘF,A = ϕ(F )∗(R,x)θR(hA), the commutativity of the

above diagram for any (R, x) ∈ Ob CF implies that the following diagram commutes.

Funct(C, Top)(G,hA) C(A,L(G))

Funct(C, Top)(F, hA) C(A,L(F ))

ΘG,A

ψ∗ L(ψ)∗

ΘF,A

Proposition 7.3.4 Let A be an object of a quasi-topological category C and F : C → Top a functor. Suppose
that a limit L(F ) of the functor D̂(F ) : CF → C defined in (7.3.3) exists. If F is a colimit of representable
functors, ΘF,A : Funct(C, Top)(F, hA)→ C(A,L(F )) = Cop(L(F ), A) is bijective. Moreover, if the condition (L)

of (7.1.3) is satisfied for A and
(
L(F )

π(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF

, ΘF,A is a homeomorphism.

Proof. Since

(
D(F )(R, x)

φ(F )(R,x)−−−−−−→F

)
(R,x)∈Ob CF

is a colimiting cone of D(F ) : CopF → Functc(C, Top) by (7.3.1),

it follows from (2) of (7.2.4) that(
Funct(C, Top)(F, hA)

φ(F )∗(R,x)−−−−−−→ Funct(C, Top)(D(F )(R, x), hA)

)
(R,x)∈Ob CF

is a limiting cone of (D(F ))hA : CF → Top given by

(D(F ))hA(R, x) = Funct(C, Top)(D(F )(R, x), hA), (D(F ))hA(τ) = D(F )(τ)∗.

Since θR(hA) : Funct(C, Top)(D(F )(R, x), hA) → C
(
A, D̂(F )(R, x)

)
is an homeomorphism by (7.2.10) for any

R ∈ Ob C, ΘF,A is bijective. If C satisfies the condition (L) of (7.1.3), (∗) is the limiting cone in the category of
topological spaces. Hence ΘF,A is a homeomorphism.

Corollary 7.3.5 For objects F and G of Funct(C, Top), suppose that limits of D̂(F ) : CF → C and D̂(G) :
CG → C exist and that F is a colimit of representable functors. If the condition (L) of (7.1.3) is satisfied for

L(G) and
(
L(F )

π(R,x)−−−−→ D̂(F )(R, x)
)
(R,x)∈Ob CF

, then L : Funct(C, Top)(F,G)→ C(L(G), L(F )) is continuous.

Proof. It follows from (7.3.4) that ΘF,L(G) : Funct(C, Top)(F, hL(G)) → C(L(G), L(F )) is continuous and there
exists a unique morphism ηG : G → hL(G) that is mapped to the identity morphism of L(G) by ΘG,L(G) :
Funct(C, Top)(G,hL(G))→ C(L(G), L(G)). Since

Funct(C, Top)
(
G,hL(G)

)
C(L(G), L(G))

Funct(C, Top)
(
F, hL(G)

)
C(L(G), L(F ))

ΘG,L(G)

ψ∗ L(ψ)∗

ΘF,L(G)

commutes, we have L(ψ) = L(ψ)∗
(
idL(G)

)
= L(ψ)∗

(
ΘG,L(G) (ηG)

)
= ΘF,L(G) (ηGψ). In other words, L

is the composition of continuous maps (ηG)∗ : Funct(C, Top)(F,G) → Funct(C, Top)(F, hL(G)) and ΘF,L(G) :
Funct(C, Top)(F, hL(G))→ C(L(G), L(F )).
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7.4 Colimit of representable functors

For a quasi-topological category C, we denote by Functr(C, Top) the full subcategory of Funct(C, Top) consisting
of functors which are colimit of representable functors. In other words, Functr(C, Top) is the image of the

functor Ψ : Funct(C,Set) → Functc(C, Top) given in the proof of (7.2.11). We consider the composition ΨΦ̃ :

Functc(C, Top)→ Functc(C, Top) of Φ̃ : Functc(C, Top)→ Funct(C,Set) and Ψ : Funct(C,Set)→ Functc(C, Top).
We recall that the counit of the adjunction Φ̃ a Ψ is denoted by ρ : ΨΦ̃→ idFunctc(C,Top) in the proof of (7.2.11).

Let us denote by Ir : Functr(C, Top)→ Functc(C, Top) the inclusion functor.

Proposition 7.4.1 Let F be an object of Functr(C, Top) and f : Ir(F ) → G a morphism of Functc(C, Top).
There exists a unique morphism f̃ : Ir(F )→ ΨΦ̃(G) satisfying ρGf̃ = f . In other words,

(ρG)∗ : Functc(C, Top)(Ir(F ),ΨΦ̃(G))→ Functc(C, Top)(Ir(F ), G)

is bijective.

Proof. Since Φ̃Ψ = idFunct(C,Set), we have ΨΦ̃ΨΦ̃ = ΨΦ̃. It follows from (7.3.1) that ρIr(F ) : ΨΦ̃Ir(F )→ Ir(F )

is an isomorphism. We set f̃ = ΨΦ̃(f)ρ−1
Ir(F ), then we have ρGf̃ = f by the naturality of ρ. Since (ρG)R :

ΨΦ̃(G)(R)→ G(R) is a continuous bijection for any R ∈ Ob C, the uniqueness of f̃ is clear.

Corollary 7.4.2 Let R : Functc(C, Top)→ Functr(C, Top) be the functor that satisfies IrR = ΨΦ̃. Then, R is
a right adjoint of the inclusion functor Ir : Functr(C, Top)→ Functc(C, Top).

Proof. By (7.4.1), Functr(C, Top)(F,R(G))
Ir−→ Functc(C, Top)(Ir(F ),ΨΦ̃(G))

(ρG)∗−−−−→ Functc(C, Top)(Ir(F ), G)
is a bijection.

Remark 7.4.3 The counit ε : IrR → idFunctc(C,Top) is given by εG = ρG and the unit η : idFunctr(C,Top) → RIr
is given by Ir(ηF ) = ρ−1

Ir(F ).

Proposition 7.4.4 For an object F of Functc(C, Top) and an object G of Functr(C, Top),

R : Functc(C, Top)(F, Ir(G))→ Functr(C, Top)(R(F ),RIr(G))

is continuous.

Proof. For (R, x) ∈ Ob CF , the following diagram commutes.

Functc(C, Top)(F, I(G)) Functc(C, Top)(R(F ),R(I(G)))

Top(F (R), G(R)) Top(R(F )(R),R(I(G))(R))

I(G)(R) R(I(G))(R)

R

ER ER

evx evx

(ρI(G))R

Since (ρI(G))R : R(I(G))(R)→ I(G)(R) is an homeomorphism,

Functc(C, Top)(F, I(G))
R−→ Functc(C, Top)(R(F ),R(G))

ER−−→ Top(R(F )(R),R(I(G))(R))
evx−−→ R(I(G))(R)

is continuous. It follows from (2) of (7.2.2) that R : Functc(C, Top)(F, I(G)) → Functr(C, Top)(R(F ),RI(G))
is continuous.

Let C be a quasi-topological category and R be a subcategory of C. Let us denote by I : R→ C the inclusion
functor. Suppose that I has a right adjoint R : C → R. We denote by η : idA → RI the unit of the adjunction,
which is an equivalence if and only if R is a full subcategory of C.
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Proposition 7.4.5 Suppose that R is a full subcategory of C. Let D : D → R be a functor and(
L

πi−→ ID(i)
)
i∈ObD

a limiting cone of ID : D → C.

(1)

(
R(L)

η−1
D(i)

R(πi)
−−−−−−−→ D(i)

)
i∈ObD

is a limiting cone of D : D → R.

(2) Assume that R : C(I(F ), L) → R(RI(F ),R(L)) and R : C(I(F ), ID(i)) → R(RI(F ),RID(i)) are
continuous for any i ∈ Ob C. Let F be an object of R. If the condition (L) of (7.1.3) is satisfied for ID and
I(F ), then the condition (L) of (7.1.3) is satisfied for D and F .

Proof. (1) Let
(
F

γi−→ D(i)
)
i∈ObD

be a cone of D : D → R. Then

(
I(F )

I(γi)−−−→ ID(i)

)
i∈ObD

is a cone of ID

and there exists a unique morphism ψ : I(F ) → L satisfying πiψ = I(γi) for any i ∈ ObD. Then, we have
η−1
D(i)R(πi)R(ψ) = η−1

D(i)RI(γi) = γiη
−1
F . Hence η−1

D(i)R(πi)R(ψ)ηF = γi for any i ∈ ObD. Let us denote by

adF,G : C(I(F ), G) → R(F,R(G)) the natural bijection. If ξ : F → R(L) satisfies η−1
D(i)R(πi)ξ = γi for any

i ∈ ObD, then R(πi)ξ = R(πi)R(ψ)ηF ∈ R(F,R(D(i)) which implies πiad
−1
F,ID(i)(ξ) = πiad

−1
F,ID(i)(R(ψ)ηF )

by the commtativity of the following diagram.

C(I(F ), L) R(F,R(L))

C(I(F ), ID(i)) R(F,RID(i))

adF,L

πi∗ R(πi)∗

adF,ID(i)

Since
(
L

πi−→ ID(i)
)
i∈ObD

is a limiting cone of ID, it follows adF,L(ξ) = adF,L(R(ψ)ηF ), therefore ξ = R(ψ)ηF .

(2) By the assumption,
(
C(I(F ), L) πi∗−−→ C(I(F ), ID(i))

)
i∈ObD

is a limiting cone of IDI(F ) : D → Top.
Since I is a continuous functor, adF,G : C(I(F ), G)→R(F,R(G)) is a homeomorphism for G = L and D(i) for

any i ∈ ObC by (3) and (4) of (7.1.10). Hence

(
R(F,R(L))

R(πi)∗−−−−→ R(F,RID(i))

)
i∈ObD

is a limiting cone

of RIDI(F ) : D → Top by the commutative diagram of (1). Since ηD(i) : D(i) → RI(i) is an isomorphism,(
R(F,R(L))

(
η−1
D(i)

R(πi)
)
∗−−−−−−−−−→ R(F,D(i))

)
i∈ObD

is a limiting cone of DF : D → Top.

Since Functr(C, Top) is a full subcategory of Functc(C, Top) and the inclusion functor Ir : Functr(C, Top)→
Functc(C, Top) has a right adjoint R : Functc(C, Top)→ Functr(C, Top), the above result and (7.1.9) implies the
following.

Corollary 7.4.6 Let D : D → Functr(C, Top) be a functor. If
(
L

πi−→ IrD(i)
)
i∈ObD

is a limiting cone of

IrD : D → Functc(C, Top), then (
R(L)

η−1
D(i)

R(πi)
−−−−−−−→ D(i)

)
i∈ObD

is a limiting cone of D : D → Functr(C, Top). Hence Functr(C, Top) is complete.

Definition 7.4.7 Let A and B be objects of a quasi-topological category C. A topological coproduct of A and B

is a coproduct A
ι1−→ A

∐
B

ι2←− B of A and B such that C(A,R) ι∗1←− C (A
∐
B,R)

ι∗2−→ C(B,R) is a product of
C(A,R) and C(B,R) in Top for any R ∈ Ob C. If each pair of objects of C has a topological coproduct, we say
that C is a category with finite topological coproducts.

Remark 7.4.8 We denote ΨΦ̃(F×G) by F×rG for F,G ∈ ObFunctc(C, Top). We remark that, if a topological
coproduct of objects A and B of C exists, then ρhA×hB : hA ×r hB → hA × hB is an isomorphism.

Lemma 7.4.9 Let X,Y, Z,W be topolpgical spaces. A map prod : Top(X,Y )×Top(Z,W )→ Top(X×Z, Y ×W )
defined by prod(f, g) = f × g is continuous.
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Proof. For x ∈ X and z ∈ Z, since E(x,z)prod(f, g) = (f(x), g(z)) = (Ex(f), Ez(g)) = (Ex × Ez)(f, g), we have
E(x,z)prod = Ex × Ez : Top(X,Y )× Top(Z,W )→ Y ×W which is continuous.

Proposition 7.4.10 Let C be a quasi-topological category. A functor × : Funct(C, Top) × Funct(C, Top) →
Funct(C, Top) defined by ×(F,G) = F ×G and ×(f, g) = f × g is continuous.

Proof. For F, F ′G,G′ ∈ ObFunctc(C, Top) and R ∈ Ob C, the following diagram commutes.

Funct(C, Top)(F, F ′)× Funct(C, Top)(G,G′) Funct(C, Top)(F ×G,F ′ ×G′)

Top(F (R), F ′(R))× Top(G(R), G′(R)) Top(F (R)×G(R), F ′(R)×G′(R))

×

ER×ER ER

×

Since the lower horizontal map is continuous by (7.4.9) and the left vertical map is also continuous, the assertion
follows from (7.2.1).

Let C, D and E be categories and D : C × D → E a functor. For each j ∈ ObD, let Di : C → E be the
functor given by Di(j) = D(i, j) for j ∈ ObD and Di(τ) = D(idi, τ) for τ ∈ Mor,D. Suppose that there exists a
colimiting cone

(
D(i, j)

ιi,j−−→ Xi

)
j∈ObD

of Di for each i ∈ Ob C. Then, for a morphism σ : i→ k in C, there is a

unique morphism σ̄ : Xi → Xk satisfying σ̄ιi,j = ιk,jD(σ, idj) for any j ∈ ObD. We define a functor D : C → E
by D(i) = Xi and D(σ) = σ̄.

Lemma 7.4.11 Suppose that
(
D(i)

ηi−→ Y
)
i∈Ob C

is a cone of D. Then
(
D(i, j)

ηiιi,j−−−→ Y
)
(i,j)∈Ob C×D

is a

colimiting cone of D if and only if
(
D(i)

ηi−→ Y
)
i∈ObD

is a colimiting cone of D.

Proof. Assume that
(
D(i, j)

ηiιi,j−−−→ Y
)
(i,j)∈Ob C×D

is a colimiting cone of D. Let
(
D(i)

λi−→ Z
)
i∈Ob C

be a cone

of D. Since

(
D(i, j)

λiιi,j−−−→ Z

)
(i,j)∈Ob C×D

is a cone of D, there is unique morphism ϕ : Y → Z satisfying

ϕηiιi,j = λiιi,j . Since
(
D(i, j)

ιi,j−−→ Xi

)
j∈ObD

is a colimiting cone of Di for each i ∈ Ob C, we have ϕηi = λi.

Hence
(
D(i)

ηi−→ Y
)
i∈ObD

is a colimiting cone of D.

Conversely, assume that
(
D(i)

ηi−→ Y
)
i∈ObD

is a colimiting cone of D. Let
(
D(i, j)

µi,j−−→ Z
)
(i,j)∈Ob C×D

be

a cone of D. Then,
(
D(i, j)

µi,j−−→ Z
)
j∈ObD

is a cone of Di for each i ∈ Ob C. There exists unique morphism

αi : D(i) = Xi → Z satisfying αiιi,j = µi,j for any j ∈ ObD. Let σ : i → k be a morphism of C. We have

αkD(σ)ιi,j = αkιk,jD(σ, idj) = µk,jD(σ, idj) = µi,j = αiιi,j for any j ∈ Ob cd. Since
(
D(i, j)

ιi,j−−→ Xi

)
j∈ObD

is

a colimiting cone of Di, it follows that αkD(σ) = αi. Thus
(
D(i)

αi−→ Z
)
i∈Ob C

is a cone of D and there exists

unique morphism β : Y → Z satisfying βηi = αi for any i ∈ Ob C. Hence
(
D(i, j)

ηiιi,j−−−→ Y
)
(i,j)∈Ob C×D

is a

colimiting cone of D.

Proposition 7.4.12 Let C be a quasi-topological category with finite topological coproducts and D : Dop → C a

functor. If G ∈ ObFunctr(C, Top) and
(
hD(i)

ιi−→ F
)
i∈ObD

is a colimiting cone of hD : D → Functr(C, Top),

then
(
hD(i) ×r G

ιi×ridG−−−−−→ F ×r G
)
i∈ObD

is a colimiting cone of a functor hD×rG : D → Functr(C, Top) given
by i 7→ hD(i) ×r G and τ 7→ hD(τ) ×r idG.

Proof. First, we consider the case G = hR for some R ∈ Ob C. Since Φ̃ΨΦ̃ = Φ̃, it is easy to verify

that

(
Φ̃(hD(i) ×r hR)

Φ̃(ιi×ridhR )
−−−−−−−−→ Φ̃(F ×r hR)

)
i∈ObD

is a colimiting cone of a functor Φ̃(hD ×r hR) : D →

Funct(C,Set). Since hD(i) × hR is naturally equivalent to hD(i)
∐
R,

(
hD(i)×r hR

ιi×ridhR−−−−−−→ F ×r hR
)
i∈ObD

is

a colimiting cone of a functor hD ×r hR by (7.3.2).
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Generally, since G is a colimit of representable functors, there exists a colimiting cone
(
hE(j)

ηj−→ G
)
j∈Ob E

for

some functor E : Eop → C. We consider a functor D : D×E → Functr(C, Top) defined by D(i, j) = hD(i)×hE(j)

and D(σ, τ) = hD(σ) ×r hE(τ). As we have seen above, for each i ∈ ObD,(
Di(j) = hD(i) ×r hE(j)

idhD(i)×rηj−−−−−−−−→ hD(i) ×r G
)
j∈Ob E

is a colimiting cone of Di : E → Functr(C, Top). Since
(
hD(i)

ιi−→ F
)
i∈ObD

and
(
hE(j)

ηj−→ G
)
j∈Ob E

are co-

limiting cones,

(
hD(i)(R)× hE(j)(R)

(ιi)R×(ηj)R−−−−−−−−→ F (R)×G(R)
)

(i,j)∈Ob C×D
is a colimiting cone in Set for each

R ∈ Ob C, namely,

(
Φ̃(hD(i)×r hE(j))

Φ̃(ιi×rηj)−−−−−−→ Φ̃(F ×r G)
)

(i,j)∈Ob C×D
is a colimiting cone of Φ̃(hD×r hE) :

D × E → Funct(C,Set). Hence it follows from (7.3.2) that(
D(i, j) = hD(i)×r hE(j)

ιi×rηj−−−−→ F ×r G
)
(i,j)∈Ob C×D

is a colimiting cone of D. Clearly,
(
hD(i) ×r G

ιi×ridG−−−−−→ F ×r G
)
i∈ObD

is a cone of D = hD ×r G. Therefore

the result follows from (7.4.11).

7.5 Exponential law

For a category C, we consider the fibered category p : C(2) → C given in (1) of (6.1.9). Note that, if C is a
quasi-topological category, C(2) is a quasi-topological category by (7.2.3) and p is continuous.

For a functor F : C → T and R ∈ Ob C, define a functor FR : C(2)R → T by FR(η : R → A) = F (A) and
FR(idR, ϕ) = F (ϕ). Moreover, if f : R → S is a morphism in C, G : C → T is a functor and ξ : FR → GR is a
natural transformation, let f∗(ξ) : FS → GS be the natural transformation such that f∗(ξ)η : FS(η : S → A)→
GS(η : S → A) is given by the following composition.

FS(η : S → A) = F (A) = FR(ηf : R→ A)
ξηf−−→ GR(ηf : R→ A) = G(A) = GS(η : S → A)

Suppose that T is a quasi-topological category. For functors F,G : C → T , we define a functor GF : C → Top
as follows. For R ∈ Ob C, we set GF (R) = Funct

(
C(2)R , Top

)
(FR, GR). For a morphism f : R → S in C,

GF (f) : GF (R) → GF (S) is the map given by GF (f)(ξ) = f∗(ξ). Since the following diagram commutes for

any (η : S → A) ∈ Ob C(2)S , GF (f) : GF (R)→ GF (S) is continuous by (7.2.8).

GF (R) T (FR(ηf : R→ A), GR(ηf : R→ A))

GF (S) T (FS(η : S → A), GS(η : S → A))

Eηf

GF (f)

Eη

For a morphism ζ : F → H in Funct(C, T ) and a functor G : C → T , we define a morphism Gζ : GH → GF

as follows. For R ∈ Ob C, we denote by ζR : FR → HR the morphism in Funct
(
C(2)R , Top

)
defined by

ζR(η:R→A) = ζA : FR(η : R→ A) = F (A)→ H(A) = HR(η : R→ A).

Then, GζR : GH(R) → GF (R) is the map ζR∗ : Funct
(
C(2)R , Top

)
(HR, GR) → Funct

(
C(2)R , Top

)
(FR, GR) induced

by ζR. It is easy to verify that GζR is natural in R. Similarly, for a morphism ξ : G→ H in Funct(C, T ) and a
functor F : C → T , we define a morphism ξF : GF → HF as follows. For R ∈ Ob C, ξFR : GF (R) → HF (R) is

the map ξR∗ : Funct
(
C(2)R , Top

)
(FR, GR)→ Funct

(
C(2)R , Top

)
(FR,HR) induced by ξR. It is easy to verify that ξFR

is natural in R. The following is obvious from the definitions of the morphisms.

Proposition 7.5.1 Let ξ : G→ H and ζ : E → F be morphisms in Funct(C, T ). Then, the following diagram
commutes.
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GF GE

HF HE

Gζ

ξF ξE

Hζ

Lemma 7.5.2 Let A and R be objects of a quasi-topological category C such that there exists a topological

coproduct R
ι1−→ R

∐
A

ι2←− A of R and A. Then, (hA)R : C(2)R → Top is naturally equivalent to the functor
represented by (ι1 : R→ R

∐
A).

Proof. For (η : R → B) ∈ Ob C(2)R , define ψη : h(ι1:R→R
∐
A)(η : R → B) → C(A,B) = (hA)R(η : R → B)

by ψη(idR, ϕ) = ϕι2. It is clear that ψη is continuous and natural in η. Let us denote by µ : C (R
∐
A,B) →

C(R,B)×C(A,B) the homeomorphism induced by ι∗1 : C (R
∐
A,B)→ C(R,B) and ι∗2 : C (R

∐
A,B)→ C(R,A).

Define a map (hA)R(η : R→ B)→ h(ι1:R→R
∐
A)(η : R→ B) by ϕ 7→

(
idR, µ

−1(η, ϕ)
)
. It is clear that this map

is the continuous invrese of ψη.

Lemma 7.5.3 Let A be an object of a quasi-topological category C such that, for any object R of C, there exists
a topological coproduct R

ι1−→ R
∐
A

ι2←− A of R and A. Define a functor ΓA : C → C by ΓA(R) = R
∐
A and

ΓA(f) = f
∐
idA. Then, ΓA is continuous. Similarly, define a functor AΓ : C → C by AΓ(R) = A

∐
R and

AΓ(f) = idA
∐
f . Then, AΓ is also continuous.

Proof. Let R and S be objects of C. Since the following diagram commutes, ι∗1ΓA and ι∗2ΓA are continuous.

C(R,S)

C(R,S
∐
A) C (R

∐
A,S

∐
A) C(A,S

∐
A)

ι1∗
ΓA

ι2∗

ι∗2ι∗1

Hence ΓA is continuous.

Proposition 7.5.4 Let A be an object of a quasi-topological category C satisfying the conditions of (7.5.3). For
a continuous functor G : C → Top, GhA : C → Top is naturally equivalent to GΓA. Hence GhA is continuous.

Proof. Define a natural transformation γ : GhA → GΓA as follows. For R ∈ Ob C, let us denote by ψ :
h(ι1:R→R

∐
A) → (hA)R the natural equivalence given in (7.5.2). Consider the composition of the map

ψ∗ : GhA(R) = Funct
(
C(2)R , Top

)
((hA)R, GR)→ Funct

(
C(2)R , Top

) (
h(ι1:R→R

∐
A), GR

)
induced by ψ and the map

θ(ι1:R→R
∐
A)(GR) : Funct

(
C(2)R , Top

) (
h(ι1:R→R

∐
A), GR

)
→ GR (ι1 : R→ R

∐
A) = GΓA(R)

introduced in (7.2.6) which is a homeomorphism by (7.2.10). This composition is natural in R, hence gives a
natural equivalence γ : GhA → GΓA.

For functors F,H : C → Top, we define a natural transformation ηFH : H → (H×F )F as follows. For R ∈ Ob C
and x ∈ H(R), let cR,x : FR → HR be the morphism given by (cR,x)(ι:R→A)(y) = H(ι)(x) for (ι : R → A) ∈
Ob C(2)R and y ∈ FR(ι : R → A) = F (A). Since (cR,x)(ι:R→A) : FR(ι : R → A) → HR(ι : R → A) is a constant

map, it is clearly continuous. Suppose that ϕ : (ι : R→ A)→ (ζ : R→ B) is a morphimsm of Funct
(
C(2)R , Top

)
.

Since ϕι = ζ, we haveH(ϕ)H(ι)(x) = H(ζ)(x). It follows thatHR(ϕ)(cR,x)(ι:R→A)(y) = HR(ζ)(x) = H(ζ)(x) =
(cR,x)(ζ:R→B)(FR(y)), namely cR,x is natural. Let us denote by p1 : H × F → H and p2 : H × F → H the

projections. For R ∈ Ob C and x ∈ H(R),
(
ηFH
)
R
(x) ∈ (H × F )F (R) = Funct

(
C(2)R , Top

)
(FR, (H × F )R) is the

unique morphism satisfying pR1
(
ηFH
)
R
(x) = cR,x and pR2

(
ηFH
)
R
(x) = idFR .

Let f : R→ S be a morphism in C. For x ∈ H(R) and (ι : S → A) ∈ Mor C(2)S , we have(
pS1 (H × F )F (f)

((
ηFH
)
R
(x)
))

(ι:S→A)
= (pS1 )(ι:S→A)f∗

((
ηFH
)
R
(x)
)
(ι:S→A)

=
(
pR1
(
ηFH
)
R
(x)
)
(ιf :R→A)

=

(cR,x)(ιf :R→A) = (cS,H(f)(x))(ι:S→A) =
(
pS1
(
ηFH
)
S
(H(f)(x))

)
(ι:S→A)

and(
pS2 (H × F )F (f)

((
ηFH
)
R
(x)
))

(ι:S→A)
= (pS2 )(ι:S→A)f∗(

(
ηFH
)
R
(x))(ι:S→A) =

(
pR2
(
ηFH
)
R
(x)
)
(ιf :R→A)

=

(idFR)(ιf :R→A) = (idFS )(ι:S→A) =
(
pS2
(
ηFH
)
S
(H(f)(x))

)
(ι:S→A)

. Thus
(
ηFH
)
R
is natural in R.
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Proposition 7.5.5
(
ηFH
)
R
: H(R)→ (H × F )F (R) is continuous for R ∈ Ob C. Hence ηFH : H → (H × F )F is

a morphism in Funct(C, Top).

Proof. Define a map iy : H(R) → H(A) × F (A) = (H × F )R(ι : R → A) by iy(x) = (H(ι)(x), y) for

(ι : R → A) ∈ Ob C(2)R and y ∈ FR(ι : R → A) = F (A). Then, iy is continuous and the following diagram
commutes.

H(R) Funct
(
C(2)R , Top

)
(FR, (H × F )R)

(H × F )R(ι : R→ A) Top(FR(ι : R→ A), (H × F )R(ι : R→ A))

(ηFH)R

iy E(ι:R→A)

evy

It follows from (7.2.2) that
(
ηFH
)
R
: H(R)→ (H × F )F (R) is continuous for R ∈ Ob C.

Define a map Ad(H,F ;G) : Funct(C, Top)(H ×F,G)→ Funct(C, Top)(H,GF ) by Ad(H,F ;G)(ϕ) = ϕF ηFH .

Proposition 7.5.6 Let A be an object of a quasi-topological category C satisfying the conditions of (7.5.3). For
R ∈ Ob C and a continuous functor G, Ad(hR, hA;G) : Funct(C, Top)(hR× hA, G)→ Funct(C, Top)(hR, GhA) is
a homeomorphism.

Proof. Let κ : hR
∐
A → hR × hA be the natural equivalence induced by ι1 : R → R

∐
A and ι2 : A →

R
∐
A. Since both θR

∐
A(G)κ

∗ and γRθR
(
GhA

)
Ad(hR, hA;G) map ϕ ∈ ObFunct(C, Top)(hR × hA, G) to

ϕR
∐
A(ι1, ι2) ∈ G (R

∐
A), the following diagram commutes. Hence the result follows from (7.2.10) and (7.5.4).

Funct(C, Top)
(
hR

∐
A, G

)
Funct(C, Top)(hR × hA, G) Funct(C, Top)(hR, GhA)

G (R
∐
A) GΓA(R) GhA(R)

θR
∐
A(G)

Ad(hR, hA;G)κ∗

θR(GhA)

γR

For R ∈ Ob C, we define a functor R♯ : Funct(C, T ) → Funct
(
C(2)R , Top

)
as follows. We set R♯(F ) = FR for

F ∈ ObFunct(C, T ) and R♯(ζ) = ζR.

Proposition 7.5.7 For R ∈ Ob C, R♯ : Funct(C, T ) → Funct
(
C(2)R , Top

)
preserves limits and colimits. More-

over, if T is a quasi-topological category, R♯ is a continuous functor.

Proof. For (η : R → A) ∈ Ob C(2)R , we note that EηR♯ = EA : Funct(C, T ) → T . Let D : D → Funct(C, T ) a

functor and
(
L

πi−→ D(i)
)
i∈ObD

a limiting cone of D. Then,(
LR(η : R→ A)

R♯(πi)(η:R→A)−−−−−−−−−→ D(i)R(η : R→ A)

)
i∈ObD

is a limiting cone of EηR♯D = EAD : D → T . Hence

(
LR

R♯(πi)−−−−→ D(i)R

)
i∈ObD

is a limiting cone of R♯D.

Similarly, if
(
D(i)

ιi−→ C
)
i∈ObD

a colimiting cone of D, then(
D(i)R(η : R→ A)

R♯(ιi)(η:R→A)−−−−−−−−−→ CR(η : R→ A)

)
i∈ObD

is a colimiting cone of EηR♯D = EAD : D → T . Hence

(
D(i)R

R♯(ιi)−−−−→ CR

)
i∈ObD

is a limiting cone of R♯D.

Suppose that T is a quasi-topological category. For (η : R→ S) ∈ Ob C(2)R , since

Funct(C, T )(X,Y ) T (X(S), Y (S))

Funct
(
C(2)R , Top

)
(XR, YR) T (XR(η : R→ S), YR(η : R→ S))

ES

R♯

Eη
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commutes, R♯ is a continuous functor.

The following result is straightforward from (7.5.2) and (7.5.7).

Corollary 7.5.8 Let R be an object of a quasi-topological category C such that topological coproduct of R and

A exists for any A ∈ Ob C. If F ∈ ObFunctr(C, Top), then FR ∈ ObFunctr

(
C(2)R , Top

)
.

Corollary 7.5.9 Let R be an object of a quasi-topological category C such that topological coproduct of R and
A exists for any A ∈ Ob C. For F,G ∈ ObFunctr(C, Top) and R ∈ Ob C, (F ×rG)R is isomorphic to FR×rGR.

Proof. Let us denote by p1 : F ×G→ F and p2 : F ×G→ G the projections. (p1ρF×G)
R : (F ×rG)R → FR and

(p2ρF×G)
R : (F×rG)R → GR induce a morphism ((p1ρF×G)

R, (p2ρF×G)
R) : (F×rG)R → FR×GR. By (7.4.1),

there exists a unique morphism ψ : (F×rG)R → FR×rGR satisfying ψρFR×GR = ((p1ρF×G)
R, (p2ρF×G)

R). We

note that Φ̃(ψ) : Φ̃((F ×rG)R)→ Φ̃(FR×rGR) is an isomorphism in Funct
(
C(2)R ,Set

)
. Consider the colimiting

cone

(
D(F ×G)(A, x)

φ(F×G)(A,x)−−−−−−−−→F ×r G
)
(A,x)∈Ob CF×G

of the functor D(F ×G) : CopF×G → Functc(C, Top). It

follows from (7.5.7) that

(
D(F ×G)(A, x)R

(φ(F×G)(A,x))
R

−−−−−−−−−−−→ (F ×r G)R

)
(A,x)∈Ob CF×G

is a colimiting cone of

R♯D(F ×G). Since Φ̃(ψ) is an isomorphism,(
Φ̃(D(F ×G)(A, x)R)

Φ̃
(
ψ(φ(F×G)(A,x))

R
)

−−−−−−−−−−−−−−−→ Φ̃(FR ×r GR)

)
(A,x)∈Ob CF×G

is a colimiting cone of Φ̃(R♯D(F ×G)). For each (A, x) ∈ Ob CF×G, D(F ×G)(A, x)R is isomorphic to a repre-

sentable functor by (7.5.2). Hence, by (7.3.2),

(
D(F ×G)(A, x)R

ψ(φ(F×G)(A,x))
R

−−−−−−−−−−−−→ FR ×r GR

)
(A,x)∈Ob CF×G

is

also a colimiting cone of the functor R♯D(F ×G). Therefore ψ : (F ×r G)R → FR ×r GR is an isomorphism.

For functors F,H ∈ ObFunctr(C, Top), we define a natural transformation η̃FH : H → (H ×r F )F as follows.

Let us denote by p̃1 : H×rF → H and p̃2 : H×rF → F the projections. By (7.5.9), HR
p̃R1←−− (H×rF )R

p̃R2−−→ FR

is a product of HR and FR in Funct
(
C(2)R , Top

)
. For R ∈ Ob C and x ∈ H(R), let cR,x : FR → HR be the

morphism given in the definition of ηFH .
(
η̃FH
)
R
(x) ∈ (H ×r F )F (R) = Funct

(
C(2)R , Top

)
(FR, (H ×r F )R) is the

unique morphism FR → (H ×r F )R satisfying p̃R1
(
η̃FH
)
R
(x) = cR,x and p̃R2

(
η̃FH
)
R
(x) = idFR . It can be verified

that
(
η̃FH
)
R
is natural in R.

Lemma 7.5.10 (1) Let ϕ : H → G be a morphism of Functr(C, Top). Then, the following diagram commutes.

H (H ×r F )F

G (G×r F )F

η̃FH

φ (φ×ridF )F

η̃FG

(2) Let ϕ : F → G be a morphism of Functr(C, Top). Then the following diagram commutes.

H (H ×r F )F

(H ×r G)G (H ×r G)F

η̃FH

η̃GH (idH×rφ)F

(H×rG)φ

Proof. (1) For R ∈ Ob C and x ∈ H(R), we have

p̃R1 (ϕ×r idF )FR
(
η̃FH
)
R
(x) = p̃R1 (ϕ×r idF )R

(
η̃FH
)
R
(x) = ϕRp̃R1

(
η̃FH
)
R
(x) = ϕRcR,x = cR,φR(x) = p̃R1

(
η̃FG
)
R
ϕR(x)

p̃R2 (ϕ×r idF )FR
(
η̃FH
)
R
(x) = p̃R2 (ϕ×r idF )R

(
η̃FH
)
R
(x) = p̃R2

(
η̃FH
)
R
(x) = idFR = p̃R2

(
η̃FG
)
R
ϕR(x).
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Therefore (ϕ×r idF )F η̃FH = η̃FGϕ.
(2) For R ∈ Ob C and x ∈ H(R), we have

p̃R1 (H ×r G)φ
(
η̃GH
)
R
(x) = p̃R1

(
η̃GH
)
R
(x)ϕR = cR,xϕ

R = cR,x = p̃R1
(
η̃FH
)
R
(x) = p̃R1 (idH ×r ϕ)R

(
η̃FH
)
R
(x)

= p̃R1 (idH ×r ϕ)FR
(
η̃FH
)
R
(x)

p̃R2 (H ×r G)
φ
R

(
η̃GH
)
R
(x) = p̃R2

(
η̃GH
)
R
(x)ϕR = ϕR = ϕRp̃R2

(
η̃FH
)
R
(x) = p̃R2 (idH ×r ϕ)R

(
η̃FH
)
R
(x)

= p̃R2 (idH ×r ϕ)FR
(
η̃FH
)
R
(x).

Thus we have (H ×r G)φη̃GH = (idH ×r ϕ)F η̃FH .

Proposition 7.5.11 If C has finite topological coproducts,
(
η̃FH
)
R

: H(R) → (H ×r F )F (R) is continuous for

R ∈ Ob C. Hence η̃FH : H → (H ×r F )F is a morphism in Funct(C, Top). Moreover, η̃FH satisfies ρFH×F η̃
F
H = ηFH .

Proof. By (7.2.2), it suffices to show that the following composition is continuous for any (ι : R→ A) ∈ Ob C(2)R

and y ∈ FR(ι : R→ A) = F (A).

H(R)
(η̃FH)R−−−−→ Funct

(
C(2)R , Top

)
(FR, (H ×r F )R)

E(ι:R→A)−−−−−−→ Top(F (A), (H ×r F )(A))
evy−−→ (H ×r F )(A)

Since H is a colimit of representable functors, it suffices to show that the compisition of (ϕ(H)(B,x))R : hB(R)→
H(R) with the above composition is continuous for any (B, x) ∈ Ob CH . It follows from (7.5.10) that the
following diagram commutes.

hB(R) Funct
(
C(2)R , Top

)
(FR, (hB×rF )R) Top(F (A), (hB×rF )(A)) (hB×rF )(A)

H(R) Funct
(
C(2)R , Top

)
(FR, (H ×r F )R) Top(F (A), (H ×r F )(A)) (H ×r F )(A)

(η̃FhB )R

(φ(H)(B,x))R

E(ι:R→A)

(φ×ridF )R∗

evy

(φ×ridF )A∗ (φ×ridF )A

(η̃FH)R E(ι:R→A) evy

Define a map κ : hB(R) → (hB ×r hA)(A) = hB(A) × hA(A) by κ(α) = (hB(ι)(α), idA). Since hB × hA
is equivalent to a representable functor by the assumption, (hB ×r hA)(A) is identified with hB(A) × hA(A)
as a topological space. Hence κ is continuous. Since α ∈ hB(R) maps to (hB(ι)(α), y) ∈ (hB ×r F )(A) =
hB(A) × F (A) by the composition of the upper horizontal maps of the above diagram, the following diagram
commutes.

hB(R) (hB ×r hA)(A)

Funct
(
C(2)R , Top

)
(FR, (hB×rF )R) (hB ×r F )(A)

κ

(η̃FhB )R (idhB×rφ(F )(A,y))A
evyE(ι:R→A)

Thus the composition of the upper horizontal maps of the above diagram is continuous, hence the continuity of(
η̃FH
)
R
follows. The second assertion is straightforward from the definitions of ηFH and η̃FH .

Proposition 7.5.12 Let F,G : C → T and D : D → Funct(C, T ) be functors.
(1) Define a functor DF : D → Funct(C, Top) by DF (i) = D(i)F and DF (τ) = D(τ)F . Suppose that, for

any R ∈ Ob C and (η : R→ A) ∈ Ob C(2)R , EηR♯D : D → T and FR(η) = F (A) ∈ T satisfy the condition (L) of

(7.1.3). If
(
L

πi−→ D(i)
)
i∈ObD

is a limiting cone of D, then

(
LF

πFi−−→ D(i)F
)
i∈ObD

is a limiting cone of DF .

(2) Define a functor GD : Dop → Funct(C, Top) by GD(i) = GD(i) and GD(τ) = GD(τ). Suppose that, for

any R ∈ Ob C and (η : R→ A) ∈ Ob C(2)R , EηR♯D : D → T and GR(η) = G(A) ∈ T satisfy the condition (C) of

(7.1.3). If
(
D(i)

ιi−→ C
)
i∈ObD

is a colimiting cone of D, then
(
GC

Gιi−−→ GD(i)
)
i∈ObD

is a limiting cone of GD.

Proof. (1) For each R ∈ Ob C, since
(
LR

R♯(πi)−−−−→ D(i)R

)
i∈ObD

is a limiting cone of R♯D by (7.5.7), it follows

from (7.2.4) that(
LF (R) = Funct

(
C(2)R , Top

)
(FR, LR)

(R♯(πi))∗−−−−−−→ Funct
(
C(2)R , Top

)
(FR, D(i)R) = D(i)F (R)

)
i∈ObD
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is a limiting cone of ERD
F .

(2) For each R ∈ Ob C, since
(
D(i)R

R♯(ιi)−−−−→ CR

)
i∈ObD

is a colimiting cone of R♯D by (7.5.7), it follows

from (7.2.4) that(
GC(R) = Funct

(
C(2)R , Top

)
(CR, GR)

(R♯(ιi))
∗

−−−−−−→ Funct
(
C(2)R , Top

)
(D(i)R, GR) = GD(i)(R)

)
i∈ObD

is a limiting cone of ERG
D.

By (7.1.8), (7.5.4) and (7.5.12), we have the following result.

Proposition 7.5.13 Let C be a quasi-topological category with finite topological coproducts. If F : C → Top is
a colimit of representable functors and G : C → Top is a continuous functor, then GF is a continuous functor.

Let F and H be objects of Functr(C, Top) and G an object of Funct(C, Top). Define a map Ãd(H,F ;G) :

Funct(C, Top)(H ×r F,G)→ Funct(C, Top)(H,GF ) by Ãd(H,F ;G)(ϕ) = ϕF η̃FH .

Proposition 7.5.14 For morphisms λ :H → E, µ :F → E of Functr(C, Top) and ν :G→ T of Functc(C, Top),
the following diagrams commute.

Funct(C, Top)(E ×r F,G) Funct(C, Top)
(
E,GF

)
Funct(C, Top)(H ×r F,G) Funct(C, Top)

(
H,GF

)
Ãd(E,F ;G)

(λ×ridF )∗ λ∗

Ãd(H,F ;G)

Funct(C, Top)(H ×r E,G) Funct(C, Top)(H,GE)

Funct(C, Top)(H ×r F,G) Funct(C, Top)
(
H,GF

)
Ãd(H,E ;G)

(idH×rµ)∗ Gµ∗

Ãd(H,F ;G)

Funct(C, Top)(H ×r F,G) Funct(C, Top)
(
H,GF

)
Funct(C, Top)(H ×r F, T ) Funct(C, Top)

(
H,TF

)
Ãd(H,F ;G)

ν∗ νF∗

Ãd(H,F ;T )

Proof. For ϕ ∈ ObFunct(C, Top)(E ×r F,G), by virtue of (7.5.10), λ∗Ãd(E,F ;G)(ϕ) = ϕF η̃FEλ = ϕF (λ ×r
idF )

F η̃FH = (ϕ(λ×r idF ))F η̃FH = Ãd(H,F ;G)(λ×r idF )∗(ϕ).
For ϕ ∈ ObFunct(C, Top)(H ×r E,G), the following diagram commutes by (7.5.10) and (7.5.1).

H (H ×r E)E GE

(H ×r F )F (H ×r E)F GF

η̃EH

η̃FH

φE

(H×rE)µ Gµ

(idH×rφ)F φE

The commutativity of the third diagram is obvious.

Theorem 7.5.15 Let C be a quasi-topological category with finite topological coproducts. If F and H are

objects of Functr(C, Top) and G is an object of Functc(C, Top), then Ãd(H,F ;G) : Funct(C, Top)(H ×r F,G)→
Funct(C, Top)(H,GF ) is a homeomorphism.

Proof. By the assumption, there are colimiting cones(
D(F )(R, x)

φ(F )(R,x)−−−−−−→ F

)
(R,x)∈Ob CF

and

(
D(H)(S, y)

φ(H)(S,y)−−−−−−→ H

)
(S,y)∈Ob CH

.
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It follows from (7.5.12) that

(
GF

G
φ(F )(R,x)

−−−−−−−→ GD(F )(R,x)

)
(R,x)∈Ob CF

is a limiting cone. Then, for (S, y) ∈ Ob CH ,

(
Funct(C, Top)

(
D(H)(S, y), GF

) G
φ(F )(R,x)
∗−−−−−−−→ Funct(C, Top)

(
D(H)(S, y), GD(F )(R,x)

))
(R,x)∈Ob CF

is a limiting cone by (7.2.4). On the other hand, since(
D(H)(S, y)×r D(F )(R, x)

idD(H)(S,y)×rφ(F )(R,x)−−−−−−−−−−−−−−−→ D(H)(S, y)×r F
)

(R,x)∈Ob CF

is a colimiting cone by (7.4.12),(
Funct(C,Top)(D(H)(S, y)×rF,G)

(idD(H)(S,y)×rφ(F )(R,x))
∗

−−−−−−−−−−−−−−−−→Funct(C,Top)(D(H)(S, y)×rD(F )(R, x), G)

)
(R,x)∈Ob CF

is a limiting cone by (7.5.12). Since Ãd(D(H)(S, y), D(F )(R, x);G) is a homeomorphism by (7.5.6) and the

following diagram commutes by (7.5.14), Ãd(D(H)(S, y), F ;G) is also a homeomorphism.

Funct(C, Top)(D(H)(S, y)×r F,G) Funct(C, Top)(D(H)(S, y)×r D(F )(R, x), G)

Funct(C, Top)
(
D(H)(S, y), GF

)
Funct(C, Top)

(
D(H)(S, y), GD(F )(R,x)

)
(idD(H)(S,y)×rφ(F )(R,x))

∗

Ãd(D(H)(S, y), F ;G) Ãd(D(H)(S, y), D(F )(R, x);G)

G
φ(F )(R,x)
∗

Moreover, since

(
D(H)(S, y)×r F

φ(H)(S,y)×ridF−−−−−−−−−−→ H ×r F
)

(S,y)∈Ob CH
is a colimiting cone by (7.4.12), it follows

from (7.5.12) that(
Funct(C, Top)(H ×rF,G)

(φ(H)(S,y)×ridF )
∗

−−−−−−−−−−−−→ Funct(C, Top)(D(H)(S, y)×rF,G)
)

(S,y)∈Ob CH

is a limiting cone. Finally,

(
Funct(C, Top)

(
H,GF

) φ(H)∗(S,y)−−−−−−→ Funct(C, Top)
(
D(H)(S, y), GF

))
(S,y)∈Ob CF

is a

limiting cone by (7.2.4) and the following diagram commutes.

Funct(C, Top)(H ×r F,G) Funct(C, Top)(D(H)(S, y)×r F,G)

Funct(C, Top)
(
H,GF

)
Funct(C, Top)

(
D(H)(S, y), GF

)
(φ(H)(S,y)×ridF )

∗

Ãd(H,F ;G) Ãd(D(H)(S, y), F ;G)

φ(H)∗(S,y)

Since Ãd(D(H)(S, y), F ;G) is a homeomorphism, Ãd(H,F ;G) is also a homeomorphism.

Remark 7.5.16 Under the assumptions of (7.5.15), we denote by ε̃FG : ΨΦ̃(GF )×rF → G the unique morphism

that is mapped to ρGF : ΨΦ̃(GF )→ GF by

Ãd(ΨΦ̃(GF ), F ;G) : Funct(C, Top)
(
ΨΦ̃(GF )×r F,G

)
→ Funct(C, Top)

(
ΨΦ̃(GF ), GF

)
.

Then, composition ΨΦ̃(GF )
η̃F
ΨΦ̃(GF )−−−−−→

(
ΨΦ̃(GF )×r F

)F (ε̃FG)
F

−−−−→ GF coincides with ρGF . Hence the right rect-

angle of the following diagram commutes. It follows from (7.5.10) that the left and the center rectangles of the
following diagram also commute.

H ΨΦ̃(H) ΨΦ̃((H ×r F )F ) (H ×r F )F

(H ×r F )F (ΨΦ̃(H)×r F )F (ΨΦ̃((H ×r F )F )×r F )F

ρ−1
H

η̃FH

ΨΦ̃(η̃FH)

η̃F
ΨΦ̃(H)

ρ(H×rF )F

η̃F
ΨΦ̃((H×rF )F )

(ρ−1
H ×ridF )F (ΨΦ̃(η̃FH)×ridF )F

(ε̃FH×rF )F
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Moreover, the composition of the upper horizontal maps coincides with η̃FH by the naturality of ρ : ΨΦ̃ →
idFunctc(C,Top). On the other hand, the composition of the left vertical map and the lower horizontal maps is the

image of composition H ×r F
ρ−1
H ×ridF−−−−−−→ ΨΦ̃(H) ×r F

ΨΦ̃(η̃FH)×ridF−−−−−−−−−→ ΨΦ̃((H ×r F )F ) ×r F
ε̃FH×rF−−−−→ H ×r F by

Ãd(H,F ;H ×r F ). Since the image of the identity morphism of H ×r F by Ãd(H,F ;H ×r F ) is also η̃FH , it

follows that composition H ×r F
ρ−1
H ×ridF−−−−−−→ ΨΦ̃(H) ×r F

ΨΦ̃(η̃FH)×ridF−−−−−−−−−→ ΨΦ̃((H ×r F )F ) ×r F
ε̃FH×rF−−−−→ H ×r F

coincides with the identity morphism of H ×r F .

It follows from (7.4.1) and (7.5.15) that a functor from Functr(C, Top) to Functr(C, Top) given by G 7→
ΨΦ̃(GF ) is a right adjoint of a functor given by G 7→ G×r F . Thus we have the following result.

Corollary 7.5.17 If C is a quasi-topological category with finite topological coproducts, Functr(C, Top) is a
cartesian closed category.

The following assertion follows from (7.5.15) and (7.1.10).

Proposition 7.5.18 Let C be a quasi-topological category with finite topological coproducts. For an object F of
Functr(C, Top), define functors (−) ×r F, (−)F : Functr(C, Top) → Functc(C, Top) as follows. (−) ×r F maps
H ∈ ObFunctr(C, Top) to H ×r F and f ∈ MorFunctr(C, Top) to f ×r idF . (−)F maps H ∈ ObFunctr(C, Top)
to HF and f ∈ MorFunctr(C, Top) to fF . Then, (−)×r F and (−)F are continuous functors.

For F,G,H ∈ ObFunct(C, Top), we define a natural transformation ProdH : GF → (G×H)F×H as follows.
We denote by p1 : F ×H → F , p2 : F ×H → H, q1 : G×H → G and q2 : G×H → H the projections. Then,
for R ∈ Ob C, (R♯(p1), R♯(p2)) : (F ×H)R → FR×HR and (R♯(q1), R♯(q2)) : (G×H)R → GR×HR are natural
equivalences. For R ∈ Ob C,

(ProdH)R : GF (R) = Funct
(
C(2)R , Top

)
(FR, GR)→ Funct

(
C(2)R , Top

)
((F ×H)R, (G×H)R) = (G×H)F×H(R)

maps ξ : FR → GR to (R♯(q1), R♯(q2))
−1(ξ × idHR)(R♯(p1), R♯(p2)). Since the following diagram commutes for

any (η : R→ S) ∈ Ob C(2)R and (x, y) ∈ F (S)×H(S), (ProdH)R is continuous.

Funct
(
C(2)R , Top

)
(FR, GR) Funct

(
C(2)R , Top

)
((F ×H)R, (G×H)R)

Top(F (S), G(S)) Top(F (S)×H(S), G(S)×H(S))

G(S) G(S)×H(S)

(×H)R

Eη Eη

×idH(S)

Ex E(x,y)

(i1, y)

Suppose that C is a quasi-topological category with finite topological coproducts and that F , G and H are
colimits of representable functors. We define a natural transformation ProdH : ΨΦ̃(GF ) → (G ×r H)F×rH to

be the image of ε̃FG ×r idH : ΨΦ̃(GF )×r F ×r H → G×r H by

Ãd
(
ΨΦ̃(GF ), F ×r H ;G×r H

)
: Funct(C, Top)

(
ΨΦ̃(GF )×r F ×r H,G×r H

)
→ Funct(C, Top)

(
ΨΦ̃(GF ), (G×r H)F×rH

)
.

7.6 Kan extensions

We first recall the definition of comma category.

Definition 7.6.1 Let T : A → C and S : B → C be functors. We define the “comma category” (T↓S) as
follows. Objects of (T↓S) are triples 〈X, f, Y 〉 with X ∈ ObA, Y ∈ ObB and f ∈ C(T (X), S(Y )). Morphisms
〈X, f, Y 〉 → 〈Z, g,W 〉 are pairs 〈ϕ,ψ〉 of morphisms ϕ : X → Z in A and ψ : Y → W in B such that
gT (ϕ) = S(ψ)f . The composite of 〈ϕ,ψ〉 : 〈X, f, Y 〉 → 〈Z, g,W 〉 and 〈λ, µ〉 : 〈Z, g,W 〉 → 〈U, h, V 〉 is defined by
〈λϕ, µψ〉.

If A is a category consisting of a single object 1 and a single morphism id1 and T is the functor given
by T (1) = X, we denote (T↓S) by (X↓S). In this case, we denote by 〈f, Y 〉 an object 〈X, f, Y 〉 and by ψ a
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morphism 〈idX , ψ〉 in (X↓S). Similarly, if B is a category consisting of a single object 1 and a single morphism
id1 and S is the functor given by S(1) = Y , we denote (T↓S) by (T↓Y ). In this case, we denote by 〈X, f〉 an
object 〈X, f, Y 〉 and by ϕ a morphism 〈ϕ, idY 〉 of (T↓Y ). Moreover, if A = C and T is the identity functor of
C, (idC↓Y ) is usually denoted by C/Y .

We have functors P : (T↓S) → A, Q : (T↓S) → B and R : (T↓S) → C(2) given by P 〈X, f, Y 〉 = X,
P 〈ϕ,ψ〉 = ϕ, Q〈X, f, Y 〉 = Y , Q〈ϕ,ψ〉 = ψ and R〈X, f, Y 〉 = f , R〈ϕ,ψ〉 = (T (ϕ), S(ψ)).

Let T, T ′ : A → C and S, S′ : B → C be functors and α : T ′ → T , β : S → S′ natural transformations.
Define a functor (α↓β) : (T↓S) → (T ′↓S′) by (α↓β)(〈X, f, Y 〉) = 〈X,βY fαX , Y 〉, (α↓β)(〈ϕ,ψ〉) = 〈ϕ,ψ〉. In
particular, if α : X → X ′ and β : Y → Y ′ are morphisms in C, we have functors (α↓idS) : (X ′↓S) → (X↓S)
and (idT ↓β) : (T↓Y ) → (T↓Y ′) which are given by (α↓idS)(〈f, Y 〉) = 〈fα, Y 〉 and (idT ↓β)(〈X, f〉) = 〈X,βf〉,
respectively.

Remark 7.6.2 Suppose that A, B and C are quasi-topological categories. For 〈X, f, Y 〉, 〈Z, g,W 〉 ∈ Ob (T↓S),
since (T↓S)(〈X, f, Y 〉, 〈Z, g,W 〉) is a subset of A(X,Z) × B(Y,W ), we give (T↓S)(〈X, f, Y 〉, 〈Z, g,W 〉) the
topology induced by a product space A(X,Z)×B(Y,W ). Then, it is clear that (T↓S) is a quasi-topological category
and that P : (T↓S)→ A and Q : (T↓S)→ B are continuous functors. For (f : X → Y ), (g : Z →W ) ∈ Ob C(2),
since C(2)(f, g) is a subset of C(X,Z) × C(Y,W ), we give C(2)(f, g) the topology induced by the product space
C(X,Z)×C(Y,W ). It is straightforward that C(2) is a quasi-topological category and that R : (T↓S)→ C(2) is a
continuous functor if S and T are continuous functors.

Definition 7.6.3 Let C, C′, D be categories and F : C → C′ a functor. We denote by F ∗ : Funct(C′,D) →
Funct(C,D) a functor defined by F ∗(T ) = TF and F ∗(ϕ : T → U) = (ϕF : TF → UF ). If C, C′, D are quasi-
topological categories and F is a continuous functor, F ∗ defines a functor from Functc(C′,D) to Functc(C,D)
which is also denoted by F ∗.

Proposition 7.6.4 If D is a quasi-topological category, then F ∗ : Funct(C′,D) → Funct(C,D) is a continuous
functor.

Proof. For an object R of C, since a composition Funct(C′,D) F∗

−−→ Funct(C,D) ER−−→ Top coincides with the
evaluation functor EF (R) : Funct(C′,D)→ Top, F ∗ is a continuous functor by (1) of (7.2.2).

Definition 7.6.5 Let F : C → C′ and G : C → T be functors.
(1) A left Kan extension of G along F is a pair (L, η) of a functor L : C′ → T and a natural transformation

η : G→ LF such that for any functor H : C′ → T , the composition of maps

Funct(C′, T )(L,H)
F∗

−−→ Funct(C, T )(F ∗(L), F ∗(H))
η∗−→ Funct(C, T )(G,F ∗(H))

which maps σ to σF η is bijective. We denote L by F!(G). It follows fram (7.2.3) and (7.6.4) that the above
composition of maps is continuous if T is a quasi-topological category.

(2) A right Kan extension of G along F is a pair (R, ε) of a functor R : C′ → T and a natural transformation
ε : RF → G such that for any functor H : C′ → T , the composition of maps

Funct(C′, T )(H,R) F∗

−−→ Funct(C, T )(F ∗(H), F ∗(R))
ε∗−→ Funct(C, T )(F ∗(H), G)

which maps τ to ετF is bijective. We denote R by F∗(G). It follows fram (7.2.3) and (7.6.4) that the above
composition of maps is continuous if T is a quasi-topological category.

Definition 7.6.6 Let C′ and T be quasi-topological categories and F : C → C′, G : C → T functors.

A cone
(
G(X) = GP 〈X, g〉

γ⟨X,g⟩−−−−→ C
)
⟨X,g⟩∈Ob (F↓Z)

of (F↓Z) P−→ C G−→ T is called a continuous cone if a

map ΓX,Z : C′(F (X), Z)→ T (G(X), C) defined by ΓX,Z(g) = γ⟨X,g⟩ is continuous for any X ∈ Ob C.
A cone

(
C

γ⟨g,X⟩−−−−→ GQ〈g,X〉 = G(X)
)
⟨g,X⟩∈Ob (Z↓F )

of (Z↓F ) Q−→ C G−→ T is called a continuous cone if a

map ΓX,Z : C′(Z,F (X))→ T (C,G(X)) defined by ΓX,Z(g) = γ⟨g,X⟩ is continuous for any X ∈ Ob C.

Proposition 7.6.7 Let F : C → C′ and G : C → T be functors. Assume that, for each object Y of C′, the

composite (F↓Y )
P−→ C G−→ T has a colimit with a colimiting cone

(
GP 〈X, f〉

λ⟨X,f⟩−−−−→ L(Y )

)
⟨X,f⟩∈Ob (F↓Y )

. Each

morphism g : Y → Z in C′ induces a unique morphism L(g) : L(Y ) → L(Z) commuting with the colimiting
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cones. This defines a functor L : C′ → T . For each X ∈ Ob C, set ηX = λ⟨X,id⟩ : G(X) → LF (X). Then, we
have a natural transformation η : G→ LF and (L, η) is a left Kan extension of G along F .

Suppose that C′ and T are quasi-topological categories and that

(
GP 〈X, f〉

λ⟨X,f⟩−−−−→ L(Y )

)
⟨X,f⟩∈Ob (F↓Y )

is

a continuous cone. Then, L is a continuous functor.

Proof. Let g : Y → Z be a morphism in C′. Consider the functor (idF ↓g) : (F↓Y )→ (F↓Z) defined in (7.6.1).
Then, we have a cone (

GP (idF ↓g)〈X, f〉
λ(idF ↓g)⟨X,f⟩−−−−−−−−→ L(Z)

)
⟨X,f⟩∈Ob (F↓Y )

.

Since GP (idF ↓g)〈X, f〉 = G(X) for any 〈X, f〉 ∈ Ob, (F↓Y ), there exists a unique morphism L(g) : L(Y ) →
L(Z) such that L(g)λ⟨X,f⟩ = λ(idF ↓g)⟨X,f⟩ for any 〈X, f〉 ∈ Ob (F↓Y ). It is easy to verify that this choice of
L(g) makes L a functor.

Let h : V → W be a morphism in C. It follows from the definition of LF (h) : LF (V ) → LF (W ) that
LF (h)ηV = LF (h)λ⟨V,idF (V )⟩ = λ(idF ↓F (h))⟨V,idF (V )⟩ = λ⟨V,F (h)⟩ = λ⟨W,idF (W )⟩GP (h) = ηWG(h). Therefore
η : G→ LF is natural.

Let H : C′ → A be a functor and α : G → HF be a natural transformation. We construct a natural trans-

formation σ : L → H as follows. For Y ∈ Ob C′, (GP 〈X, f〉 = G(X)
H(f)αX−−−−−→ H(Y ))⟨X,f⟩∈Ob (F↓Y ) is a cone.

In fact, if ϕ : 〈X, f〉 → 〈W,k〉 is a morphism in (F↓Y ), H(k)αWGP (ϕ) = H(k)αWG(ϕ) = H(k)HF (ϕ)αX =
H(kF (ϕ))αX = H(f)αX . Thus we have a unique morphism σY : L(Y )→ H(Y ) such that σY λ⟨X,f⟩ = H(f)αX
for any 〈X, f〉 ∈ Ob (F↓Y ).

To show the naturality of σ, take a morphism g : Y → Z in C′. For each 〈X, f〉 ∈ Ob (F↓Y ), since
H(g)σY λ⟨X,f⟩ = H(g)H(f)αX = H(gf)αX = σZλ⟨X,gf⟩ = σZλ(idF ↓g)⟨X,f⟩ = σZL(g)λ⟨X,f⟩, we have H(g)σY =
σZL(g).

Finally, we show that the correspondence α 7→ σ gives the inverse correspondence of the assignment σ 7→ σF η.
For given α ∈ Funct(C,A)(G,HF ), construct σ ∈ Funct(C′,A)(L,H) as above, then for any X ∈ Ob C,
σF (X)ηX = σF (X)λ⟨X,idF (X)⟩ = αX . Conversely, for given σ ∈ Funct(C′,A)(L,H), apply the above construction
to σF η to have a natural transformation σ′ : L → H. Since σ′

Y λ⟨X,f⟩ = H(f)σF (X)ηX = σY L(f)λ⟨X,idF (X)⟩ =
σY λ(idF ↓f)⟨X,idY ⟩ = σY λ⟨X,f⟩ for any 〈X, f〉 ∈ Ob (F↓Y ), we have σ′

Y = σY .

Suppose that C′ and T are quasi-topological categories and that

(
GP 〈X, f〉

λ⟨X,f⟩−−−−→ L(Y )

)
⟨X,f⟩∈Ob (F↓Y )

is

a continuous cone. By the assumption, since

(
T (L(Y ), L(Z))

(λ⟨X,f⟩)
∗

−−−−−−→ T (GP 〈X, f〉, L(Z))
)

⟨X,f⟩∈Ob (F↓Y )

is

a limiting cone for Y, Z ∈ Ob C′, it suffices to show that

C′(Y, Z) L−→ T (L(Y ), L(Z))
(λ⟨X,f⟩)

∗

−−−−−−→ T (GP 〈X, f〉, L(Z)) = T (G(X), L(Z))

is continuous for any 〈X, f〉 ∈ Ob (F↓Y ) to show that L : C′(Y, Z) → T (L(Y ), L(Z)) is continuous. It follows
from the definition of L that the following diagram commutes and that the composition of the lower horizontal
maps of the following diagram maps g ∈ C′(F (X), Z) to λ⟨X,g⟩ which is continuous by the assumption.

C′(Y, Z) T (L(Y ), L(Z)) T (GP 〈X, f〉, L(Z))

C′(F (X), Z) T (LF (X), L(Z)) T (GP 〈X, idF (X)〉, L(Z))

L

f∗

(λ⟨X,f⟩)
∗

L(f)∗

L

(
λ⟨X,idF (X)⟩

)∗

Hence the composition of the upper horizontal maps of the diagram is continuous.

Proposition 7.6.8 Let F : C → C′ and G : C → T be functors. Assume that, for each object Y of C′, the

composite (Y ↓F ) Q−→ C G−→ T has a limit with a limiting cone

(
R(Y )

λ⟨f,X⟩−−−−→ GQ〈f,X〉
)

⟨f,X⟩∈Ob (Y ↓F )

. Each

morphism g : Y → Z in C′ induces a unique morphism R(g) : R(Y )→ R(Z) commuting with the limiting cones.
This defines a functor R : C′ → T . For each X ∈ Ob C, set εX = λ⟨idF (X),X⟩ : RF (X)→ G(X). Then, we have
a natural transformation ε : RF → G and (R, ε)) is a right Kan extension of G along F .
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Suppose that C′ and T are quasi-topological categories and that

(
R(Y )

λ⟨f,X⟩−−−−→ GQ〈f,X〉
)

⟨f,X⟩∈Ob (Y ↓F )

is

a continuous cone. Then, R is a continuous functor.

Proof. Let g : Y → Z be a morphism in C′. Consider the functor (g↓idF ) : (Z↓F )→ (Y ↓F ) defined in (7.6.1).
Then, we have a cone (

R(Y )
λ(g↓idF )⟨f,X⟩−−−−−−−−→ GQ(g↓idF )〈f,X〉

)
⟨f,X⟩∈Ob (Z↓F )

.

Since GQ(g↓idF )〈f,X〉 = G(X) for any 〈f,X〉 ∈ (Z↓F ), there exists a unique morphism R(g) : R(Y )→ R(Z)
such that λ⟨f,X⟩R(g) = λ(g↓idF )⟨f,X⟩ for any 〈f,X〉 ∈ Ob (Z↓F ). It is easy to verify that this choice of R(g)
makes R a functor.

Let h : V → W be a morphism in C. It follows from the definition of RF (h) : RF (V ) → RF (W ) that
εWRF (h) = λ⟨idF (W ),W ⟩RF (h) = λ(F (h)↓idF )⟨idF (W ),W ⟩ = λ⟨F (h),W ⟩ = GQ(h)λ⟨idF (V ),V ⟩ = G(h)εV . Therefore
ε : RF → G is natural.

Let H : C′ → A be a functor and β : HF → G be a natural transformation. We construct a natural trans-

formation τ : H → R as follows. For Y ∈ Ob C′, (H(Y )
βXH(f)−−−−−→ G(X) = GQ〈f,X〉)⟨f,X⟩∈Ob (Y ↓F ) is a cone.

In fact, if ϕ : 〈f,X〉 → 〈k,W 〉 is a morphism in (Y ↓F ), GQ(ϕ)βXH(f) = G(ϕ)βXH(f) = βWHF (ϕ)H(f) =
βWH(F (ϕ)f) = βWH(k). Thus we have a unique morphism τY : H(Y )→ R(Y ) such that λ⟨f,X⟩τY = βXH(f)
for any 〈f,X〉 ∈ Ob (Y ↓F ).

To show the naturality of τ , take a morphism g : Y → Z in C′. For each 〈f,X〉 ∈ Ob (Z↓F ), since
λ⟨f,X⟩τZH(g) = βXH(f) H(g) = βXH(fg) = λ(g↓idF )⟨f,X⟩τY = λ⟨f,X⟩R(g)τY , we have τZH(g) = R(g)τY ).

Finally, we show that the correspondence β 7→ τ gives the inverse correspondence of the assignment
τ 7→ ετF . For given β ∈ Funct(C,A)(HF,G), construct τ ∈ Funct(C′,A)(H,R)) as above, then for any
X ∈ Ob C, εXτF (X) = λ⟨idF (X),FX⟩τF (X) = βX . Conversely, for given τ ∈ Funct(C′,A)(H,R), apply the
above construction to ετF to have a natural transformation τ ′ : H → R. Since τ ′Y λ⟨X,f⟩ = H(f)τF (X)ηX =
τYR(f)λ⟨X,idF (X)⟩ = τY λ(F↓f)⟨X,idY ⟩ = τY λ⟨X,f⟩ for any λ⟨f,X⟩τ

′
Y = εXτF (X)H(f) = λ⟨idF (X),X⟩R(f)τY =

λ(f↓F )⟨idY ,X⟩τY = λ⟨f,X⟩τY for any 〈f,X〉 ∈ Ob (Y ↓F ), we have τ ′Y = τY .

Suppose that C′ and T are quasi-topological categories and that

(
R(Y )

λ⟨f,X⟩−−−−→ GQ〈f,X〉
)

⟨f,X⟩∈Ob (Y ↓F )

is

a continuous cone. By the assumption, since

(
T (R(Z), R(Y ))

(λ⟨f,X⟩)∗−−−−−−→ T (R(Z), GQ〈f,X〉)

)
⟨f,X⟩∈Ob (Y ↓F )

is

a limiting cone for Y, Z ∈ Ob C′, it suffices to show that

C′(Z, Y )
R−→ T (L(Z), L(Y ))

(λ⟨f,X⟩)
∗

−−−−−−→ T (R(Z), GQ〈f,X〉) = T (R(Z), G(X))

is continuous for any 〈f,X〉 ∈ Ob (Y ↓F ) to show that R : C′(Z, Y ) → T (R(Z), R(Y )) is continuous. It follows
from the definition of R that the following diagram commutes and that the composition of the lower horizontal
maps of the following diagram maps g ∈ C′(Z,F (X)) to λ⟨g,X⟩ which is continuous by the assumption.

C′(Z, Y ) T (R(Z), R(Y )) T (R(Z), GQ〈f,X〉)

C′(Z,F (X)) T (R(Z), RF (X)) T (R(Z), GQ〈idF (X), X〉)

R

f∗

(λ⟨f,X⟩)∗

R(f)∗

R

(
λ⟨idF (X),X⟩

)
∗

Hence the composition of the upper horizontal maps of the diagram is continuous.

Remark 7.6.9 Let T be a quasi-topological category and F : C → T a functor. Suppose that, for any functor
G : C′ → T , the right Kan extension of F along G exists. It follows from (2) of (7.1.10) that F∗ : Funct(C, T )→
Funct(C′, T ) is continuous.
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8 Topological affine group scheme

8.1 Definition and properties of topological affine schemes

For objects A∗ and B∗ of TopAlgK∗ , we define a topology on the set of morphisms TopAlgK∗(A∗, B∗) by giving
a uniform structure as follows. For S ⊂ A∗, b ∈ IB∗ and p ∈ TopAlgK∗(A∗, B∗), we put

U(S, b) = {(f, g) ∈ TopAlgK∗(A∗, B∗)× TopAlgK∗(A∗, B∗)| f(x)− g(x) ∈ b for any x ∈ S}
U(p;S, b) = {f ∈ TopAlgK∗(A∗, B∗)| (f, p) ∈ U(S, b)} .

We also put B = {U(S∗, b)|S∗ ∈ FA∗ , b ∈ IB∗}, Bp = {U(p;S∗, b)|S∗ ∈ FA∗ , b ∈ IB∗}. Here, FA∗ is the set
of finitely generated K∗-submodules of A∗. Then, B is a basis of a uniform structure of TopAlgK∗(A∗, B∗)
and Bp is a basis of the neighborhood of p with respect to the topology defined by the uniform struc-
ture of TopAlgK∗(A∗, B∗). If C is a subcategory of TopAlgK∗ , we give C(A∗, B∗) the topology induced by
TopAlgK∗(A∗, B∗) for A∗, B∗ ∈ C.

Remark 8.1.1 (1) Suppose that A∗ ∈ TopAlgK∗ is finitely generated and B∗ is discrete. If A∗ is gener-
ated by V ∗ ∈ FA∗ , we have U(V ∗, 0) = U(A∗, 0) which is just the diagonal subset of TopAlgK∗(A∗, B∗) ×
TopAlgK∗(A∗, B∗). Hence TopAlgK∗(A∗, B∗) has the discrete topology in this case.

(2) TopAlgK∗(A∗, B∗) is a subspace of Hom0(A∗, B∗) if we regard A∗ and B∗ as left K∗-modules.

Proposition 8.1.2 Let A∗ and B∗ be objects of TopAlgK∗ and S∗, T ∗ ∈ FA∗ , a, b ∈ IB∗ .
(1) U(S∗, a) ⊂ U(T ∗, b) if a ⊂ b and T ∗ ⊂ S∗.
(2) U(S∗, a) ∩ U(S∗, b) = U(S∗, a ∩ b).

(3) U(S∗, a) ∩ U(T ∗, a) = U(S∗ + T ∗, a). Hence

{
U(K∗x, a)

∣∣∣∣x ∈ ⋃
n∈Z

An, a ∈ IB∗

}
is a subbase of the

uniform structure of TopAlgK∗(A∗, B∗).

Proposition 8.1.3 Let f : A∗ → B∗ and g : B∗ → C∗ be morphisms in TopAlgK∗ and consider maps f∗ :
TopAlgK∗(B∗, C∗) → TopAlgK∗(A∗, C∗) and g∗ : TopAlgK∗(A∗, B∗) → TopAlgK∗(A∗, C∗). Suppose S∗ ∈ FA∗ ,
T ∗ ∈ FB∗ and a ∈ NC∗ .

(1) (f∗ × f∗)−1(U(S∗, a)) = U(f(S∗), a) and (g∗ × g∗)−1(U(S∗, a)) = U(S∗, g−1(a)) hold. Hence f∗ and g∗
are uniformly continuous.

(2) If f has a continuous left inverse p : B∗ → A∗, then (f∗ × f∗)(U(T ∗, a)) ⊃ U(p(T ∗), a) holds and f∗ is
a surjective open map.

(3) If f is surjective, then f∗ : TopAlgK∗(B∗, C∗)→ TopAlgK∗(A∗, C∗) is a homeomorphism onto its image.

Proof. (1) is easy.
(2) For (ϕ,ψ) ∈ U(p(T ∗), a), it is clear that (ϕp, ψp) ∈ U(T ∗, a) and f∗(ϕp) = ϕ, f∗(ψp) = ψ hold. Thus

(ϕ,ψ) belongs to (f∗ × f∗)(U(T ∗, a)).
(3) For S∗ ∈ FB∗ , take T ∗ ∈ FA∗ such that f(T ∗) = S∗. It is clear that (f∗ × f∗)(U(S∗, a)) ⊂ U(T ∗, a) for

a ∈ NC∗ . Assume that (gf, hf) ∈ U(T ∗, a) for g, h ∈ TopAlgK∗(B∗, C∗). Then, for any y ∈ S∗, take x ∈ T ∗

satisfying f(x) = y, then we have g(y)−h(y) = g(f(x))−h(f(x)) ∈ a, namely (g, h) ∈ U(S∗, a). It follows that
U(T ∗, a) ∩ Im (f∗ × f∗) ⊂ (f∗ × f∗)(U(S∗, a)). Hence we have U(T ∗, a) ∩ Im (f∗ × f∗) = (f∗ × f∗)(U(S∗, a))
and f∗ is an open map onto its image.

Definition 8.1.4 Let Top be the category of topological spaces and continuous maps. For an object A∗ of
TopAlgK∗ and a subcategory C of TopAlgK∗ , we denote by hA∗ : C → Top the functor represented by A∗, that
is, hA∗ maps B∗ ∈ Ob C to TopAlgK∗(A∗, B∗). We call hA∗ a topological affine K∗-scheme. Thus we have a
functor h : Cop → Funct(C, Top) given by h(A∗) = hA∗ and h(f) = f∗. Genarally, we call a functor from a
subcategory of TopAlgK∗ to Top a topological K∗-functor.

We note that TopAlgK∗ is a quasi-topological category and its subcategory is also a quasi-topological category.

Definition 8.1.5 An object A∗ of TopAlgK∗ is called profinite (resp. finite) if A∗ is complete Hausdorff and
A∗/a is a finite K∗-module for any a ∈ IA∗ (resp. A∗ is a discrete and finite K∗-module). We denote by
TopAlgpfK∗ (resp. TopAlgfK∗) the full subcategory of TopAlgK∗ consisting of objects which are profinite (resp.
finite) topological K∗-algebras.
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Proposition 8.1.6 For objects A∗
i and B∗ of TopAlgK∗ , the map

(ι∗1, ι
∗
2) : TopAlgK∗(A∗

1 ⊗K∗A∗
2, B

∗) −→ TopAlgK∗(A∗
1, B

∗)× TopAlgK∗(A∗
2, B

∗).

induced by the canonical maps ιi : A
∗
i → A∗

1 ⊗K∗A∗
2 (i = 1, 2) is an isomorphism.

Proof. Let µ : B∗⊗K∗B∗ → B∗ be the product of B∗. µ∗ψA∗
1 ,A

∗
2 ,B

∗,B∗ : TopAlgK∗(A∗
1, B

∗)×TopAlgK∗(A∗
2, B

∗)→
TopAlgK∗(A∗

1 ⊗K∗A∗
2, B

∗) is the inverse of (ι∗1, ι
∗
2).

Proposition 8.1.7 For objects A∗
i , B

∗
i (i = 1, 2) of TopAlgK∗ , we define a map

ψ = ψA∗
1 ,A

∗
2 ,B

∗
1 ,B

∗
2
: TopAlgK∗(A∗

1, B
∗
1)× TopAlgK∗(A∗

2, B
∗
2) −→ TopAlgK∗(A∗

1 ⊗K∗A∗
2, B

∗
1 ⊗K∗B∗

2)

by ψ(f, g) = f ⊗K∗ g. Then, ψ is uniformly continuous.

Proof. For T ∗ ∈ FA∗
1⊗K∗A∗

2
and c ∈ IB∗

1⊗K∗B∗
2
, there exist S∗

i ∈ FA∗
i
, bi ∈ IB∗

i
(i = 1, 2) such that S∗

1⊗K∗S∗
2 ⊃ T ∗

and b1 ⊗K∗B∗
2 + B∗

1 ⊗K∗ b2 ⊂ c. If (fi, gi) ∈ U(S∗
i , bi) and xi ∈ Si for i = 1, 2, we have f1(x1) ⊗ f2(x2) −

g1(x1)⊗ g2(x2) = (f1(x1)− g1(x1))⊗ f2(x2) + g1(x1)⊗ (f2(x2)− g2(x2)) ∈ b1 ⊗K∗B∗
2 +B∗

1 ⊗K∗b2 ⊂ c. Hence
ψ(f1, f2)− ψ(g1, g2) ∈ U(T ∗, c).

The following is an analog of (3.4.5)

Proposition 8.1.8 Let D : D → TopAlgK∗ be a functor and A∗ an object of TopAlgK∗ . If (L∗ πi−→ D(i))i∈ObD

a limiting cone in TopAlgK∗ , then
(
TopAlgK∗(A∗, L∗)

πi∗−−→ TopAlgK∗(A∗, D(i))
)
i∈ObD

is a limiting cone in the

category of topological spaces.

Proof. It is clear that
(
TopAlgK∗(A∗, L∗)

πi∗−−→ TopAlgK∗(A∗, D(i))
)
i∈ObD

is a limiting cone in the category of

sets. For a ∈ IL∗ , there exist as ∈ ID(is) (s = 1, 2, . . . , l, is ∈ ObD) such that a ⊃
n⋂
s=1

π−1
is

(as). Then, we have

U(S∗, a) ⊃
n⋂
s=1

U(S∗, π−1
is

(as)) =
n⋂
s=1

(πis ×πis)−1(U(S∗, as)). Thus the topology on TopAlgK∗(A∗, L∗) coincides

with the one such that
(
TopAlgK∗(A∗, L∗)

πi∗−−→ TopAlgK∗(A∗, D(i))
)
i∈ObD

is a limiting cone in Top.

Corollary 8.1.9 For b ∈ IB∗ , let πb : B̂∗ → B∗/b be the map induced by the quotient map pb : B∗ → B∗/b,

then
(
TopAlgK∗(A∗, B̂∗)

πb∗−−→ TopAlgK∗(A∗, B∗/b)
)
b∈IB∗

is a limiting cone in the category of topological spaces.

We can show the following as (3.4.2).

Proposition 8.1.10 If B∗ is an object of TopAlgK∗ which is complete Hausdorff, then for A∗ ∈ Ob TopAlgK∗ ,

η∗A∗ : TopAlgK∗(Â∗, B∗)→ TopAlgK∗(A∗, B∗) is a homeomorphism.

Proof. By (1.3.17) and (1.3.4), η∗A∗ is a continuous bijection. For S∗ ∈ FA∗ and b ∈ IB∗ , it follows from 1)

of (8.1.3) that (η∗A∗ × η∗A∗)(U(ηA∗(S∗), b)) ⊂ U(S∗, b). For (f, g) ∈ U(S∗, b), let f ′, g′ ∈ TopAlgK∗(Â∗, B∗) be
the unique morphisms such that f ′ηA∗ = f , g′ηA∗ = g. Then, f ′ − g′ maps ηA∗(S∗) into b. In other words,
(f ′, g′) ∈ U(ηA∗(S∗), b). Thus we have (η∗A∗ × η∗A∗)(U(ηA∗(S∗), b)) = U(S∗, b) and ηA∗ is an open map.

The following is an analog of (3.4.17).

Proposition 8.1.11 For A∗, B∗ ∈ Ob TopAlgK∗ , let cA∗,B∗ : TopAlgK∗(A∗, B∗) → TopAlgK∗(Â∗, B̂∗) be the

map defined by cA∗,B∗(f) = f̂ . Then cA∗,B∗ is continuous and the following diagram commutes.

TopAlgK∗(Â∗, B∗) TopAlgK∗(A∗, B∗) TopAlgK∗(A∗, B̂∗)

TopAlgK∗(Â∗, B̂∗)

η∗A∗

ηB∗∗

ηB∗∗

cA∗,B∗
η∗A∗
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Proposition 8.1.12 Let D : D → TopAlgK∗ be a functor and
(
D(i)

ιi−→ A∗
)
i∈ObD

a colimiting cone of D.

Then,

(
TopAlgK∗(A∗, R∗)

ι∗i−→ TopAlgK∗(D(i), R∗)

)
i∈ObD

is a limiting cone of the functor Dop → Top given by

i 7→ TopAlgK∗(D(i), R∗).

Proof. It is clear that
(
TopAlgK∗(A∗, R∗)

ιi−→ TopAlgK∗(D(i), R∗)
)
i∈ObD

is a limiting cone in the category of

sets. Take S∗ ∈ FA∗ and b ∈ IR∗ . There exist i1, i2, . . . , in ∈ ObD and S∗
k ∈ FD(ik) (k = 1, 2, . . . , n) such that

S∗ ⊂ ιi1(S∗
1 ) + ιi2(S

∗
2 ) + · · ·+ ιin(S

∗
n). Then, U(S∗, b) ⊃

n⋂
k=1

(ιik × ιik)−1U(Sk, b) and the assertion follows.

Definition 8.1.13 Let C be a full subcategory of TopAlgK∗ which is complete. For a topological K∗-functor

X : C → Top, we consider the category CX of X-models and define a functor D̂X : CX → C by D̂X(R∗, x) = R∗.

We denote by K∗[X] the limit of D̂X and call this the ring of functions on X.

We note that if X is a topological affine scheme represented by A∗ ∈ Ob C, K∗[X] is isomorphic to A∗ The
following is a special case of (7.3.4).

Proposition 8.1.14 Let A∗ be an object of C. If a topological K∗-functor X : C → Top is a colimit of
representable functors, there is a natural equivalence

Funct (C, Top) (X,hA∗)→ C (A∗,K∗[X]) .

Proposition 8.1.15 Let H : S → T be a functor. Suppose that for any X ∈ Ob T and (f : X → Y ) ∈ Mor T ,

there exist a filtered category FX , a functor DX : FX → S, a limiting cone

(
X

p(X)i−−−−→ HDX(i)

)
i∈ObFX

of

HDX , a functor f∗ : FY → FX and a natural transformation ρf : DXf
∗ → DY which satisfy the following

conditions.

(i) For any S ∈ S and i ∈ FH(S), there exists a morphism π(S)i : S → DH(S)(i) in C which satisfies
p(H(S))i = H(π(S)i) (for example, H is full).

(ii) The following diagram commutes for any j ∈ ObFY .

X Y

HDXf
∗(j) HDY (j)

f

p(X)f∗(j) p(Y )j

H((ρf )j)

Let F,G : T → C be functors and λ : FH → GH a natural transformation. If G preserves filtered limits, there
exists a unique natural transfomation λ̄ : F → G satisfying λ̄H(S) = λS : FH(S) → GH(S) for any S ∈ ObS.
Hence if F also preserves filtered limits and λ is a natural equivalence, so is λ̄.

Proof. Let X be an object of T . Since G preserves filtered limits,

(
G(X)

G(p(X)i)−−−−−−→ GHDX(i)

)
i∈ObFX

is a

limiting cone of GHDX : FX → C. On the other hand,

(
F (X)

λDX (i)F (p(X)i)−−−−−−−−−−→ GHDX(i)

)
i∈ObFX

is a cone of

GHDX : FX → C. Hence we have a unique morphism λ̄X : F (X) → G(X) making the following left diagram
commutes for any i ∈ ObFX . Since p(H(S))i = H(π(S)i) for any S ∈ ObS and i ∈ ObFH(S), the naturality
of λ implies that the following right diagram also commutes.

F (X) G(X)

FHDX(i) GHDX(i)

λ̄X

F (p(X)i) G(p(X)i)

λDX (i)

FH(S) GH(S)

FHDH(S)(i) GHDH(S)(i)

λS

F (p(H(S))i) G(p(H(S))i)

λDH(S)(i)
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Thus we have λ̄H(S) = λS by the uniqueness of λ̄H(S). Let f : X → Y be a morphism in T . By the assumption,
for j ∈ ObFY , we have

G(p(Y )j)λ̄Y F (f) = λDY (j)F (p(Y )j)F (f) = λDY (j)F (p(Y )jf) = λDY (j)F (H((ρf )j)p(X)f∗(j))

= λDY (j)FH((ρf )j)F (p(X)f∗(j)) = GH((ρf )j)λDX(f∗(j))F (p(X)f∗(j))

= G(H((ρf )j))G(p(X)f∗(j))λ̄X = G(H((ρf )j)p(X)f∗(j))λ̄X = G(p(Y )jf)λ̄X

= G(p(Y )j)G(f)λ̄X .

Since

(
G(Y )

G(p(Y )j)−−−−−−→ GHDY (j)

)
j∈ObFY

is a limiting cone of GHDY , it follows that λ̄Y F (f) = G(f)λ̄X

which shows the naturality of λ̄.

Corollary 8.1.16 Let F,G : TopAlgpfK∗ → C be functors. Let us denote by H : TopAlgfK∗ → TopAlgpfK∗

the inclusion functor. Suppose that G preserves filtered limits. For a natural transformation λ : FH → GH, λ
extends uniquely to a natural transformation λ̄ : F → G. Hence if F also preserves filtered limits and λ is a
natural equivalence, so is λ̄.

Proof. For R∗ ∈ Ob TopAlgpfK∗ , let DR∗ : IR∗ → TopAlgfK∗ be a functor defined by DR∗(a) = R∗/a and
DR∗(i : a→ b) = (̄i : R∗/a→ R∗/b), where i is the inclusion map and ī is the map induced by the identity map of

R∗. We denote by p(R∗)a : R∗ → R∗/a the quotient map. Since R∗ is profinite,

(
R∗ p(R∗)a−−−−→ HDR∗(a)

)
a∈Ob IR∗

is a limiting cone of DR∗ . For a morphism f : R∗ → S∗ in TopAlgpfK∗ , define a functor f∗ : IS∗ → IR∗ and
a natural transformation ρf : DR∗f∗ → DS∗ as follows. For a ∈ Ob IS∗ , we set f∗(a) = f−1(a) and let
(ρf )a : DR∗f∗(a) = R∗/f−1(a) → S∗/a = DS∗(a) be the map induced by f∗. It is clear that the conditions of
(8.1.15) are all satisfied.

Proposition 8.1.17 Let C be a category and H : S → C a functor. Suppose that objects X, Y of C and a
natural transformation T : hXH → hYH are given. If there exist a functor D : D → S and a limiting cone(
X

pi−→ HD(i)
)
i∈ObD

of HD which satisfy the following condition (∗). Then, there exists a unique morphism

f : Y → X in C such that TS(g) = gf for any S ∈ ObS and g ∈ hX(H(S)).

(∗) For any object S of S and morphism g : X → H(S), there exists an object i0 of D and a morphism
g′ : D(i0)→ S in S satisfying H(g′)pi0 = g.

Proof. Since

(
Y

TD(i)(pi)−−−−−−→ HD(i)

)
i∈ObD

is a cone of HD, there exists a unique morphism f : Y → X satisfying

pif = TD(i)(pi) for any i ∈ ObD. For S ∈ ObS and g ∈ hX(H(S)), there exists an object i0 ofD and a morphism
g′ : D(i0)→ S in S satisfying H(g′)pi0 = g. By the naturarity of T , we have

gf = H(g′)pi0f = (hYH)(g′)TD(i0)(pi0) = TS(hXH)(g′)(pi0) = TS(H(g′)pi0) = TS(g).

If a morphism f ′ : Y → X satisfies TD(i)(pi) = pif
′ for any i ∈ ObD, then, pif ′ = pif which implies f ′ = f .

Corollary 8.1.18 Let A∗, B∗ be objects of TopAlgK∗ , H : TopAlgfK∗ → TopAlgK∗ the inclusion functor and
T : hA∗H → hB∗H a natural transformation. If A∗ is profinite, there exists a unique morphism f : B∗ → A∗

in TopAlgK∗ inducing T .

Proof. Let D : IA∗ → TopAlgfK∗ be a functor defined by D(a) = A∗/a and D(i : a→ b) = (̄i : A∗/a→ A∗/b),
where i is the inclusion map and ī is the map induced by the identity map of A∗. Since A∗ is profinte,(
A∗ pa−→ A∗/a

)
a∈IA∗

is a limiting cone of HD, where pa : A∗ → A∗/a is the quotient map. For any object R∗

of TopAlgfK∗ and morphism g : A∗ → R∗, since R∗ is discrete, Ker g ∈ IA∗ and g induces g′ : A∗/Ker g → R∗

such that g′pKer g = g. Hence the condition (∗) of (8.1.17) is satisfied.

Definition 8.1.19 (1) We say that a topological graded K∗-algebra A∗ has the cofinite topology if the set of
all ideals a of A∗ such that A∗/a is a finite K∗-module is a fundamental system of the neighborhood of 0. We
denote by TopAlgcfK∗ the full subcategory of TopAlgK∗ consisting of objects of TopAlgK∗ which have the cofinite
topology.
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(2) If the topology of A∗ is coarser (resp. finer) than the cofinite topology, we say that A∗ is subcofinite
(supercofinite). Hence A∗ is subcofinite (resp. supercofinite) if and only if every graded open ideal a satisfies the
condition that A∗/a is a finite K∗-module (resp. every graded ideal a such that A∗/a is a finite K∗-module is
open).

For a graded commutative K∗-algebra A∗, we set

Icf (A
∗) = {a| a is a graded ideal of A∗ such that A∗/a is a finte K∗-module}.

We give A∗ a topology such that Icf (A
∗) is a fundamental system of the neighborhood of 0. We call this topology

on A∗ the cofinite topology. Let us denote by A∗
cf the topological K∗-module A∗ with the cofinite topology.

Let µ : A∗ ⊗K∗A∗ → A∗ be the multiplication of A∗. For a ∈ Icf (A∗), since a⊗K∗A∗ +A∗ ⊗K∗a ⊂ µ−1(a) and
a ⊗K∗A∗ + A∗ ⊗K∗ a is an open ideal in A∗

cf ⊗K∗A∗
cf , µ

−1(a) is also open and µ is continuous. Thus A∗
cf is a

topological K∗-algebra.
Let us denote by Alg∗K∗ the category of graded commutative K∗-algebras. By assigning A∗ ∈ ObAlg∗K∗ to

A∗
cf , we have an isomorphism Alg∗K∗ → TopAlgcfK∗ of categories.

Remark 8.1.20 (1) A topological K∗-algebra is profinite if and only if it is complete Hausdorff and a subcofi-
nite.

(2) For a morphism f : A∗ → B∗ of graded K∗-algebras and a cofinite ideal b of B∗, since f induces a
monomorphism A∗/f−1(b)→ B∗/b, f−1(b) is also cofinite. Hence if A∗ is supercofinite and B∗ is subcofinite,
every K∗-algebra homomorphism from A∗ to B∗ is continuous.

Example 8.1.21 Let K∗ be a linearly topologized graded commutative topological ring. For k1, k2, . . . , kn ∈ Z,
we assign degree −2ki to a variable Xi and regard the polynomial ring K∗[X1, X2, . . . , Xn] as a graded K∗-
algebra. Let In be the ideal of K∗[X1, X2, . . . , Xn] generated by X1, X2, . . . , Xn. We give K∗[X1, X2, . . . , Xn] a
topology such that {a+ I ln| a ∈ IK∗ , l = 1, 2, . . . } is a basis of the neighborhood of 0. Then, it is easy to verify
that K∗[X1, X2, . . . , Xn]̂ is isomorphic to K̂∗[[X1, X2, . . . , Xn]]. Define a functor F : TopAlgK∗ → Top by

F (R∗) = (R∗[[X1, X2, . . . , Xn]])
0
.

We denote by Seqn the set of sequences (j1, j2, . . . , jn) of non-negative integers of length n. For J ∈ Seqn, let xJ

be a variable of degree
n∑
i=1

2jiki if J = (j1, j2, . . . , jn) and consider a graded polynomial algebra K∗[xJ | J ∈ Seqn]

with the cofinite topology. We set XJ = Xj1
1 X

j2
2 · · ·Xjn

n and |J | =
n∑
i=1

ji if J = (j1, j2, . . . , jn) ∈ Seqn.

Define a map TR∗ : hK∗[xJ | J∈Seqn]
(R∗) → F (R∗) by TR∗(ϕ) =

∑
J∈Seqn

ϕ(xJ)X
J . Let V ∗

k be the submodule of

K∗[xJ | J ∈ Seqn] generated by {xJ | J ∈ Seqn, |J | ≤ k}. For k ∈ N and a ∈ IR∗ , (ϕ,ψ) ∈ U(V ∗
k , a) if and

only if ϕ(xJ) − ψ(xJ) ∈ a for J ∈ Seqn satisfying |J | ≤ k. Moreover, XJ ∈ Ikn if and only if |J | ≥ k. Hence
(TR∗ × TR∗)(U(V ∗

k , a)) is contained in{
(α, β) ∈ (R∗[[X1, X2, . . . , Xn]])

0 × (R∗[[X1, X2, . . . , Xn]])
0
∣∣ α− β ∈ a+ Ik+1

n

}
and it follows that TR∗ is uniformly continuous. Clearly, TR∗ is injective and natural in R∗. If the topology of
R∗ is coarser than the cofinite topology (R∗ is profinite, for example), TR∗ is bijective and T−1

R∗ ×T−1
R∗ maps above

set onto U(V ∗
k , a). Let TopAlgscfK∗ be a full subcatgory of TopAlgK∗ consisting of objects which are subcofinite.

We denote by ι : TopAlgscfK∗ → TopAlgK∗ the inclusion functor. Then, T : hK∗[x0,x1,... ] → F induces a natutal
equivalence T : hK∗[x0,x1,... ]ι→ Fι.

Proposition 8.1.22 For morphisms f : A∗ → R∗ and g : A∗ → S∗ in TopAlgK∗ , let i1 : R∗ → R∗ ⊗A∗ S∗ and

i2 : S∗ → R∗ ⊗A∗ S∗ be maps defined by i1(x) = x ⊗ 1, i2(y) = 1 ⊗ y. Then R∗ i1−→ R∗ ⊗A∗ S∗ i2←− S∗ is a

push-out of a diagram R∗ f←− A∗ g−→ S∗ in TopAlgK∗ .

Proof. Let ϕ : R∗ → B∗ and ψ : S∗ → B∗ be morphisms in TopAlgK∗ satisfying ϕf = ψg. Define ξ :
R∗ ⊗K∗ S∗ → B∗ by ξ(x ⊗K∗ y) = ϕ(x)ψ(y). For b ∈ IB∗ , since ξ(ϕ−1(b) ⊗K∗ S∗ + R∗ ⊗K∗ ψ−1(b)) ⊂ b, ξ
is continuous. For a ∈ A∗, x ∈ R∗ and y ∈ S∗, we have ξ(xa ⊗ y) = ϕ(xf(a))ψ(y) = ϕ(x)ϕ(f(a))ψ(y) =
ϕ(x)ψ(g(a))ψ(y) = ϕ(x)ψ(g(a)y) = ξ(x ⊗ ay). Hence ξ induces a unique homomorphism ζ : R∗ ⊗A∗ S∗ → B∗

satisfying ζi1 = ϕ and ζi2 = ψ.
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8.2 Topological modules

Let M∗ and N∗ be linearly topologized right K∗-modules. We identify Homc
K∗(M∗, N∗) with Hom0(M∗, N∗)

and give Homc
K∗(M∗, N∗) the topology induced by Hom∗(M∗, N∗). If we denote by M∗

top the underlying
topological space of M∗, then {W (x, y + U∗) |x ∈M∗, y ∈ N∗, U∗ ∈ VN∗ } is a subbasis of the topology of
Top(M∗

top, N
∗
top). It follows that Homc

K∗(M∗, N∗) is a subspace of Top(M∗
top, N

∗
top). It is easy to verify that the

category of topological K∗-modules is a quasi-topological category.

Proposition 8.2.1 Let M∗ be a linearly topologized right K∗-module. Define a functor FM∗ : TopAlgK∗ →
TopModK∗ by FM∗(A∗) = M∗ ⊗K∗ A∗ and FM∗(f) = idM∗ ⊗ f . Then, FM∗ is a continuous topological K∗-
functor.

Proof. Let A∗ and B∗ be objects of TopAlgK∗ . Take x ∈ FM∗(A∗) = M∗ ⊗K∗ A∗ and an open ideal b

of B∗. Suppose x =
n∑
i=1

mi ⊗ ai and let us denote by S∗ the submodule generated by a1, a2, . . . , an. If

(g, f) ∈ U(S∗, b), then g(ai) − f(ai) ∈ b for i = 1, 2, . . . , n and it follows that FM∗(g)(x) − FM∗(f)(x) =
n∑
i=1

mi⊗ (g(ai)− f(ai)) ∈M∗⊗K∗ b. Hence if g ∈ U(f ;S∗, b), we have FM∗(g) ∈W (x, FM∗(f)(x)+M∗⊗K∗ b).

Thus FM∗ : TopAlgK∗(A∗, B∗)→ TopModK∗(FM∗(A∗), FM∗(B∗)) is continuous at f .

Lemma 8.2.2 (1) If N∗ is complete Hausdorff, the map η∗M∗ : Homc
K∗(M̂∗, N∗) → Homc

K∗(M∗, N∗) induced

by ηM∗ :M∗ → M̂∗ is a homeomorphism.
(2) The map γ : Homc

K∗(M∗, N∗)→ Homc
K∗(M̂∗, N̂∗) given by γ(f) = f̂ is continuous.

Proof. (1) It is clear that η∗M∗ is a continuous bijection. For x ∈ M∗ and U∗ ∈ VN∗ , we note that η∗M∗

maps W (ηM∗(x), U∗) into W (x, U∗). For f ∈ W (x, U∗) ⊂ Homc
K∗(M∗, N∗), let g ∈ Homc

K∗(M̂∗, N∗) be the
unique morphism such that gηM∗ = f . Then, g maps ηM∗(x) into U∗. In other words, g ∈ W (ηM∗(x), U∗) ⊂
Homc

M∗(M̂∗, N∗). Thus we have η∗M∗(W (ηM∗(x), U∗)) =W (x, U∗) and ηM∗ is an open map.
(2) We note that the following diagram commutes.

Homc
K∗(M̂∗, N∗) Homc

K∗(M∗, N∗)

Homc
K∗(M̂∗, N̂∗)

η∗M∗

ηN∗∗
γ

Since ηN∗∗ : Homc
K∗(M̂∗, N∗)→ Homc

K∗(M̂∗, N̂∗) is continuous and η∗M∗ : Homc
K∗(M̂∗, N∗)→ Homc

K∗(M∗, N∗)
is a homeomorphism by 1), γ is continuous.

Proposition 8.2.3 Let M∗ be a linearly topologized right K∗-module. Define a functor F̂M∗ : TopAlgK∗ →
TopModK∗ by F̂M∗(A∗) =M∗ ⊗̂K∗ A∗ and F̂M∗(f) = idM∗ ⊗̂K∗ f . Then, F̂M∗ is continuous.

Definition 8.2.4 Let A∗ be an object of TopAlgK∗ . For a right A∗-module M∗ with structure map α :M∗⊗K∗

A∗ → M∗ and a left A∗-module N∗ with structure map β : A∗ ⊗K∗N∗ → N∗, we define M∗ ⊗A∗ N∗ to be the
cokernel of α⊗K∗ idN∗ − idM∗ ⊗K∗ β :M∗ ⊗K∗A∗ ⊗K∗N∗ →M∗ ⊗K∗N∗.

Remark 8.2.5 If M∗ is a right (resp. left) A∗-module with structure map α : M∗ ⊗K∗ A∗ → M∗ (resp.
α : A∗ ⊗K∗ M∗ → M∗), we regard M∗ as a left (resp. right) A∗-module with structure map αTA∗,M∗ :
A∗ ⊗K∗M∗ →M∗ (resp. αTM∗,A∗ :M∗ ⊗K∗A∗ →M∗).

It is easy to verify the following result.

Proposition 8.2.6 For right (resp. left) R∗-modules L∗, M∗, N∗ there are natural isomorphisms (L∗ ⊗R∗

M∗)⊗R∗N∗ ∼= L∗ ⊗R∗ (M∗ ⊗R∗ N∗) and M∗ ⊗R∗ N∗ ∼= N∗ ⊗R∗ M∗.
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8.3 Topological group functors

Let C be a quasi-topological category. Recall that Functr(C, Top) is category with finite products. We denote
by 1 : C → Top the terminal object of Funct(C, Top) that maps each object R of C to the terminal object {∗} of
Top consisting of a single point ∗. It is clear that 1 is an object of Functr(C, Top). If C has an initial object ∅, 1
is represented by ∅.

Definition 8.3.1 Let C be a quasi-topological category. We call a group object in Functr(C, Top) a topological
C-group functor.

If C is a subcategory of TopAlgK∗ , we call a topological K∗-group functor instead of a topological C-group
functor.

Lemma 8.3.2 Let R be an object of C.
(1) For x ∈ X(R), Adr(α)(x) ∈ XG(R) = Funct

(
C(2)R , Top

)
(GR, XR) is given as follows.

For (η : R → S) ∈ Ob C(2)R , Adr(α)(x)(η:R→S) : GR(η : R → S) → XR(η : R → S) maps g ∈ GR(η : R → S) =
G(S) to αS(X(η)(x), g).

(2) For g ∈ G(R), Adl(α)(g) ∈ XX(R) = Funct
(
C(2)R , Top

)
(XR, XR) is given as follows.

For (η : R → S) ∈ Ob C(2)R , Adl(α)(g)(η:R→S) : XR(η : R → S) → XR(η : R → S) maps x ∈ XR(η : R → S) =
X(S) to αS(x,G(η)(g)).

The following fact is straightforward from the definition.

Proposition 8.3.3 Let α, β : X×rG→ X be right actions of G on X, For a subfunctor H of G and subfunctors
Y , Z of X, the following equality holds for R ∈ Ob C.

Xα,β
H (R) =

{
x ∈ X(R)

∣∣∣αS(X(η)(x), g) = βS(X(η)(x), g) for all (η : R→ S) ∈ Ob C(2)R , g ∈ H(S)
}

GYα,β(R) =
{
g ∈ G(R)

∣∣∣αS(x,G(η)(g)) = βS(x,G(η)(g)) for all (η : R→ S) ∈ Ob C(2)R , x ∈ Y (S)
}

Transpα(Y, Z)(R) =
{
g ∈ G(R)

∣∣∣αS(x,G(η)(g)) ∈ Z(S) for all (η : R→ S) ∈ Ob C(2)R , x ∈ Y (S)
}

Normα(Y )(R) = {g ∈ G(R) | g, ιR(g) ∈ Stabα(Y )(R)}

Remark 8.3.4 (1) If X takes values in the full subcategory of Top consisting of Hausdorff spaces, it follows

from the above result that Xα,β
H (R) is a closed subset of X(R) and that GYα,β(R) is a closed subset of G(R). If

Z(S) is a closed set of X(S) for any (η : R→ S) ∈ Ob C(2)R , Transpα(Y, Z)(R) is a closed subset of G(R).
(2) It is easy to verify that GYα,β and Normα(Y ) are subgroup functors of G and that Stabα(Y ) is a submonoid

functor of G.

By the above definition and (8.3.3), we have the following.

Proposition 8.3.5 Let G be a topological C-group functor with multiplication µ : G × G → G and inverse
ι : G→ G. The following equality holds for a subfunctor H of G and R ∈ Ob C.

ZG(H)(R) =
{
g ∈ G(R)

∣∣∣µS(x,G(η)(g))) = µS(G(η)(g), x) for all (η : R→ S) ∈ Ob C(2)R , x ∈ H(S)
}

NG(H)(R) =
{
g ∈ G(R)

∣∣∣µS(H(S)× {G(η)(g)}) = µS({G(η)(g)} ×H(S)) for all (η : R→ S) ∈ Ob C(2)R

}
Suppose that G, X and Y are colimits of representable functors and that C is a quasi-topological category

with finite topological coproducts. Let α : X ×G→ X and β : Y ×G→ Y be right actions of G on X and Y ,
respectively. We put α̃ = αρX×rG : X×rG→ X and β̃ = βρY×rG : Y ×rG→ Y . Let e : (Y, β)(X,α) → ΨΦ̃(Y X)

the equalizer of ΨΦ̃(Y X)
×rG−−−→ (Y ×r G)X×rG β̃X×rG

−−−−−→ Y X×rG and Y X
Y α̃−−→ Y X×rG.

Let p̃1 : F ×r H → F , p̃2 : F ×r H → H, q̃1 : G×r H → G and q̃2 : G×r H → H the projections. It follows
from (7.5.9) that (R♯(p̃1), R♯(p̃2)) : (F ×H)R → FR ×r HR and (R♯(q̃1), R♯(q̃2)) : (G ×H)R → GR ×HR are
natural equivalences for any R ∈ Ob C. We denote by α(R) : XR × GR → XR and β(R) : YR × GR → YR the

compositions XR ×GR
(R♯(p1),R♯(p2))

−1

−−−−−−−−−−−−→ (X ×G)R
R♯(α)−−−−→ XR, YR ×GR

(R♯(q1),R♯(q2))
−1

−−−−−−−−−−−→ (Y ×G)R
R♯(β)−−−−→ YR,

respectively. Then, α(R) is a right action of GR on XR and β(R) is a right action of GR on YR. Since

ΨΦ̃(Y X)(R) is Y X(R) = Funct
(
C(2), Top

)
(XR, YR) as a set, it is easy to verify the following.
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Proposition 8.3.6 (Y, β)(X,α) is a subfunctor of ΨΦ̃(Y X) given by

(Y, β)(X,α)(R) =
{
θ ∈ ΨΦ̃(Y X)(R)

∣∣∣ θα(R) = β(R)(θ × idGR)
}
.

8.4 Hopf algebra and topological affine group scheme

We denote by TopAlgcK∗ the full subcategory of TopAlgK∗ consisting of objects which are complete Hausdorff
topological K∗-algebras.

Let A∗ be a complete Hausdorff Hopf algebra with product mA∗ : A∗ ⊗K∗ A∗ → A∗, unit uA∗ : K∗ → A∗,
coproduct µ : A∗ → A∗ ⊗̂A∗ and counit ε : A∗ → K∗. We denote by m̂ : A∗ ⊗̂A∗ → A∗ the morphism induced
by mA∗ . For R∗ ∈ Ob TopAlgcK∗ , let us denote by m̂R∗ : R∗ ⊗̂R∗ → R∗ the map induced by the product of R∗

and by uR∗ : K∗ → R∗ the unit of R∗. Then, the following composition makes TopAlgK∗(A∗, R∗) a topological
monoid with unit uR∗ε by (8.1.7).

TopAlgK∗(A∗, R∗)× TopAlgK∗(A∗, R∗)
ψ−→ TopAlgK∗(A∗ ⊗K∗ A∗, R∗ ⊗K∗ R∗)

cA∗⊗K∗A∗,R∗⊗K∗R∗
−−−−−−−−−−−−−−→

TopAlgK∗(A∗ ⊗̂K∗ A∗, R∗ ⊗̂K∗ R∗)
µ∗

−→ TopAlgK∗(A∗, R∗ ⊗̂K∗ R∗)
m̂R∗∗−−−−→ TopAlgK∗(A∗, R∗)

Let ι : A∗ → A∗ be the conjugation of A∗, namely, a mophism of TopAlgK∗ which makes the following
diagram commute.

K∗ A∗ K∗

A∗ A∗ ⊗̂K∗ A∗ A∗

uA∗

εε

µ uA∗

m̂A∗ (ι ⊗̂K∗ idA∗ )m̂A∗ (idA∗ ⊗̂K∗ ι)

Then, TopAlgK∗(A∗, R∗) has a structure of topological group. Hence the functor hA∗ : TopAlgK∗ → Top
represented by A∗ induces a functor from TopAlgcK∗ to TopGr . If C is a subcategory of TopAlgcK∗ (C =
TopAlgpfK∗ or TopAlgfK∗ for example), we also denote by hA∗ the restriction of the functor represented by A∗

to C. We call this functor hA∗ : C → TopGr the topological affine group scheme represented by A∗.

Remark 8.4.1 If A∗ is connective or coconnective and the coproduct µ : A∗ → A∗ ⊗̂K∗ A∗ lifts to A∗ →
A∗ ⊗K∗ A∗, it is not necessary to assume the completeness of A∗ and the domain of hA∗ extends to TopAlgK∗ .
For a subcategory C of TopAlgK∗ , we call a continuous functor from C to TopGr a topological K∗-group functor
instead of a topological C-group functor.

For a graded K∗-module V ∗, let T (V ∗) the tensor algebra generated by V ∗ and I(V ∗) the two-sided ideal
of T (V ∗) generated by the set

{x⊗ y − (−1)mny ⊗ x|x ∈ V m, y ∈ V n, m, n ∈ Z}.

Put S(V ∗) = T (V ∗)/I(V ∗). We denote by Tn(V
∗) the n-fold tensor product of V ∗ and by Sn(V

∗) the image of
Tn(V

∗) by the quotient map Sn(V
∗). Let S(V ∗) be the topological graded K-algebra whose underlying algebra

is S(V ∗) with the cofinite topology. Let us denote by iV ∗ : V ∗ → S(V ∗) the composition map V ∗ = T1(V
∗)→

S1(V
∗) ⊂ S(V ∗).

Proposition 8.4.2 We denote byMod∗
K∗ the category of graded topological K∗-modules. Let F : TopAlgK∗ →

Mod∗
K∗ be the forgetful functor. The map Φ : TopAlgK∗(S(V ∗), R∗)→Mod∗

K∗(V ∗, F (R∗)) defined by f 7→ fiV ∗

is bijective if R∗ is subcofinite.

Proof. Since S(V ∗) generated by S1(V
∗), Φ is injective. For a linear map g : V ∗ → R∗, there exists a

homomorphism f : S(V ∗)→ R∗ of K-algebras satisfying fiV ∗ = g by the construction of S(V ∗). The continuity
of f follows from 2) of (8.1.20). Thus Φ is bijective.

Put aV ∗ =
∑
n≥1

Sn(V
∗). Then aV ∗ is an ideal of S(V ∗) and akV ∗ =

∑
n≥k

Sn(V
∗). If V ∗ is finite dimensional,

S(V ∗) is noetharian and the aV ∗ -adic topology on S(V ∗) is subcofinite.

Proposition 8.4.3 If V i = {0} for all i ≦ 0 or V i = {0} for all i ≧ 0, the aV ∗-adic topology on S(V ∗) is finer
than the cofinite topology. Hence, if moreover V ∗ is finite dimensional, aV ∗-adic topology on S(V ∗) coincides
with the cofinite topology.

131



Proof. Assume that V ∗ is finite dimensional and V i = {0} for all i ≦ 0. Let b be a graded ideal of S(V ∗) of finite
codimension. Then, (S(V ∗)/b)

∗
[N ] = {0}, namely b ⊃ S(V ∗)[N ]∗ for some N > 0. Since aV ∗ ⊂ S(V ∗)∗[1], we

have aNV ∗ ⊂ S(V ∗)∗[N ] ⊂ b.

Example 8.4.4 For n ∈ Z, let Ga,n : TopAlgpfK∗ → TopGr be the functor defined by Ga,n(R
∗) = Rn. The

group operation of Ga,n(R
∗) is the addition of Rn. Let V ∗

n be a one dimensional graded vector space generated
by a single element xn of degree n. Define ε : S(V ∗

n ) → K∗ and µ : S(V ∗
n ) → S(V ∗

n ) ⊗K∗ S(V ∗
n ) by ε(xn) = 0

and µ(xn) = 1⊗ xn + xn ⊗ 1, respectively. Then, S(V ∗
n ) is a graded topological Hopf algebra. Define a natural

transformation θn : hS(V ∗
n ) → Ga,n by θnR∗(f) = f(xn) for R∗ ∈ Ob TopAlgpfK∗ and f ∈ hS(V ∗

n )(R
∗). Since

an element f of hS(V ∗
n )(R

∗) is uniquely determined by the image of xn which belongs to Rn, (θn)R∗ is injective.
For any x ∈ Ga,n(R∗) = Rn, let f : S(V ∗

n ) → R∗ be the unique K-algebra homomorphism that maps xn to x.
Since S(V ∗

n ) is cofinite and R∗ is subcofinite, f is continuous. Hence θnR∗ is surjective, thus θn is a natural
equivalence.

For m,n ∈ Z, define ρm,n : Ga,m × Ga,n → Ga,m+n by (ρm,n)R∗(x, y) = xy for R∗ ∈ Ob TopAlgpfK∗ and
x ∈ Ga,m(R∗), y ∈ Ga,n(R∗). . We also define ρ̃m,n : S(V ∗

m+n)→ S(V ∗
m)⊗K∗ S(V ∗

n ) by ρ̃m,n(xm+n) = xm⊗xn.
Then ρ̃m,n induces hρ̃m,n : hS(V ∗

m)×hS(V ∗
n )
∼= hS(V ∗

m)⊗K∗S(V ∗
n ) → hS(V ∗

m+n)
and the following diagram commutes.

hS(V ∗
m) × hS(V ∗

n ) hS(V ∗
m+n)

Ga,m ×Ga,n Ga,m+n

hρ̃m,n

θm×θn θm+n

ρm,n

Suppose that X is a topological K∗-functor which is a colimit of representable functors. It follows from
(8.1.13) that there is a natural homeomorphism

Funct
(
TopAlgpfK∗ , Top

)
(X,Ga,n)→ TopAlgpfK∗ (S(V ∗

n ),K
∗[X])

which is a homomorphism of groups by the naturality. Moreover, TopAlgpfK∗ (S(V ∗
n ),K

∗[X]) = hS(V ∗
n )(K

∗[X])
is identified with Ga,n(K

∗[X]) = (K∗[X])n, hence we have an isomorphism

ξn : Funct
(
TopAlgpfK∗ , Top

)
(X,Ga,n)→ (K∗[X])n.

Let us denote by ρ(X)m,n : (K∗[X])m × (K∗[X])n → (K∗[X])m+n the product of K∗[X]. Then, the following
diagram commutes.

Funct
(
TopAlgpfK∗ , Top

)
(X,Ga,m)× Funct

(
TopAlgpfK∗ , Top

)
(X,Ga,n) (K∗[X])m × (K∗[X])n

Funct
(
TopAlgpfK∗ , Top

)
(X,Ga,m ×Ga,n)

Funct
(
TopAlgpfK∗ , Top

)
(X,Ga,m+n) (K∗[X])m+n

ξm×ξn

ρ(X)m,n

∼=

(ρm,n)∗

ξm+n

Example 8.4.5 Let T : TopAlgpfK∗ → TopGr be the functor defined by

T (R∗) =
{
x ∈ R0

∣∣ x is topologically nilpotent
}
.

The group operation of T (R∗) is the addition of R0. We give S(V ∗
0 ) the (x0)-adic topology. Define ε : S(V ∗

0 )→
K∗, µ : S(V ∗

0 ) → S(V ∗
0 ) ⊗K∗ S(V ∗

0 ) and θ : hS(V ∗
0 ) → T as the above example. Since a K∗-algebra homomor-

phism f : S(V ∗
0 ) → R∗ is continuous if and only if f(x0) is topologically nilpotent. Therefore θ is a natural

equivalence.

Remark 8.4.6 Suppose that an object R∗ of TopAlgK∗ has a topology coarser than the skeletal topology. For
non-zero integer n, each element x of Rn is topologically nilpotent, in particular, Rn does not contain a unit.
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Example 8.4.7 Let G be a functor TopAlgK∗ → TopGr defined as follows. For R∗ ∈ Ob TopAlgK∗ , give R∗[[X]]
the topology as in (8.1.21), set

G(R∗) =
{
f(X) ∈ (R∗[[X]])−2

∣∣ f(0) = 0, f ′(0) ∈ (R0)×
}

and regard G(R∗) as a subspace of R∗[[X]]. Then, G(R∗) is a group with respect to the composition of power

series. Define µR∗ : G(R∗) × G(R∗) → G(R∗) by µR∗(f(X), g(X)) = g(f(X)). If f(X) =
∞∑
i=1

aiX
i and

g(X) =
∞∑
j=1

bjX
j, we have g(f(X)) =

∞∑
k=1

ckX
k where

ck =
∑

s1+2s2+···+lsl+···=k

(s1 + s2 + · · ·+ sl + · · · )!
s1!s2! · · · sl! · · ·

as11 a
s2
2 · · · a

sl
l · · · bs1+s2+···+sl+···.

It can be verified that g1(f1(X))−g2(f2(X)) ∈ a+(X)n if f1(X)−f2(X), g1(X)−g2(X) ∈ a+(X)n for a ∈ IR∗

and n ∈ N . Hence µR∗ is continuous. We also define ιR∗ : G(R∗) → G(R∗) by ιR∗(f(X)) =
∞∑
k=1

dkX
k where

dk is inductively defined by d1 = a−1
1 and

k∑
n=1

 ∑
s1+2s2+···+lsl+···=k
s1+s2+···+sl+···=n

as11 a
s2
2 · · · a

sl
l · · ·

dn = 0

for k ≧ 2 so that µR∗(f(X), ιR∗(f(X))) = X holds. It is easily seen that ak1dk is a polynomial of a1, a2, . . . , ak
and that ιR∗ is continuous. We can define a map ι′R∗ : G(R∗)→ G(R∗) satisfying µR∗(ι′R∗(f(X)), f(X)) = X,
similarly. Then, we have ι′R∗ = ιR∗ and it follows that G(R∗) is a topological group.

Put S∗ = K∗[x1, x
−1
1 , x2, x3, . . . ] (degxi = 2i− 2) and let a be the ideal generated by x1− 1 and xi for i ≧ 2.

We give S∗ the cofinite topology. Define µ : S∗ → S∗ ⊗K∗ S∗, ε : S∗ → K∗ as follows.

µ(xk) =
∑

s1+2s2+···+lsl+···=k

(s1 + s2 + · · ·+ sl + · · · )!
s1!s2! · · · sl! · · ·

xs10 x
s2
1 · · ·x

sl
l−1 ⊗ xs1+s2+···+sl+···, ε(xi) =

{
1 i = 1

0 i ≧ 2

Also define ι : S∗ → S∗ inductively by ι(x1) = x−1
1 ,

k∑
n=1

 ∑
s1+2s2+···+lsl+···=k
s1+s2+···+sl+···=n

n!

s1!s2! · · · sl! · · ·
xs11 x

s2
2 · · ·x

sl
l · · ·

 ι(xn) = 0.

Thus we have a Hopf algebra S∗ in TopModK∗ . The natural transformation T : hS∗ → G defined by TR∗(ϕ) =
∞∑
i=1

ϕ(xi)X
i is a natural equivalence if we restrict the domains of hS∗ and G to TopAlgfK∗ . By (8.1.16), T is a

natural equivalence if we restrict the domains of hS∗ and G to TopAlgpfK∗ .

Definition 8.4.8 Let A∗ be a topological Hopf algebra and GA∗ the topological affine group scheme represented
by A∗. For an object B∗ of TopAlgK∗ , let β : hB∗ × GA∗ → hB∗ be a natural transformation such that
βR∗ : hB∗(R∗) × GA∗(R∗) → hB∗(R∗) is a continuous right GA∗(R∗)-action on hB∗(R∗). We call a pair
(hB∗ , β) a right GA∗-scheme.

Recall from (8.1.6) that (ι∗1, ι
∗
2) : hB∗ ⊗̂K∗ A∗(R∗) → hB∗(R∗) × hA∗(R∗) is a homeomorphism. For a right

GA∗ -scheme (hB∗ , β), we put ψβ =
(
β(ι∗1, ι

∗
2)

−1
)
B∗ ⊗̂K∗ A∗(idB∗ ⊗̂K∗ A∗) : B∗ → B∗ ⊗̂K∗ A∗ ∈ hB∗(B∗ ⊗̂K∗ A∗).

It can be seen that ψβ is a structure map of right A∗-comodule algebra. Conversely, for a right A∗-comodule
algebra (B∗, ψ : B∗ → B∗ ⊗̂K∗ A∗), we put βψ = hψ(ι

∗
1, ι

∗
2)

−1 : hB∗ ×GA∗ → hB∗ .

Proposition 8.4.9 The correspondences β 7→ ψβ and ψ 7→ βψ give an isomorphism between the category of
right GA∗-schemes and the category of right A∗-comodule algebras.
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8.5 Distributions of affine group schemes

For a fileld K∗, let A∗ be a Hopf algebra in TopAlgpfK∗ and GA∗ an affine group scheme represented by A∗.
We assume that the coproduct µ of A∗ takes values in A∗ ⊗K∗ A∗. We denote by I the kernel of the counit
ε : A∗ → K∗ of A∗. We also denote by ρn : A∗ → A∗/In+1 and uA∗ : K∗ → A∗ the quotient map and the unit
of A∗, respectively.

Definition 8.5.1 For a non-negative integer n, we define graded K∗-submodule Distn(GA∗) of A∗∗ to be the
image of ρ∗n : Hom∗(A∗/In+1,K∗) → Hom∗(A∗,K∗) = A∗∗. We call Distn(GA∗) the distribution of order

≦ n on GA∗ . Define Dist+n (GA∗) to be the kernel of the composition Distn(GA∗)
inclusion−−−−−−→ Hom∗(A∗,K∗)

u∗
A∗−−→

Hom∗(K∗,K∗). We put Dist(GA∗) =
⋃
n≧0

Distn(GA∗) and Dist+(GA∗) =
⋃
n≧0

Dist+n (GA∗).

Remark 8.5.2 Let τn : A∗/In+2 → A∗/In+1 be the quotient map. We note that ρ∗n and τ∗n are injective and
since τnρn+1 = ρn, we have ρ∗n+1τ

∗
n = ρ∗n which implies that Distn(GA∗) is a submodule of Distn+1(GA∗). Since

ε induces an isomorphism A/I → K∗, Dist0(GA∗) ∼= Hom∗(A∗/I,K∗) is isomorphic to K∗. Hence there is the
following filtration of A∗∗.

K∗ ∼= Dist0(GA∗) ⊂ Dist1(GA∗) ⊂ · · · ⊂ Distn(GA∗) ⊂ Distn+1(GA∗) ⊂ · · · ⊂ Dist(GA∗) ⊂ A∗∗

Proposition 8.5.3 Let us denote by iI : I → A∗ the inclusion map and by ρ̄n : I → I/In+1 the quotient
map. Then, i∗I : Hom∗(A∗,K∗) → Hom∗(I,K∗) maps Dist+n (GA∗) isomorphically onto the image of ρ̄∗n :
Hom∗(I/In+1,K∗)→ Hom∗(I,K∗) and there is a split short exact sequence

0→ Dist+n (GA∗)
inclusion−−−−−−→ Distn(GA∗)→ K∗ → 0.

Proof. We denote by īI : I/I
n+1 → A∗/In+1 and εn : A∗/In+1 → K∗ the map induced by iI and ε, respectively.

Then, the following diagram is commutative and both raws are split exact. In fact, K∗ uA∗−−→ A∗ ρn−→ A∗/In+1

is a right inverse of εn : A∗/In+1 → K∗ and A∗/I
ε−1
0−−→ K∗ uA∗−−→ A∗ is a right inverse of ρ0 : A∗ → A∗/I

0→ Hom∗(K∗,K∗) Hom∗(A∗/In+1,K∗) Hom∗(I/In+1,K∗)→ 0

0→ Hom∗(A∗/I,K∗) Hom∗(A∗,K∗) Hom∗(I,K∗)→ 0

ε∗n

ε∗0∼=

ī∗I

ρ∗n ρ̄∗n

ρ∗0 i∗I

We note that ε∗0 is an isomorphism. If x ∈ Ker i∗I , there exists unique y ∈ Hom∗(K∗,K∗) such that ρ∗0ε
∗
0(y) = x.

On the other hand, since ε0ρ0uA∗ = εuA∗ = idK∗ , we have u∗A∗ρ∗0ε
∗
0 = idHom∗(K∗,K∗), Hence if x ∈ Keru∗A∗ ,

then y = u∗A∗ρ∗0ε
∗
0(y) = u∗A∗(x) = 0 which shows x = 0. If z ∈ Im ρ̄∗n, there exists w ∈ Hom∗(A∗/In+1,K∗)

such that i∗Iρ
∗
n(w) = ρ̄∗nī

∗
I(w) = z. Put v = u∗A∗ρ∗n(w). Since v = u∗A∗ρ∗0ε

∗
0(v) = u∗A∗ρ∗nε

∗
n(v), it follows that

ρ∗n(w − ε∗n(v)) ∈ Keru∗A∗ . We also have i∗Iρ
∗
n(w − ε∗n(v)) = i∗Iρ

∗
n(w)− i∗Iρ∗nε∗n(v) = z − ρ̄∗nī∗Iε∗n(v) = z. Therefore

z is in the image of the kernel of u∗A∗ by i∗I . The second assertion is a direct

Since the coproduct µ : A∗ → A∗ ⊗K∗ A∗ of A∗ maps I into I ⊗K∗ A∗ +A∗ ⊗K∗ I, we have

µ(In+1) ⊂ In+1 ⊗K∗ A∗ + In ⊗K∗ I + · · ·+ In−m+1 ⊗K∗ Im + · · ·+A∗ ⊗K∗ In+1.

We denote by mK∗ : K∗ ⊗K∗ K∗ → K∗ the isomorphism induced by the product of K∗. For α ∈ Distm(GA∗)
and β ∈ Distn(GA∗), since α(ΣaIm+1) = β(ΣbIn+1) = {0} if degα = a, degβ = b and αβ ∈ A∗∗ is a composition

Σa+bA∗ Σa+bµ−−−−→ Σa+b(A∗ ⊗K∗ A∗)

(
τa,b
A∗,A∗

)−1

−−−−−−−−→ (ΣaA∗)⊗K∗ (ΣbA∗)
α⊗K∗β−−−−−→ K∗ ⊗K∗ K∗ mK∗−−−→ K∗,

αβ maps Σa+bIm+n+1 to {0}, that is, αβ ∈ Distm+n(GA∗). Hence Dist(GA∗) is a filtered algebra. For
α ∈ Dist+m(GA∗) and β ∈ Dist+n (GA∗), αΣauA∗ = 0 and βΣbuA∗ = 0 if degα = a, degβ = b. We denote
by µK∗ : K∗ → K∗ ⊗K∗ K∗ the map defined by µK∗(1) = 1 ⊗ 1. Then, the commutativity of the following
diagram implies αβ ∈ Dist+m+n(GA∗).
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Σa+bK∗ Σa+b(K∗ ⊗K∗ K∗) (ΣaK∗)⊗K∗ (ΣbK∗)

Σa+bA∗ Σa+b(A∗ ⊗K∗ A∗) (ΣaA∗)⊗K∗ (ΣbA∗) K∗ ⊗K∗ K∗

Σa+bµK∗

Σa+buA∗

(
τa,b
K∗,K∗

)−1

Σa+b(uA∗⊗K∗uA∗ ) Σa+buA∗⊗K∗Σa+buA∗

Σa+bµ

(
τa,b
A∗,A∗

)−1

α⊗K∗β

Lemma 8.5.4 For x ∈ I, µ(x)− (1⊗ x+ x⊗ 1) ∈ I ⊗K∗ I holds.

Proof. We put µ(x) = 1 ⊗ x + x ⊗ 1 +
k∑
j=1

yj ⊗ zj for yj , zj ∈ A∗. Then,
k∑
j=1

ε(yj)zj =
k∑
j=1

ε(zj)yj = 0, hence

we have
k∑
j=1

ε(yjzj) = 0. Put y′j = yj − ε(yj)1 and z′j = zj − ε(zj)1. Then, we have y′j , z
′
j ∈ I and the above

equalities imply
k∑
j=1

ε(yj)z
′
j =

k∑
j=1

ε(yj)(zj − ε(zj)1) = 0,
k∑
j=1

ε(zj)y
′
j =

k∑
j=1

ε(zj)(yj − ε(yj)1) = 0. It follows

k∑
j=1

yj ⊗ zj =
k∑
j=1

(y′j + ε(yj)1)⊗ (z′j + ε(zj)1) =
k∑
j=1

y′j ⊗ z′j ∈ I ⊗K∗ I.

Proposition 8.5.5 For α ∈ Distm(GA∗) and β ∈ Distn(GA∗), αβ − (−1)degαdegββα ∈ Distm+n−1(GA∗).

Proof. For xi ∈ I (i = 1, 2, . . . ,m+n), we have µ(xi) = 1⊗xi+xi⊗1+Yi for some Yi ∈ I⊗K∗ I by (8.5.4). For
a sequence of integers 1 ≦ i1 < i2 < · · · < ik ≦ m + n, let ī1 < ī2 < · · · < īm+n−k be the sequence of integers
which satisfies {̄i1, ī2, . . . , īm+n−k} = {1, 2, . . . ,m+ n} − {i1, i2, . . . , ik}. Then, we have

k∏
s=1

(1⊗ xis + xis ⊗ 1)

m+n−k∏
t=1

Yīt ∈ I
m+n−k ⊗K∗ Im+n + Im+n−k+1 ⊗K∗ Im+n−1 + · · ·+ Im+n ⊗K∗ Im+n−k

which implies the following.

µ(x1x2 · · ·xm+n)−
m+n∏
i=1

(1⊗ xi + xi ⊗ 1) ∈ I ⊗K∗ Im+n + I2 ⊗K∗ Im+n−1 + · · ·+ Im+n ⊗K∗ I · · · (∗)

Put x = x1x2 · · ·xm+n and µ(x) =
m+n∏
i=1

(1 ⊗ xi + xi ⊗ 1) +
l∑

j=1

yj ⊗ zj . Then, yj ⊗ zj ∈ Iij ⊗K∗ Im+n+1−ij for

some 1 ≦ ij ≦ m+ n by (∗). Put degα = a and deg β = b. Then α : ΣaA∗ → K∗ maps ΣaIm+1 maps to zero
and β : ΣbA∗ → K∗ maps ΣbIn+1 maps to zero. Hence α([a], yj)β([b], zj) = β([b], yj)α([a], zj) = 0. Therefore
we have

(αβ)([a+ b], x) = mK∗(α⊗K∗ β)
(
τa,bA∗,A∗

)−1
([a+ b], µ(x))

= mK∗(α⊗K∗ β)
(
τa,bA∗,A∗

)−1
(
[a+ b],

m+n∏
i=1

(1⊗ xi + xi ⊗ 1)
)
· · · (i)

(βα)([a+ b], x) = mK∗(β ⊗K∗ α)
(
τ b,aA∗,A∗

)−1
([a+ b], µ(x))

= mK∗(β ⊗K∗ α)
(
τ b,aA∗,A∗

)−1
(
[a+ b],

m+n∏
i=1

(1⊗ xi + xi ⊗ 1)
)
· · · (ii)

We put deg xi = ν(i). It follows from

m+n∏
i=1

(1⊗ xi + xi ⊗ 1) =
∑

1≦i1<i2<···<ik≦m+n

(−1)

k∑
s=1

ν(is)

( ∑
īt<is

ν (̄it)

)
xi1xi2 · · ·xik ⊗ xī1xī2 · · ·xīm+n−k

=
∑

1≦i1<i2<···<ik≦m+n

(−1)

m+n−k∑
t=1

ν (̄it)

( ∑
is<īt

ν(is)

)
xī1xī2 · · ·xīm+n−k ⊗ xi1xi2 · · ·xik ,
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and
k∑
s=1

ν(is)

( ∑
īt<is

ν (̄it)

)
+
m+n−k∑
t=1

ν (̄it)

( ∑
is<īt

ν(is)

)
=

(
k∑
s=1

ν(is)

)(
m+n−k∑
t=1

ν (̄it)

)
that we have the following

equalities.

(i) =
∑

1≦i1<i2<···<ik≦m+n

(−1)
b
k∑
s=1

ν(is)+
k∑
s=1

ν(is)

( ∑
īt<is

ν (̄it)

)
α([a], xi1xi2 · · ·xik)β([b], xī1xī2 · · ·xīm+n−k)

(ii) =
∑

1≦i1<i2<···<ik≦m+n

(−1)
a
m+n−k∑
t=1

ν (̄it)+
m+n−k∑
t=1

ν (̄it)

( ∑
is<īt

ν(is)

)
β([b], xī1xī2 · · ·xīm+n−k)α([a], xi1xi2 · · ·xik)

=
∑

1≦i1<i2<···<ik≦m+n

(−1)
ab+b

k∑
s=1

ν(is)+
k∑
s=1

ν(is)

( ∑
īt<is

ν (̄it)

)
α([a], xi1xi2 · · ·xik)β([b], xī1xī2 · · ·xīm+n−k)

Therefore (αβ)([a+ b], x) = (−1)ab(βα)([a+ b], x) for any x ∈ Im+n and this shows αβ − (−1)abβα belongs to
Hom∗(A∗/Im+n,K∗) = Distm+n−1(GA∗).

Definition 8.5.6 We define the Lie algebra Lie(GA∗) of GA∗ by Lie(GA∗) = Dist+1 (GA∗). The bracket operation
Lie(GA∗)× Lie(GA∗)→ Lie(GA∗) is given by (α, β) 7→ αβ − (−1)degαdegββα for α, β ∈ Lie(GA∗).

Let mA∗ : A∗ ⊗K∗ A∗ → A∗ be the product of A∗. Then, mA∗ induces a coproduct of A∗∗ = Hom∗(A∗,K∗)
which is the following composition.

Hom∗(A∗,K∗)
m∗
A∗m

−1
K∗−−−−−−→ Hom∗(A∗ ⊗K∗ A∗,K∗ ⊗K∗ K∗)

ϕ−1

−−→ Hom∗(A∗,K∗)⊗K∗ Hom∗(A∗,K∗)

we denote this coproduct by ψA∗∗ , which is a morphism of graded K∗-algebras by (5.1.6).

Proposition 8.5.7 α ∈ Keru∗A∗ belongs to Lie(GA∗) if and only if ψA∗∗(α) = 1⊗ α+ α⊗ 1.

Proof. Since the counit ε ∈ Hom0(A∗,K∗) corresponds to the unit of A∗∗, mK∗φ(1⊗ α) and mK∗φ(α⊗ 1) are
the following compositions if deg α = a, respectively.

Σa(A∗ ⊗K∗ A∗)

(
τ0,a
A∗,A∗

)−1

−−−−−−−−→ A∗ ⊗K∗ ΣaA∗ ε⊗K∗α−−−−−→ K∗ ⊗K∗ K∗ mK∗−−−→ K∗

Σa(A∗ ⊗K∗ A∗)

(
τa,0
A∗,A∗

)−1

−−−−−−−−→ ΣaA∗ ⊗K∗ A∗ α⊗K∗ε−−−−−→ K∗ ⊗K∗ K∗ mK∗−−−→ K∗

Hence ψA∗∗(α) = 1⊗α+α⊗ 1 if and only if αΣamA∗ = mK∗(ε⊗K∗ α)
(
τ0,aA∗,A∗

)−1
+mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1
.

Suppose ψA∗∗(α) = 1⊗ α+ α⊗ 1. For x, y ∈ I, the following chain of equalities shows that α ∈ Lie(GA∗).

α([a], xy) = αΣamA∗([a], x⊗ y)

= mK∗(ε⊗K∗ α)
(
τ0,aA∗,A∗

)−1
([a], x⊗ y) +mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1
([a], x⊗ y)

= mK∗(ε⊗K∗ α)((−1)adeg xx⊗ ([a], y)) +mK∗(α⊗K∗ ε)(([a], x)⊗ y)
= (−1)adeg xε(x)α([a], y) + α([a], x)ε(y) = 0.

Conversely, assume that α ∈ Lie(GA∗). For x, y ∈ I, we have αΣamA∗([a], x⊗ y) = α([a], xy) = 0 and(
mK∗(ε⊗K∗ α)

(
τ0,aA∗,A∗

)−1
+mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1)
([a], x⊗ y) = (−1)adε(x)α([a], y) + α([a], x)ε(y) = 0,

where we put deg x = d. We also have αΣamA∗([a], 1⊗ x) = αΣamA∗([a], x⊗ 1) = α([a], x) and the following.(
mK∗(ε⊗K∗ α)

(
τ0,aA∗,A∗

)−1
+mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1)
([a], 1⊗ x) = ε(1)α([a], x) + α([a], 1)ε(x) = α([a], x)(

mK∗(ε⊗K∗ α)
(
τ0,aA∗,A∗

)−1
+mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1)
([a], x⊗ 1) = (−1)adε(x)α([a], 1) + α([a], x)ε(1)

= α([a], x)

Finally, αΣamA∗([a], 1⊗ 1) = α([a], 1) = αΣauA∗([a], 1) = 0 and(
mK∗(ε⊗K∗ α)

(
τ0,aA∗,A∗

)−1
+mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1)
([a], 1⊗ 1) = ε(1)α([a], 1) + α([a], 1)ε(1) = 0.

Thus we have αΣamA∗ = mK∗(ε⊗K∗ α)
(
τ0,aA∗,A∗

)−1
+mK∗(α⊗K∗ ε)

(
τa,0A∗,A∗

)−1
.
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Proposition 8.5.8 Suppose that the characteristic of K∗ is a prime number p. If α ∈ Lie(GA∗) and the degree
of α is even or p = 2, then αp ∈ Lie(GA∗).

Proof. Since ψA∗∗(α) = 1 ⊗ α + α ⊗ 1 by (8.5.7), we have ψA∗∗(αp) = (1 ⊗ α + α ⊗ 1)p. 1 ⊗ α and α ⊗ 1 are
commutative in A∗∗ ⊗K∗ A∗∗ since the degree of α is even or p = 2. It follows ψA∗∗(αp) = (1 ⊗ α + α ⊗ 1)p =
1⊗ αp + αp ⊗ 1 which implies αp ∈ Lie(GA∗).

8.6 General linear group

Let R∗ be an object of TopAlgK∗ and M∗, N∗ right R∗-modules. We denote by Hom∗
R∗(M∗, N∗) the subspace

of Hom∗(M∗, N∗) consisting of homomorphisms of right R∗-modules (3.1.9).
We assume that Ki = {0} if i 6= 0 in this subsection. It follows from (3.4.19) that the composition

µL∗,M∗,N∗ : Homs
R∗(L∗,M∗)×Homt

R∗(M∗, N∗)→ Homs+t
R∗ (L∗, N∗)

of right R∗-module homomorphisms is continuous for s, t ∈ Z if L∗ is supercofinite, M∗ is superskeletal and N∗

is profinite.

Definition 8.6.1 Let M∗ be a right R∗-module such that M∗ is finite type as a K∗-module and has cofinite
topology (1.4.2). We put End∗

R∗(M∗) = Hom∗
R∗(M∗,M∗) and let GLR∗(M∗) be the set of invertible homomor-

phisms in End0
R∗(M∗). Note that End0

R∗(M∗) is a topological monoid by the composition of morphisms if M∗ is
finite type, profinite and has cofinite topology.

For an object M∗ of TopModK∗ , let GL(M∗) be a group functor which assigns an object R∗ of TopAlgK∗ to
GLR∗(M∗ ⊗̂K∗ R∗). Suppose that K∗ is a field such that Ki = {0} if i 6= 0 and that M∗ is finite dimensional.
Then M∗ ⊗̂K∗ R∗ is supercofinite, superskeletal and profinite if R∗ is finite type, profinite and has cofinite
topology.

Definition 8.6.2 (1) Suppose that a set B and a map d : B → Z are given. We denote by V ∗(B, d) the graded
vector space over a field K∗ spanned by B such that the degree of x ∈ B is d(x). We give V ∗(B, d) the skeletal
topology and regard this as an object of TopModK∗ .

(2) For a non-increasing sequence v = (s1, s2, . . . , sn) of integers, let Bv be a set {v1,v2, . . . , vn} of n-
elements and dv : Bv → Z a map given by dv(vi) = si for i = 1, 2, . . . , n. We denote V ∗(Bv, dv) by V ∗

v for
short.

(3) Let w = (t1, t2, . . . , tm) be another non-increasing sequence of integers and R∗ an object of TopAlgK∗ . We
denote by M(v,w ;R∗) the set of m× n matrices whose (i, j)-entry belongs to Rsj−ti . We regard M(v,w ;R∗)
as a subspace of mn-fold product space of R∗. Let us denote by GLv(R

∗) the subspace of M(v,v ;R∗) consisting
of invertible matrices.

Remark 8.6.3 For n ∈ Z and a map d : B → Z, let Σnd : B → Z be the map defined by Σnd(x) = d(x) + n.
Since (ΣnV ∗(B, d))k = V ∗(B, d)k−n is spanned by d−1(k−n) = (Σnd)−1(k), we have ΣnV ∗(B, d) = V ∗(B,Σnd).

Let f : V ∗
v ⊗K∗ R∗ → V ∗

w ⊗K∗ R∗ be a homomorphism of right R∗-modules. For each j = 1, 2, . . . , n, put

f(vj⊗1) =
m∑
i=1

wi⊗aij . Let Af be the matrix whose (i, j)-entry is aij . Then, Af is an elememt ofM(v,w ;R∗).

We define a map Φv,w(R
∗) : Hom0

R∗(V ∗
v ⊗K∗ R∗, V ∗

w ⊗K∗ R∗)→M(v,w ;R∗) by (Φv,w(R
∗))(f) = Af .

Lemma 8.6.4 For a ∈ IR∗ , put O(a) = {f ∈ Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗)| Im f ⊂ V ∗

w ⊗K∗ a}. Then,
{O(a)| a ∈ IR∗} is a fundamental system of the neighborhoods of zero map.

Proof. Since V ∗
v ⊗K∗ R∗ is generated by a finite dimensional subspace V ∗

v ⊗K∗ K∗ over R∗, we have O(V ∗
v ⊗K∗

K∗, V ∗
w ⊗K∗ a)0 = O(a).

For a ∈ IR∗ , we put N(a) = {(aij) ∈M(v,w ;R∗)| aij ∈ a}. Then, {N(a)| a ∈ IR∗} is a fundamental system
of the neighborhoods of zero matrix.

Proposition 8.6.5 For a ∈ IR∗ , (Φv,w(R
∗))(O(a)) = N(a) holds and Φv,w(R

∗) is an isomorphism of topolog-
ical vector spaces.
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Proof. Clearly, Φv,w(R
∗) is injective. Since the topologies of V ∗

v ⊗K∗ R∗ and V ∗
w ⊗K∗ R∗ are induced by R∗, it

follows from (1.1.11) that every R∗-module homomorphism is continuous. Thus Φv,w(R
∗) is surjective. We can

easily verify (Φv,w(R
∗))(O(a)) = N(a) from the definitions. Hence Φv,w(R

∗) is continuous and open map.

Proposition 8.6.6 Let v, w and z be non-increasing sequences of integers. Then, the composition

µ : Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗)×Hom0

R∗(V ∗
w ⊗K∗ R∗, V ∗

z ⊗K∗ R∗)→ Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
z ⊗K∗ R∗)

is continuous.

Proof. Define ν : M(v,w ;R∗) ×M(w, z ;R∗) → M(v, z ;R∗) by ν(A,B) = BA. Clearly, ν is continuous and
the following diagram commutes.

Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗)×Hom0

R∗(V ∗
w ⊗K∗ R∗, V ∗

z ⊗K∗ R∗) Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
z ⊗K∗ R∗)

M(v,w ;R∗)×M(w, z ;R∗) M(v, z ;R∗)

µ

Φv,w(R∗)×Φw,z(R
∗) Φv,z(R

∗)

ν

Hence the result follows from (8.6.5).

Corollary 8.6.7 Φv,v(R
∗) : Hom0

R∗(V ∗
v ⊗K∗ R∗, V ∗

v ⊗K∗ R∗)→M(v,v ;R∗) induces a homeomorphism

Φv(R
∗) : GLR∗(V ∗

v ⊗K∗ R∗)→ GLv(R
∗)

which satisfies (Φv(R
∗))(gf) = (Φv(R

∗))(g)(Φv(R
∗))(f) for f, g ∈ GLR∗(V ∗

v ⊗K∗ R∗).

Let ϕ : R∗ → S∗ be a morphism in TopAlgK∗ and regard S∗ as a left R∗-module by ϕ. Consider the
isomorphism χφ : R∗ ⊗R∗ S∗ → S∗ given by χφ(x⊗ y) = ϕ(x)y. For f ∈ Hom0

R∗(V ∗
v ⊗K∗ R∗, V ∗

w ⊗K∗ R∗), let
fφ : V ∗

v ⊗K∗ S∗ → V ∗
w ⊗K∗ S∗ be the following composition.

V ∗
v ⊗K∗ S∗ idV ∗

v
⊗K∗χ−1

φ−−−−−−−−−→ V ∗
v ⊗K∗ R∗ ⊗R∗ S∗ f⊗K∗ idS∗−−−−−−−→ V ∗

w ⊗K∗ R∗ ⊗R∗ S∗ idV ∗
w
⊗K∗χφ

−−−−−−−−→ V ∗
w ⊗K∗ S∗

Then, fφ is a homomorphism of S∗-modules and the following diagram commutes.

V ∗
v ⊗K∗ R∗ V ∗

w ⊗K∗ R∗

V ∗
v ⊗K∗ S∗ V ∗

w ⊗K∗ S∗

f

idV ∗
v
⊗K∗φ idV ∗

w
⊗K∗φ

fφ

Define a map Tφ : Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗)→ Hom0

S∗(V ∗
v ⊗K∗ S∗, V ∗

w ⊗K∗ S∗) by Tφ(f) = fφ.
It is straightforward to show the following fact.

Lemma 8.6.8 Let ϕ : R∗ → S∗ and ψ : S∗ → T ∗ be morphisms of TopAlgK∗ . Then TψTφ = Tψφ.

For a morphism ϕ : R∗ → S∗ in TopAlgK∗ , let Mφ : M(v,w ;R∗) → M(v,w ;S∗) be the map defined by
Mφ((aij)) = (ϕ(aij)). The following fact is also straightforward.

Lemma 8.6.9 The following diagram commutes.

Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗) M(v,w ;R∗)

Hom0
S∗(V ∗

v ⊗K∗ S∗, V ∗
w ⊗K∗ S∗) M(v,w ;S∗)

Φv,w(R∗)

Tφ Mφ

Φv,w(S∗)

Proposition 8.6.10 Tφ is continuous.

Proof. Since Mφ is continuous and both Φv,w(R
∗) and Φv,w(S

∗) are isomorphisms, the continuity follows from
(8.6.9).

The following fact is also straightforward.
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Proposition 8.6.11 Let v, w, z be non-increasing sequence of integers. For a morphism ϕ : R∗ → S∗ in
TopAlgK∗ , the following diagram commutes.

Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗)×Hom0

R∗(V ∗
w ⊗K∗ R∗, V ∗

z ⊗K∗ R∗) Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
z ⊗K∗ R∗)

Hom0
S∗(V ∗

v ⊗K∗ S∗, V ∗
w ⊗K∗ S∗)×Hom0

S∗(V ∗
w ⊗K∗ S∗, V ∗

z ⊗K∗ S∗) Hom0
S∗(V ∗

v ⊗K∗ S∗, V ∗
z ⊗K∗ S∗)

µ

Tφ×Tφ Tφ

µ

By the above result, Tφ : Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
v ⊗K∗ R∗) → Hom0

S∗(V ∗
v ⊗K∗ S∗, V ∗

v ⊗K∗ S∗) maps
GLR∗(V ∗

v ⊗K∗ R∗) into GLS∗(V ∗
v ⊗K∗ S∗). We also denote by Tφ : GLR∗(V ∗

v ⊗K∗ R∗)→ GLS∗(V ∗
v ⊗K∗ S∗) the

map induced by Tφ : Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
v ⊗K∗ R∗)→ Hom0

S∗(V ∗
v ⊗K∗ S∗, V ∗

v ⊗K∗ S∗).

Proposition 8.6.12 Let
(
R∗ pi−→ D(i)

)
i∈ObD

be a limiting cone of a functor D : D → TopAlgK∗ . Define a

functor E : D → TopModK∗ by E(i) = Hom0
D(i)(V

∗
v ⊗K∗ D(i), V ∗

w ⊗K∗ D(i)) and E(ϕ) = TD(φ) for i ∈ ObD
and ϕ ∈ MorD. Then(

Hom0
R∗(V ∗

v ⊗K∗ R∗, V ∗
w ⊗K∗ R∗)

Tpi−−→ Hom0
D(i)(V

∗
v ⊗K∗ D(i), V ∗

w ⊗K∗ D(i))

)
i∈ObD

is a limiting cone of E.

Proof. Suppose that (fi)i∈ObD ∈
∏

a∈ObD
Hom0

D(i)(V
∗
v ⊗K∗ D(i), V ∗

w ⊗K∗ D(i)) satisfies TD(φ)(fi) = fj for ϕ ∈

D(i, j). Then,
(
V ∗
v ⊗K∗ R∗ fi(idV ∗

v
⊗K∗pi)

−−−−−−−−−−→ V ∗
w ⊗K∗ D(i)

)
i∈ObD

is a cone of a functor D′ : ObD → TopModK∗

given by D′(i) = V ∗
w ⊗K∗ D(i). Since

(
V ∗
w ⊗K∗ R∗ idV ∗

w
⊗K∗pi

−−−−−−−→ V ∗
w ⊗K∗ D(i)

)
i∈ObD

is a limiting cone of D′ by

(2.3.9), there is a unique map f : V ∗
v ⊗K∗ R∗ → V ∗

w ⊗K∗ R∗ satisfying (idV ∗
w
⊗K∗ pi)f = fi(idV ∗

v
⊗K∗ pi) for any

i ∈ ObD. It can be verified that f is a homomorphism of R∗-modules and that Tpi(f) = fi for any i ∈ ObD.
For any i ∈ ObD and a ∈ ID(i), we claim that T−1

pi (O(a)) = O(p−1
i (a)) holds. In fact, if f ∈ T−1

pi (O(a))

then f ∈ O(p−1
i (a)) by the commutativity of the following diagram.

V ∗
v ⊗K∗ R∗ V ∗

w ⊗K∗ R∗

V ∗
v ⊗K∗ D(i) V ∗

w ⊗K∗ D(i)

f

idV ∗
v
⊗K∗pi idV ∗

w
⊗K∗pi

Tpi (f)

Suppose f ∈ O(p−1
i (a)) and put Af = (akl), then akl ∈ p−1

i (a). By (8.6.9), (Tpi(f))(vl) =
m∑
k=1

vk ⊗K∗ pi(akl) ∈

V ∗
w⊗K∗ a for l = 1, 2, . . . , n. Thus we have f ∈ T−1

pi (O(a)). Since {p−1
i (a)| i ∈ ObD, a ∈ ID(i)} is a fundamental

system of neighborhood of 0 of R∗ by the assumption, the equality we have just shown implies the result.

In the above proof, if fi ∈ Hom0
D(i)(V

∗
v ⊗K∗ D(i), V ∗

w ⊗K∗ D(i)) is an isomorphism for every i ∈ ObD, the
map f : V ∗

v ⊗K∗ R∗ → V ∗
w ⊗K∗ R∗ induced by f ′is is also an isomorphism. Thus we have the following result.

Corollary 8.6.13 Let
(
R∗ pi−→ D(i)

)
i∈ObD

be a limiting cone of a functor D : D → TopAlgK∗ . Define a

functor G : D → Top by G(i) = GLD(i)(V
∗
v ⊗K∗ D(i)) and G(ϕ) = TD(φ) for i ∈ ObD and ϕ ∈ MorD. Then(

GLR∗(V ∗
v ⊗K∗ R∗)

Tpi−−→ GLD(i)(V
∗
v ⊗K∗ D(i))

)
i∈ObD

is a limiting cone of G.

Remark 8.6.14 Suppose that R∗ is profinite and consider the limiting cone
(
R∗ pa−→ R∗/a

)
a∈IR∗

of the functor

dR∗ : IR∗ → TopAlgK∗ given by dR∗(a) = R∗/a. Since V ∗
v ⊗K∗ R∗/a is discrete, GLR∗/a(V

∗
v ⊗K∗ R∗/a) is a

discrete group. It follows from (8.6.13) that GLR∗(V ∗
v ⊗K∗ R∗) is a topological group. If K∗ is a finite field,

GLR∗(V ∗
v ⊗K∗ R∗) is a profinite group.
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For a non-increasing sequence v = (s1, s2, . . . , sn) of integers, we define a functor GLv : TopAlgpfK∗ →
TopGr by GLv(R∗) = GLR∗(V ∗

v ⊗K∗ R∗) and GLv(ϕ) = Tφ. The product µv : GLv × GLv → GLv, the unit
εv : hK∗ → GLv and the inverse ιv : GLv → GLv are given by µvR∗(f, g) = gf , εvR∗(uR∗) = idV ∗

v ⊗K∗R∗ and
ιvR∗(f) = f−1, respectively for R∗ ∈ Ob C and f, g ∈ GLv(R∗).

Proposition 8.6.15 GLv is representable.

Proof. Let Ev be a set of variables {xij , yij | i, j = 1, 2, . . . , n} and Dv : Ev → Z a map defined by Dv(xij) =
Dv(yij) = sj − si. Let Jv be an ideal of S(V ∗(Ev, Dv)) generated by the union of the following sets.{

n∑
k=1

xikyki − 1

∣∣∣∣∣ i = 1, 2, . . . n

}
,

{
n∑
k=1

xikykj

∣∣∣∣∣ i, j = 1, 2, . . . n, i 6= j

}
,

{
n∑
k=1

yikxki − 1

∣∣∣∣∣ i = 1, 2, . . . n

}
,

{
n∑
k=1

yikxkj

∣∣∣∣∣ i, j = 1, 2, . . . n, i 6= j

}
Put A∗

v = S(V ∗(Ev, Dv))/Jv and we also denote by xij , yij the classes of xij , yij ∈ S(V ∗(Ev, Dv)) in A
∗
v. We

give A∗
v the cofinite topology. Consider n × n matrices X and Y whose (i, j)-entries are xij and yij of A∗

v,
respectively. Then, both XY and Y X are the unit matrix and X is invertible, namely X−1 = Y .

Define maps µv : A∗
v → A∗

v ⊗K∗ A∗
v, εv : A∗

v → K∗ and ιv : A∗
v → A∗

v by

µv(xij) =

n∑
k=1

(−1)(sj−sk)(sk−si)xkj ⊗ xik, µv(yij) =

n∑
k=1

yik ⊗ ykj ,

εv(xij) = εv(yij) =

{
1 i = j

0 i 6= j
, ιv(xij) = yij , ιv(yij) = xij .

It is easy to verify that A∗
v is a Hopf algebra.

For an object R∗ of TopAlgpfK∗ , we define a map ϕvR∗ : hA∗
v
(R∗) → GLR∗(V ∗

v ⊗K∗ R∗) as follows. For
f ∈ hA∗

v
(R∗), let ϕvR∗(f) : V ∗

v ⊗K∗R∗ → V ∗
v ⊗K∗R∗ be the unique homomorphism of right R∗-modules satisfying

(ϕvR∗(f))(vj ⊗ 1) =
n∑
i=1

vi ⊗ f(xij). Then, ϕvR∗(f) is continuous by (1.1.11) and ϕvR∗ is a homomorphism of

groups. In fact, we have the following equalities. Here mR∗ : R∗ ⊗K∗ R∗ → R∗ denotes the multiplication of
R∗.

(ϕvR∗(g)ϕvR∗(f))(vj ⊗ 1) =

n∑
k=1

ϕvR∗(g)(vk ⊗ f(xkj)) =
n∑
k=1

n∑
i=1

vi ⊗ g(xik)f(xkj)

=

n∑
i=1

vi ⊗

(
n∑
k=1

(−1)(sj−sk)(sk−si)f(xkj)g(xik)

)

=

n∑
i=1

vi ⊗mR∗(f ⊗ g)µR∗(xij) = (ϕvR∗(mR∗(f ⊗ g)µR∗))(vj ⊗ 1)

(ϕvR∗(uR∗εv))(vj ⊗ 1) =

n∑
i=1

vi ⊗ uR∗εv(xij) = vj ⊗ 1

(ϕvR∗(fιv)ϕvR∗(f))(vj ⊗ 1) =

n∑
k=1

ϕvR∗(fιv)(vk ⊗ f(xkj)) =
n∑
k=1

n∑
i=1

vi ⊗ fιv(xik)f(xkj)

=

n∑
i=1

n∑
k=1

vi ⊗ f(yikxkj) = vj ⊗ 1

(ϕvR∗(f)ϕvR∗(fιv))(vj ⊗ 1) =

n∑
k=1

ϕvR∗(f)(vk ⊗ fιv(xkj)) =
n∑
k=1

n∑
i=1

vi ⊗ f(xik)fιv(xkj)

=

n∑
i=1

n∑
k=1

vi ⊗ f(xikykj) = vj ⊗ 1
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Clearly, ϕvR∗ is natural in R∗ hence we have a natural transformation ϕv : hA∗
v
→ GLv.

Suppose that R∗ is finite. Since A∗
v is finitely generated, it follows from (8.1.1) that hA∗

v
(R∗) is discrete. On

the other hand, since V ∗
v ⊗K∗ R∗ is finite, Hom0

R∗(V ∗
v ⊗K∗ R∗, V ∗

v ⊗K∗ R∗) is discrete. Hence GLR∗(V ∗
v ⊗K∗ R∗)

is also discrete. Let L be an element of GLR∗(V ∗
v ⊗K∗ R∗) and let aij be the (i, j)-entry of Φv(R

∗)(L).
Since Φv(R

∗)(L) is invertible, let bij be the (i, j)-entry of the inverse of Φv(R
∗)(L). Define a K∗-algebra

homomorphism f : A∗
v → R∗ by f(xij) = aij and f(yij) = bij . Since A∗

v is cofinite, f is continuous, namely
f is an element of hA∗

v
(R∗). It is clear that ϕvR∗(f) = L. Thus ϕvR∗(f) : V ∗

v ⊗K∗ R∗ → V ∗
v ⊗K∗ R∗ is an

isomorphism if R∗ is finite.
It follows from the naturality of ϕv and (8.6.13) that ϕvR∗(f) : V ∗

v ⊗K∗ R∗ → V ∗
v ⊗K∗ R∗ is an isomorphism

for any profinite R∗. Let Â∗
v be the completion of A∗

v. Then Â∗
v is profinite and ηA∗

v
: A∗

v → Â∗
v induces an

isomorphism hηA∗
v
: hÂ∗

v
(R∗)→ hA∗

v
(R∗) if R∗ is profinite. Therefore GLv : TopAlgpfK∗ → TopGr is represented

by Â∗
v, namely a composition ϕvhηA∗

v
: hÂ∗

v
→ GLv gives a natural equvalence.

8.7 The Steenrod group

Definition 8.7.1 We define F p-group functors Gp, G
ev
p and Godp as follows. Let A∗ be a graded commutative

algebra over F p. If p = 2, we assign degree −1 to a variable X and define G2(A
∗) to be the following subset of

A∗[[X]]. {
α(X) ∈ A∗[[X]]

∣∣∣∣α(X) =

∞∑
i=0

αiX
2i , degαi = 2i − 1 (i ≧ 0), α0 = 1

}
If p is an odd prime, we assign degree −2 to a variable X and consider a graded exterior algebra F p[ε]/(ε

2) with
deg ε = −1. Define Gp(A

∗) to be the following subset of A∗⊗F pF p[ε]/(ε2)[[X]] = A∗[ε]/(ε2)[[X]].{
α(X) ∈ A∗[ε]/(ε2)[[X]]

∣∣∣∣α(X) =

∞∑
i=0

αiX
pi , degαi = 2(pi − 1) (i ≧ 0), α0 − 1 ∈ (ε)

}
We give a group structure to Gp(A

∗) by the composition of formal power series. Namely, the product α(X)·β(X)
of α(X) and β(X) is defined to be

β(α(X)) =

∞∑
i=0

βiα(X)p
i

=

∞∑
i=0

βi

( ∞∑
j=0

αjX
pj
)pi

=

∞∑
i=0

∞∑
j=0

αp
i

j βiX
pi+j =

∞∑
i=0

( i∑
j=0

αp
j

i−jβj

)
Xpi .

We call Gp the mod p Steenrod group. For an odd prime p, Gevp (A∗) is defined to be the following subset of
A∗[[X]]. {

α(X) ∈ A∗[[X]]

∣∣∣∣α(X) =
∞∑
i=0

αiX
pi , degαi = 2(pi − 1) (i ≧ 0), α0 = 1

}
Since A∗ is a subalgebra of A∗[ε]/(ε2), we regard Gevp (A∗) as a subgroup of Gp(A

∗). We also define Godp (A∗) to
be the following subset of A∗[ε]/(ε2)[[X]].{

α(X) ∈ A∗[ε]/(ε2)[[X]]

∣∣∣∣α(X) =

∞∑
i=0

αiX
pi , degαi = 2(pi − 1) (i ≧ 0), α0 − 1, αi ∈ (ε) (i ≧ 1)

}
Remark 8.7.2 The quotient map A∗[ε]/(ε2) → A∗[ε]/(ε) = A∗ defines a homomorphism πevA∗ : Gp(A

∗) →
Gevp (A∗) of groups which is a left inverse of the inclusion map and that Godp (A∗) is the kernel of πevA∗ . Hence

Gp(A
∗) is a semi-direct product of Godp (A∗) and Gevp (A∗).

We denote by Aevp∗ the polynomial part F p[ξ1, ξ2, . . . ] of Ap∗ which is a Hopf subalgebra of Ap∗.

Proposition 8.7.3 (G. Nishida,[22]) The mod p dual Steenrod algebra Ap∗ represents Gp. If p is an odd prime,
Aevp∗ represents Gevp .

Remark 8.7.4 We denote by Aodp∗ the quotient of Ap∗ by the ideal generated by ξ1, ξ2, . . . . Then, Aodp∗ =

E(τ0, τ1, τ2, . . . ) and each τi is primitive. Aodp∗ represents Godp and the quotient map Ap∗ → Aodp∗ induces the

inclusion morphism Godp → Gp. In fact, for a graded F p-algebra A
∗, the natural bijection is given by assigning
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a morphism f : Aodp∗ → A∗ to an element (1 + f(τ0)ε)X +
∞∑
i=1

f(τi)εX
pi of Godp (A∗). Since α(X)p = Xp

if α(X) ∈ Godp (A∗), Godp (A∗) is an abelian normal subgroup of Gp(A
∗). In fact, Godp (A∗) is isomorphic to

∞∏
i=0

A2pi−1 as an additive group.

For a positive integer n, a partition of n is a sequence (ν(1), ν(2), . . . , ν(l)) of positive integers which satisfies
ν(1) + ν(2) + · · · + ν(l) = n. We denote by Part(n) the set of all partitions of n. For a partition ν =

(ν(1), ν(2), . . . , ν(l)) of n, we put `(ν) = l and σ(ν)(i) =
i−1∑
s=1

ν(s) (1 ≦ i ≦ l). We call `(ν) the length of ν and

denote by Partl(n) the subset of Part(n) consisting of partitions of length l.

Lemma 8.7.5 For integers 1 ≦ l ≦ k < m, we define a map Fl,k : Partl(k)→ Partl+1(m) by

Fl,k((ν(1), ν(2), . . . , ν(l))) = (ν(1), ν(2), . . . , ν(l),m− k).

Let F :
m−1⋃
k=1

Part(k)→ Part(m) be the map induced by Fl,k’s. Then, F is an injection whose image is partitions

of m of length greater than one.

Proof. Since each Fl,k is injective and the images of Fl,k’s are disjoint each other, F is injective. For each
ν = (ν(1), ν(2), . . . , ν(l), ν(l + 1)) ∈ Partl+1(m), Fl,σ(ν)(l+1) maps (ν(1), ν(2), . . . , ν(l)) ∈ Partl(σ(ν)(l + 1)) to
ν.

Proposition 8.7.6 ([16]) Let A∗ be a graded commutative algebra over F p and c a fixed integer which is even
if p is odd. Suppose that sequences of elements (αi)i≧0 and (βi)i≧0 of A∗ satisfy the following conditions.

(i) α0 = 1 if p = 2, (α0 − 1)2 = 0 if p is odd.
(ii) degα0 = deg β0 = 0, degαi = deg βi = c(1 + p+ · · ·+ pi−1).

(iii) α0β0 = 1 and
i∑

k=0

αp
k

i−kβk = 0 for any positive integer i.

Then, β0 = α−1
0 = 2− α0 and the following equality holds for each positive integer n.

βn = β0
∑

ν∈Part(n)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j)

Proof. We have α0(2 − α0) = 1 by (i). Thus it follows from α0β0 = 1 that β0 = α−1
0 = 2 − α0. We put

β̃i = βiα0. Then β̃0 = 1 and
i∑

k=0

αp
k

i−kβ̃k = 0 for any positive integer i by (iii). It suffices to show the following.

β̃n =
∑

ν∈Part(n)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j)

Since α0 = 1 + (α0 − 1) and (α0 − 1)2 = 0, we have αp0 = 1. Then, α1β̃0 + αp0β̃1 = 0 implies β̃1 = −α1

and the assertion holds for n = 1. Suppose that assertion holds for 1 ≦ n ≦ m − 1. We consider the map

F :
m−1⋃
k=1

Part(k) → Part(m) in (8.7.5). For ν ∈ Part(k), we have σ(F (ν))(j) = σ(ν)(j) if 1 ≦ j ≦ `(ν) and

σ(F (ν))(`(ν) + 1) = k. Hence it follows from the inductive hypothesis and (8.7.5) that

β̃m = −
m−1∑
k=0

αp
k

m−kβ̃k = −αmβ̃0 −
m−1∑
k=1

αp
k

m−k

∑
ν∈Part(k)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j)

= −αm +

m−1∑
k=1

∑
ν∈Part(k)

(−1)ℓ(F (ν))αp
σ(F (ν))(ℓ(ν)+1)

F (ν)(ℓ(ν)+1)

ℓ(ν)∏
j=1

αp
σ(F (ν))(j)

F (ν)(j)

= −αm +

m−1∑
k=1

∑
ν∈Part(k)

(−1)ℓ(F (ν))

ℓ(ν)+1∏
j=1

αp
σ(F (ν))(j)

F (ν)(j) =
∑

ν∈Part(m)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j) .
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The next result is a direct consequence of (8.7.6) and the above equality.

Proposition 8.7.7 The inverse of α(X) =
∞∑
i=0

αiX
pi ∈ Gp(A∗) is given as follows.

α(X)−1 = α−1
0 X +

∞∑
i=1

α−1
0

 ∑
ν∈Part(i)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j)

Xpi

Remark 8.7.8 Suppose that p is an odd prime and that αi = α0i + α1iε for α0i ∈ A2(pi−1), α1i ∈ A2pi−1. For
ν ∈ Part(i), we have

ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j) =
(
α0ν(1) + α1ν(1)ε

) ℓ(ν)∏
j=2

αp
σ(ν)(j)

0ν(j) =

ℓ(ν)∏
j=1

αp
σ(ν)(j)

0ν(j) +

α1ν(1)

ℓ(ν)∏
j=2

αp
σ(ν)(j)

0ν(j)

ε.
Hence we have the following formula.

α(X)−1 = (1− α10ε)X +

∞∑
i=1

(1− α10ε)

 ∑
ν∈Part(i)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

0ν(j) +

α1ν(1)

ℓ(ν)∏
j=2

αp
σ(ν)(j)

0ν(j)

ε
Xpi

We define “quotient groups” Gkp of Gp as follows. If p = 2, we assign degree −1 to a variable X and define

Gk2(A
∗) to be the following subset of A∗[X]/(X2k+1

).{
α(X) ∈ A∗[X]/(X2k+1

)

∣∣∣∣α(X) =

k∑
i=0

αiX
2i , degαi = 2i − 1 (0 ≦ i ≦ k), α0 = 1

}
If p is an odd prime, we assign degree −2 to a variable X and consider a graded exterior algebra F p[ε]/(ε

2) with

deg ε = −1. Define Gkp(A
∗) to be the following subset of A∗⊗F pF p[ε]/(ε2)[X]/(Xpk+1

) = A∗[ε]/(ε2)[X]/(Xpk+1

).{
α(X) ∈ A∗[ε]/(ε2)[X]/(Xpk+1

)

∣∣∣∣α(X) =

k∑
i=0

αiX
pi , degαi = 2(pi − 1) (0 ≦ i ≦ k), α0 − 1 ∈ (ε)

}
We give a group structure to Gkp(A

∗) by the composition of stunted polynomials. Namely,

α(X) · β(X) = β(α(X)) =

k∑
i=0

βiα(X)p
i

=

k∑
i=0

βi

( k∑
j=0

αjX
pj
)pi

=

k∑
i=0

k∑
j=0

αp
i

j βiX
pi+j =

k∑
i=0

( i∑
l=0

αp
l

i−lβl

)
Xpi .

Define maps πkA∗ : Gp(A
∗)→ Gkp(A

∗) to be the restrictions of the quotient maps A∗[[X]]→ A∗[X]/(X2k+1

) if

p = 2 and A∗[ε]/(ε2)[[X]]→ (A∗[ε]/(ε2)[X])/(Xpk+1

) if p is an odd prime. It is clear that πkA∗ is a homomorphism

of groups and natural in A∗. We denote by G
(k)
p (A∗) the kernel of πkA∗ , that is,

G(k)
p (A∗) =

{
α(X) ∈ Gp(A∗)

∣∣∣∣α(X) = X +

∞∑
i=k+1

αiX
pi
}
.

We regard A∗ as a subalgebra of A∗[ε]/(ε2) and define a subset Gk+0.5
p (A∗) of Gk+1

p (A∗) by

Gk+0.5
p (A∗) =

{
α(X) ∈ Gk+1

p (A∗)

∣∣∣∣α(X) =

k+1∑
i=0

αiX
pi , αk+1 ∈ A2pk+1−2

}
.

Let ρA∗ : A∗[ε]/(ε2) → A∗[ε]/(ε) = A∗ be the quotient map and define a map ρkA∗ : Gk+1
p (A∗) → Gk+0.5

p (A∗)

by ρkA∗(α(X)) =
k∑
i=0

αiX
pi + ρA∗(αk+1)X

pk+1

if α(X) =
k+1∑
i=0

αiX
pi . For α(X), β(X) ∈ Gk+0.5

p (A∗), we set

143



α(X)∗β(X) = ρk+1
A∗ (α(X)·β(X)). Then, the correspondence (α(X), β(X)) 7→ α(X)∗β(X) defines a group

structure on Gk+0.5
p (A∗). In fact, the inverse of α(X) is ρk+1

A∗ (α(X)−1). We note that ρkA∗ is a homomorphism

of groups. Let us denote by G
(k+0.5)
p (A∗) the kernel of a composition Gp(A

∗)
πk+1
A∗−−−→ Gk+1

p (A∗)
ρkA∗−−→ Gk+0.5

p (A∗).

Then, we have G
(k+0.5)
p (A∗) =

{
α(X) ∈ Gp(A∗)

∣∣∣α(X) = X +
∞∑

i=k+1

αiX
pi , αk+1 ∈ (ε)

}
. Here we put ε = 0 if

p = 2. Then, G2(A
∗) = G

(0)
2 (A∗), G

(k+0.5)
2 (A∗) = G

(k+1)
2 (A∗) and we have a decreasing filtration of Gp(A

∗).

Gp(A
∗) ⊃ G(0)

p (A∗) ⊃ G(0.5)
p (A∗) ⊃ G(1)

p (A∗) ⊃ · · · ⊃ G(k)
p (A∗) ⊃ G(k+0.5)

p (A∗) ⊃ G(k+1)
p (A∗) ⊃ · · ·

Lemma 8.7.9 Suppose that α(X) =
∞∑
i=0

αiX
pi , β(X) =

∞∑
i=0

βiX
pi ∈ Gp(A∗) satisfy αi = 0 for i = 1, 2, . . . , k

and βi = 0 for i = 1, 2, . . . , l, respectively. We put β(X)−1 =
∞∑
i=0

β̄iX
pi .

(1) If k = l = 0, the following equality holds.

[α(X), β(X)] = X + (α1(β0 − 1) + (1− α0)β1)X
p

+ ((α2 − αp+1
1 )(β0 − 1) + (1− α0)(β2 − βp+1

1 ) + α0α
p
1β1 − α1β0β

p
1 )X

p2 + (higher terms)

(2) If k ≧ 1 and l = 0, the following equality holds.

[α(X), β(X)] = X + (αk+1(β0 − 1)− (1− α0)β0β̄k+1)X
pk+1

+
(
αk+2(β0 − 1)− (1− α0)β0β̄k+2 + α0α

p
k+1β1 − αk+1β0β

pk+1

1

)
Xpk+2

+ (higher terms)

(3) If k ≧ l ≧ 1, the following equality holds.

[α(X), β(X)] = X + (αk+1(β0 − 1)− (1− α0)β0β̄k+1)X
pk+1

+ (αk+2(β0 − 1)− (1− α0)β0β̄k+2)X
pk+2

+ (higher terms)

Proof. Since αp0 = βp0 = 1 and α(X) · β(X) =
∞∑
i=0

(
i∑

j=0

αp
j

i−jβj

)
Xpi , we have the following equality.

α(X) · β(X) = α0β0X +

k+1∑
i=1

(αiβ0 + βi)X
pi+ (αk+2β0 + αpk+1β1 + βk+2)X

pk+2

+ (higher terms)

Hence if we put α(X)·β(X) =
∞∑
i=0

γiX
pi , γi’s are given by γ0 = α0β0, γi = βi for 1 ≦ i ≦ k, γk+1 = αk+1β0+βk+1

and γk+2 = αk+2β0 + αpk+1β1 + βk+2.

Put α(X)−1 =
∞∑
i=0

ᾱiX
pi . If 1 ≦ i ≦ k and ν ∈ Part(i), then ν(j) ≦ k for any 1 ≦ j ≦ `(ν). Since αi = 0 for

1 ≦ i ≦ k, we have ᾱi = 0 for 1 ≦ i ≦ k by (8.7.7). If ν ∈ Part(k+1) satisfies ν(j) ≧ k+1 for 1 ≦ j ≦ `(ν), then
ν = (k + 1), hence (8.7.7) implies ᾱk+1 = −α−1

0 αk+1. If ν ∈ Part(k + 2) satisfies ν(j) ≧ k + 1 for 1 ≦ j ≦ `(ν),

then ν = (k+2) or “ν = (1, 1) and k = 0”. It follows from (8.7.7) that ᾱk+2 =

{
α−1
0 (αp+1

1 − α2) k = 0

−α−1
0 αk+2 k ≧ 1

holds.

Similarly, we have β̄1 = −β−1
0 β1 and β̄2 = β−1

0 (βp+1
1 −β2) if l = 0. Hence, if we put α(X)−1·β(X)−1 =

∞∑
i=0

γ̄iX
pi ,

then γ̄i’s are given by γ̄0 = α−1
0 β−1

0 , γ̄i = β̄i for 1 ≦ i ≦ k and

γ̄k+1 = ᾱk+1β
−1
0 + β̄k+1 = β̄k+1 − α−1

0 αk+1β
−1
0

γ̄k+2 = ᾱk+2β
−1
0 + ᾱpk+1β̄1 + β̄k+2 =


β−1
0 (α−1

0 (αp+1
1 − α2) + αp1β1 + βp+1

1 − β2) k = l = 0

−α−1
0 αk+2β

−1
0 + αpk+1β

−1
0 β1 + β̄k+2 k ≧ 1, l = 0

−α−1
0 αk+2β

−1
0 + β̄k+2 k ≧ l ≧ 1

.
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It follows that γ̄0γ0 = α−1
0 β−1

0 α0β0 = 1 and
i∑

j=0

γ̄p
j

i−jγj =
i∑

j=0

β̄p
j

i−jβj = 0 if 1 ≦ i ≦ k. We also have

k+1∑
j=0

γ̄p
j

k+1−jγj = γ̄k+1γ0 +

k∑
j=1

γ̄p
j

k+1−jγj + γ̄p
k+1

0 γk+1 = αk+1(β0 − 1)− (1− α0)β0β̄k+1 +

k+1∑
j=0

β̄p
j

k+1−jβj

= αk+1(β0 − 1)− (1− α0)β0β̄k+1

If k = l = 0, we have

2∑
j=0

γ̄p
j

2−jγj = γ̄2γ0 + γ̄p1γ1 + γ̄p
2

0 γ2 = (α2 − αp+1
1 )(β0 − 1) + (1− α0)(β2 − βp+1

1 ) + α0α
p
1β1 − α1β0β

p
1 .

If k ≧ 1 and l = 0, the following equalities hold.

k+2∑
j=0

γ̄p
j

k+2−jγj = γ̄k+2γ0 + γ̄pk+1γ1 +

k∑
j=2

γ̄p
j

k+2−jγj + γ̄p
k+1

1 γk+1 + γ̄p
k+2

0 γk+2

= αk+2(β0 − 1)− (1− α0)β0β̄k+2 + α0α
p
k+1β1 − αk+1β0β

pk+1

1 +

k+2∑
j=0

β̄p
j

k+2−jβj

= αk+2(β0 − 1)− (1− α0)β0β̄k+2 + α0α
p
k+1β1 − αk+1β0β

pk+1

1

If k ≧ l ≧ 1, the following equalities hold.

k+2∑
j=0

γ̄p
j

k+2−jγj = γ̄k+2γ0 + γ̄pk+1γ1 +

k∑
j=2

γ̄p
j

k+2−jγj + γ̄p
k+1

1 γk+1 + γ̄p
k+2

0 γk+2

= αk+2(β0 − 1)− (1− α0)β0β̄k+2 +

k+2∑
j=0

β̄p
j

k+2−jβj = αk+2(β0 − 1)− (1− α0)β0β̄k+2

Proposition 8.7.10 The following relations hold.

[Gp(A
∗), Gp(A

∗) ] ⊂ G(0.5)
p (A∗)

[G(0.5)
p (A∗), G(0.5)

p (A∗) ] ⊂ G(2)
p (A∗)

[G(k)
p (A∗), G(k)

p (A∗) ] ⊂ G(k+2)
p (A∗) if k is a positive integer.

[G(k)
p (A∗), Gp(A

∗) ] ⊂ G(k+0.5)
p (A∗) if k is a non-negative integer.

[G(k+0.5)
p (A∗), Gp(A

∗) ] ⊂ G(k+1.5)
p (A∗) if k is a non-negative integer.

Proof. The first and second relations are direct consequence of (1) of (8.7.9). The third relation follows from

(3) of (8.7.9). For α(X) = X +
∞∑

i=k+1

αiX
pi ∈ G(k)

p (A∗) and β(X) =
∞∑
i=0

βiX
pi ∈ Gp(A∗), since β0 − 1 ∈ (ε),

the fourth relation follows from (2) of (8.7.9). If α(X) ∈ G
(k+0.5)
p (A∗), then αk+1 ∈ (ε) which implies that

αk+1(β0 − 1) = 0 and αk+2(β0 − 1) + αpk+1β1 − β0αk+1β
pk+1

1 ∈ (ε). Hence the fifth relation also follows from
(2) of (8.7.9).

For a group G and a non-negative integer k, we define subgroups Dk(G) and Γi(G) of G inductively by
D0(G) = Γ0(G) = G and Dk+1(G) = [Dk(G), Dk(G) ], Γk+1(G) = [ Γk(G), G ]. The following result is a direct
consequence of (8.7.10)

Corollary 8.7.11 We have D1(Gp(A
∗)) = Γ1(Gp(A

∗)) ⊂ G
(0.5)
p (A∗). For positive integer k, the following

relations hold.
Dk+1(Gp(A

∗)) ⊂ G(2k)
p (A∗), Γk+1(Gp(A

∗)) ⊂ G(k+0.5)
p (A∗)
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Remark 8.7.12 If H is a subgroup of Gp(A
∗), we have D1(H) = Γ1(H) ⊂ G

(0.5)
p (A∗) ∩ H and Dk+1(H) ⊂

G
(2k)
p (A∗)∩H, Γk+1(H) ⊂ G(k+0.5)

p (A∗)∩H. Since G
(k+0.5)
p (A∗)∩Gevp (A∗) ⊂ G(k+1)

p (A∗), we have Γk+1(H) ⊂
G

(k+1)
p (A∗) ∩H if H is a subgroup of Gevp (A∗).

We define another filtration of Gp as follows. For a non-negative integer n and a graded commutative

algebra A∗ over F p, let Gp,n(A
∗) be a subset of Gp(A

∗) consisting of elements α(X) =
∞∑
i=0

αiX
pi which satisfy

αp
n−i+1

i = 0 for i = 1, 2, . . . , n and αi = 0 for i ≧ n+ 1.

Proposition 8.7.13 Gp,n(A
∗) is a subgroup of Gp(A

∗).

Proof. Suppose α(X) =
∞∑
i=0

αiX
pi , β(X) =

∞∑
i=0

βiX
pi ∈ Gp,n(A∗). Put α(X) · β(X) =

∞∑
i=0

γiX
pi , then we have

γi =
i∑

j=0

αp
j

i−jβj . Since α
pn−k+1

k = βp
n−k+1

k = 0 for k = 1, 2, . . . , n, it follows γp
n−i+1

i =
i∑

j=0

αp
n−(i−j)+1

i−j βp
n−i+1

j = 0

if 1 ≦ i ≦ n. Assume that i ≧ n + 1. Since αp
j

i−j = αp
n−(i−j)+1+(i−n−1)

i−j = 0 for i − n ≦ j ≦ n, we have

γi =
n∑

j=i−n
αp

j

i−jβj = 0. Thus α(X) · β(X) ∈ Gp,n(A∗).

We put α(X)−1 = α−1
0 X +

∞∑
i=1

δiX
pi . Then, δi = α−1

0

( ∑
ν∈Part(i)

(−1)ℓ(ν)
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j)

)
by (8.7.7). Suppose

that
ℓ(ν)∏
j=1

αp
σ(ν)(j)+n−i+1

ν(j) 6= 0 for some 1 ≦ i ≦ n and ν ∈ Part(i). Then, σ(ν)(j) + n − i + 1 ≦ n − ν(j) for

1 ≦ j ≦ `(ν), which implies a contradiction n + 1 ≦ n if j = `(ν). Hence we have δn−i+1
i = 0 for 1 ≦ i ≦ n.

Suppose that
ℓ(ν)∏
j=1

αp
σ(ν)(j)

ν(j) 6= 0 for some i ≧ n + 1 and ν ∈ Part(i). Then, ν(j) ≦ n and σ(ν)(j) ≦ n − ν(j) for

1 ≦ j ≦ `(ν). The latter inequality implies i ≦ n if j = `(ν), which contradicts the assumption. Hence we have
δi = 0 for i ≧ n+ 1 and α(X)−1 ∈ Gp,n(A∗).

Thus we have the following increasing filtration of subgroups of Gp(A
∗).

Gp,0(A
∗) ⊂ Gp,1(A∗) ⊂ Gp,2(A∗) ⊂ · · · ⊂ Gp,n(A∗) ⊂ Gp,n+1(A

∗) ⊂ · · · ⊂ Gp(A∗)

If p is an odd prime, we define Gevp,n(A
∗) by Gevp,n(A

∗) = Gp,n(A
∗) ∩Gevp (A∗), we have the following increasing

filtration of subgroups of Gevp (A∗).

Gevp,0(A
∗) ⊂ Gevp,1(A∗) ⊂ Gevp,2(A∗) ⊂ · · · ⊂ Gevp,n(A∗) ⊂ Gevp,n+1(A

∗) ⊂ · · · ⊂ Gevp (A∗)

We note that G2,0(A
∗) and Gevp,0(A

∗) are the trivial groups and that Gp,0(A
∗) is isomorphic to the additive

group A1. Since G
(n)
p (A∗) ∩Gp,n(A∗) is the trivial group, (8.7.12) implies the following fact.

Proposition 8.7.14 We have the following lower central series.

Gp,n(A
∗) ⊃ Γ1(Gp,n(A

∗)) ⊃ · · · ⊃ Γi(Gp,n(A
∗)) ⊃ Γi+1(Gp,n(A

∗)) ⊃ · · · ⊃ Γn+1(Gp,n(A
∗)) = {X}

Gevp,n(A
∗) ⊃ Γ1(G

ev
p,n(A

∗)) ⊃ · · · ⊃ Γi(G
ev
p,n(A

∗)) ⊃ Γevi+1(Gp,n(A
∗)) ⊃ · · · ⊃ Γn(G

ev
p,n(A

∗)) = {X}

Let I2,n be an ideal of A2∗ generated by ζ2
n

1 , ζ2
n−1

2 , . . . , ζ2n and ζi for i ≧ n+ 1. For an odd prime p, let Ip,n

be an ideal of Ap∗ generated by ξp
n

1 , ξp
n−1

2 , . . . , ξpn and τi, ξi for i ≧ n+ 1 and Ievp,n an ideal of Aevp∗ generated by

ξp
n

1 , ξp
n−1

2 , . . . , ξpn and ξi for i ≧ n+ 1. We put

A2(n)∗ = A2∗/I2,n = F 2[ζ1, ζ2, . . . , ζn]/(ζ
2n

1 , ζ2
n−1

2 , . . . , ζ2n)

Ap(n)∗ = Ap∗/Ip,n = E(τ0, τ1, . . . , τn)⊗F pF p[ξ1, ξ2, . . . , ξn]/(ξ
pn

1 , ξp
n−1

2 , . . . , ξpn)

Aevp (n)∗ = Aevp∗/Ievp,n = F p[ξ1, ξ2, . . . , ξn]/(ξ
pn

1 , ξp
n−1

2 , . . . , ξpn).

We have the following fact from (8.7.3).
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Proposition 8.7.15 Gp,n is represented by Ap(n)∗ and Gevp,n is represented by Aevp (n)∗.

Let H2(n)∗ be the subalgebra of A2(n)∗ generated by ζ2
n−1

1 , ζ2
n−2

2 , . . . , ζn. For an odd prime p, let Hp(n)∗ be

the subalgebra of Ap(n)∗ generated by ξp
n−1

1 , ξp
n−2

2 , . . . , ξn, τn and Hevp (n)∗ the subalgebra of Aevp (n)∗ generated

by ξp
n−1

1 , ξp
n−2

2 , . . . , ξn. We denote by πp,n : Ap(n)∗ → Ap(n − 1)∗ and πevn : Aevp (n)∗ → Aevp (n − 1)∗ the

quotient maps. Then, the kernel of π2,n is the ideal of A2(n)∗ generated by ζ2
n−1

1 , ζ2
n−2

2 , . . . , ζn. If p is an odd

prime, the kernels of πp,n and πevn are the ideals of Ap(n)∗ and Aevp (n)∗ generated by ξp
n−1

1 , ξp
n−2

2 , . . . , ξn, τn

and ξp
n−1

1 , ξp
n−2

2 , . . . , ξn, respectively. We put ζn,i = ζ2
n−i

i and ξn,i = ξp
n−i

i . Then we have

H2(n)∗ = F 2[ ζn,1, ζn,2, · · · , ζn,n]/(ζ2n,1, ζ2n,2, · · · , ζ2n,n)
Hp(n)∗ = E(τn)⊗F p F p[ ξn,1, ξn,2, · · · , ξn,n]/(ξ

p
n,1, ξ

p
n,2, · · · , ξpn,n)

Hevp (n)∗ = F p[ ξn,1, ξn,2, · · · , ξn,n]/(ξpn,1, ξ
p
n,2, · · · , ξpn,n).

Proposition 8.7.16 The inclusion maps ιp,n : Hp(n)∗ → Ap(n)∗ and ιevp,n : Hevp (n)∗ → Aevp (n)∗ are faithfully
flat.

Proof. Let M∗
2,i be a 2n−i dimensional subspace of A2(n)∗ spanned by 1, ζi, ζ

2
i , . . . , ζ

2n−i−1
i and M∗

p,i a p
n−i

dimensional subspace of Ap(n)∗ spanned by 1, ξi, ξ
2
i , . . . , ξ

pn−i−1
i if p is an odd prime. Then, the following

equalities hold as F 2

[
ζ2
n−i

i

]
/
((
ζ2
n−i

i

)2)
-module and F p

[
ξp
n−i

i

]
/
((
ξp
n−i

i

)p)
-module, reapectively.

F 2[ζi]/
(
ζ2
n−i+1

i

)
=M∗

2,i ⊗F 2
F 2

[
ζ2
n−i

i

]
/
((
ζ2
n−i

i

)2)
F p[ξi]/

(
ξp
n−i+1

i

)
=M∗

p,i ⊗F p F p
[
ξp
n−i

i

]
/
((
ξp
n−i

i

)p)
Hence we have A2(n)∗ =

( n⊗
i=1

M∗
2,i

)
⊗F pH2(n)∗ and Ap(n)∗ = E(τ0, τ1, . . . , τn−1) ⊗F p

( n⊗
i=1

M∗
p,i

)
⊗F pHp(n)∗

as Hp(n)∗-modules, which implies that the inclusion map ιp,n : Hp(n)∗ → Ap(n)∗ is flat. Since ζi’s, τi’s and
ξi’s are all nilpotent in Ap(n)∗, the nilradicals of Ap(n)∗ and Hp(n)∗ are maximal ideals and which are unique
prime ideals of Ap(n)∗ and Hp(n)∗, hence the underlying spaces of SpecAp(n)∗ and SpecHp(n)∗ consist of
single point. Therefore Spec(ιp,n) : SpecAp(n)∗ → SpecHp(n)∗ is surjective and ιp,n is faithfully flat. It can be
shown similarly that ιevp,n is faithfully flat.

Let us denote by Hp,n and Hev
p,n the affine schemes represented by Hp(n)∗ and Hevp (n)∗, respectively. Since

Hevp (n)∗ is regarded as a quotient algebra of Hp(n)∗ by the ideal generated by τn, Hevp (n)∗ is regarded as a
subscheme of Hp(n)∗. We also denote by ι∗p,n : Gp,n → Hp,n and ιev∗p,n : Gevp,n → Hev

p,n the morphisms induced by
ιp,n and ιevp,n.

Proposition 8.7.17 Let A∗ be a graded F p-algebra. For α(X) =
∞∑
i=0

αiX
pi , β(X) =

∞∑
i=0

βiX
pi ∈ Gp,n(A∗), the

following conditions are equivalent.
(i) ι∗nA∗(α(X)) = ι∗nA∗(β(X))

(ii) αp
n−i

i = βp
n−i

i for i = 1, 2, . . . , n.
(iii) α(X) = β(γ(X)) for some γ(X) ∈ Gp,n−1(A

∗).

Proof. (i) ⇔ (ii) : Let f, g : Ap(n)∗ → A∗ the morphisms of graded F p-algebras which corresponds α(X) and
β(X), respectively. Then, f(ζi) = αi, g(ζi) = βi for i = 1, 2, . . . , n if p = 2 and 1+ εf(τ0) = α0, 1+ εg(τ0) = β0,

f(ξi) + εf(τi) = αi, g(ξi) + εg(τi) = βi for i = 1, 2, . . . , n if p is an odd prime. Hence f
(
ζ2
n−i

i

)
= α2n−i

i ,

g
(
ζ2
n−i

i

)
= β2n−i

i for i = 1, 2, . . . , n if p = 2 and f
(
ξp
n−i

i

)
= αp

n−i

i , g
(
ξp
n−i

i

)
= βp

n−i

i for i = 1, 2, . . . , n − 1,
f(ξn) + εf(τn) = αn, g(ξn) + εg(τn) = βn if p is an odd prime. Hence (i) and (ii) are equivalent from the
definition of Hp(n)∗.

(iii) ⇒ (ii) : We put γ(X) =
∞∑
i=0

γiX
pi . Then γp

n−i

i = 0 for i = 1, 2, . . . , n − 1 and γi = 0 for i ≧ n. It

follows from the assumption that αi =
i∑

j=0

γp
j

i−jβj . Hence αp
n−i

i =
i∑

j=0

γp
n−(i−j)

i−j βp
n−i

j = γp
n

0 βp
n−i

i = βp
n−i

i for

i = 1, 2, . . . , n.
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(ii)⇒ (iii) : Put γ(X) =
∞∑
i=0

γiX
pi = α(X) ·β(X)−1. Then, α(X) = β(γ(X)) which implies αi =

i∑
j=0

γp
j

i−jβj .

Hence βp
n−i

i = αp
n−i

i =
i∑

j=0

γp
n−(i−j)

i−j βp
n−i

j for i = 1, 2, . . . , n. It follows γp
n−i

i βp
n−i

0 +
i−1∑
j=1

γp
n−(i−j)

i−j βp
n−i

j = 0.

For i = 1, we have γp
n−1

1 βp
n−1

0 = 0, thus γp
n−1

1 = 0 since β0 is a unit. Assume inductively that γp
n−j

j = 0 for

j = 1, 2, . . . , i− 1. Then we have γp
n−i

i βp
n−i

0 = 0 which implies γp
n−i

i = 0. Thus γ(X) ∈ Gp,n−1(A
∗).

Remark 8.7.18 (1) For an odd prime p and α(X) =
∞∑
i=0

αiX
pi , β(X) =

∞∑
i=0

βiX
pi ∈ Gevp,n(A

∗), It follows

from (8.7.17) that three conditions “ ιev∗nA∗(α(X)) = ιev∗nA∗(β(X))” and “αp
n−i

i = βp
n−i

i for i = 1, 2, . . . , n.” and
“α(X) = β(γ(X)) for some γ(X) ∈ Gevp,n−1(A

∗).” are equivalent.
(2) The above result shows that there exist unique injections

jnA∗ : Gp,n−1(A
∗)\Gp,n(A∗)→ Hp,n(A

∗) and jevnA∗ : Gevp,n−1(A
∗)\Gevp,n(A∗)→ Hev

p,n(A
∗)

that make the following diagrams commute, where

πnA∗ : Gp,n(A
∗)→ Gp,n−1(A

∗)\Gp,n(A∗) and πevnA∗ : Gevp,n(A
∗)→ Gevp,n−1(A

∗)\Gevp,n(A∗)

denote the quotient maps.

Gp,n(A
∗) Hp,n(A

∗)

Gp,n−1(A
∗)\Gp,n(A∗)

ι∗nA∗

πnA∗
jnA∗

Gevp,n(A
∗) Hev

p,n(A
∗)

Gevp,n−1(A
∗)\Gevp,n(A∗)

ιev∗nA∗

πevnA∗
jevnA∗

(3) Since µ(ζi) =
i∑

k=0

ζ2
k

i−k⊗ ζk, we have µ
(
ζ2
n−i

i

)
=

i∑
k=0

ζ2
n−(i−k)

i−k ⊗ ζ2n−i

k . Similarly, since µ(ξi) =
i∑

k=0

ξp
k

i−k⊗

ξk, we have µ
(
ξp
n−i

i

)
=

i∑
k=0

ξp
n−(i−k)

i−k ⊗ ξp
n−i

k . Moreover, we have µ(τn) =
n∑
k=0

ξp
n−k

k ⊗ τn−k + τn ⊗ 1. Thus the

coproduct µ : Ap(n)∗ → Ap(n)∗⊗F pAp(n)∗ defines a right coaction µ̃ : Hp(n)∗ → Hp(n)∗⊗F pAp(n)∗ of Ap(n)∗
on Hp(n)∗. Hence we have a right action µ̃∗ : Hp,n ×Gp,n → Hp,n of Gp,n on Hp,n.

For a commutative graded algebra A∗ and k, n ∈ Z (k > 0), we put Jk(A
∗) = {x ∈ A∗ |xk = 0} and

Jnk (A
∗) = An ∩ Jk(A∗). We define maps

Φ2,n : G2,n(A
∗) −→

n∏
i=1

J2i−1
2n−i+1(A

∗) Ψ2,n : H2,n(A
∗) −→

n∏
i=1

J2n−2n−i

2 (A∗)

Φp,n : Gp,n(A
∗) −→

n∏
i=0

A2pi−1 ×
n∏
i=1

J
2(pi−1)
pn−i+1 (A∗) Ψp,n : Hp,n(A

∗) −→ A2pn−1 ×
n∏
i=1

J
2(pn−pn−i)
p (A∗)

Φevp,n : Gevp,n(A
∗) −→

n∏
i=1

J
2(pi−1)
pn−i+1 (A∗) Ψevp,n : Hev

p,n(A
∗) −→

n∏
i=1

J
2(pn−pn−i)
p (A∗)

as follows.

Φ2,n(f)= (f(ζ1), f(ζ2), · · · , f(ζn)) Ψ2,n(f)=
(
f
(
ζ2
n−1

1

)
, f
(
ζ2
n−2

2

)
, · · · , f

(
ζn
))

Φp,n(f)= (f(τ0), f(τ1), . . . , f(τn), f(ξ1), f(ξ2), · · · , f(ξn)) Ψp,n(f)=
(
f(τn), f

(
ξp
n−1

1

)
, f
(
ξp
n−2

2

)
, · · · , f(ξn)

)
Φevp,n(f)= (f(ξ1), f(ξ2), · · · , f(ξn)) Ψevp,n(f)=

(
f
(
ξp
n−1

1

)
, f
(
ξp
n−2

2

)
, · · · , f(ξn)

)
Then, Φp,n and Ψp,n are natural in A∗. The following result is clear from the F p-algebra structures of Ap(n)∗,
Aevp (n)∗ and Hp(n)∗.

Proposition 8.7.19 Φp,n, Ψp,n, Φ
ev
p,n, Ψ

ev
p,n are bijective.

Remark 8.7.20 For an F p-algebra A
∗, define a map ρkp : A∗ → A∗ by ρkp(x) = xp

k

. Then, ρkp maps Jnpm(A
∗)

into Jp
kn
pm−k(A

∗) and the following diagrams are commutative.
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G2,n(A
∗) H2,n(A

∗)

n∏
i=1

J2i−1
2n−i+1(A

∗)
n∏
i=1

J2n−2n−i

2 (A∗)

Φ2,n

ι∗nA∗

Ψ2,n
n∏
i=1

ρn−i
2

Gevp,n(A
∗) Hev

p,n(A
∗)

n∏
i=1

J
2(pi−1)
pn−i+1 (A∗)

n∏
i=1

J
2(pn−pn−i)
p (A∗)

Φevp,n

ιev∗nA∗

Ψevp,n
n∏
i=1

ρn−i
p

We put δmk (A∗) = dim Jmk (A∗) for a graded F p-algebra A
∗ which is finite type. For a finite set S, we denote

by ](S) the number of elements of S. (8.7.19) implies the following fact.

Corollary 8.7.21 Let A∗ be a graded F p-algebra which is finite type.

(1) If p = 2, we have log2(](G2,n(A
∗))) =

n∑
i=1

δ2
i−1
n−i+1(A

∗) and log2(](H2,n(A
∗)) =

n∑
i=1

δ2
n−2n−i

1 (A∗).

(2) If p is an odd prime, the following equalities holds.

logp(](Gp,n(A
∗))) =

n∑
i=0

dim A2pi−1 +

n∑
i=1

δ
2(pi−1)
n−i+1 (A∗)

logp(](Hp,n(A
∗))) = dim A2pn−1 +

n∑
i=1

δ
2(pn−pn−i)
1 (A∗)

logp(](G
ev
p,n(A

∗))) =

n∑
i=1

δ
2(pi−1)
n−i+1 (A∗)

logp(](H
ev
p,n(A

∗))) =

n∑
i=1

δ
2(pn−pn−i)
1 (A∗)

Proposition 8.7.22 If l < 2i and m < 2pi(p − 1), then J l2n−i(A2(n)∗) = Jmpn−i(Aevp (n)∗) = {0} holds for

i = 1, 2, · · · , n− 1. Hence G2,n−1(A2(n)∗) and G
ev
p,n−1(Aevp (n)∗) are trivial groups.

Proof. It follows from the structure of A2(n)∗ that ζj11 ζ
j2
2 · · · ζjnn ∈ J2n−i(A2(n)∗) if and only if jk ≧ 2i−k+1 for

some k = 1, 2, . . . , n. Hence we have

deg ζj11 ζ
j2
2 · · · ζjnn ≧ deg ζjkk = jk(2

k − 1) ≧ 2i−k+1(2k − 1) = 2i+1 − 2i−k+1 ≧ 2i.

Similarly, ξj11 ξ
j2
2 · · · ξjnn ∈ Jpn−i(Aevp (n)∗) if and only if jk ≧ pi−k+1 for some k = 1, 2, . . . , n. Hence we have

deg ξj11 ξ
j2
2 · · · ξjnn ≧ deg ξjkk = 2jk(p

k − 1) ≧ 2pi−k+1(pk − 1) = 2(pi+1 − pi−k+1) ≧ 2pi(p− 1).

Thus the first assertion follows. The second assertion follows from the first assertion and (8.7.19).

We have the following result by (8.7.17) and (8.7.19).

Corollary 8.7.23 ι∗nA2(n)∗
: G2,n(A2(n)∗) → H2,n(A2(n)∗) and ι∗nAevp (n)∗

: Gev2,n(Aevp (n)∗) → Hev
2,n(Aevp (n)∗)

are injective.

Proposition 8.7.24 The following equalities hold.

δmk (A2(n)∗) = dimA2(n)m − dimA2(n− k)m
δmk (Aevp (n)∗) = dimAevp (n)m − dimAevp (n− k)m
δmk (Ap(n)∗) = dimAp(n)m − dimAevp (n− k)m

Proof. Jk(A2(n)∗) and Jk(Aevp (n)∗) are ideals of A2(n)∗ and Aevp (n)∗ generated by the following sequence of
elememts, respectively.

ζ2
n−k

1 , ζ2
n−k−1

2 , . . . , ζ2
n−i−k+1

i , . . . , ζ2n−k, ζn−k+1, ζn−k+2, . . . , ζn

ξp
n−k

1 , ξp
n−k−1

2 , . . . , ξp
n−i−k+1

i , . . . , ξpn−k, ξn−k+1, ξn−k+2, . . . , ξn
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Hence A2(n)∗/Jk(A2(n)∗) is isomorphic to A2(n − k)∗ = F 2[ζ1, ζ2, . . . , ζn−k]/(ζ
2n−k

1 , ζ2
n−k−1

2 , . . . , ζ2n−k) and

Aevp (n)∗/Jk(Aevp (n)∗) is isomorphic to Aevp (n− k)∗ = F p[ξ1, ξ2, . . . , ξn−k]/(ξ
pn−k

1 , ξp
n−k−1

2 , . . . , ξpn−k). It follows
that dimA2(n)m/J

m
k (A2(n)∗) = dimA2(n − k)m and dimAevp (n)m/J

m
k (Aevp (n)∗) = dimAevp (n − k)m, which

imply δmk (A2(n)∗) = dimA2(n)m − dimA2(n − k)m and δmk (Aevp (n)∗) = dimAevp (n)m − dimAevp (n − k)m,
respectively. Jk(Ap(n)∗) is an ideal of Ap(n)∗ generated by

ξp
n−k

1 , ξp
n−k−1

2 , . . . , ξp
n−i−k+1

i , . . . , ξpn−k, ξn−k+1, ξn−k+2, . . . , ξn, τ0, τ1, . . . , τn

Hence Ap(n)∗/Jk(Ap(n)∗) is isomorphic to Aevp (n − k)∗ = F p[ξ1, ξ2, . . . , ξn−k]/(ξ
pn−k

1 , ξp
n−k−1

2 , . . . , ξpn−k). It
follows that dimAp(n)m/Jmk (Ap(n)∗) = dimAevp (n− k)m and this implies the required equality.

Let Pp,n(t) be the Poincaré series of Ap(n)∗ and P evp,n(t) the Poincaré series of Aevp (n)∗. Then, Pp,n(t) and
P evp,n(t) are given as follows.

P2,n(t) =

n∏
k=1

(
2n−k+1∑
i=1

t(i−1)(2k−1)

)
=

n∏
k=1

(
1 + t2

k−1 + t2(2
k−1) + · · ·+ t(2

n−k+1−1)(2k−1)
)

P evp,n(t) =

n∏
k=1

(
pn−k+1∑
i=1

t2(i−1)(pk−1)

)
=

n∏
k=1

(
1 + t2(p

k−1) + t4(p
k−1) + · · ·+ t2(p

n−k+1−1)(pk−1)
)

Pp,n(t) = P evp,n(t)

n∏
k=0

(
1 + t2p

k−1
)
=

n∏
k=0

(
1 + t2p

k−1
) n∏
k=1

(
1 + t2(p

k−1) + t4(p
k−1) + · · ·+ t2(p

n−k+1−1)(pk−1)
)

Since dimAp(n)m =
1

m!

dmPp,n
dtm

(0) and dimAevp (n)m =
1

m!

dmP evp,n
dtm

(0), we have the following equalities by

(8.7.24). Here we put P2,l(t) = 1 if l ≦ 0.

δmk (A2(n)∗) =
1

m!

(
dmP2,n

dtm
(0)− dmP2,n−k

dtm
(0)

)
δmk (Aevp (n)∗) =

1

m!

(
dmP evp,n
dtm

(0)−
dmP evp,n−k
dtm

(0)

)
δmk (Ap(n)∗) =

1

m!

(
dmPp,n
dtm

(0)−
dmP evp,n−k
dtm

(0)

)
We have the following results by (8.7.21).

Proposition 8.7.25 The following formulas hold.

log2(](G2,n(A2(n)∗))) =

n∑
i=1

1

(2i − 1)!

(
d2
i−1P2,n

dt2i−1
(0)− d2

i−1P2,i−1

dt2i−1
(0)

)

log2(](H2,n(A2(n)∗)) =

n−1∑
i=0

1

(2n − 2i)!

(
d2
n−2iP2,n

dt2n−2i
(0)− d2

n−2iP2,n−1

dt2n−2i
(0)

)

logp(](Gp,n(Ap(n)∗))) =
n∑
i=0

1

(2pi − 1)!

d2p
i−1Pp,n
dt2pi−1

(0) +

n∑
i=1

1

2(pi − 1)!

(
d2(p

i−1)Pp,n
dt2(pi−1)

(0)−
d2(p

i−1)P evp,i−1

dt2(pi−1)
(0)

)

logp(](Hp,n(Ap(n)∗))) =
1

(2pn − 1)!

d2p
n−1Pp,n
dt2pn−1

(0) +

n−1∑
i=0

1

2(pn − pi)!

(
d2(p

n−pi)Pp,n
dt2(pn−pi)

(0)−
d2(p

n−pi)P evp,n−1

dt2(pn−pi)
(0)

)

logp(](G
ev
p,n(Aevp (n)∗))) =

n∑
i=1

1

2(pi − 1)!

(
d2(p

i−1)P evp,n
dt2(pi−1)

(0)−
d2(p

i−1)P evp,i−1

dt2(pi−1)
(0)

)

logp(](H
ev
p,n(Aevp (n)∗))) =

n−1∑
i=0

1

2(pn − pi)!

(
d2(p

n−pi)P evp,n
dt2(pn−pi)

(0)−
d2(p

n−pi)P evp,n−1

dt2(pn−pi)
(0)

)
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Remark 8.7.26 By using (8.7.25), the orders of G2,n(A2(n)∗) for n = 1, 2, 3, 4, 5, 6 are 2, 23, 27, 215, 234, 298,
respectively. Similarly, we see that the number of elements of H2,n(A2(n)∗) for n = 1, 2, 3, 4, 5, 6 are 2, 23, 27,
217, 249, 2209, respectively. Therefore ι∗n,A2(n)∗

: G2,n(A2(n)∗)→ H2,n(A2(n)∗) is bijective if n = 1, 2, 3 but not
surjective if n = 4, 5, 6.

For a non-negative integer k, let us denote by A2[k]∗ a subalgebra of A2∗ generated by ζ2
k

1 , ζ2
k

2 , . . . , ζ2
k

n , . . .

and by Ap[k]∗ a subalgebra of Ap∗ generated by ξp
k

1 , ξp
k

2 , . . . , ξp
k

n , . . . if p is an odd prime. Thus we have the
following decreasing sequence of subalgebras of Aevp∗. Here we put Aev2∗ = A2∗.

Aevp∗ = Ap[0]∗ ⊃ Ap[1]∗ ⊃ · · · ⊃ Ap[k]∗ ⊃ Ap[k + 1]∗ ⊃ · · ·

Definition 8.7.27 Let Seq be the set of all infinite sequences (r1, r2, . . . , ri, . . . ) of non-negative integers such
that ri = 0 for all but finite number of i’s. We regard Seq as an abelian monoid with unit 0 = (0, 0, . . . ) by
componentwise addition. We denote by Seqb a subset of Seq consisting of all sequences (ε0, ε1, . . . , εi, . . . ) such
that εi = 0, 1 for all i = 0, 1, . . . . If ri = 0 for i > n, we denote (r1, r2, . . . , ri, . . . ) by (r1, r2, . . . , rn). For
E = (e0, e1, . . . , em) ∈ Seqb and R = (r1, r2, . . . , rn) ∈ Seq, we put τ(E) = τe00 τe01 · · · τemm , ξ(R) = ξr11 ξ

r2
2 · · · ξrnn ,

ζ(R) = ζr11 ζ
r2
2 · · · ζ

rn
i and |R| =

n∑
i=1

ri.

We consider the monomial basis Bp = {τ(E)ξ(R) |E ∈ Seqb, R ∈ Seq} of Ap∗ if p is an odd prime and
B2 = {ζ(R) |R ∈ Seq} of A2∗. Let ℘(R) be the dual of ξ(R) with respect to Bp if p is an odd prime and Sq(R)
the dual of ζ(R) with respect to B2 if p = 2.

Then, the Milnor basis is defined as follows.

Definition 8.7.28 ([16]) For R ∈ Seq and E ∈ Seqb, let us denote by ρ(E,R) the dual of τ(E)ξ(R) with respect
to Bp and by Sq(R) the dual of ζ(R) with respect to B2. If p is odd, let Qn be the dual of τn with respect to Bp.

We put ℘(R) = ρ(0, R) and Q(E) = Qε00 Q
ε1
1 · · ·Qεnn for E = (ε0, ε1, . . . , εn) ∈ Seqb.

Proposition 8.7.29 {Q(E)℘(R) | |E| + |R| ≦ n, E ∈ Seqb, R ∈ Seq} is a basis of Distn(Gp) if p is an odd
prime and {Sq(R) | |R| ≦ n, R ∈ Seq} is a basis of Distn(G2).

Proof. {τ(E)ξ(R) | |E| + |R| ≧ n + 1} is a basis of In+1 if p is an odd prime and {ζ(R) | |E| + |R| ≧ n + 1}
is a basis of In+1 if p = 2. Let ρ(E,R) be the dual of τ(E)ξ(R) with respect to Bp if p is an odd prime.

Since ρ(E,R)(τ(E′)ξ(R′)) =

{
0 |E′|+ |R′| ≧ |E|+ |R|+ 1

1 (E′, R′) = (E,R)
, ρ(E,R) maps I |E|+|R|+1 to {0} but ρ(E,R) does

not map I |E|+|R| to {0}, hence ρ(E,R) ∈ Distn(Gp) − Distn−1(Gp). Since Q(E)℘(R) = ±ρ(E,R) by [16], the
assertion follows. We can show the assertion for p = 2, similarly.

We put Ei = (

i−1︷ ︸︸ ︷
0, 0, . . . , 0, 1) ∈ Seqb.

Proposition 8.7.30 {Q0, Q2, . . . , Qi . . . , ℘(E1), ℘(E2), . . . , ℘(Ei), . . . } is a basis of Lie(Gp) if p is an odd prime
and {Sq(E1), Sq(E2), . . . , Sq(Ei), . . . } is a basis of Lie(G2). The brackets of Lie(Gp) are given by [Qi, Qj ] = 0
for i, j ≧ 0, [℘(Ei), Q0] = Qi for i ≧ 1 and [℘(Ei), Qj ] = [℘(Ei), ℘(Ej)] = 0 for i, j ≧ 1 if p is an odd prime,
[Sq(Ei), Sq(Ej)] = 0 for i, j ≧ 1 if p = 2. The p-th power map of Lie(Gp) is trivial.
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9 Actions of group objects in a cartesian closed category

9.1 Group objects

Let T be a category with finite products and 1 a fixed terminal object of T .

Definition 9.1.1 A group object (G,µ, ε, ι) of T consists of an object G of T and morphisms µ : G×G→ G,
ε : 1→ G, ι : G→ G of T which make the following diagrams commute.

G×G×G G×G

G×G G

µ×idG

idG×µ µ

µ

G× 1 G×G 1×G

G

idG×ε

pr1
µ

ε×idG

pr2

G×G G×G G×G

G G G

idG×ι

µ

ι×idG

εoG

∆G

εoG

∆G

Here, we denote by ∆G : G → G × G the diagonal morphism, by oG : G → 1 the unique morphism to the
terminal object.

Let (G,µ, ε, ι) and (G′, µ′, ε′, ι′) be group objects of T . A morphism f : G → G′ of T is called a homomor-
phism of group objects if the following diagram commute.

G×G G

G′ ×G′ G′

µ

f×f f

µ′

We denote by Hom(G,G′) the set of homomorphisms of group objects from G to G′. If there is a homomorphism
G→ G′ which is a monomorphism, we say that G is a subgroup object of G′.

For f, g ∈ Hom(G,G′), we say that f and g are conjugate if there exists a morphism ϕ : 1→ G′ which makes
the following diagram commute.

G G′ ×G′

G′ ×G′ G′

(f,φoG)

(φoG,g) µ′

µ′

Thus we have a relation ≡ in Hom(G,G′) defined by “f ≡ g if and only if f and g are conjugate.”.

Remark 9.1.2 The projection pr1 : X×1→ X is an isomorphism whose inverse is (idX , oX) : X → X×1→ X.
It is clear that (1, o1×1, id1, id1) is a group object in T which is called a trivial group.

Lemma 9.1.3 Let (G,µ, ε, ι) be a group object of T . If morphisms α, β, γ : X → G make the following diagram
commute, then α = γ

X G×G X

1 G 1

(α,β)

oX µ

(β,γ)

oX

ε ε

Proof. By the commutativity of the middle diagram of (9.1.1), we have µ(idG, εoG) = µ(εoG, idG) = idG.
Hence, by the assumption and the commutativity of the left diagram of (9.1.1), we have α = µ(idG, εoG)α =
µ(α, εoGα) = µ(α, εoX) = µ(α, µ(β, γ)) = µ(µ(α, β), γ) = µ(εoX , γ) = µ(εoGγ, γ) = µ(εoG, idG)γ = γ.

Proposition 9.1.4 Let (G,µ, ε, ι) and (G′, µ′, ε′, ι′) be group objects of T . If f : G → G′ is a homomorphism
of group objects, the following diagrams commute.

1 G

G

ε

ε′
f

G G

G′ G′

ι

f f

ι′

If G = G′ and µ = µ′, since the identity morphism of G is a homomorphism of group objects, we have ε = ε′

and ι = ι′.
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Proof. By the commutativity of the middle diagram of (9.1.1), we have µ(ε, ε)=µ(idG×ε)(ε, id1)=pr1(ε, id1)= ε.
Therefore µ′(fε, fε) = µ′(f×f)(ε, ε) = fµ(ε, ε) = fε. On the other hand, by the commutativity of the right dia-
gram of (9.1.1), we have µ′(ι′fε, fε) = µ′(ι′, idG′)fε = ε′oGfε = ε′. The above equalities and the commutativity
of the left and the middle diagram of (9.1.1) imply µ′(ι′fε, fε) = µ′(ι′fε, µ′(fε, fε)) = µ′(µ′(ι′fε, fε), fε) =
µ′(ε′, fε) = µ′(ε′ × idG′)(id1, fε) = pr2(id1, fε) = fε. Thus we have fε = ε′.

By the commutativity of the right diagram of (9.1.1) and fε = ε′, we have µ′(fι, f) = µ′(f × f)(ι, idG) =
fµ(ι, idG) = fεoG = ε′oG and µ′(f, ι′f) = µ′(idG′ , ι′)f = ε′oG′f = ε′oG. Hence fι = ι′f by (9.1.3).

Proposition 9.1.5 The relation ≡ is an equivalence relation in Hom(G,G′).

Proof. For f ∈ Hom(G,G′), the commutativity of the left diagram of (9.1.1) implies

µ′(f, ε′oG) = µ′(idG′ × ε′)(f, oG) = pr1(f, oG) = f, µ′(ε′oG, f) = µ′(ε′ × idG′)(oG, f) = pr2(oG, f) = f.

Hence f ≡ f .
Suppose f ≡ g for f, g ∈ Hom(G,G′). Then, there exists a morphism ϕ : 1 → G′ satisfying µ′(f, ϕoG) =

µ′(ϕoG, g) and we have

µ′(µ′(ι′ϕoG, f), ϕoG) = µ′(ι′ϕoG, µ
′(f, ϕoG)) = µ′(ι′ϕoG, µ

′(ϕoG, g)) = µ′(µ′(ι′ϕoG, ϕoG), g)

= µ′(µ′(ι′, idG′)ϕoG, g) = µ′(ε′oG′ϕoG, g) = µ′(ε′oG, g)

= µ′(ε′ × idG′)(oG, g) = pr2(oG, g) = g.

Therefore,

µ′(g, ι′ϕoG) = µ′(µ′(µ′(ι′ϕoG, f), ϕoG), ι
′ϕoG) = µ′(µ′(ι′ϕoG, f), µ

′(ϕoG, ι
′ϕoG))

= µ′(µ′(ι′ϕoG, f), µ
′(idG′ × ι′)ϕoG) = µ′(µ′(ι′ϕoG, f), ε

′oG′ϕoG) = µ′(µ′(ι′ϕoG, f), ε
′oG)

= µ′(ι′ϕoG, µ
′(f, ε′oG)) = µ′(ι′ϕoG, µ

′(idG′ × ε′)(f, oG)) = µ′(ι′ϕoG, pr1(f, oG)) = µ′(ι′ϕoG, f).

Hence g ≡ f .
Suppose f ≡ g and g ≡ h for f, g, h ∈ Hom(G,G′). Then, there exists morphisms ϕ,ψ : 1 → G′ satisfying

µ′(f, ϕoG) = µ′(ϕoG, g) and µ
′(g, ψoG) = µ′(ψoG, h). We have

µ′(f, µ′(ϕ,ψ)oG) = µ′(f, µ′(ϕoG, ψoG)) = µ′(µ′(f, ϕoG), ψoG) = µ′(µ′(ϕoG, g), ψoG) = µ′(ϕoG, µ
′(g, ψoG))

= µ′(ϕoG, µ
′(ψoG, h)) = µ′(µ′(ϕoG, ψoG), h) = µ′(µ′(ϕ,ψ)oG, h)

Thus we see f ≡ h.

Definition 9.1.6 Let (G,µ, ε, ι) be a group object of T and X an object of T . We call a morphism α : X×G→
X (resp. α : G×X → X) in T a right (resp. left) action on X if it satisfies the following conditions.

(i)

X ×G×G X ×G

X ×G X

α×idG

idX×µ α

α

resp.

G×G×X G×X

G×X X

idG×α

µ×idX α

α

 commutes.

(ii)

X × 1 X ×G

X

idX×ε

pr1 α

resp.

1×X G×X

X

ε×idX

pr2 α

 comutes

We call an object with right (resp. left) G-action a right (resp. left) G-object. Let β : Y × G → Y (resp.
β : G×Y → Y ) be a right (resp. left) G-action on Y and f : X → Y a morphism of T . If f makes the following
diagram commute,

X ×G X

Y ×G Y

α

f×idG f

β

resp.

G×X X

G× Y Y

α

idG×f f

β


we call f a morphism of G-functors. We denote by Actr(G) (resp. Actl(G)) the category of right G-objects and
morphisms of right G-objects in T (resp. the category of left G-objects and morphisms of left G-objects).
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Remark 9.1.7 For an object (X,α) of Actr(G), let α̌ : G×X → X be the following composition.

G×X TG,X−−−→ X ×G idX×ι−−−−→ X ×G α−→ X

Here, TG,X denotes the switching morphism. Define a functor IG : Actr(G) → Actl(G) by IG(X,α) = (X, α̌)
and IG(f) = f . Then, IG is an isomorphism of categories.

Example 9.1.8 (1) It is clear that the projection X ×G→ X (resp. G×X → X) to the first (resp. second)
factor is a right (resp. left) action of G on X. We call this the trivial right (resp. left) action of G.

(2) The multiplication µ : G×G→ G of G is regarded as both a right action and a left action of G on itself.
(3) Let us denote by ∆G : G→ G×G the diagonal morphism and by TG,G : G×G→ G×G the switching

morphism, respectively. Define morphisms γr, γl : G×G→ G to be the following compositions.

G×G idG×∆G−−−−−−→ G×G×G TG,G×idG−−−−−−−→ G×G×G ι×µ−−→ G×G µ−→ G

G×G ∆G×idG−−−−−−→ G×G×G idG×TG,G−−−−−−−→ G×G×G µ×ι−−→ G×G µ−→ G

Then, γr is a right action of G on G and γl is a left action of G on G. γr and γl are called the adjoint actions
of G. We note that IG(γr) = γl and that µ(γl, pr1) = µ(pr2, γr) = µ, where pri : G×G→ G (i = 1, 2) denotes
the projection onto the i-th component.

Proposition 9.1.9 Actr(G) is a category with finite products.

Proof. For objects (X,α) and (Y, β) of Actr(G), define a right G-action on X×Y to be the following composition

X × Y ×G idX×idY ×∆G−−−−−−−−−→ X × Y ×G×G idX×TY,G×idG−−−−−−−−−−→ X ×G× Y ×G α×β−−−→ X × Y

Then, projections prX : X × Y → X, prY : X × Y → Y gives morphisms

prX : (X × Y, (α× β)(idX × TY,G × idG)(idX × idY ×∆G))→ (X,α),

prY : (X × Y, (α× β)(idX × TY,G × idG)(idX × idY ×∆G))→ (Y, β)

of Actr(G). In fact the following diagram commutes.

X ×G X

X × Y ×G X × Y ×G×G X ×G× Y ×G X × Y

Y ×G Y

α

idX×idY ×∆G

prX×idG

prY ×idG

idX×TY,G×idG

prX×pr1

prY ×pr2

α×β

(pr1,pr2)

(pr3,pr4)

prX

prY

β

Let f : (Z, γ)→ (X,α) and g : (Z, γ)→ (Y, β) be morphisms of Actr(G). Since

Z ×G Z

X × Y ×G X × Y ×G×G X ×G× Y ×G X × Y

γ

(f,g)×idG
(f,g)×∆G

(f,idG,g,idG)
(f,g)

idX×idY ×∆G idX×TY,G×idG α×β

commutes, (f, g) : Z → X × Y is a morphism of Actr(G) which satisfies prX(f, g) = f and prY (f, g) = g. It is
clear that (1, o1×G) is a terminal object of Actr(G).

Proposition 9.1.10 If T is a category with finite limits, so is Actr(G).

Proof. Let f, g : (X,α) → (Y, β) be morphisms of Actr(G) and h : Z → X an equalizer of f, g : X → Y in T .
Then, fα(h× idG) = β(f × idG)(h× idG) = β(fh× idG) = β(gh× idG) = β(g × idG)(h× idG) = gα(h× idG).
It follows that there exists unique morphism γ : Z × G → Z that satisfies hγ = α(h × idG). Since h is
a monomorphism and α is a right G-action on X, γ is a right G-action on X. Thus we have a morphism
h : (Z, γ) → (X,α) of Actr(G). Let k : (W, δ) → (X,α) be a morphism of Actr(G) satisfying kf = kg. There
exists unique morphism p :W → Z in T satisfying hp = k. Then, we have hγ(p× idG) = α(h× idG)(p× idG) =
α(k × idG) = kδ = hpδ. Since h is a monomorphism, it follows γ(p × idG) = pδ, that is, p is a morphism
(W, δ)→ (Z, γ) of Actr(G).
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Definition 9.1.11 Let f : H → G be a morphism of group objects.
(1) Let (X,α) be an object of Actr(G) (resp. Actl(G)). A subobject i : Y → X of X is said to be H-

invarinat if there exists a morphism α′ : Y × H → Y (resp. α′ : H × Y → Y ) which satisfies α(i × f) = iα′

(resp. α(f × i)) = iα′). We note that, since i is a monomorphism, such α′ is unique if exists and (Y, α′) is an
object of Actr(H) (resp Actl(H)).

(2) Consider the adjoint action (G, γr) on G. If a subobject N of G is H-invariant subobject of G, we say
that f : H → G normalizes N .

Proposition 9.1.12 Let f : H → G be a morphism of group objects and N a subobject of G. N is an H-
invariant subobject of G with respect to γl if and only if f : H → G normalizes N .

Proof. Let i : N → G be the inclusion morphism. Suppose that there is a morphism α : H ×N → N satisfying
γl(f × i) = iα. Then, (N,α) is an object of Actl(H) and put (N, β) = I−1

H (N,α). β : N × H → N satisfies
γr(i× f) = iβ. Conversely, if there is a morphism β : N ×H → N satisfying γr(f × i) = iβ. Then, (N, β) is an
object of Actr(H) and put (N,α) = IH(N, β). Then, α : H ×N → N satisfies γl(i× f) = iα.

Lemma 9.1.13 Suppose that a morphism f : H → G of group objects normalizes a subobject i : N → G of G.
Let α : H×N → N , β : N ×H → N be morphisms which satisfy γl(f × i) = iα and γr(i× f) = iβ, respectively.
Then we have

µ(f × i) = µ(i× idG)(α× f)(idH × TH,N )(∆H × idN )

µ(i× f) = µ(idG × i)(f × β)(TN,H × idH)(idN ×∆H).

Proof. Since µ(idG × εoG) = pr1, µ(εoG × idG) = pr2, µ(ι × idG)∆G = µ(idG × ι)∆G = εoG by the definition
of group objects and γl = µ(µ× ι)(idG × TG,G)(∆G × idG), γr = µ(ι× µ)(TG,G × idG)(idG ×∆G),

µ(γl× idG)(idG×TG,G)(∆G× idG) = µ(µ(µ× ι)(idG×TG,G)(∆G× idG)× idG)(idG×TG,G)(∆G× idG)
= µ(µ× idG)(µ× ι× idG)(idG×TG,G× idG)(∆G× idG× idG)(idG×TG,G)(∆G× idG)
= µ(idG×µ)(µ× ι× idG)(idG×TG,G× idG)(idG× idG×TG,G)(∆G× idG× idG)(∆G× idG)
= µ(µ×µ(ι× idG))(idG×TG,G× idG)(idG× idG×TG,G)(idG×∆G× idG)(∆G× idG)
= µ(µ×µ(ι× idG))(idG× (TG,G× idG)(idG×TG,G)(∆G× idG))(∆G× idG)
= µ(µ×µ(ι× idG))(idG× (idG×∆G)TG,G)(∆G× idG)
= µ(µ×µ(ι× idG))(idG× idG×∆G)(idG×TG,G)(∆G× idG)
= µ(µ×µ(ι× idG)∆G)(idG×TG,G)(∆G× idG) = µ(µ× εoG)(idG×TG,G)(∆G× idG)
= µ(idG× εoG)(µ× idG)(idG×TG,G)(∆G× idG) = pr1(µ× idG)(idG×TG,G)(∆G× idG) = µ

µ(idG× γr)(TG,G× idG)(idG×∆G) = µ(idG×µ(ι×µ)(TG,G× idG)(idG×∆G))(TG,G× idG)(idG×∆G)

= µ(idG×µ)(idG× ι×µ)(idG×TG,G× idG)(idG× idG×∆G)(TG,G× idG)(idG×∆G)

= µ(µ× idG)(idG× ι×µ)(idG×TG,G× idG)(TG,G× idG× idG)(idG× idG×∆G)(idG×∆G)

= µ(µ(idG× ι)×µ)(idG×TG,G× idG)(TG,G× idG× idG)(idG×∆G× idG)(idG×∆G)

= µ(µ(idG× ι)×µ)((idG×TG,G)(TG,G× idG)(idG×∆G)× idG)(idG×∆G)

= µ(µ(idG× ι)×µ)((∆G× idG)TG,G× idG)(idG×∆G)

= µ(µ(idG× ι)×µ)(∆G× idG× idG)(TG,G× idG)(idG×∆G)

= µ(µ(idG× ι)∆G×µ)(TG,G× idG)(idG×∆G) = µ(εoG×µ)(TG,G× idG)(idG×∆G)

= µ(εoG× idG)(idG×µ)(TG,G× idG)(idG×∆G) = pr2(idG×µ)(TG,G× idG)(idG×∆G) = µ.

Hence we have

µ(f × i) = µ(γl× idG)(idG×TG,G)(∆G× idG)(f × i) = µ(γl× idG)(idG×TG,G)(f × f × i)(∆H × idN )

= µ(γl× idG)(f × i× f)(idH ×TH,N )(∆H × idN ) = µ(γl(f × i)× f)(idH ×TH,N )(∆H × idN )

= µ(iα× f)(idH ×TH,N )(∆H × idN ) = µ(i× idG)(α× f)(idH ×TH,N )(∆H × idN )

µ(i× f) = µ(idG× γr)(TG,G× idG)(idG×∆G)(i× f) = µ(idG× γr)(TG,G× idG)(i× f × f)(idN ×∆H)

= µ(idG× γr)(f × i× f)(TN,H × idH)(idN ×∆H) = µ(f × γr(i× f))(TN,H × idH)(idN ×∆H)

= µ(f × iβ)(TN,H × idH)(idN ×∆H) = µ(idG × i)(f × β)(TN,H × idH)(idN ×∆H).
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Proposition 9.1.14 Let F : Actr(G) → T be the forgetful functor given by F (X,α) = X. Then, F has a left
adjoint.

Proof. For X,Y ∈ Ob T and f ∈ T (X,Y ), it is clear that idX × µ : X × G × G → X × G is a right
action of G on X × G and that f × idG : X × G → Y × G is a morphism in Actr(G). We define a functor
L : T → Actr(G) by L(X) = (X × G, idX × µ) and L(f) = f × idG. For (Y, β) ∈ ObActr(G), define a map
Φ : T (X,F (Y, β)) → Actr(G)(L(X), (Y, β)) by Φ(f) = β(f × idG). Then, Φ is natural and the inverse of Φ is
given by Φ−1(f) = f(idX , εoX). Hence L is a left adjoint of F .

Definition 9.1.15 Let ϕ : H → G be a morphism of group objects in T and α : X ×G→ X a right action of
G on X. Then, α(idX × ϕ) : X ×H → X is a right action of H on X. We denote this action by ϕ∗(α). In
particular, if ϕ : H → G is a subgroup object of G, we denote ϕ∗(α) by ResGH(α). If α′ : Y ×G→ Y is a right
action of G on Y and f : X → Y is a morphism of Actr(G), the following diagram commutes.

X ×H X

Y ×H Y

φ∗(α)

f×idH f

φ∗(α′)

We denote (X,α(idX × ϕ)) by ϕ∗(X,α). Thus we have a functor ϕ∗ : Actr(G)→ Actr(H).

Theorem 9.1.16 For an object (X,α) of Actr(H), we assume that a coequalizer of X×H×G α×idG−−−−→ X×G and

X×H×G idX×µ(φ×idG)−−−−−−−−−−→ X×G exists. Let us denote by Qαφ : X×G→ Xα
φ a coequalizer of the above morphisms.

We also assume that Qαφ× idG : X×G×G→ Xα
φ ×G is a coequalizer of X×H×G×G α×idG×idG−−−−−−−−→ X×G×G

and X × H × G × G idX×µ(φ×idG)×idG−−−−−−−−−−−−−→ X × G × G and that Qαφ × idG × idG : X × G × G → Xα
φ × G is an

epimorphism. Then, a functor Actr(G)→ Set given by (Y, β) 7→ Actr(H)((X,α), ϕ∗(Y, β)) is representable.

Proof. Since diagrams

X ×H ×G×G X ×G×G

X ×H ×G X ×G

α×idG×idG

idX×idH×µ idX×µ
α×idG

X ×H ×G×G X ×G×G

X ×H ×G X ×G

idX×µ(φ×idG)×idG

idX×idH×µ idX×µ
idX×µ(φ×idG)

commute, there exists unique morphism αφ : Xα
φ ×G→ Xα

φ that makes the following diagram commute.

X ×G×G Xα
φ ×G

X ×G Xα
φ

Qαφ×idG

idX×µ αφ

Qαφ

By the definition of αφ, we have the following equalities.

αφ(αφ × idG)(Qαφ × idG × idG) = αφ(αφ(Q
α
φ × idG)× idG) = αφ(Q

α
φ(idX × µ)× idG)

= αφ(Q
α
φ × idG)(idX × µ× idG) = Qαφ(idX × µ)(idX × µ× idG)

= Qαφ(idX × µ(µ× idG))
αφ(idXαφ × µ)(Q

α
φ × idG × idG) = αφ(Q

α
φ × idG)(idX × idG × µ) = Qαφ(idX × µ)(idX × idG × µ)

= Qαφ(idX × µ(idG × µ))
αφ(idXαφ × ε)(Q

α
φ × id1) = αφ(Q

α
φ × ε) = αφ(Q

α
φ × idG)(idX × idG × ε)

= Qαφ(idX × µ)(idX × idG × ε) = Qαφ(idX × µ(idG × ε))
= Qαφ(idX × pr1) = pr1(Q

α
φ × id1)

Thus (Xα
φ , αφ) is an object of Actr(G) and we denote this by ϕ!(X,α). Q

α
φ : L(X) = (X×G, idX×µ)→ ϕ!(X,α)

is a morphism of Actr(G).
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Define a morphism η(X,α) : X → Xα
φ to be a composition X

(idX ,εoX)−−−−−−→ X ×G
Qαφ−−→ Xα

φ . Since

η(X,α)α = Qαφ(idX , εoX)α = Qαφ(α, εoX×H) = Qαφ(α× idG)(idX×H , εoX×H)

= Qαφ(idX × µ(ϕ× idG))(idX × (idH , εoH)) = Qαφ(idX × µ(ϕ, εoH))

= Qαφ(idX × ϕ)
ϕ∗(αφ)(η(X,α) × idH) = αφ(idXαφ × ϕ)(Q

α
φ(idX , εoX)× idH) = αφ(Q

α
φ(idX , εoX)× ϕ)

= αφ(Q
α
φ × idG)((idX , εoX)× ϕ) = Qαφ(idX × µ)((idX , εoX)× ϕ)

= Qαφ(idX × µ(εoX , ϕ)) = Qαφ(idX × ϕ),

η(X,α) : (X,α)→ ϕ∗ϕ!(X,α) is a morphism in Actr(H).

Define a map Φ
(X,α)
(Y,β) : Actr(G)(ϕ!(X,α), (Y, β)) → Actr(H)((X,α), ϕ∗(Y, β)) by Φ

(X,α)
(Y,β) (f) = ϕ∗(f)η(X,α).

Suppose Φ
(X,α)
(Y,β) (f) = Φ

(X,α)
(Y,β) (g) for f, g ∈ Actr(G)(ϕ!(X,α), (Y, β)). Then, fQαφ(idX , εoX) = gQαφ(idX , εoX).

Since fQαφ, gQ
α
φ ∈ Actr(L(X), (Y, β)), it follows from the proof of (9.1.14) that fQαφ = gQαφ. Thus we see that

f = g and Φ
(X,α)
(Y,β) is injective. For h ∈ Actr(H)((X,α), ϕ∗(Y, β)), since

β(h× idG)(α× idG) = β(hα× idG) = β(ϕ∗(β)(h× idH)× idG) = β(β(idY × ϕ)(h× idH)× idG)
= β(β × idG)(h× ϕ× idG) = β(idY × µ)(h× ϕ× idG) = β(h× µ(ϕ× idG))
= β(h× idG)(idX × µ(ϕ× idG)),

there exists unique morphism f : Xα
φ → Y that satisfies fQαφ = β(h× idG). Moreover, since we have

fαφ(Q
α
φ × idG) = fQαφ(idX × µ) = β(h× idG)(idX × µ) = β(idX × µ)(h× idG × idG)

= β(β × idG)(h× idG × idG) = β(β(h× idG)× idG) = β(fQαφ × idG)
= β(f × idG)(Qαφ × idG),

it follows fαφ = β(f × idG), namely, f : ϕ!(X,α)→ (Y, β) is a morphism of Actr(G). We also have

Φ
(X,α)
(Y,β) (f) = ϕ∗(f)η(X,α) = fQαφ(idX , εoX) = β(h× idG)(idX , εoX) = β(h, εoX) = h.

Hence Φ
(X,α)
(Y,β) is surjective. It is clear that Φ

(X,α)
(Y,β) is natural in (Y, β).

Remark 9.1.17 If T is a cartesian closed category and the first assumption of (9.1.16) is satisfied, the second
and the third assumptions are satisfied by (4) of (9.2.9) below. If the assumptions of (9.1.16) are all satisfied
for arbitrary object (X,α) of Actr(H), ϕ∗ : Actr(G)→ Actr(H) has a left adjoint ϕ! : Actr(H)→ Actr(G).

9.2 Group objects in cartesian closed categories

Let T be a cartesian closed category, namely, T has finite products and, for any Y, Z ∈ Ob T , the functor
PY,Z : T op → Set given by PY,Z(X) = T (X × Y, Z) is representable. We denote by ZY an object of T which
represents PY,Z and by expX,Y,Z : T (X × Y, Z) → T (X,ZY ) the natural equivalence. We also assume that T
has finite limits below.

We put ηYX = expX,Y,X×Y (idX×Y ) : X → (X × Y )Y and εYZ = exp−1
ZY ,Y,Z

(idZY ) : ZY × Y → Z. For a

morphism f : Z → W of T , define a morphism fY : ZY → WY to be the image of fεYZ by expZY ,Y,W :

T (ZY × Y,W )→ T (ZY ,WY ).

Proposition 9.2.1 For objects X, Y , Z and W of T and a morphism f : X → Y , the following diagrams
commute.

T (Y ×W,Z) T (Y, ZW )

T (X ×W,Z) T (X,ZW )

expY,W,Z

(f×idW )∗ f∗

expX,W,Z

T (W × Z,X) T (W,XZ)

T (W × Z, Y ) T (W,Y Z)

expW,Z,X

f∗ fZ∗

expW,Z,Y
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Proof. The commutativity of the left diagram is the naturality of exp. For a morphism f : X → Y , consider
a natural transformation PZ,f : PZ,X → PZ,Y given by (PZ,f )W (g) = fg for g ∈ T (W × Z,X). Then, a

composition of maps T (W,XZ)
exp−1

W,Z,X−−−−−−→ T (W × Z,X)
(PZ,f )W−−−−−→ T (W × Z, Y )

expW,Y,Z−−−−−−→ T (W,Y Z) defines a
natural transformation from the functor represented by XZ to the functor represented by Y Z . Hence it follows
from Yoneda’s lemma that this natural transformation is induced by

expXZ ,Y,Z((PZ,f )XZ (exp
−1
XZ ,Z,X

(idXZ ))) = expXZ ,Y,Z((PZ,f )XZ (ε
Z
X)) = expXZ ,Y,Z(fε

Z
X) = fZ

and the right diagram is commutative.

Proposition 9.2.2 For a morphism f : X → Y , the following diagrams commute.

XZ × Z Y Z × Z

X Y

fZ×idZ

εZX εZY

f

X Y

(X × Z)Z (Y × Z)Z

f

ηZX ηZY

(f×idZ)Z

Proof. The commutativity of the left (resp. right) diagram follows from the commutativity of the left (resp.
right) diagram below.

T (Y Z × Z, Y ) T (Y Z , Y Z)

T (XZ × Z, Y ) T (XZ , Y Z)

expY Z,Z,Y

(fZ×idZ)∗ (fZ)∗

expXZ,Z,Y

T (X × Z,X × Z) T (X, (X × Z)Z)

T (X × Z, Y × Z) T (X, (Y × Z)Z)

T (Y × Z, Y × Z) T (Y, (Y × Z)Z)

expX,Z,X×Z

(f×idZ)∗ (f×idZ)Z∗

expX,Z,Y×Z

expY,Z,Y×Z

(f×idZ)∗ f∗

Proposition 9.2.3 For objects X and Y of T , εYX×Y (η
Y
X × idY ) = idX×Y and

(
εYX
)Y
ηYXY = idXY .

Proof. It follows from the definition of εYX×Y and the commutativity of the following diagram, we have

expX,Y,X×Y (ε
Y
X×Y (η

Y
X × idY )) = exp(X×Y )Y ,Y,X×Y (ε

Y
X×Y )η

Y
X = ηYX = expX,Y,X×Y (idX×Y ).

T ((X × Y )Y × Y,X × Y ) T ((X × Y )Y , (X × Y )Y )

T (X × Y,X × Y ) T (X, (X × Y )Y )

exp(X×Y )Y ,Y,X×Y

(ηYX×idY )∗ (ηYX)∗

expX,Y,X×Y

Since expX,Y,X×Y is bijective, the first equality follows.

It follows from the definition of ηYXY and the commutativity of the following diagram, we have

exp−1
XY ,Y,X

((
εYX
)Y
ηYXY

)
= εYX exp−1

XY ,Y,XY ×Y (η
Y
XY ) = εYX = exp−1

XY ,Y,X
(idXY ).

T (XY × Y,XY × Y ) T (XY , (XY × Y )Y )

T (XY × Y,X) T (XY , XY )

expXY ,Y,XY ×Y

(εYX)∗ (εYX)
Y

∗
expXY ,Y,X

Since expXY ,Y,X is bijective, the second equality follows.

Lemma 9.2.4 Let X be an object of T and prX : X × 1→ X the projection. Then expX,1,X(prX) = pr1Xη
1
X :

X → X1 is an isomorphism whose inverse is composition X1 (idX1 ,oX1 )−−−−−−−→ X1 × 1
ε1X−−→ X.
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Proof. For a morphism f : Y → X, exp−1
Y,1,X(pr1Xη

1
Xf) = pr1(f × id1) = fprY , where prY : Y × 1 → Y is the

projection. Hence the composite C(Y,X)
(pr1Xη

1
X)∗−−−−−−→ C(Y,X1)

exp−1
Y,1,X−−−−−→ C(Y × 1, X) coincides with pr∗Y . Since

prY is an isomorphism by (9.1.2), it follows that (pr1Xη
1
X)∗ is a bijection. Therefore pr1Xη

1
X is an isomorphism.

Consider the case Y = X1 and f = ε1X(idX1 , oX1). Since (idX1 , oX1)prX1 is the identity morphism of X1 × 1,
the image of f by the above composition is ε1X = exp−1

X1,1,X(idX1). Hence we have pr1Xη
1
Xf = idX1 and f is the

inverse of pr1Xη
1
X .

For a morphism f : Z → Y of T , define a morphism Xf : XY → XZ and to be the image of εYX(idXY × f)
by expXY ,Z,X : T (XY × Z,X)→ T (XY , XZ).

Proposition 9.2.5 For a morphism f : X → Y of T , the following diagram is commutative for any object Z
and W of T .

T (W × Y, Z) T (W,ZY )

T (W ×X,Z) T (W,ZX)

expW,Y,Z

(idW×f)∗ Zf∗

expW,X,Z

Proof. For any morphism α :W × Y → Z, the following is commutative by (9.2.3) and (9.2.2).

W ×X (W × Y )Y ×X ZY ×X

W × Y (W × Y )Y × Y ZY × Y

W × Y Z

ηYW×idX

idW×f

αY ×idX

id(W×Y )Y ×f idZY ×f

ηYW×idY

idW×Y

αY ×idY

εYW×Y εYZ

α

Hence we have

expW,X,Z((idW × f)∗(α)) = expW,X,Z(α(idW × f)) = expW,X,Z(ε
Y
Z (idZY × f)(αY ηYW × idX))

= expW,X,Z((α
Y ηYW × idX)∗(εYZ (idZY × f)) = (αY ηYW )∗(expZY ,X,Z(ε

Y
Z (idZY × f)))

= ZfαY ηYW = Zf∗ (expW,Y,Z(α)).

Proposition 9.2.6 For morphisms f : Y → Z, g : Z →W and an object X of T , Xgf = XfXg.

Proof. The following diagram commutes by (9.2.5).

T (XW ×W,X) T (XW × Z,X) T (XW × Y,X)

T (XW , XW ) T (XW , XZ) T (XW , XY )

(idXW×g)∗

expXW ,Y,X

(idXW×f)∗

expXW ,Y,Z expXW ,X,Z

Xg∗ Xf∗

Hence XfXg = expXW ,X,Z(idXW × f)∗(idXW × g)∗(εWX ) = expXW ,X,Z(ε
W
X (idXW × gf)) = Xgf .

Proposition 9.2.7 For morphisms f : X → Z and g : Y →W in T , the following diagram commutes.

XW XY

ZW ZY

Xg

fW fY

Zg

Proof. It follows from (9.2.1) that fYXg = fY∗ (Xg) = expXW ,Y,Z(fε
W
X (idXW × g)) and that ZgfW =

(fW )∗(Zg) = expXW ,Y,Z(ε
W
Z (idZW × g)(fW × idY )). By (9.2.2), the following diagram commutes.
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XW × Y XW ×W X

ZW × Y ZW ×W Z

idXW×g

fW×idY

εWX

fW×idW f

idZW×g εWZ

Thus we have fεWX (idXW × g) = εWZ (idZW × g)(fW × idY ) and the result follows.

Proposition 9.2.8 For a morphism f : X → Y of T and Z ∈ Ob T , the following diagrams commute.

ZY ×X ZY × Y

ZX ×X Z

idZY ×f

Zf×idX εYZ

εXZ

Z (Z × Y )Y

(Z ×X)X (Z × Y )X

ηYZ

ηXZ (Z×Y )f

(idZ×f)X

Proof. By (9.2.5) and (9.2.1), we have

expZY ,X,Z(ε
Y
Z (idZY × f)) = Zf expXY ,X,Y (ε

Y
X) = Zf = expZX ,X,Z(ε

X
Z )Zf = expZY ,X,Z(ε

X
Z (Zf × idX))

exp−1
Z,X,Z×Y (η

Y
Z (Z × Y )f ) = exp−1

Z,Y,Z×Y (η
Y
Z )(idZ × f) = idZ × f = (idZ × f) exp−1

Z,X,Z×X(ηXZ )

= exp−1
Z,X,Z×Y ((idZ × f)

XηXZ )

Hence εYZ (idZY × f) = εXZ (Zf × idX) and ηYZ (Z × Y )f = (idZ × f)XηXZ .

Proposition 9.2.9 Let f : X → Z be a morphism in a cartesian closed category T .
(1) If f is a monomorphism, so is fY : XY → ZY .
(2) If f is an epimorphism, so is f × g : X × Y → Z ×W .
(3) If f is an epimorphism, Y f : Y Z → Y X is a monomorphism.
(4) If f is a coequalizer of g : Y → X and h : Y → X, then f × idV : X × V → Z × V is a coequalizer of

g × idV : Y × V → X × V and h× idV : Y × V → X × V .

Proof. Let W be an object of T .
(1) Since the following diagram commutes by (9.2.1) and f∗ is injective, fY∗ is injective.

T (W × Y,X) T (W,XY )

T (W × Y, Z) T (W,ZY )

expW,Y,X

f∗ fY∗

expW,Y,Z

Hence fY is a monomorphism.
(2) Since the following diagram commutes by (9.2.1) and f∗ is injective, (f × idY )∗ is injective.

T (Z × Y,W ) T (Z,W Y )

T (X × Y,W ) T (X,W Y )

expZ,Y,W

(f×idY )∗ f∗

expX,Y,W

Hence f × idY is an epimorphism.
(3) Since the following diagram commutes by (9.2.5) and f∗ is injective, (idW × f)∗ is injective by (2).

T (W × Z, Y ) T (W,Y Z)

T (W ×X,Y ) T (W,Y X)

expW,Z,Y

(idW×f)∗ Y f∗

expW,X,Y

Hence Y f is a monomorphism.
(4) The following diagrams commutes by (9.2.1).
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T (Z×V,W ) T (X×V,W ) T (Y ×V,W )

T (Z,WV ) T (X,WV ) T (Y,WV )

(f×idV )∗

expZ,V,W

(g×idV )∗

expX,V,W expY,V,W

f∗ g∗

T (X×V,W ) T (Y ×V,W )

T (X,WV ) T (Y,WV )

(h×idV )∗

expX,V,W expY,V,W

h∗

Since f∗ : T (Z,WV ) → T (X,WV ) is an equalizer of g∗ : T (X,WV ) → T (Y,WV ) and h∗ : T (X,WV ) →
T (Y,WV ) by the assumption, (f × idV )

∗ : T (Z × V,W ) → T (X × V,W ) is an equalizer of (g × idV )
∗ :

T (X × V,W )→ T (Y × V,W ) and (h× idV )∗ : T (X × V,W )→ T (Y × V,W ).

Remark 9.2.10 If f : X → Z and g : Y → W are epimorphisms, so is f × g : X × Y → Z × W . In
fact, idZ × g = TW,Z(g × idZ)TZ,Y is an epimorphism by (2) of (9.2.9), where TZ,Y : Z × Y → Y × Z and
TW,Z :W × Z → Z ×W are the switching maps. Thus f × g = (idZ × g)(f × idY ) is an epimorphism.

For objects X, Y , Z of T , we define a morphism γX,Y,Z : ZY × Y X → ZX to be the image of the following
composition of morphisms by expZY ×Y X ,X,Z : T (ZY × Y X ×X,Z)→ T (ZY × Y X , ZX).

ZY × Y X ×X
idZY ×εXY−−−−−−→ ZY × Y εYZ−−→ Z

We also define a morphism εX : 1 → XX to be the image of pr2 : 1 × X → X by exp1,X,X : T (1 × X,X) →
T (1, XX).

Proposition 9.2.11 Let X, Y , Z and W be objects of T .
(1) The following diagram commutes.

ZY × Y X ×X ZY × Y

ZX ×X Z

idZY ×εXY

γX,Y,Z×idX εYZ

εXZ

(2) The following diagram commutes.

WZ × ZY × Y X WY × Y X

WZ × ZX WX

γY,Z,W×idYX

idWZ×γX,Y,Z γX,Y,W

γX,Z,W

(3) The following diagrams commute.

Y X × 1 Y X ×XX

Y X

idYX×ϵX

pr1 γX,X,Y

1× Y X Y Y × Y X

Y X

ϵY ×idYX

pr2 γX,Y,Y

Proof. (1) By (9.2.1), the following diagram commutes.

T (ZX ×X,Z) T (ZX , ZX)

T (ZY × Y X ×X,Z) T (ZY × Y X , ZY )

expZX,X,Z

(γX,Y,Z×idX)∗ γ∗
X,Y,Z

expZY ×YX,X,Z

· · · (i)

Since εXZ = exp−1
ZX ,X,Z

(idZX ), we have γX,Y,Z = expZY ×Y X ,X,Z(ε
X
Z (γX,Y,Z × idX)) by the commutativity of (i).

On the other hand, since γX,Y,Z = expZY ×Y X ,X,Z(ε
Y
Z (idZY × εXY )) by the definition of γX,Y,Z , it follows that

εXZ (γX,Y,Z × idX) = εYZ (idZY × εXY ).
(2) By (9.2.1), the following diagram commutes.

T (WZ×ZX×X,W ) T (WZ×ZY×Y X×X,W ) T (WY×Y X×X,W )

T (WZ×ZX ,WX) T (WZ×ZY×Y X ,WX) T (WY×Y X ,WX)

(idWZ×γX,Y,Z×idX)∗

expWZ×ZX,X,W expWZ×ZY ×YX,X,W

(γY,Z,W×idYX×idX)∗

expWY ×YX,X,W

(idWZ×γX,Y,Z)∗ (γY,Z,W×idYX )∗
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Since γX,Z,W = expWZ×ZX ,X,W (εZW (idWZ × εXZ )) and γX,Y,W = expWY ×Y X ,X,W (εYW (idWY × εXY )), it follows
from the commutativity of the diagram of (1) and the above diagram that

expWZ×ZY ×Y X ,X,W (εZW (idWZ×εYZ (idZY ×εXY )) = expWZ×ZY ×Y X ,X,W (εZW (idWZ×εXZ (γX,Y,Z×idX))

= expWZ×ZY ×Y X ,X,W (εZW (idWZ×εXZ )(idWZ×γX,Y,Z×idX))

= γX,Z,W (idWZ×γX,Y,Z)
expWZ×ZY ×Y X ,X,W (εZW (idWZ×εYZ (idZY ×εXY )) = expWZ×ZY ×Y X ,X,W (εZW (idWZ×εYZ )(idWZ×idZY ×εXY ))

= expWZ×ZY ×Y X ,X,W (εYW (γY,Z,W×idY )(idWZ×ZY ×εXY ))

= expWZ×ZY ×Y X ,X,W (εYW (γY,Z,W×εXY ))

= expWZ×ZY ×Y X ,X,W (εYW (idWY ×εXY )(γY,Z,W×idY X×idX))

= γX,Y,W (γY,Z,W × idY X ).

(3) We first claim that the following diagram commutes.

1×X XX ×X

X

ϵX×idX

pr2 εXX
· · · (ii)

By (9.2.1), the following diagram commutes.

T (XX ×X,X) T (XX , XX)

T (1×X,X) T (1, XX)

expXX,X,X

(ϵX×idX)∗ ϵ∗X

exp1,X,X

· · · (iii)

Since εX = exp1,X,X(pr2) and expXX ,X,X(εXX) = idXX , it follows from the commutativity of (iii) that

exp1,X,X(εXX(εX × idX)) = expXX ,X,X(εXX)εX = exp1,X,X(pr2).

Thus we have εXX(εX × idX) = pr2.
By (9.2.1), the following diagram commutes.

T (Y X ×XX ×X,Y ) T (Y X × 1×X,Y ) T (Y X ×X,Y )

T (Y X ×XX , Y X) T (Y X × 1, XY ) T (Y X , Y X)

(idYX×ϵX×idX)∗

expYX×XX,X,Y expYX×1,X,Y

(pr1×idX)∗

expYX,X,Y

(idYX×ϵX)∗ pr∗1

Since expY X×XX ,X,Y (ε
X
Y (idY X × εXX)) = γX,X,Y and expY X ,X,Y (ε

X
Y ) = idY X , it follows from the commutativity

of (ii) and the above diagram that

expY X×1,X,Y (ε
X
Y (idY X × pr2)) = expY X×1,X,Y (ε

X
Y (idY X × εXX(εX × idX)))

= expY X×1,X,Y (ε
X
Y (idY X × εXX)(idY X × εX × idX))

= expY X×XX ,X,Y (ε
X
Y (idY X × εXX))(idY X × εX) = γX,X,Y (idY X × εX)

expY X×1,X,Y (ε
X
Y (idY X × pr2)) = expY X×1,X,Y (ε

X
Y (pr1 × idX)) = expY X ,X,Y (ε

X
Y )pr1 = pr1.

By (9.2.1), the following diagram commutes.

T (Y Y × Y X ×X,Y ) T (1× Y X ×X,Y ) T (Y X ×X,Y )

T (Y Y × Y X , Y X) T (1× Y X , XY ) T (Y X , Y X)

(ϵY ×idYX×idX)∗

expY Y ×YX,X,Y exp1×YX,X,Y

(pr2×idX)∗

expYX,X,Y

(ϵY ×idYX )∗ pr∗2

Since expY Y ×Y X ,X,Y (ε
Y
Y (idY Y × εXY )) = γX,Y,Y and εXY = expY X ,X,Y (idY X ), it follows from the commutativity

of (iii) and the above diagram that

162



exp1×Y X ,X,Y (ε
X
Y (pr2 × idX)) = exp1×Y X ,X,Y (pr2(id1 × εXY )) = exp1×Y X ,X,Y (ε

Y
Y (εY × idY )(id1 × εXY ))

= exp1×Y X ,X,Y (ε
Y
Y (idY Y × εXY )(εY × idY X × idX))

= expY Y ×Y X ,X,Y (ε
Y
Y (idY Y × εXY ))(εY × idY X ) = γX,Y,Y (εY × idY X )

exp1×Y X ,X,Y (ε
X
Y (pr2 × idX)) = expY X ,X,Y (ε

X
Y )pr2 = pr2.

Remark 9.2.12 By the above result, (XX , γX,X,X , εX) is a monoid object of T .

Proposition 9.2.13 Let X, Y , Z and W be objects of T and f : W → X, g : Z → W morphisms of T . The
following diagram commutes.

ZY × YW ZY × Y X WY × Y X

ZW ZX WX

γW,Y,Z

gY ×idYXidZY ×Y f

γX,Y,Z γX,Y,W

gXZf

Proof. By (9.2.5), (9.2.8), (1) of (9.2.11), (9.2.1) and (9.2.2), we have

ZfγX,Y,Z = Zf expZY ×Y X ,X,Z(ε
Y
Z (idZY × εXY )) = expZY ×Y X ,W,Z(ε

Y
Z (idZY × εXY (idY X × f)))

= expZY×Y X ,W,Z(ε
Y
Z (idZY × εWY (Y f× idW ))) = expZY×Y X ,W,Z(ε

Y
Z (idZY × εWY )(idZY × Y f× idW ))

= expZY ×Y X ,W,Z(ε
W
Z (γW,Y,Z × idW )(idZY × Y f × idW ))

= expZY ×Y X ,W,Z(ε
W
Z (γW,Y,Z(idZY × Y f )× idW ))

= expZW ,W,Z(ε
W
Z )γW,Y,Z(idZY × Y f ) = γW,Y,Z(idZY × Y f )

gXγX,Y,Z = gX expZY ×Y X ,X,Z(ε
Y
Z (idZY × εXY )) = expZY ×Y X ,X,W (gεYZ (idZY × εXY ))

= expZY ×Y X ,X,W (εYW (gY × idY )(idZY × εXY )) = expXY ×Y X ,X,W (εYW (gY × εXY ))

= expXY ×Y X ,X,W (εYW (idWY × εXY )(gY × idY X × idX))

= expWY ×Y X ,X,W (εYW (idWY × εXY ))(gY × idY X ) = γX,Y,W (gY × idY X ).

Let G be a group object in T and α : X×G→ X an action of G on X ∈ Ob T . We define Adr(α) : X → XG

and Adl(α) : G→ XX by Adr(α) = expX,G,X(α) and Adl(α) = expG,X,X(αTG,X), where TY,X : Y ×X → X×Y
is the switching map.

Proposition 9.2.14 Let (X,α) be an object of Actr(G).
(1) The following diagram commutes.

X ×G X

G×X XX ×X

α

TX,G

Adl(α)×idX

εXX

(2) Let us denote by prX : X × 1→ X the projection. The following diagram commutes.

X XG

X1

Adr(α)

expX,1,X(prX)
Xε

(3) (idXG , εoXG)Adr(α) = (Adr(α)× idG)(idX , εoX) : X → XG×G is a right inverse of εGX : XG×G→ X.
(4) Let f : (X,α)→ (Y, β) be a morphism of Actr(G). The following diagram commutes.

X XG

Y Y G

Adr(α)

f fG

Adr(β)
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Proof. (1) By (9.2.1), the following diagram commutes.

T (XX ×X,X) T (XX , XX)

T (G×X,X) T (G×G×X,X)

expXX,X,X

(Adl(α)×idX)∗ Adl(α)
∗

expG,X,X

Therefore, expG,X,X(εXX(Adl(α)× idX)) = expXX ,X,X(εXX)Adl(α) = Adl(α) = expG,X,X(αTG,X), which implies

αTG,X = εXX(Adl(α)× idX). Hence we have α = εXX(Adl(α)× idX)TX,G.
(2) By (9.2.5), the following diagram commutes.

T (X ×G,X) T (X × 1, x)

T (X,XG) T (X,X1)

(idX×ε)∗

expX,G,X expX,1,X

Xε∗

Since α(idX × ε) = prX , the assertion follows.
(3) Since Adr(α) = αGηGX , it follows from (9.2.2) and (9.2.3) that

εGX(idXG , εoXG)Adr(α) = εGX(idXG , εoXG)α
GηGX = εGX(αGηGX , εoX) = εGX(αG × idG)(ηGX × idG)(idX , εoX)

= αεGX×G(η
G
X × idG)(idX , εoX) = α(idX , εoX) = idX .

(4) By (9.2.1), the following diagram commutes.

T (X ×G,X) T (X ×G,Y ) T (Y ×G,Y )

T (X,XG) T (X,Y G) T (Y, Y G)

f∗

expX,G,X expX,G,Y

(f×idG)∗

expY,G,Y

fG∗ f∗

Since fα = β(f × idG), the right diagram commutes.

Proposition 9.2.15 The following diagrams commute.

G×G G

XX ×XX XX

µ

Adl(α)×Adl(α) Adl(α)

γX,X,XTXX,XX

1 G

XX

ε

ϵX
Adl(α)

Proof. It follows from (1) of (9.2.14) that

α(α× idG)TG×G,X = εXX(Adl(α)× idX)TX,G(ε
X
X(Adl(α)× idX)TX,G × idG)TG×G,X

= εXX(Adl(α)× idX)(idG × εXX(Adl(α)× idX)TX,G)TX×G,GTG×G,X

= εXX(Adl(α)× εXX(Adl(α)× idX))(idG × TX,G)TX×G,GTG×G,X

= εXX(idXX × εXX)(Adl(α)×Adl(α)× idX)(TG,G × idX)

= εXX(idXX × εXX)(TXX ,XX (Adl(α)×Adl(α))× idX).

By (9.2.1), the following diagram commutes.

T (G×X,X) T (G×G×X,X) T (XX ×XX ×X,X)

T (G,XX) T (G×G,XX) T (XX ×XX , XX)

(µ×idX)∗

expG,X,X expG×G,X,X expXX×XX,X,X

(TXX,XX (Adl(α)×Adl(α))×idX)∗

µ∗ (TXX,XX (Adl(α)×Adl(α)))
∗
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Hence we have

Adl(α)µ = expG,X,X(αTG,X)µ = expG×G,X,X(αTG,X(µ× idX))

= expG×G,X,X(α(idX × µ)TG×G,X) = expG×G,X,X(α(α× idG)TG×G,X)

= expG×G,X,X(εXX(idXX × εXX)(TXX ,XX (Adl(α)×Adl(α))× idX))

= expXX×XX ,X,X(εXX(idXX × εXX))TXX ,XX (Adl(α)×Adl(α))

= γX,X,XTXX ,XX (Adl(α)×Adl(α)).

By (9.2.1), we have

Adl(α)ε = expG,X,X(αTG,X)ε = exp1,X,X(αTG,X(ε× idX)) = exp1,X,X(α(idX × ε)T1,X)

= exp1,X,X(pr1T1,X) = exp1,X,X(pr2) = εX .

Definition 9.2.16 Let α, β : X ×G→ X be right actions of a group object G in T on X ∈ Ob T .
(1) For a morphism f : H → G, we denote by eα,βf : Xα,β

f → X the equalizer of X
Adr(α)−−−−→ XG Xf−−→ XH and

X
Adr(β)−−−−→ XG Xf−−→ XH . We denote Xα,β

idG
by Xα,β and if β is the trivial action, we denote Xα,β

idG
by Xα.

(2) For a morphism f : Y → X, we denote by efα,β : Gfα,β → G the equalizer of G
Adl(α)−−−−→ XX Xf−−→ XY

and G
Adl(β)−−−−→ XX Xf−−→ XY . If β is the trivial action and f : Y → X is a subobject of X, we denote Gfα,β by

Centα(Y ).
(3) For morphisms f : Y → X, g : Z → X of X, we denote by τf,gα : Transpα(f, g) → G the pull-back of

gY : ZY → XY along G
Adl(α)−−−−→ XX Xf−−→ XY . We denote τf,fα : Transpα(f, f) → G by τYα : Stabα(Y ) → G if

Y = Z, f = g and f is a subobject of X.

(4) For a subobject i : Y → X of X, we denote by νYα : Normα(Y )→ Stabα(Y ) the pull-back of Stabα(Y )
τYα−−→

G
ι−→ G along τYα : Stabα(Y )→ G.

Remark 9.2.17 (1) By (9.2.5) and (9.2.1), a morphism ϕ : Z → X satisfies XfAdr(α)ϕ = XfAdr(β)ϕ if

and only if α(ϕ× f) = β(ϕ× f). In particular, α(eα,βf × f) = β(eα,βf × f).
(2) It follows from (9.2.9) that τf,gα : Transpα(f, g)→ G is a monomorphism if g is a monomorphism. Hence

νYα : Normα(Y )→ Stabα(Y ) is also a monomorphism. We can regard Stabα(Y ) as a subobject of G and regard
Normα(Y ) as a subobject of Stabα(Y ).

Proposition 9.2.18 Let α : X ×G→ X be a right action of a group object (G,µ, ε, ι) in T on X ∈ Ob T and
τ : X × G → X the trivial action. If i : H → G is a morphism of group objects and j : N → G is a subgroup
object of G such that H normalizes N , then eα,τj : Xα,τ

j → X is an H-invariant subobject of X.

Proof. Since H normalizes N , there exists a morphism λ : H × N → N satisfying jλ = γl(i × j). We have
XjAdr(α)e

α,τ
j = XjAdr(τ)e

α,τ
j by the definition of eα,τj . It follows from the naturality of the adjunctions that

α(eα,τj × j) = eα,τj pr1 : Xα,τ
j ×N → X. Since µ = µ(γl, pr1) by the definition of γl, we have

α(eα,τj × µ(i× j)) = α(eα,τj × µ(γl, pr1)(i× j)) = α(eα,τj × µ(γl(i× j), pr1(i× j)))
= α(eα,τj × µ(jλ, ipr1)) = α(α(eα,τj pr1, jλ(pr2, pr3)), ipr2)

= α(α(eα,τj , jλ), ipr2) = α(eα,τj pr1, ipr2) = α(eα,τj × pr1).

The following diagram commutes by the naturality of adjunctions.
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T (X ×G,X) T (X,XG)

T (X ×G×G,X) T (X ×G,XG)

T (Xα,τ
j ×H ×G,X) T (Xα,τ

j ×H,XG)

T (Xα,τ
j ×H ×N,X) T (Xα,τ

j ×H,XN )

expX,G,X

(α×idG)∗ α∗

expX×G,G,X

(eα,τj ×i×idG)∗ (eα,τj ×i)∗

expXα,τ
j

×H,G,X

(idXα,τ
j

×idH×j)∗ Xj∗
expXα,τ

j
×H,N,X

α and τ are mapped to α(eα,τj × µ(i × j)) and α(eα,τj × pr1), respectively by the composition of (α × idG)∗,
(eα,τj × i × idG)

∗ and (idXα,τj
× idH × j)∗. Here we denote by pr1 : H × N → N the projection onto the

first component. On the other hand, α and τ in T (X × G,X) are mapped to XjAdr(α)α(e
α,τ
j × i) and

XjAdr(τ)α(e
α,τ
j ×i), respectively by the composition of expX,G,X , α∗, (eα,τj ×i)∗ and Xj

∗ . Therefore α(e
α,τ
j ×i) :

Xα,τ
j ×H → X satisfiesXjAdr(α)α(e

α,τ
j ×i) = XjAdr(τ)α(e

α,τ
j ×i), which implies there exists unique morphism

β : Xα,τ
j ×H → Xα,τ

j that satisfies eα,τj β = α(eα,τj × i).

Proposition 9.2.19 Let α, β : X×G→ X be right actions of a group object (G,µ, ε, ι) in T on X ∈ Ob T and
f : Y → X a morphism of T . Suppose that there exists a morphism γ : Y ×G→ Y satisfying α(f × idG) = fγ.

Then, efα,β : Gfα,β → G is a subgroup object of G, that is, there exist morphisms λ : Gfα,β × G
f
α,β → Gfα,β and

κ : Gfα,β → Gfα,β which make the following diagrams commute.

Gfα,β ×G
f
α,β G×G

Gfα,β G

efα,β×e
f
α,β

λ µ

efα,β

Gfα,β G

Gfα,β G

efα,β

κ ι

efα,β

Proof. For Z ∈ Ob T and g ∈ T (Z,G), we have

exp−1
Z,Y,X X

f
∗Adl(α)∗(g) = (idZ × f)∗ exp−1

Z,X,X Adl(α)∗(g) = (idZ × f)∗ exp−1
Z,X,X(expG,X,X(αTG,X)g)

= (idZ × f)∗ exp−1
Z,X,X(expZ,X,X(αTG,X(g × idX))) = (idZ × f)∗(αTG,X(g × idX))

= α(idX × g)TZ,X(idZ × f) = α(f × g)TZ,Y .

Hence Xf
∗Adl(α)∗(g) = Xf

∗Adl(β)∗(g) if and only if α(f × g) = β(f × g). If Xf
∗Adl(α)∗(g) = Xf

∗Adl(β)∗(g)

and Xf
∗Adl(α)∗(h) = Xf

∗Adl(β)∗(h) for g, h ∈ T (Z,G), then α(f × g) = β(f × g) and α(f × h) = β(f × h). We
note that α(f × g) = α(f × idG)(idY × g) = fγ(idY × g). Put k = µ(g × h)∆Z , where ∆Z : Z → Z × Z is the

diagonal morphism, then the following shows Xf
∗Adl(α)∗(k) = Xf

∗Adl(β)∗(k).

β(f × k) = β(f × µ(g × h)∆Z) = β(idX × µ(g × h)∆Z)(f × idZ) = β(idX × µ)(f × (g × h)∆Z)

= β(β × idG)(f × g × h)(idY ×∆Z) = β(β(f × g)× h)(idY ×∆Z) = β(α(f × g)× h)(idY ×∆Z)

= β(fγ(idY × g)× h)(idY ×∆Z) = β(f × h)(γ(idY × g)× idZ)(idY ×∆Z)

= α(f × h)(γ(idY × g)× idZ)(idY ×∆Z) = α(fγ(idY × g)× h)(idY ×∆Z)

= α(α(f × g)× h)(idY ×∆Z) = α(α× idG)(f × g × h)(idY ×∆Z) = α(idX × µ)(f × (g × h)∆Z)

= α(f × µ(g × h)∆Z) = α(f × k).

Consider the case Z = Gfα,β ×G
f
α,β and g = efα,βpr1, h = efα,βpr2. Then, k = µ(g × h)∆Z = µ(efα,β × e

f
α,β) and

since k satisfies Xf
∗Adl(α)∗(k) = Xf

∗Adl(β)∗(k), there exists unique morphism λ : Gfα,β × G
f
α,β → Gfα,β that

satisfies efα,βλ = k.
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For Z ∈ Ob T and g ∈ T (Z,G), we assume Xf
∗Adl(α)∗(g) = Xf

∗Adl(β)∗(g). Then, α(f × g) = β(f × g) and

β(f × g)(γ × idZ)(idY × (ιg × idZ)∆Z) = β(fγ × g)(idY × (ιg × idZ)∆Z) = β(fγ × idG)(idY × (ιg × g)∆Z)

= β(fγ × idG)(idY × (ι× idG)∆Gg)

= β(fγ × idG)(idY × (ι× idG)∆G)(idY × g)
α(f × g)(γ × idZ)(idY × (ιg × idZ)∆Z) = α(fγ × g)(idY × (ιg × idZ)∆Z)

= α(α(f × idG)× idG)(idY × (ιg × g)∆Z)

= α(α× idG)(f × (ι× idG)∆Gg) = α(idX × µ)(f × (ι× idG)∆Gg)

= α(f × µ(ι× idG)∆Gg) = α(f × εoGg)
= α(idX × ε)(f × oX) = pr1(f × oX) = fpr1

Thus fpr1 = β(fγ×idG)(idY ×(ι×idG)∆G)(idY ×g) and the following shows Xf
∗Adl(α)∗(ιg) = Xf

∗Adl(β)∗(ιg).

β(f × ιg) = β(f × ιg)(pr1 × idZ)(idY ×∆Z) = β(fpr1 × ιg)(idY ×∆Z)

= β(β(fγ × idG)(idY × (ι× idG)∆Gg)× ιg)(idY ×∆Z)

= β(β(fγ × idG)× idG)(idY × (ι× idG)∆G × idG)(idY × g × ιg)(idY ×∆Z)

= β(β × idG)(fγ × idG × idG)(idY × (ι× idG)∆G × idG)(idY × (idG × ι)∆Gg)

= β(idX × µ)(fγ × idG × idG)(idY × ((ι× idG)∆G × idG)(idG × ι)∆Gg)

= β(fγ × µ)(idY × ((ι× idG)∆G × ι)∆Gg) = β(fγ × µ)(idY × (ι× idG × ι)(∆G × idG)∆Gg)

= β(fγ × µ)(idY × (ι× idG × ι)(idG ×∆G)∆Gg) = β(fγ × idG)(idY × (ι× µ(idG × ι)∆G)∆Gg)

= β(fγ × idG)(idY × (ι× εoG)∆Gg) = β(fγ(idY × ι)× εoG)(idY ×∆Gg)

= β(idX × ε)(fγ(idY × ι)× oG)(idY ×∆Gg) = pr1(fγ(idY × ι)× oG)(idY ×∆Gg)

= fγ(idY × ιg) = α(f × ιg)

Consider the case Z = Gfα,β and g = efα,β . Then, there exists unique morphism κ : Gfα,β → Gfα,β that satisfies

efα,βκ = ιg.

Corollary 9.2.20 Let α, β : X×G→ X be right actions of a group object G in T on X ∈ Ob T and f : Y → X
a morphism of T . If β is a trivial action, then efα,β : Gfα,β → G is a subgroup object of G. In particular, Centα(Y )
is a subgroup object of G.

Proposition 9.2.21 Let α : X × G → X be a right action of a group object (G,µ, ε, ι) in T on X ∈ Ob T
and i : Y → X a subobject of X. Then, τYα : Stabα(Y )→ G is a submonoid object of G, that is, there exists a
morphism λ : Stabα(Y )× Stabα(Y )→ Stabα(Y ) which makes the following diagram commute.

Stabα(Y )× Stabα(Y ) G×G

Stabα(Y ) G

τYα ×τYα

λ µ

τYα

Proof. By the definition of Stabα(Y ), there is a cartesian square

Stabα(Y ) Y Y

G XY

σ

τYα iY

XiAdl(α)

.

Put σ̃ = exp−1
Stabα(Y ),Y,Y (σ). It follows from (9.2.1), (9.2.5) and the commutativity of the above diagram that

αTG,X(τYα × i) = iσ̃. For Z ∈ Ob T , we consider a subset Sα(Z;Y ) of T (Z,G) defined by

Sα(Z;Y ) = {g ∈ T (Z,G) |α(i× g) ∈ i∗(T (Y × Z, Y ))}.
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For ϕ ∈ T (Z, Stabα(Y )), since α(i×τYα ϕ) = αTG,X(τYα × i)(ϕ× idY )TY,Z = iσ̃(ϕ× idY )TY,Z ∈ i∗(T (Y ×Z, Y )),
we define a map Φ : T (Z, Stabα(Y ))→ Sα(Z;Y ) by Φ(ϕ) = τYα ϕ. Since τ

Y
α is a monomorphism, Φ is injective.

For g ∈ Sα(Z;Y ), there exists f ∈ T (Y × Z, Y ) satisfying α(i× g) = if . Then, we have

XiAdl(α)g = expG,Y,X(αTG,X(idG × i))g = expZ,Y,X(αTG,X(g × i)) = expZ,Y,X(α(i× g)TZ,Y )
= expZ,Y,X(ifTZ,Y ) = iY expZ,Y,Y (fTZ,Y ).

Hence there exists ϕ ∈ T (Z, Stabα(Y )) satisfying Φ(ϕ) = τYα ϕ = g and σϕ = expZ,Y,Y (fTZ,Y ). It follows

αTG,X(g × i) = αTG,X(τYα × i)(ϕ× idY ) = iσ̃(ϕ× idY ) ∈ i∗(T (Y × Z, Y )).

Therefore g ∈ Sα(Z;Y ) and Φ is surjective.
For g, h ∈ Sα(Z;Y ), we take f, e ∈ T (Y ×Z, Y ) satisfying α(i× g) = if , α(i×h) = ie. Put k = µ(g×h)∆Z ,

then the following shows k ∈ Sα(Z;Y ).

α(i× k) = α(i× µ(g × h)∆Z) = α(idX × µ)(i× (g × h)∆Z) = α(α× idG)(i× g × h)(idY ×∆Z)

= α(α(i× g)× h)(idY ×∆Z) = α(if × h)(idY ×∆Z) = α(i× h)(f ×∆Z) = ie(f ×∆Z).

Consider the case Z = Stabα(Y ) × Stabα(Y ) and g = τYα pr1 = Φ(pr1), h = τYα pr2 = Φ(pr2). Then, g, h ∈
Sα(Z;Y ), thus k belongs to Sα(Z;Y ). This implies that there exists a morphism λ : Stabα(Y ) × Stabα(Y ) →
Stabα(Y ) which satisfies τYα λ = Φ(λ) = k = µ(g × h)∆Z = µ(τYα × τYα ).

Proposition 9.2.22 Let α : X × G → X be a right action of a group object (G,µ, ε, ι) in T on X ∈ Ob T
and i : Y → X a subobject of X. Then, τYα ν

Y
α : Normα(Y ) → G is a subgroup object of G, that is, there

exist morphisms λ : Normα(Y ) × Normα(Y ) → Normα(Y ) and κ : Normα(Y ) → Normα(Y ) which makes the
following diagrams comnute.

Normα(Y )×Normα(Y ) G×G

Normα(Y ) G

τYα ν
Y
α ×τYα ν

Y
α

λ µ

τYα ν
Y
α

Normα(Y ) G

Normα(Y ) G

τYα ν
Y
α

κ ι

τYα ν
Y
α

Proof. By the definition of Stabα(Y ), there is a cartesian square

Normα(Y ) Stabα(Y )

Stabα(Y ) G

ξ

νYα ιτYα

τYα

.

For Z ∈ Ob T , we define a subset Tα(Z;Y ) of Sα(Z;Y ) in the proof of (9.2.21) by Tα(Z;Y ) = {g ∈
Sα(Z;Y ) | ιg ∈ Sα(Z;Y )}. For ψ ∈ T (Z,Normα(Y )), since ιτYα ξψ = τYα ν

Y
α ψ = Φ(νYα ψ), we have ιΦ(νYα ψ) =

τYα ξψ = Φ(ξψ) ∈ Sα(Z;Y ). It follows τYα ν
Y
α ψ = Φ(νYα ψ) ∈ Tα(Z;Y ). Thus we can define a map Ψ :

T (Z,Normα(Y )) → Tα(Z;Y ) by Ψ(ψ) = τYα ν
Y
α ψ. Since νYα and τYα are monomorphisms, Ψ is injective. For

g ∈ Tα(Z;Y ), there exists ϕ,ϕ′ ∈ T (Z, Stabα(Y )) satisfying Φ(ϕ) = g,Φ(ϕ′) = ιg. Then, there exists a mor-
phism ψ ∈ T (Z,Normα(Y )) which satisfies νYα ψ = ϕ and ξψ = ϕ′. It follows that Ψ(ψ) = τYα ν

Y
α ψ = Φ(ϕ) = g,

which implies that Ψ is surjective.
For g, h ∈ Tα(Z;Y ), put k = µ(g × h)∆Z , then ιk = µ(ιh × ιg)∆Z . Since g, ιg, h, ιh ∈ Sα(Z;Y ), we have

k, ιk ∈ Sα(Z;Y ) by the proof of (9.2.21). Therefore k ∈ Tα(Z;Y ). Consider the case Z = Normα(Y )×Normα(Y )
and g = τYα ν

Y
α pr1 = Ψ(pr1), h = τYα ν

Y
α pr2 = Ψ(pr2). Then, g, h ∈ Tα(Z;Y ), thus k belongs to Tα(Z;Y ). This

implies that there exists a morphism λ : Normα(Y )×Normα(Y )→ Normα(Y ) which satisfies τYα ν
Y
α λ = Ψ(λ) =

k = µ(g × h)∆Z = µ(τYα ν
Y
α × τYα νYα ).

Consider the case Z = Normα(Y ) and g = τYα ν
Y
α . Then, g, ιg ∈ Tα(Z;Y ) and there exist a morphism

κ : Normα(Y )→ Normα(Y ) which satisfies τYα ν
Y
α κ = Ψ(κ) = ιg = ιτYα ν

Y
α .

Definition 9.2.23 Let G be a group object in T with multiplication µ : G × G → G and inverse ι : G → G.
Define a morphism ad : G×G→ G to be the following composition. ad is a right action on G and call this the
adjoint action on G.

G×G idG×∆G−−−−−−→ G×G×G TG,G×idG−−−−−−−→ G×G×G ι×µ−−→ G×G µ−→ G
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Definition 9.2.24 Let G be a group object in T and i : H → G a subgroup object of G. We denote Centad(H)
(resp. Normad(H)) by ZG(H) (resp. NG(H)) and call this a centralizer (resp. normalizer) of H. If N is a
subgroup object of NG(H), we say that N normalizes H.

Proposition 9.2.25 Let i : H → G be a subgroup object of G and α : X ×G → X a right action of G on X.
We denote by τ : X × G → X the trivial action. Then, Xα,τ

i is closed under the action α of NG(H), namely,
there exists a morphism α′ : Xα,τ

i ×NG(H)→ Xα,τ
i such that the following diagram commute.

Xα,τ
i ×NG(H) Xα,τ

i

X ×G X

α′

eα,τi ×τHadν
H
ad eα,τi

α

Proof. Since eα,τi : Xα,τ
i → X is the equalizer of X

Adr(α)−−−−→ XG Xi−−→ XH and X
Adr(τ)−−−−→ XG Xi−−→ XH , it suffices

to show that XiAdr(α)α
(
eα,τi × τHadνHad

)
= XiAdr(τ)α

(
eα,τi × τHadνHad

)
, which is equivalent to

α(α× idG)
(
eα,τi × τHadνHad × i

)
= τ(α× idG)

(
eα,τi × τHadνHad × i

)
: Xα,τ

i ×NG(H)×H → X

by (1) of (9.2.17). Put Z = Xα,τ
i ×NG(H)×H and let us denote by prXα,τi

: Z → Xα,τ
i , prNG(H) : Z → NG(H)

and prH : Z → H the projections. We put x = eα,τi prXα,τi
: Z → X, g = τHadν

H
ad prNG(H), h = i prH : Z → G.

Since ad = µ(ι× µ)(TG,G × idG)(idG ×∆G), we have

ad(h, ιg) = µ(ι× µ)(TG,G × idG)(idG ×∆G)(h, ιg) = µ(ι× µ)(TG,G × idG)(h, ιg, ιg)
= µ(ι× µ)(ιg, h, ιg) = µ(g, µ(h, ιg)) = µ(µ(g, h), ιg).

By the proof of (9.2.21), there exists a morphism σ̄ : H × Stabad(H) → H satisfying ad
(
i× τHad

)
= iσ̄. There

also exists a morphism κ : NG(H)→ NG(H) satisfying ιτHadν
H
ad = τHadν

H
adκ. Hence

ad(h, ιg) = ad
(
i× ιτHadνHad

)(
prH , prNG(H)

)
= ad

(
i× τHadνHad

)(
prH , κprNG(H)

)
= iσ̄

(
prH , κprNG(H)

)
.

We note that α(eα,τi × i) = τ(eα,τi × i) = eα,τi pr1 : Xα,τ
i ×H → X by the definition of Xα,τ

i , we have

α(α× idG)
(
eα,τi × τHadνHad × i

)
= α(idX × µ)(x, g, h) = α(x, µ(g, h)) = α(α(x, µ(g, h)), εoZ)

= α(α(x, µ(g, h)), µ(ιg, g)) = α(x, µ(µ(g, h), µ(ιg, g)))

= α(x, µ(µ(µ(g, h), ιg), g)) = α(x, µ(ad(h, ιg), g))

= α
(
x, µ

(
iσ̄
(
prH , κprNG(H)

)
, g
))

= α
(
α
(
x, iσ̄

(
prH , κprNG(H)

))
, g
)

= α
(
α
(
eα,τi × i

)(
prXα,τi

, σ̄
(
prH , κprNG(H)

))
, g
)
= α

(
eα,τi prXα,τi

, g
)

= α(x, g) = τ(α× idG)(x, g, h) = τ(α× idG)
(
eα,τi × τHadνHad × i

)
This completes the proof.

Let α : G×X → X be a left G-action on X. For an object Y of T , define a morphism ραY : Y X ×G→ Y X

to the image of Y X ×G×X
idYX×α
−−−−−→ Y X ×X εXY−−→ Y by expY X×G,X,Y : T (Y X ×G×X,Y )→ T (Y X ×G,Y X).

For objects X, Y , Z of T , we define a map ×Z : T (X,Y )→ T (X × Z, Y × Z) by (×Z)(f) = f × idZ .

Lemma 9.2.26 (1) The following diagram commutes.

Y X ×G×X Y X ×X

Y X ×X Y

ραY ×idX

idYX×α εXY

εXY

(2) ραY : Y X ×G→ Y X is a right G-action on Y X .
(3) For a morphism f : Y → Z of T , the following diagram commutes.
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Y X ×G Y X

ZX ×G ZX

ραY

fX×idG fX

ραZ

(4) Let β : G× Z → Z be a left G-action on Z and f : Z → X a morphism of left G-objects. The following
diagram commutes.

Y X ×G Y X

Y Z ×G Y Z

ραY

Y f×idG Y f

ρβY

(5) For an object Z of T , the following diagram commutes.

T (W ×X,Y ) T (W ×G×X,Y )

T (W,Y X) T (W ×G,Y X ×G) T (W ×G,Y X)

(idW×α)∗

expW,X,Y expW×G,X,Y

×G (ραY )∗

(6) We regard µ : G × G → G as a left G-action on G. Let us denote by prY : Y × 1 → Y the projection.
Then, the following diagram commutes.

Y G ×G Y

Y G Y 1

εGY

ρµY expY,1,Y (prY )

Y ε

(7) For an object (X,α) of Actr(G), the following diagram commutes.

X ×G X

XG ×G XG

α

Adr(α)×idG Adr(α)

ρµX

Proof. (1) By the commutativity of the following diagram,

T (Y X ×X,Y ) T (Y X , Y X)

T (Y X ×G×X,Y ) T (Y X ×G,Y X)

expYX,X,Y

(ραY ×idX)∗ (ραY )∗

expYX×G,X,Y

we have expY X×X,G,Y (ε
X
Y (idY X × α)) = ραY = expY X×G,X,Y (ε

X
Y (ραY × idX)), which implies εXY (idY X × α) =

εXY (ραY × idX).
(2) By the result of (1),

εXY (idY X × α)(ραY × idG × idX) = εXY (ραY × α) = εXY (ραY × idX)(idY X × idG × α)
= εXY (idY X × α)(idY X × idG × α) = εXY (idY X × α)(idY X × µ× idX)

holds in T (Y X ×G×G×X,Y ). It follows from a commutative diagram

T (Y X ×G×X,Y ) T (Y X ×G×G×X,Y ) T (Y X ×G×X,Y )

T (Y X ×G,Y X) T (Y X ×G×G,Y X) T (Y X ×G,Y X)

(idYX×µ×idX)∗

expYX×G,X,Y expYX×G×G,X,Y

(ραY ×idG×idX)∗

expYX×G,X,Y

(idYX×µ)∗ (ραY ×idG)∗

that the following diagram commutes.
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Y X ×G×G Y X ×G

Y X ×G Y X

ραY ×idG

idYX×µ ραY

ραY

Since

εXY (idY X × α)(idY X × ε× idX) = εXY (idY X × α(ε× idX)) = εXY (idY X × pr2) = εXY (pr1 × idX)

in T (Y X × 1×X,Y ), and

T (Y X ×X,Y ) T (Y X × 1×X,Y ) T (Y X ×G×X,Y )

T (Y X , Y X) T (Y X × 1, Y X) T (Y X ×G,Y X)

(pr1×idX)∗

expYX,X,Y expYX×1,X,Y

(idYX×ε×idX)∗

expYX×X,X,Y

pr∗1 (idYX×ε)∗

commutes, the following diagram is commutative.

Y X × 1 Y X ×G

Y X

idYX×ε

pr1 ραY

Thus (Y X , ραY ) is an object of Actr(X).
(3) It follows from (9.2.2) that

Y X ×G×X Y X ×X Y

ZX ×G×X ZX ×X Z

idYX×α

fX×idG×idX

εXY

fX×idX f

idZX×α εXZ

is commutative. Then, by (9.2.1), we have

fXραY = fX expY X×G,X,Y (ε
X
Y (idY X × α)) = expY X×G,X,Y (fε

X
Y (idY X × α))

= expY X×G,X,Y (ε
X
Z (idZX × α)(fX × idG × idX))

= expZX×G,X,Y (ε
X
Z (idZX × α))(fX × idG) = ραZ(f

X × idG).

(4) The following diagram commutes by (9.2.8).

Y X ×G× Z Y X ×G×X

Y X ×G× Z Y X × Z Y X ×X

Y Z ×G× Z Y Z × Z Y

idYX×idG×f

idYX×β idYX×α

idYX×β

Y f×idG×idZ

idZX×f

Y f×idZ εXY
idY Z×β εZY

Then, by (9.2.5), we have

Y fραY = Y f expY X×G,X,Y (ε
X
Y (idY X × α)) = expY X×G,Z,Y (ε

X
Y (idY X × α)(idY X × idG × f))

= expY X×G,Z,Y (ε
Z
Y (idY Z × β)(Y f × idG × idZ)) = expY Z×G,Z,Y (ε

Z
Y (idY Z × β))(Y f × idG)

= ρβY (Y
f × idG).

(5) For a morphism f : W × X → Y , we put f̄ = expW,X,Y (f). Then, f = exp−1
W,X,Y (f̄) = εXY (f̄ × idX).

Thus we have

(ραY )∗(×G) expW,X,Y (f) = expY X×G,X,Y (ε
X
Y (idY X × α))(f̄ × idG)

= expW×G,X,Y (ε
X
Y (idY X × α)(f̄ × idG × idX))

= expW×G,X,Y (ε
X
Y (f̄ × idX)(idW × α))

= expW×G,X,Y (f(idW × α)) = expW×G,X,Y (idW × α)∗(f)
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by (9.2.2).
(6) Let prG : G×G→ G be the projection. Since

εGY (idY G × µ)(idY G × idG × ε) = εGY (idY G × µ(idG × ε)) = εGY (idY G × prG) = prY (ε
G
Y × id1),

the assertion follows from the following diagram which is commutative by (9.2.1) and (9.2.5).

T (Y G ×G×G,Y ) T (Y G ×G× 1, Y ) T (Y × 1, Y )

T (Y G ×G,Y G) T (Y G ×G,Y 1) T (Y, Y 1)

(idYG×idG×ε)∗

expYG×G,G,Y expYG×G,1,Y

(εGY ×id1)∗

expY,1,Y

Y ε∗ (εGY )∗

(7) By the commutativity of a diagram

T (XG ×G×G,X) T (X ×G×G,X) T (X ×G,X)

T (XG ×G,XG) T (X ×G,XG) T (X,XG)

(Adr(α)×idG×idG)∗

expXG×G,G,X expX×G,G,X

(α×idG)∗

expX,G,X

(Adr(α)×idG)∗ α∗

and an equality εGX(Adr(α)× idG) = α, we have

ρµX(Adr(α)× idG) = expX×G,G,X(εGX(idXG × µ)(Adr(α)× idG × idG))
= expX×G,G,X(εGX(Adr(α)× idG)(idX × µ))
= expX×G,G,X(α(idX × µ))
= expX×G,G,X(α(α× idG)) = Adr(α)α.

Proposition 9.2.27 Let F : Actr(G)→ T be the forgetful functor given by F (X,α) = X. Then, F has a right
adjoint.

Proof. We regard the multiplication µ : G×G→ G as a left G-action on G and define a functor R : T → Actr(R)
by R(X) = (XG, ρµX) and R(f) = fG. For (X,α) ∈ ObActr(G) and f ∈ T (F (X,α), Y ), since the following
diagram commutes by (3) and (7) of (9.2.26), fGAdr(α) : X → Y G is a morphism of Actr(G).

X ×G XG ×G Y G ×G

X XG Y G

Adr(α)×idG

α

fG×idG

ρµX ρµY

Adr(α) fG

We define a map Ψ : T (F (X,α), Y ) → Actr((X,α), R(Y )) by Ψ(f) = fGAdr(α). It is easy to verify that Ψ is
natural. The inverse of Ψ is given by Ψ−1(g) = εGY (g, εoX) for g ∈ Actr((X,α), R(Y )). In fact,

Ψ−1(Ψ(f)) = εGY (f
GAdr(α), εoX) = εGY (f

G × idG)(Adr(α)× idG)(idX , εoX)

= fεGX(Adr(α)× idG)(idX , εoX) = fα(idX , εoX) = f

by (9.2.2). On the other hand, for g ∈ Actr(G)Actr((X,α), R(Y )), since gα = ρµY (g×idG) and Adr(α) = αGηGX ,

Ψ(Ψ−1(g)) =
(
εGY (g, εoX)

)G
Adr(α) =

(
εGY (g × εoX)∆Xα

)G
ηGX =

(
εGY (gα× εoXα)∆X×G

)G
ηGX

=
(
εGY (ρ

µ
Y (g × idG)× εoX×G)∆X×G

)G
ηGX =

(
εGY (ρ

µ
Y × idG)(g × idG × εoX×G)∆X×G

)G
ηGX

=
(
εGY (idY G × µ)(g pr1, pr2, εoGpr2)

)G
ηGX =

(
εGY (g × µ(idG × εoG)∆G)

)G
ηGX

=
(
εGY (g × idG)

)G
ηGX =

(
εGY
)G
(g × idG)GηGX =

(
εGY
)G
ηGY Gg = g

follows from (9.2.2) and (9.2.3). Hence R is a right adjoint of F .
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9.3 Right induction

Let T be a cartesian closed category with finite limits.
We define a morphism ProdZ : Y X → (Y ×Z)X×Z to be the image of εXY × idZ : Y X ×X ×Z → Y ×Z by

expY X ,X×Z,Y×Z : T (Y X ×X × Z, Y × Z)→ T (Y X , (Y × Z)X×Z).

Proposition 9.3.1 For objects X, Y , Z of T , the following diagrams are commutative.

X

(X × Y )Y (X × Y × Z)Y×Z

ηYX

ηY×Z
X

ProdZ

Y X ×X × Z (Y × Z)X×Z ×X × Z

Y × Z

ProdZ×idX×Z

εYX×idZ
εY×Z
X×Z

Proof. The commutativity of the left diagram follows from the commutativity of the following diagram.

T ((X × Y )Y × Y × Z,X × Y × Z) T (X × Y × Z,X × Y × Z)

T ((X × Y )Y , (X × Y × Z)Y×Z) T (X, (X × Y × Z)Y×Z)

(ηYX×idY×Z)
∗

exp(X×Y )Y ,Y×Z,X×Y×Z expX,Y×Z,X×Y×Z

(ηYX)
∗

The commutativity of the right diagram follows from the commutativity of the following diagram.

T ((Y × Z)X×Z ×X × Z, Y × Z) T (Y X ×X × Z, Y × Z)

T ((Y × Z)X×Z , (Y × Z)Y×Z) T (Y X , (Y × Z)X×Z)

(ProdZ×idX×Z)∗

exp(Y×Z)X×Z,X×Z,Y×Z expYX,X×Z,Y×Z

Prod∗
Z

Proposition 9.3.2 For morphisms f : Y → W , g : W → X, h : W → Z of T , the following diagrams are
commutative.

Y X (Y × Z)X×Z

WX (W × Z)X×Z

ProdZ

fX (f×idZ)X×Z

ProdZ

Y X Y × Z)X×Z

YW (Y × Z)W×Z

ProdZ

Y g (Y×Z)g×idZ

ProdZ

Y X (Y × Z)X×Z

(Y ×W )X×W (Y × Z)X×W

ProdZ

ProdW (Y×Z)idX×h

(idY ×h)X×W

Proof. The commutativity of the left diagram follows from the commutativity of the following diagram and the
equality fεXY = εXW (fX × idX) given in (9.2.2).

T (Y X ×X × Z, Y × Z) T (Y X ×X × Z,W × Z) T (WX ×X × Z,W × Z)

T (Y X , (Y × Z)X×Z) T (Y X , (W × Z)X×Z) T (WX , (W × Z)X×Z)

(f×idZ)∗

expYX,X×Z,Y×Z expYX,X×Z,W×Z

(fX×idX×Z)∗

expWX,X×Z,W×Z

(f×idZ)X×Z
∗ (fX)∗

The commutativity of the center diagram follows from the commutativity of the following diagram and the
equality εXY (idY X × g) = εWX (Y g × idW ) given in (9.2.8).

T (Y X×X×Z, Y ×Z) T (Y X×W×Z, Y ×Z) T (YW×W×Z, Y ×Z)

T (Y X , (Y ×Z)X×Z) T (Y X , (Y ×Z)W×Z) T (YW , (Y ×Z)W×Z)

(idYX×g×idZ)∗

expYX,X×Z,Y×Z expYX,W×Z,Y×Z

(Y g×idW×Z)∗

expYW ,W×Z,Y×Z

(Y×Z)
g×idZ
∗ (Y g)∗

The commutativity of the center diagram follows from the commutativity of the following diagram and the
definition of ProdZ , ProdW .

T (Y X×X×Z, Y ×Z) T (Y X×X×W,Y ×Z) T (Y X×X×W,Y ×W )

T (Y X , (Y ×Z)X×Z) T (Y X , (Y ×Z)X×W ) T (Y X , (Y ×W )X×W )

(idYX×idX×h)∗

expYX,X×Z,Y×Z expYX,X×W,Y×Z

(idY×h)∗

expYX,X×W,Y×W

(Y×Z)
idX×h
∗ (idY×h)X×W

∗
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Proposition 9.3.3 For objects X, Y , Z and W of T , the following diagram commutes.

T (W ×X,Y ) T (W ×X × Z, Y × Z)

T (W,Y X) T (W, (Y × Z)X×Z)

×Z

expW,X,Y expW,X×Z,Y×Z

ProdZ

Proof. For f ∈ T (W ×X,Y ), we have

expW,X×Z,Y×Z(f × idZ) = (f × idZ)Y×ZηY×Z
W = (f × idZ)Y×ZProdZη

Y
W = ProdZf

YηYW = ProdZ expW,X,Y (f)

by (9.3.1) and (9.3.2).

For objects X, Y , Z of T , the image of εX×Y
Z ∈ T (ZX×Y ×X × Y, Z) by a composition

T (ZX×Y ×X × Y, Z)
expZX×Y ×X,Y,Z−−−−−−−−−−−→ T (ZX×Y ×X,ZY )

expZX×Y ,X,ZY−−−−−−−−−−→ T (ZX×Y , (ZY )X)

is denoted by ωX,YZ : ZX×Y → (ZY )X .

Proposition 9.3.4 The following diagram (∗) commutes for any object W of T .

T (W ×X × Y, Z) T (W ×X,ZY )

T (W,ZX×Y ) T (W, (ZY )X)

expW×X,Y,Z

expW,X×Y,Z expW,X,ZY

(ωX,YZ )∗

· · · (∗)

Thus ωX,YZ is an isomorphism and the inverse of ωX,YZ is the image of a composition

(ZY )X ×X × Y
εX
ZY

×idY
−−−−−−→ ZY × Y εYZ−−→ Z

by exp(ZY )X ,X×Y,Z : T ((ZY )X ×X × Y, Z)→ T ((ZY )X , ZX×Y ).

Proof. For f ∈ T (W × X × Y, Z), put g = expW,X×Y,Z(f) ∈ T (W,ZX×Y ). It follows from (9.2.1) that the
following diagram commutes.

T (ZX×Y , ZX×Y ) T (W,ZX×Y )

T (ZX×Y ×X × Y, Z) T (W ×X × Y, Z)

T (ZX×Y ×X,ZY ) T (W ×X,ZY )

T (ZX×Y , (ZY )X) T (W, (ZY )X)

g∗

(g×idX×Y )∗

expZX×Y ×X,Y,Z

expZX×Y ,X×Y,Z expW,X×Y,Z

expW×X,Y,Z

(g×idX)∗

expZX×Y ,X,ZY expW,X,ZY

g∗

Hence f = εX×Y
Z (g× idZ) and expW,X,ZY expW×X,Y,Z(f) = g∗(ωX,YZ ) = (ωX,YZ )∗ expW,X×Y,Z(f). Thus we have

expW,X,ZY expW×X,Y,Z = (ωX,YZ )∗ expW,X×Y,Z , that is, the diagram (∗) commutes.

Therefore (ωX,YZ )∗ : T (W,ZX×Y ) → T (W, (ZY )X) is bijective for any W ∈ Ob T and ωX,YZ is an isomor-
phism. Consider the case W = (ZY )X and f = εYZ (ε

X
ZY × idY ) ∈ T ((Z

Y )X ×X × Y, Z). Since

T (ZY × Y, Z) T ((ZY )X ×X × Y, Z)

T (ZY , ZY ) T ((ZY )X ×X,ZY )

(εX
ZY

×idY )∗

expZY ,Y,Z exp(ZY )×X,Y,Z

(εX
ZY

)∗
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is commutative by (9.2.1), we have exp(ZY )X×X,Y,Z(f) = εXZY . It follows from the commutativity of (∗) that

exp(ZY )X ,X×Y,Z(f)ω
X,Y
Z is the identity morphism of (ZY )X . Hence exp(ZY )X ,X×Y,Z(f) is the inverse of ω

X,Y
Z .

For (X,α), (Y, β) ∈ ObActr(G), we denote by E
(X,α)
(Y,β) : (Y, β)(X,α) → Y X the equalizer of Y X

Y α−−→ Y X×G

and Y X
ProdG−−−−→ (Y ×G)X×G βX×G

−−−−→ Y X×G.

Proposition 9.3.5 Let (X,α), (Y, β) and (Z, γ) be objects of Actr(G) and f : (X,α) → (Y, β) a morphism
of Actr(G). There exist morphisms f (Z,γ) : (X,α)(Z,γ) → (Y, β)(Z,γ), (Z, γ)f : (Z, γ)(Y,β) → (Z, γ)(X,α) which
make the following diagrams commute.

(X,α)(Z,γ) XZ

(Y, β)(Z,γ) Y Z

E
(Z,γ)

(X,α)

f(Z,γ) fZ

E
(Z,γ)

(Y,β)

(Z, γ)(Y,β) ZY

(Z, γ)(X,α) ZX

E
(Y,β)

(Z,γ)

(Z,γ)f Zf

E
(X,α)

(Z,γ)

Proof. The following diagrams commutes by (9.2.7) and (9.3.2).

XZ XZ×G

Y Z Y Z×G

Xγ

fZ fZ×G

Y γ

XZ (X ×G)Z×G XZ×G

Y Z (Y ×G)Z×G Y Z×G

ProdG

fZ

αZ×G

(f×idG)Z×G fZ×G

ProdG βZ×G

Hence we have Y γfZE
(Z,γ)
(X,α) = fZ×GXγE

(Z,γ)
(X,α) = fZ×GαZ×GProdGE

(Z,γ)
(X,α) = βZ×GProdGf

ZE
(Z,γ)
(X,α) and this

implies that there is a unique morphism f (Z,γ) : (X,α)(Z,γ) → (Y, β)(Z,γ) that satisfies E
(Z,γ)
(Y,β)f

(Z,γ) = fZE
(Z,γ)
(X,α).

The following diagrams commutes by (9.2.6), (9.2.7) and (9.3.2).

ZY ZY×G

ZX ZX×G

Zβ

Zf Zf×idG

Zα

ZY (Z ×G)Y×G ZY×G

ZX (Z ×G)X×G ZX×G

ProdG

Zf

γY×G

(Z×G)f×idG Zf×idG

ProdG γX×G

Hence we have ZαZfE
(Y,β)
(Z,γ) = Zf×idGZβE

(Y,β)
(Z,γ) = Zf×idGγY×GProdGE

(Y,β)
(Z,γ) = γX×GProdGZ

fE
(Y,β)
(Z,γ) , which

implies that there is a unique morphism (Z, γ)f : (Z, γ)(Y,β) → (Z, γ)(X,α) that satisfies E
(X,α)
(Z,γ) f

∗ = ZfE
(Y,β)
(Z,γ) .

Lemma 9.3.6 Let (X,α) and (Y, β) be objects of Actr(G). For a morphism f : Z → Y X of T , we put
f̄ = exp−1

Z,X,Y (f). Then, f satisfies Y αf = βX×GProdGf if and only if f̄ satisfies f̄(idZ × α) = β(f̄ × idG).

Proof. The assertion follows from the commutativity of the following diagram.

T (Z ×X,Y ) T (Z ×X ×G,Y ) T (Z ×X ×G,Y ×G) T (Z ×X,Y )

T (Z, Y X) T (Z, Y X×G) T (Z, (Y ×G)X×G) T (Z, Y X)

(idZ×α)∗

expZ,X,Y expZ,X×G,Y

β∗

expZ,X×G,Y×G

×G

expZ,X,Y

Y α∗ βX×G
∗ ProdG∗

Proposition 9.3.7 (1) Let X be an object of T and (Y, β) an object of Actr(G). Then, a composition

Y X
ProdG−−−−→ (Y ×G)X×G βX×G

−−−−→ Y X×G

is an equalizer of Y idX×µ : Y X×G → Y X×G×G and βX×G×GProdG : Y X×G → Y X×G×G. Hence (Y, β)L(X) is
isomorphic to Y X .

(2) Let (X,α) be an object of Actr(G) and Y an object of T . Then, a composition

Y X
Y α−−→ Y X×G ωX,GY−−−→ (Y G)X

is an equalizer of (Y G)α : (Y G)X → (Y G)X×G and (ρµY )
X×GProdG : (Y G)X → (Y G)X×G. Hence R(Y )(X,α) is

isomorphic to Y X .
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Proof. (1) By (9.3.2) and (9.2.7), the following diagrams commute.

(Y ×G)X×G (Y ×G×G)X×G×G (Y ×G)X×G×G

Y X×G (Y ×G)X×G×G Y X×G×G

ProdG

βX×G

(idY ×µ)X×G×G

(β×idG)X×G×G βX×G×G

ProdG βX×G×G

Y X (Y ×G)X×G Y X×G

(Y ×G×G)X×G×G (Y ×G)X×G×G Y X×G×G

ProdG

ProdG×G

βX×G

(Y×G)idX×µ Y idX×µ

(idY ×µ)X×G×G βX×G×G

Thus we have

βX×G×GProdGβ
X×GProdG = βX×G×G(idY × µ)X×G×GProdGProdG = βX×G×G(idY × µ)X×G×GProdG×G

= Y idX×µβX×GProdG

For morphisms f : Z → Y X×G and g : Z → Y X , we put f̄ = exp−1
Z,X×G,Y (f) and ḡ = exp−1

Z,X,Y (g). Since the

following diagram commutes, g satisfies βX×GProdGg = f if and only if ḡ satisfies β(ḡ × idG) = f̄ .

T (Z ×X,Y ) T (Z ×X ×G,Y ×G) T (Z ×X ×G,Y )

T (Z, Y X) T (Z, (Y ×G)X×G) T (Z, Y X×G)

×G

expZ,X,Y

β∗

expZ,X×G,Y×G expZ,X×G,Y

ProdG∗ βX×G
∗

Assume that f satisfies Y idX×µf = βX×G×GProdGf and put ḡ = f̄(idZ × idX , εoZ×X). Then, since f̄ satisfies
f̄(idZ × idX × µ) = β(f̄ × idG) by (9.3.6), we have

f̄ = f̄(idZ × idX × µ(εoG × idG)∆G) = f̄(idZ × idX × µ)(idZ × idX × (εoG × idG)∆G)

= β(f̄ × idG)(idZ × idX × (εoG × idG)∆G) = β(f̄(idZ × idX , εoZ×X)× idG) = β(ḡ × idG).

Thus g = expZ,X,Y (ḡ) satisfies β
X×GProdGg = f . If g1, g2 ∈ T (Z, Y X) satisfy βX×GProdGg1 = βX×GProdGg2,

then ḡ1 = exp−1
Z,X,Y (g1) and ḡ2 = exp−1

Z,X,Y (g) satisfy β(ḡ1 × idG) = β(ḡ2 × idG), which implies

ḡ1 = β(ḡ1 × εoG) = β(ḡ1 × idG)(idZ × idX × εoG) = β(ḡ2 × idG)(idZ × idX × εoG) = β(ḡ2 × εoG) = ḡ2.

Therefore, we have g1 = g2 and βX×GProdG is a monomorphism.
(2) Put ϕ = ωX,GY Y α and ϕ̄ = exp−1

Y X ,G,Y
(ϕ), then ϕ̄ = expY X×X,G,Y (idY X × α) by (9.3.4). Hence

idY X × α = exp−1
Y X×X,G,Y (ϕ̄) = εGY (ϕ̄× idG)

and we have

εGY (idY G × µ)(ϕ̄× idG×G) = εGY (ϕ̄× idG)(idY G × idX × µ) = (idY X × α)(idY G × idX × µ)
= (idY X × α)(idY G × α× idG).

By the commutativity of

T (Y X ×X ×G,Y ) T (Y X ×X ×G×G,Y ) T (Y G ×G×G,Y )

T (Y X ×X,Y G) T (Y X ×X ×G,Y G) T (Y G ×G,Y G)

(idYG×α×idG)∗

expYX×X,G,Y expYX×X×G,G,Y

(φ̄×idG×G)∗

expYG×G,G,Y

(idYG×α)∗ (φ̄×idG)∗

,

we see ϕ̄(idY X × α) = ρµY (ϕ̄× idG), which implies (Y G)αϕ = (ρµY )
X×GProdGϕ by (9.3.6).

Suppose that a morphism f : Z → (Y G)X satisfies (Y G)αf = (ρµY )
X×GProdGf . Put f̄ = exp−1

Z,X,Y G
(f),

then we have f̄(idZ × α) = ρµY (f̄ × idG) by (9.3.6). We define a morphism ḡ : Z ×X → Y by

ḡ = exp−1
Z×X,G,Y (f̄)(idZ × (idX , εoX)) = εGY (f̄ × idG)(idZ × (idX , εoX)).
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It follows from (6) of (9.2.26) and (9.2.4) that εGY = expY,1,Y (prY )
−1Y ερµY . Thus we have

ḡ(idZ × α) = εGY (f̄ × idG)(idZ × (idX , εoX))(idZ × α)
= expY,1,Y (prY )

−1Y ερµY (f̄ × idG)(idZ × (idX , εoX))(idZ × α)
= expY,1,Y (prY )

−1Y εf̄(idZ × α)(idZ × (idX , εoX))(idZ × α)
= expY,1,Y (prY )

−1Y εf̄(idZ × α(idX , εoX))(idZ × α)
= expY,1,Y (prY )

−1Y εf̄(idZ × α) = expY,1,Y (prY )
−1Y ερµY (f̄ × idG)

= εGY (f̄ × idG) = exp−1
Z×X,G,Y (f̄).

Therefore expZ×X,G,Y (ḡ(idZ × α)) = f̄ . We put g = expZ,X,Y (ḡ). By the commutativity of

T (Z ×X,Y ) T (Z ×X ×G,Y ) T (Z ×X,Y G)

T (Z, Y X) T (Z, Y X×G) T (Z, (Y G)X)

(idZ×α)∗

expZ,X,Y

expZ×X,G,Y

expZ,X×G,Y expZ,X,Y G

Y α∗ (ωX,GY )∗

,

expZ×X,G,Y (ḡ(idZ × α)) = f̄ implies ωX,GY Y αg = f .
Since α has a right inverse (idX , εoX) : X → X × G, α is an epimorphism. Hence Y α is a monomorphism

by (9.2.9) and so is ωX,GY Y α by (9.3.4).

For a group object (G,µ, ε, ι) in T , we regard (G,µ) as an object of Actr(G).

Lemma 9.3.8 Suppose that a morphism ϕ : H → G of group objects and a right H-action α : X ×H → X on
X are given. There exists a morphism α̃ : (X,α)φ

∗(G,µ)×G→ (X,α)φ
∗(G,µ) which makes the following diagram

commute.

(X,α)φ
∗(G,µ) ×G (X,α)φ

∗(G,µ)

XG ×G XG

α̃

E
φ∗(G,µ)

(X,α)
×idG E

φ∗(G,µ)

(X,α)

ρµX

Proof. By the commutativity of diagrams

T (XG ×G×G,X) T (XG ×G,XG)

T ((X,α)φ∗(G,µ) ×G×G,X) T ((X,α)φ∗(G,µ) ×G,XG)

T ((X,α)φ∗(G,µ) ×G×G×G,X) T ((X,α)φ∗(G,µ) ×G,XG×G)

T ((X,α)φ∗(G,µ) ×G×G×H,X) T ((X,α)φ∗(G,µ) ×G,XG×H)

expXG×G,G,X

(
E
φ∗(G,µ)

(X,α)
×idG×idG

)∗ (
E
φ∗(G,µ)

(X,α)
×idG

)∗

exp
(X,α)φ

∗(G,µ)×G,G,X

(id
(X,α)φ

∗(G,µ)×idG×µ)∗ Xµ∗

exp
(X,α)φ

∗(G,µ)×G,G×G,X

(id
(X,α)φ

∗(G,µ)×idG×idG×φ)∗ X
idG×φ
∗

exp
(X,α)φ

∗(G,µ)×G,G×H,X

T (XG ×G×G,X) T (XG ×G,XG)

T ((X,α)φ∗(G,µ) ×G×G,X) T ((X,α)φ∗(G,µ) ×G,XG)

T ((X,α)φ∗(G,µ) ×G×G×H,X ×H) T ((X,α)φ∗(G,µ) ×G, (X ×H)G×H)

T ((X,α)φ∗(G,µ) ×G×G×H,X) T ((X,α)φ∗(G,µ) ×G,XG×H)

expXG×G,G,X

(
E
φ∗(G,µ)

(X,α)
×idG×idG

)∗ (
E
φ∗(G,µ)

(X,α)
×idG

)∗

exp
(X,α)φ

∗(G,µ)×G,G,X

×H (ProdH)∗

α∗

exp
(X,α)φ

∗(G,µ)×G,G×H,X×H

αG×H
∗

exp
(X,α)φ

∗(G,µ)×G,G×H,X

177



Xµ(idG×φ)ρµX
(
E
φ∗(G,µ)
(X,α) × idG

)
= αG×HProdHρ

µ
X

(
E
φ∗(G,µ)
(X,α) × idG

)
is equivalent to the following equality.

εGX
(
E
φ∗(G,µ)
(X,α) × µ(µ× ϕ)

)
= α

(
εGX
(
E
φ∗(G,µ)
(X,α) × µ

)
× idH

)
· · · (∗)

Since exp−1
(X,α)φ∗(G,µ),G×H,X

(
E
φ∗(G,µ)
(X,α)

)
= εGX

(
E
φ∗(G,µ)
(X,α) × idG

)
and

T ((X,α)φ∗(G,µ) ×G,X) T ((X,α)φ∗(G,µ), XG)

T ((X,α)φ∗(G,µ) ×G×H,X) T ((X,α)φ∗(G,µ), XG×H)

T ((X,α)φ∗(G,µ) ×G×H,X ×H) T ((X,α)φ∗(G,µ), (X ×H)G×H)

T ((X,α)φ∗(G,µ) ×G,X) T ((X,α)φ∗(G,µ), XG)

exp
(X,α)φ

∗(G,µ),G,X

(id
(X,α)φ

∗(G,µ)×µ(idG×φ))∗ X
µ(idG×φ)
∗

exp
(X,α)φ

∗(G,µ),G×H,X

α∗

exp
(X,α)φ

∗(G,µ),G×H,Y×H

αG×H
∗

×H
exp

(X,α)φ
∗(G,µ),G,X

ProdH∗

commutes, we have the following equality.

εGX
(
E
φ∗(G,µ)
(X,α) × µ(idG × ϕ)

)
= α

(
εGX
(
E
φ∗(G,µ)
(X,α) × idG

)
× idH

)
· · · (∗∗)

The left hand side of (∗) is equal to εGX
(
E
φ∗(G,µ)
(X,α) × µ(idG × ϕ)

)(
id(X,α)φ∗(G,µ) × µ × idH

)
and the right hand

side of (∗) is equal to α
(
εGX
(
E
φ∗(G,µ)
(X,α) × idG

)
× idH

)(
id(X,α)φ∗(G,µ) ×µ× idH

)
. Thus (∗) follows from (∗∗). Since

E
φ∗(G,µ)
(X,α) is an equalizer of Xµ(idG×φ) and αG×HProdH , the assertion follows.

Since E
φ∗(G,µ)
(X,α) is a monomorphism, the morphism α̃ in (9.3.8) is unique and it defines a right G-action on

(X,α)φ
∗(G,µ). Let us denote this α̃ by αφ, (X,α)φ

∗(G,µ) by Xφ
α and E

φ∗(G,µ)
(X,α) by Eφα .

Lemma 9.3.9 Let f : (X,α) → (Y, β) be a morphism in Actr(H) and put fφ = fφ
∗(G,µ). The following

diagram commutes.

Xφ
α ×G Xφ

α

Y φβ ×G Y φβ

αφ

fφ×idG fφ

βφ

Proof. By (9.3.5), (9.3.8) and (3) of (9.2.26), the following diagram commutes.

Xφ
α ×G Xφ

α

Xφ
α ×G XG ×G XG Xφ

α

Y φβ ×G Y G ×G Y G Y φβ

Y φβ ×G Y φβ .

αφ

Eφα×idG Eφα

Eφα×idG

fφ×idG

ρµX

fG×idG fG

Eφα

fφ

Eφβ×idG ρµY Eφβ

βφ

Eφβ×idG Eφβ

Hence Eφβ f
φαφ = fGEφαα

φ = ρµY (f
G × idG)(Eφα × idG) = ρµY (E

φ
β × idG)(fφ × idG) = Eφβ β

φ(fφ × idG). Since

Eφβ is a monomorphism, the assertion follows.

We define a functor ϕ∗ : Actr(H)→ Actr(G) by ϕ∗(X,α) = (Xφ
α , α

φ) and ϕ∗(f) = fφ.

Theorem 9.3.10 ϕ∗ : Actr(H)→ Actr(G) is a right adjoint of ϕ∗ : Actr(G)→ Actr(H).
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Proof. Let (X,α) be an object of Actr(G). The following diagram commutes by (9.2.1), (9.2.5) and (9.3.3).

T (X ×G,X) T (X ×G×H,X) T (X ×G×H,X ×H) T (X ×G,X)

T (X,XG) T (X,XG×H) T (X, (X ×H)G×H) T (X,XG)

(idX×µ(idG×φ))∗

expX,G,X expX,G×H,X

(α(idX×φ))∗

expX,G×H,X×H

×H

expX,G,X

X
µ(idG×φ)
∗ (α(idX×φ))G×H

∗ ProdH∗

Since α(idX × µ(idG × ϕ)) = α(α × ϕ) = α(idX × ϕ)(α × idH), it follows from the above diagram that
Adr(α) satisfies Xµ(idG×φ)Adr(α) = (α(idX × ϕ))G×HProdHAdr(α). Hence there exists unique morphism
η(X,α) : X → Xφ

φ∗(α) that satisfies Eφφ∗(α)η(X,α) = Adr(α). It follows from (4) of (9.2.14) and (9.3.5) that

η(X,α) is natural in (X,α). Since Adr(α) : (X,α) → (XG, ρµX) and Eφφ∗(α) :
(
Xφ
φ∗(α), ϕ

∗(α)φ
)
→ (XG, ρµX) are

morphisms of Actr(G) by (7) of (9.2.26) and the definition of ϕ∗(α)φ, we have

Eφφ∗(α)ϕ
∗(α)φ(η(X,α)× idG) = ρµX

(
Eφφ∗(α)× idG

)
(η(X,α)× idG) = ρµX(Adr(α)× idG) = Adr(α)α = Eφφ∗(α)η(X,α)α.

Since Eφφ∗(α) is a monomorphism, η(X,α) : (X,α) →
(
Xφ
φ∗(α), ϕ

∗(α)φ
)
= ϕ∗ϕ

∗(X,α) is a morphism of Actr(G)

by the above equality.
For an object (Y, β) of Actr(H), define a morphism ε(Y,β) : Y

φ
β → Y to be the following composition.

Y φβ
Eφβ−−→ Y G

(idYG ,εoYG )
−−−−−−−−→ Y G ×G εGY−−→ Y

It follows from (9.3.5) and (9.2.2) that ε(Y,β) is natural in (Y, β). By (∗∗) of the proof of (9.3.8), we have
εGY (E

φ
β × idG)(idY φβ × µ(idG × ϕ)) = β(εGY (E

φ
β × idG)× idH). Hence

β(ε(Y,β) × idH) = β(εGY (idY G , εoY G)E
φ
β × idH) = β(εGY (E

φ
β , εoY φβ )× idH)

= β(εGY (E
φ
β × idG)× idH)(idY φβ × (εoH , idH))

= εGY (E
φ
β × idG)(idY φβ × µ(idG × ϕ))(idY φβ × (εoH , idH))

= εGY (E
φ
β × µ(εoH , ϕ)) = εGY (E

φ
β × ϕ).

On the other hand, by (1) of (9.2.26), we have

ε(Y,β)β
φ(idY φβ × ϕ) = εGY (idY G , εoY G)E

φ
β β

φ(idY φβ × ϕ)

= εGY (idY G , εoY G)ρ
µ
Y (E

φ
β × idG)(idY φβ × ϕ)

= εGY (ρ
µ
Y (E

φ
β × ϕ), εoY φβ ×H)

= εGY (ρ
µ
Y × idG)(E

φ
β × idG × idG)(idY φβ × (ϕ, εoH))

= εGY (idY G × µ)(E
φ
β × idG × idG)(idY φβ × (ϕ, εoH))

= εGY (E
φ
β × µ(ϕ, εoH)) = εGY (E

φ
β × ϕ).

Therefore ε(Y,β) : ϕ
∗ϕ∗(Y, β) = (Y φβ , β

φ(idY φβ × ϕ))→ (Y, β) is a morphism of Actr(H).

Let (X,α) be an object of Actr(G). It follows from Adr(α) = Eφφ∗(α)η(X,α) and (3) of (9.2.14) that we have

εφ∗(X,α)ϕ
∗(η(X,α)) = εGX(idXG , εoXG)E

φ
φ∗(α)η(X,α) = εGX(idXG , εoXG)Adr(α)

= εGX(Adr(α), εoX) = εGX(Adr(α)× idG)(idX , εoX) = idX .

Let (Y, β) be an object of Actr(G). It follows from the definition of βφ and (4) of (9.2.14) that the lower
left rectangle of the following diagram commutes. Other rectangles of the following diagram commutes by the
definitions of ηφ∗(Y,β), ε(Y,β) and ϕ∗(ε(Y,β)).

Y φβ
(
Y φβ
)φ
φ∗(βφ)

Y φβ

(
Y φβ
)G

Y G

Y G (Y G)G (Y G ×G)G

ηφ∗(Y,β)

Adr(β
φ)

Eφβ

φ∗(ε(Y,β))

Eφ
φ∗(βφ) Eφβ

εG(Y,β)

(Eφβ )
G

Adr(ρ
µ
Y )G (idYG ,εoYG )G

(εGY )G
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Thus we have Eφβϕ∗(ε(Y,β))ηφ∗(Y,β) = (εGY )
G(idY G , εoY G)

GAdr(ρ
µ
Y )

GEφβ = Eφβ by (3) of (9.2.14). Since Eφβ is a

monomorphism, the above equality implies that ϕ∗(ε(Y,β))ηφ∗(Y,β) is the identity morphism of Y φβ .
Therefore

ϕ∗(X,α)
φ∗(η(X,α))−−−−−−−→ ϕ∗ϕ∗ϕ

∗(X,α)
εφ∗(X,α)−−−−−→ ϕ∗(X,α)

is the identity morphism of ϕ∗(X,α) and

ϕ∗(Y, β)
ηφ∗(Y,β)−−−−−→ ϕ∗ϕ

∗ϕ∗(Y, β)
φ∗(ε(Y,β))−−−−−−→ ϕ∗(Y, β)

is the identity morphism of ϕ∗(Y, β).
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10 Fibered category of modules

10.1 Fibered category of affine modules

LetK∗ be a linearly topologized graded commutative algebra and C a subcategory of TopAlgK∗ ,M a subcategory
of TopModK∗ .

Condition 10.1.1 We assume one of the following conditions.

(i) If a morphism S∗ → R∗ of C and a right S∗ module structure on N∗ ∈ ObM are given, then N∗ ⊗S∗ R∗

is an object of M.
(ii) If a morphism S∗ → R∗ of C and a right S∗-module structure on N∗ ∈ ObM are given, then N∗ ⊗̂S∗ R∗

is an object of M and every object of C andM is complete Hausdorff.

Definition 10.1.2 We define a categoryMod(C,M) as follows. ObMod(C,M) consists of triples (R∗,M∗, α)
where R∗ ∈ Ob C, M∗ ∈ ObM and α : M∗ ⊗K∗ R∗ → M∗ is a right R∗-module structure of M∗. Since
αβM∗,R∗ : M∗ × R∗ → M∗ is a strongly continuous bilinear map by (2.1.6), it follows from (2.1.9) that M∗

has a fundamental system of neighborhoods of 0 which consists of open R∗-submodules and the topology of M∗

is coarser than the topology induced by R∗. A morphism from (R∗,M∗, α) to (S∗, N∗, β) is a pair (λ, ϕ) of
morphisms λ ∈ C(R∗, S∗) and ϕ ∈M(M∗, N∗) such that the following diagram commutes.

M∗ ⊗K∗ R∗ M∗

N∗ ⊗K∗ S∗ N∗

α

φ⊗K∗λ φ

β

Composition of (λ, ϕ) : (R∗,M∗, α) → (S∗, N∗, β) and (ν, ψ) : (S∗, N∗, β) → (T ∗, L∗, γ) is defined to be
(νλ, ψϕ). Hence if M = (R∗,M∗, α) and N = (S∗, N∗, β) are objects of Mod(C,M), Mod(C,M)(M ,N) is
a subset of C(R∗, S∗)×M(M∗, N∗). We give C(R∗, S∗)×M(M∗, N∗) the topology of product spaces and give
Mod(C,M)(M ,N) the induced topology. Thus Mod(C,M) is a quasi-topological category.

Define functors pC :Mod(C,M)→ C and pM :Mod(C,M)→M by pC(R
∗,M∗, α) = R∗, pC(λ, ϕ) = λ and

pM(R∗,M∗, α) =M∗, pM(λ, ϕ) = ϕ. Then, pC and pM are continuous functors.
For R∗ ∈ Ob C, we denote byMod(C,M)R∗ a subcategory ofMod(C,M) consisting of objects which map to

R∗ by pC and morphisms which map the identity morphism of R∗ by pC . HenceMod(C,M)R∗ is a subcategory
of the category of right R∗-modules. We remark that, for objects M = (K∗,M∗, α) and N = (K∗, N∗, β) of
Mod(C,M)R∗ , a mapMod(C,M)R∗(M ,N)→ Homc

K∗(M∗, N∗) which maps (idK∗ , ϕ) to ϕ is bijective. Thus,
Mod(C,M)R∗(M ,N) is identified with Homc

K∗(M∗, N∗).

Proposition 10.1.3 If C andM are complete, so is Mod(C,M).

Proof. For a functor D : I → Mod(C,M), we assume that limits of pCD : I → C and pMD : I → M exist.

Let
(
A∗ ρi−→ pCD(i)

)
i∈Ob I

be a limiting cone of pCD : I → C and
(
L∗ πi−→ pMD(i)

)
i∈Ob I

a limiting cone of

pMD : I →M. For i ∈ Ob I and (τ : i→ j) ∈ Mor I, we put D(i) = (R∗
i ,M

∗
i , αi) and D(τ) = (λτ , ϕτ ). Since

the following diagram commutes for any (τ : i→ j) ∈ Mor I, there exists unique morphism λ : L∗⊗K∗ A∗ → L∗

satisfying πiλ = αi(πi ⊗K∗ ρi) for any i ∈ Ob I.

L∗ ⊗K∗ A∗ M∗
i ⊗K∗ R∗

i M∗
i

M∗
j ⊗K∗ R∗

j Mj

πi⊗K∗ρi

πj⊗K∗ρj

αi

φτ⊗K∗λτ φτ

αj

It can be verified that (A∗, L∗, λ) is an object of Mod(C,M) and that

(
(A∗, L∗, λ)

(ρi,πi)−−−−→ D(i)

)
i∈Ob I

is a

limiting cone of D.

Proposition 10.1.4 popC :Mod(C,M)op → Cop is a fibered category.
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Proof. We assume that M satisfies the condition (i) of (10.1.1). For a morphism λ : S∗ → R∗ of C and
(S∗, N∗, β) ∈ ObMod(C,M), let iN∗ : N∗ → N∗ ⊗S∗ R∗ be a map defined by iN∗(x) = x ⊗ 1 and βλ :
(N∗ ⊗S∗ R∗) ⊗K∗ R∗ → N∗ ⊗S∗ R∗ the map induced by the product µ : R∗ ⊗K∗ R∗ → R∗ of R∗. Since the
following diagram commutes, (λ, iN∗) : (R∗, N∗ ⊗S∗ R∗, βλ)→ (S∗, N∗, β) is a morphism ofMod(C,M)op.

N∗ ⊗K∗ S∗ N∗

(N∗ ⊗S∗ R∗)⊗K∗ R∗ N∗ ⊗S∗ R∗

β

iN∗⊗K∗λ iN∗

βλ

Amap (λ, iN∗)∗ :Mod(C,M)opR∗((R∗,M∗, α), (R∗, N∗⊗S∗R∗, βλ))→Mod(C,M)opλ ((R∗,M∗, α), (S∗, N∗, β)) given
by (λ, iN∗)∗((idR∗ , ϕ)) = (λ, ϕiN∗) is bijective. In fact, for (λ, ψ) ∈Mod(C,M)opλ ((R∗,M∗, α), (S∗, N∗, β)), since
ψβ = α(ψ ⊗K∗ λ) : N∗ ⊗K∗ S∗ →M∗, we have

α(ψ ⊗K∗ idR∗)(z ⊗ λ(y)x) = α(ψ(z)⊗ λ(y)x) = α(α(ψ(z)⊗ λ(y))⊗ x)
= α(ψβ(z ⊗ y)⊗ x) = α(ψ ⊗K∗ idR∗)(β(z ⊗ y)⊗ x)

for x ∈ R∗, y ∈ S∗ and z ∈ N∗. Hence there exists unique morphism ψ̃ : N∗ ⊗S∗ R∗ → M∗ that makes the
following diagram commute. Here, πλ : N∗ ⊗K∗ R∗ → N∗ ⊗S∗ R∗ denotes the quotient map.

N∗ ⊗K∗ R∗ M∗ ⊗K∗ R∗

N∗ ⊗S∗ R∗ M∗

ψ⊗K∗ idR∗

πλ α

ψ̃

Then, a correspondence (λ, ψ) 7→ (idR∗ , ψ̃) gives the inverse of (λ, iN∗)∗. In fact, since

N∗ ⊗K∗ R∗ N∗ ⊗S∗ R∗ ⊗K∗ R∗ M∗ ⊗K∗ R∗

N∗ ⊗S∗ R∗ M∗

iN∗⊗K∗ idR∗

πλ

φ⊗K∗ idR∗

βλ α

φ

commutes for (idR∗ , ϕ) ∈Mod(C,M)opR∗((R∗,M∗, α), (R∗, N∗⊗S∗R∗, βλ)), the correspondence (λ, ψ) 7→ (idR∗ , ψ̃)
is a left inverse of (λ, iN∗)∗. For (λ, ψ) ∈Mod(C,M)opλ ((R∗,M∗, α), (S∗, N∗, β)) and x ∈ N∗, since

ψ̃iN∗(x) = ψ̃(x⊗S∗ 1) = ψ̃πλ(x⊗K∗ 1) = α(ψ ⊗K∗ idR∗)(x⊗K∗ 1) = ψ(x),

it follows that the correspondence (λ, ψ) 7→ (idR∗ , ψ̃) is a right inverse of (λ, iN∗)∗. Thus (λ, iN∗) is a cartesian
morphism and popC :Mod(C,M)op → Cop is a prefibered category. We set λ∗(S∗, N∗, β) = (R∗, N∗ ⊗S∗ R∗, βλ)
and αλ(S

∗, N∗, β) = (λ, iN∗) : λ∗(S∗, N∗, β)→ (S∗, N∗, β) inMod(C,M)op.
For morphisms λ : S∗ → R∗, ν : T ∗ → S∗ of C and (T ∗, L∗, γ) ∈ ObMod(C,M), there is an isomorphism

c̄λ,ν,L∗ : L∗ ⊗T∗ R∗ → (L∗ ⊗T∗ S∗) ⊗S∗ R∗ given by c̄λ,ν,L∗(w ⊗ x) = w ⊗ 1 ⊗ x. We put cν,λ(T
∗, L∗, γ) =

(idR∗ , c̄λ,ν,L∗). Then, cν,λ(T
∗, L∗, γ) : λ∗ν∗(T ∗, L∗, γ) → (λν)∗(T ∗, L∗, γ) is an isomorphism of Mod(C,M)opR∗

and the following diagram commutes.

λ∗ν∗(T ∗, L∗, γ) ν∗(T ∗, L∗, γ)

(λν)∗(T ∗, L∗, γ) (T ∗, L∗, γ)

αλ(ν
∗(T∗, L∗, γ))

cν,λ(T
∗, L∗, γ) αν(T

∗, L∗, γ)

αλν(T
∗, L∗, γ)

Therefore popC :Mod(C,M)op → Cop is a fibered category.
Next, we assume that M satisfies the condition (ii) of (10.1.1). For a morphism λ : S∗ → R∗ of C and

(S∗, N∗, β) ∈ ObMod(C,M), let îN∗ : N∗ → N∗ ⊗̂S∗ R∗ be the composition of iN∗ : N∗ → N∗ ⊗S∗ R∗

and ηN∗⊗S∗R∗ : N∗⊗S∗R∗ → N∗ ⊗̂S∗ R∗. Define β̂λ : (N∗ ⊗̂S∗ R∗)⊗K∗R∗ → N∗ ⊗̂S∗ R∗ to be the following
composition.

(N∗ ⊗̂S∗ R∗)⊗K∗ R∗
η(N∗ ⊗̂S∗ R∗)⊗K∗R∗
−−−−−−−−−−−−−→ (N∗ ⊗̂S∗ R∗) ⊗̂K∗ R∗ ∼=−→ N∗ ⊗̂S∗(R∗ ⊗̂K∗ R∗)

idN∗ ⊗̂S∗ µ̂−−−−−−−→ N∗ ⊗̂S∗ R̂∗

(idN∗ ⊗̂S∗ ηR∗ )−1

−−−−−−−−−−−−→ N∗ ⊗̂S∗ R∗
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Here µ̂ : R∗ ⊗̂K∗ R∗ → R̂∗ is the map induced by the product µ : R∗ ⊗K∗ R∗ → R∗ of R∗. Since the following
diagram commutes, (λ, îN∗) : (R∗, N∗ ⊗̂S∗ R∗, β̂λ)→ (S∗, N∗, β) is a morphism ofMod(C,M)op.

N∗ ⊗K∗ S∗ N∗

(N∗ ⊗S∗ R∗)⊗K∗ R∗ N∗ ⊗S∗ R∗

(N∗ ⊗̂S∗ R∗)⊗K∗ R∗ N∗ ⊗̂S∗ R∗

β

iN∗⊗K∗λ iN∗

βλ

ηN∗⊗S∗R∗⊗K∗ idR∗ ηN∗⊗S∗R∗

β̂λ

A map (λ, îN∗)∗ :Mod(C,M)opR∗((R∗,M∗, α), (R∗, N∗⊗̂S∗R∗, β̂λ))→Mod(C,M)opλ ((R∗,M∗, α), (S∗, N∗, β)) given

by (λ, îN∗)∗((idR∗ , ϕ)) = (λ, ϕîN∗) is bijective. In fact, for (λ, ψ) ∈ Mod(C,M)opλ ((R∗,M∗, α), (S∗, N∗, β)),
since ψβ = α(ψ ⊗K∗ λ) : N∗ ⊗K∗ S∗ →M∗, we have

α(ψ ⊗K∗ idR∗)(z ⊗ λ(y)x) = α(ψ(z)⊗ λ(y)x) = α(α(ψ(z)⊗ λ(y))⊗ x)
= α(ψβ(z ⊗ y)⊗ x) = α(ψ ⊗K∗ idR∗)(β(z ⊗ y)⊗ x)

for x ∈ R∗, y ∈ S∗ and z ∈ N∗. Hence there exists unique map ψ̃ : N∗ ⊗S∗ R∗ →M∗ that makes the following
diagram commute. Here, πλ : N∗ ⊗K∗ R∗ → N∗ ⊗S∗ R∗ denotes the quotient map.

N∗ ⊗K∗ R∗ M∗ ⊗K∗ R∗

N∗ ⊗S∗ R∗ M∗

ψ⊗K∗ idR∗

πλ α

ψ̃

Since M∗ is complete Hausdorff, there exists unique map ψ̂ : N∗ ⊗̂S∗ R∗ → M∗ satisfying ψ̂ηN∗⊗S∗R∗ = ψ̃.

Then, a correspondence (λ, ψ) 7→ (idR∗ , ψ̂) gives the inverse of (λ, îN∗)∗. In fact, since

N∗ ⊗K∗ R∗ (N∗ ⊗̂S∗ R∗)⊗K∗ R∗ M∗ ⊗K∗ R∗

N∗ ⊗S∗ R∗ N∗ ⊗̂S∗ R∗ M∗

îN∗⊗K∗ idR∗

πλ

φ⊗K∗ idR∗

β̂λ α

ηN∗⊗S∗R∗ φ

commutes for (idR∗ , ϕ) ∈Mod(C,M)opR∗((R∗,M∗, α), (R∗, N∗ ⊗̂S∗R∗, β̂λ)), the correspondence (λ, ψ) 7→ (idR∗ , ψ̂)

is a left inverse of (λ, îN∗)∗. For (λ, ψ) ∈Mod(C,M)opλ ((R∗,M∗, α), (S∗, N∗, β)) and x ∈ N∗, since

ψ̂îN∗(x) = ψ̂ηN∗⊗S∗R∗iN∗(x) = ψ̃(x⊗S∗ 1) = ψ̃πλ(x⊗K∗ 1) = α(ψ ⊗K∗ idR∗)(x⊗K∗ 1) = ψ(x),

it follows that the correspondence (λ, ψ) 7→ (idR∗ , ψ̂) is a right inverse of (λ, iN∗)∗. Thus (λ, iN∗) is a cartesian

morphism and popC :Mod(C,M)op → Cop is a prefibered category. We set λ∗(S∗, N∗, β) = (R∗, N∗ ⊗̂S∗ R∗, β̂λ)

and αλ(S
∗, N∗, β) = (λ, îN∗) : λ∗(S∗, N∗, β)→ (S∗, N∗, β) inMod(C,M)op.

For morphisms λ : S∗ → R∗, ν : T ∗ → S∗ of C and (T ∗, L∗, γ) ∈ ObMod(C,M), there is an isomorphism
c̄λ,ν,L∗ : L∗ ⊗T∗ R∗ → (L∗ ⊗T∗ S∗) ⊗S∗ R∗ given by c̄λ,ν,L∗(w ⊗ x) = w ⊗ 1 ⊗ x. Let ĉλ,ν,L∗ : L∗ ⊗̂T∗ R∗ →
(L∗ ⊗̂T∗ S∗) ⊗̂S∗ R∗ be the map induced by c̄λ,ν,L∗ , which is also an isomorphism. We put

cν,λ(T
∗, L∗, γ) = (idR∗ , ĉλ,ν,L∗) :

(
R∗, (L∗ ⊗̂T∗ S∗) ⊗̂S∗ R∗, (̂γ̂ν)λ

)
→ (R∗, L∗ ⊗̂T∗ R∗, γλν).

Then, cν,λ(T
∗, L∗, γ) : λ∗ν∗(T ∗, L∗, γ)→ (λν)∗(T ∗, L∗, γ) is an isomorphism ofMod(C,M)opR∗ and the following

diagram commutes.

λ∗ν∗(T ∗, L∗, γ) ν∗(T ∗, L∗, γ)

(λν)∗(T ∗, L∗, γ) (T ∗, L∗, γ)

αλ(ν
∗(T∗, L∗, γ))

cν,λ(T
∗, L∗, γ) αν(T

∗, L∗, γ)

αλν(T
∗, L∗, γ)

Therefore popC :Mod(C,M)op → Cop is a fibered category.
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Remark 10.1.5 For a morphism λ : A∗ → R∗ of C and an object M = (A∗,M∗, α) of Mod(C,M)A∗ , we
denote by îM∗,λ : M∗ → M∗ ⊗̂A∗ R∗ the composition of a map M∗ → M∗ ⊗A∗ R∗ given by x 7→ x ⊗ 1 and the
completion map M∗⊗A∗R∗ →M∗ ⊗̂A∗ R∗. For a morphism γ : R∗ → S∗ of C, if we regard S∗ as an A∗-algebra
by γλ, the isomorphism

ĉγ,λ,M∗ :M∗ ⊗̂A∗ S∗ → (M∗ ⊗̂A∗ R∗) ⊗̂R∗ S∗

given in the proof of (10.1.4) coincides with the following composition.

M∗ ⊗̂A∗ S∗ îM∗,λ ⊗̂A∗ idS∗
−−−−−−−−−−→ (M∗ ⊗̂A∗ R∗) ⊗̂A∗ S∗ ⊗̂λ−−→ (M∗ ⊗̂A∗ R∗) ⊗̂R∗ S∗

Proposition 10.1.6 For a morphism λ : S∗ → R∗ of C, λ∗ :Mod(C,M)opS∗ →Mod(C,M)opR∗ has a left adjoint.

Proof. Define a functor λ∗ :Mod(C,M)R∗ → Mod(C,M)S∗ as follows. For (R∗,M∗, α) ∈ ObMod(C,M)R∗ ,
set λ∗(R

∗,M∗, α) = (S∗,M∗, α(idM∗ ⊗K∗ λ)). For (idR∗ , ψ) ∈ Mod(C,M)R∗((R∗, L∗, γ), (R∗,M∗, α)), we set
λ∗(idR∗ , ψ) = (idS∗ , ψ). It is clear that (idS∗ , ϕ) ∈ Mod(C,M)S∗((S∗, N∗, β), λ∗(R

∗,M∗, α)) if and only if
(λ, ϕ) ∈ Mod(C,M)λ((S

∗, N∗, β), (R∗,M∗, α)). It follows from the proof of (10.1.4) that we have a natural
bijection

(λ, iN∗)∗ :Mod(C,M)R∗(λ∗(S∗, N∗, β), (R∗,M∗, α))→Mod(C,M)λ((S
∗, N∗, β), (R∗,M∗, α))

ifM satisfies the condition (i) of (10.1.1) and that we have a natural bijection

(λ, îN∗)∗ :Mod(C,M)R∗(λ∗(S∗, N∗, β), (R∗,M∗, α))→Mod(C,M)λ((S
∗, N∗, β), (R∗,M∗, α))

if M satisfies the condition (ii) of (10.1.1). Thus a correspondence (idR∗ , ϕ) 7→ (idS∗ , ϕ iN∗) or (idR∗ , ϕ) 7→
(idS∗ , ϕ îN∗) gives a bijection

Mod(C,M)R∗(λ∗(S∗, N∗, β), (R∗,M∗, α))→Mod(C,M)S∗((S∗, N∗, β), λ∗(R
∗,M∗, α))

which is natural. Hence λ∗ is a right adjoint of λ∗ :Mod(C,M)S∗ →Mod(C,M)R∗ .

Remark 10.1.7 Let λ : S∗ → R∗ be a morphism of C.
(1) The unit η(λ) : idMod(C,M)S∗ → λ∗λ

∗ is given as follows. For an object N = (S∗, N∗, β) ofMod(C,M)S∗ ,
η(λ)N :N → λ∗λ

∗(N) is defined to be

(idS∗ , iN∗) : (S∗, N∗, β)→ (S∗, N∗ ⊗S∗ R∗, βλ(idN∗⊗S∗R∗⊗K∗λ))

ifM satisfies the condition (i) of (10.1.1). If M satisfies the condition (ii) of (10.1.1), η(λ)N is defined to be

(idS∗ , îN∗) : (S∗, N∗, β)→ (S∗, N∗ ⊗̂S∗ R∗, β̂λ(idN∗ ⊗̂S∗ R∗ ⊗̂K∗ λ)).

(2) The counit ε(λ) : λ∗λ∗ → idMod(C,M)R∗ is given as follows. For an object M = (R∗,M∗, α) of
Mod(C,M)R∗ , we put β = α(idM∗ ⊗K∗ λ). Suppose that M satisfies the condition (i) of (10.1.1). Then,
λ∗λ∗(M) = (R∗,M∗⊗S∗R∗, βλ), where βλ : (M∗⊗S∗R∗)⊗K∗R∗ →M∗⊗S∗R∗ is the following composition.

(M∗⊗S∗R∗)⊗K∗R∗ ∼=M∗⊗S∗ (R∗⊗K∗R∗)
idM∗⊗S∗µ−−−−−−−→M∗⊗S∗R∗

Here, we denote by µ : R∗ ⊗K∗ R∗ → R∗ is the product of R∗. Let us denote by ᾱ : M∗⊗R∗R∗ → M∗ the
isomorphism induced by α and by α′ : (M∗⊗R∗R∗)⊗K∗R∗ →M∗⊗R∗R∗ the following composition.

(M∗⊗R∗R∗)⊗K∗R∗ ∼=M∗⊗R∗ (R∗⊗K∗R∗)
idM∗⊗R∗µ−−−−−−−→M∗⊗R∗R∗

Then, ε(λ)M : λ∗λ∗(M)→M is defined to be the following composition.

(R∗,M∗⊗S∗R∗, βλ)
(idR∗ ,⊗λ)−−−−−−→ (R∗,M∗⊗R∗R∗, α′)

(idR∗ ,ᾱ)−−−−−→ (R∗,M∗, α).

Suppose thatM satisfies the condition (ii) of (10.1.1). Then, we have λ∗λ∗(M) = (R∗,M∗ ⊗̂S∗ R∗, β̂λ), where

β̂λ : (M∗ ⊗̂S∗ R∗)⊗K∗ R∗ →M∗ ⊗̂S∗ R∗ is the following composition.

(M∗ ⊗̂S∗ R∗)⊗K∗ R∗ completion−−−−−−−→ (M∗ ⊗̂S∗ R∗) ⊗̂K∗ R∗ ∼=M∗ ⊗̂S∗(R∗ ⊗̂K∗ R∗)
idM∗ ⊗̂S∗ µ̂−−−−−−−→M∗ ⊗̂S∗ R∗
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Here, we denote by µ̂ : R∗ ⊗̂K∗ R∗ → R∗ is the map induced by µ. Let α̂ : M∗ ⊗̂K∗ R∗ → M∗ be the map
induced by α : M∗⊗K∗R∗ → M∗. α̂ induces an isomorphism α̃ : M∗ ⊗̂R∗ R∗ → M∗ which satisfies α̃ ⊗̂u = α̂,
where u : K∗ → R∗ is the unit of R∗. We also denote by α̂′ : (M∗⊗̂R∗R∗) ⊗K∗R∗ → M∗⊗̂R∗R∗ the following
composition.

(M∗⊗̂R∗R∗)⊗K∗R∗ completion−−−−−−−→ (M∗⊗̂R∗R∗) ⊗̂K∗R∗ ∼=M∗⊗̂R∗(R∗⊗̂K∗R∗)
idM∗ ⊗̂R∗ µ̂−−−−−−−→M∗⊗̂R∗R∗

Then, ε(λ)M : λ∗λ∗(M)→M is defined to be a composition

(R∗,M∗ ⊗̂S∗ R∗, β̂λ)
(idR∗ ,⊗̂λ)−−−−−−→ (R∗,M∗ ⊗̂R∗ R∗, α̂′)

(idR∗ ,α̃)−−−−−→ (R∗,M∗, α).

By the definition of γ♯M ,N , we have the following result.

Proposition 10.1.8 Let λ : A∗ → R∗, ν : B∗ → R∗, γ : R∗ → S∗ be morphisms of C and M = (A∗,M∗, α),
M = (B∗, N∗, β) objects of Mod(C,M)A∗ ,Mod(C,M)B∗ , respectively. Then,

γ♯M ,N :Mod(C,M)R∗(ν∗(N), λ∗(M))→Mod(C,M)S∗((γν)∗(N), (γλ)∗(M))

maps (idR∗ , ϕ) to (idS∗ , ĉ−1
γ,λ,M∗(ϕ ⊗̂R∗ idS∗)ĉγ,ν,N∗).

For an object R∗ of C and an object M = (K∗,M∗, α) ofMod(C,M)K∗ , let uR∗ : K∗ → R∗ the unit of R∗

and we put αR∗ = α̂uR∗ (idM∗ ⊗̂K∗ R∗ ⊗K∗ uR∗) : (M∗ ⊗̂K∗ R∗)⊗K∗ K∗ →M∗ ⊗̂K∗ R∗.

Proposition 10.1.9 Let R∗ be an object of C and M = (K∗,M∗, α) an object of Mod(C,M)K∗ .
(1) We have R∗ ×M = uR∗∗(u

∗
R∗(M)) = (K∗,M∗ ⊗̂K∗ R∗, αR∗).

(2) We denote by m̂ : R∗ ⊗̂K∗ R∗ → R∗ the map induced by the product m : R∗ ⊗K∗ R∗ → R∗ of R∗ and
define iR∗(M) : (M∗ ⊗̂K∗ R∗) ⊗̂K∗R∗ →M∗ ⊗̂K∗ R∗ to be the following composition.

(M∗ ⊗̂K∗ R∗) ⊗̂K∗ R∗ ∼=−→M∗ ⊗̂K∗(R∗ ⊗̂K∗ R∗)
idM∗ ⊗̂K∗ m̂−−−−−−−−→M∗ ⊗̂K∗ R∗

Then, ιR∗(M) : u∗R∗(R∗ ×M) = (R∗, (M∗ ⊗̂K∗ R∗) ⊗̂K∗ R∗, (αR∗)uR∗ ) → (R∗,M∗ ⊗̂K∗ R∗, α̂uR∗ ) = u∗R∗(M)
is given by ιR∗(M) = (idR∗ , iR∗(M)).

(3) For objects M and N ofMod(C,M)K∗ ,

PR∗(M)N :Mod(C,M)R∗(u∗R∗(N), u∗R∗(M))→Mod(C,M)K∗(N , R∗ ×M)

maps (idR∗ , ϕ) to (idK∗ , ϕîM∗,uR∗ ).
(4) For a morphism φ = (idK∗ , ϕ) : M → N of Mod(C,M)K∗ , R∗ × φ : R∗ ×M → R∗ ×N is given by

u∗(u
∗(φ)) = (idK∗ , ϕ ⊗̂K∗idR∗).
(5) For a morphism γ : R∗ → S∗ of C, γ×M : R∗×M → S∗×M is given by γ×M = (idK∗ , idM∗ ⊗̂K∗ γ).

Proof. (1) The assertion follows from (10.1.4), (10.1.6) and (6.3.1).
(2) Since ιR∗(M) = η(uR∗)u∗

R∗ (M) by (6.3.1), the assertion follows from and (10.1.7).

(3) The assertion follows from (6.3.1) and (10.1.6).
(4) This is a direct consequence of (6.3.4).
(5) The assertion can be verified from (6.3.7) and (10.1.7).

Proposition 10.1.10 For an object R∗ of C and an object M = (K∗,M∗, α) of Mod(C,M)K∗ , define a map
δ̄R∗,M : (M∗⊗K∗R∗)⊗K∗R∗ →M∗⊗K∗R∗ by δ̄R∗,M (x⊗ r ⊗ r) = x⊗ rs. Let

δ̃R∗,M : (M∗ ⊗̂K∗ R∗) ⊗̂K∗ R∗ →M∗ ⊗̂K∗ R∗

be the map induced by δ̄R∗,M . Then, δR∗,M : R∗ × (R∗ ×M)→ R∗ ×M is given by δR∗,M = (idK∗ , δ̃R∗,M ).

Proof. First we note that it follows from (1) of (10.1.9) that R∗ × (R∗ ×M) is given as follows.

R∗ × (R∗ ×M) = R∗ × (K∗,M∗ ⊗̂K∗ R∗, αR∗) = (K∗, (M∗ ⊗̂K∗R∗) ⊗̂K∗R∗, (αR∗)R∗)

Since δR∗,M = u∗R∗

(
η(u)u∗

R∗ (M)

)
by (6.3.12), the assertion follows from (2) of (10.1.7).
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Proposition 10.1.11 For objects R∗, S∗ of C and an object M = (K∗,M∗, α) ofMod(C,M)K∗ , define a map
θ̄R∗,S∗(M) : (M∗⊗K∗S∗)⊗K∗R∗ →M∗⊗K∗ (R∗⊗K∗S∗) by θ̄R∗,S∗(M)((x⊗ s)⊗ r) = (−1)deg rdeg sx⊗ (r⊗ s).
Let

θ̃R∗,S∗(M) : (M∗ ⊗̂K∗ S∗) ⊗̂K∗ R∗ →M∗ ⊗̂K∗(R∗ ⊗̂K∗ S∗)

be the map induced by θ̄R∗,S∗(M). Then, θR∗,S∗(M) : R∗×(S∗×M)→ (R∗×S∗)×M is given by θR∗,S∗(M) =

(idK∗ , θ̃R∗,S∗(M)). Hence θR∗,S∗(M) is an isomorphism of Mod(C,M)K∗ .

Proof. We have the following equalities by (1) of (10.1.9).

R∗×(S∗×M) = (K∗, (M∗ ⊗̂K∗ S∗) ⊗̂K∗ R∗, (αS∗)R∗)

(R∗×S∗)×((R∗×S∗)×M) = (K∗, (M∗ ⊗̂K∗(R∗ ⊗̂K∗ S∗)) ⊗̂K∗(R∗ ⊗̂K∗ S∗), (αR∗ ⊗̂K∗ S∗)R∗ ⊗̂K∗ S∗)

(R∗×S∗)×M = (K∗,M∗ ⊗̂K∗(R∗ ⊗̂K∗ S∗), αR∗ ⊗̂K∗ S∗)

We denote by i1 : R∗ → R∗ ⊗K∗ S∗, i2 : S∗ → R∗ ⊗K∗ S∗ maps defined by i1(r) = r ⊗ 1, i2(s) = 1⊗ s and by
î1 : R∗ → R∗ ⊗̂K∗ S∗, î2 : S∗ → R∗ ⊗̂K∗ S∗ the following compositions.

R∗ i1−→ R∗ ⊗K∗ S∗ completion−−−−−−−→ R∗ ⊗̂K∗ S∗, S∗ i2−→ R∗ ⊗K∗ S∗ completion−−−−−−−→ R∗ ⊗̂K∗ S∗

Since θR∗,S∗(M) is defined to be a composition

R∗×(S∗×M)
î1×(̂i2×M)−−−−−−−→ (R∗×S∗)×((R∗×S∗)×M)

δR∗×S∗,M−−−−−−−→ (R∗×S∗)×M ,

the assertion follows from (3) of (10.1.6) and (10.1.10).

Recall that prodR∗ :Mod(TopAlgcK∗ ,ModcK∗)K∗ →Mod(TopAlgcK∗ ,ModcK∗)K∗ is a functor which assigns
an object M of Mod(TopAlgcK∗ ,ModcK∗)K∗ to R∗ ×M and a morphism φ of Mod(TopAlgcK∗ ,ModcK∗)K∗

to R∗ ×φ.

Proposition 10.1.12 For an object R∗ of TopAlgK∗ ,

prodR∗ :Mod(TopAlgcK∗ ,ModcK∗)K∗ →Mod(TopAlgcK∗ ,ModcK∗)K∗

preserves epimorphims and coequalizers. It preserves monomorphisms and equalizers if K∗ is a field.

Proof. The first assertion is a direct consequence of (2.3.14), (2.3.15) and (10.1.9). The second assertion follows
from (2.1.5), (1.3.12) and (1.3.14).

Proposition 10.1.13 Let K∗ be a field such that Ki = {0} for i 6= 0. For an object R∗ of C and an ob-
ject N = (K∗, N∗, β) of Mod(C,M)K∗ , we define a functor FR

∗

N : Mod(C,M)K∗ → Top by FR
∗

N (M) =
Mod(C,M)R∗(u∗R∗(N), u∗R∗(M)) and FR

∗

N (φ) = u∗R∗(φ)∗. FR
∗

N is representable if the following conditions are
satisfied.

(i) R∗ is finite type, connective and has skeletal topology.
(ii) N∗ is finite type, coconnective and has skeletal topology.
(iii) Every object of M is profinite.

Proof. For M = (K∗,M∗, α) ∈ ObMod(C,M)K∗ , since u∗R∗ : Mod(C,M)K∗ → Mod(C,M)R∗ has a right
adjoint uR∗∗ by (10.1.6), FR

∗

N (M) is naturally isomorphic to

Mod(C,M)K∗(N , uR∗∗u
∗
R∗(M)) =Mod(C,M)K∗((K∗, N∗, β), (K∗,M∗ ⊗̂K∗ R∗, α̂uR∗ (idM∗ ⊗̂K∗R∗ ⊗K∗ uR∗)))

= {(idK∗ , ϕ) |ϕ ∈ Homc
K∗(N∗,M∗ ⊗̂K∗ R∗)}.

Since R∗ is finite type, R∗∗ = Hom∗(R∗,K∗) is also finite type and has skeletal topology by (3.1.36). Thus
R∗∗ is supercofinite by (1.4.6) and ϕ̂R

∗∗

M∗ : Hom∗(R∗∗,K∗) ⊗̂K∗ M∗ → Hom∗(R∗∗,M∗) is an isomorphism by
(4.1.14). On the other hand, since χR∗,K∗ : R∗ → Hom∗(R∗∗,K∗) is an isomorphism by (3.3.6), we have the
following chain of isomorphisms.

M∗ ⊗̂K∗ R∗ T̂M∗,R∗
−−−−−→ R∗ ⊗̂K∗ M∗ χR∗,K∗ ⊗̂K∗ idM∗

−−−−−−−−−−−−→ Hom∗(R∗∗,K∗) ⊗̂K∗ M∗ φ̂R
∗∗

M∗−−−→ Hom∗(R∗∗,M∗)
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Since R∗∗ is coconnective, it follows from (2.1.20) that N∗⊗K∗R∗∗ has skeletal topology, hence it is supercofinite
by (1.4.6). Hence (3.2.6) implies that ΦN∗,R∗∗,M∗ : Homc

K∗(N∗ ⊗K∗ R∗∗,M∗)→ Homc
K∗(N∗,Hom∗(R∗∗,M∗))

is an isomorphism. We note that N∗ ⊗K∗ R∗∗ is complete Hausdorff by (2.3.3). Therefore, if we denote by
β′ : N∗ ⊗K∗ R∗∗ ⊗K∗ K∗ → N∗ ⊗K∗ R∗∗ the right K∗-module structure of N∗ ⊗K∗ R∗∗, FR

∗

N is represented by
(K∗, N∗ ⊗K∗ R∗∗, β′).

Remark 10.1.14 Under the assumptions of (10.1.13), we put NR∗
= (K∗, R∗∗ ⊗K∗ N∗, βR

∗
) and the natural

equivalence
ER∗(N)M :Mod(C,M)R∗(u∗R∗(N), u∗R∗(M))→Mod(C,M)K∗(NR∗

,M)

is given by the following composition of isomorphisms.

Mod(C,M)R∗(u∗R∗(N), u∗R∗(M))
(id,̂iN∗,uR∗ )∗

−−−−−−−−−→Mod(C,M)K∗(N , uR∗∗u
∗
R∗(M))

∼=−→ Homc
K∗(N∗,M∗ ⊗̂K∗ R∗)

(T̂M∗,R∗ )∗−−−−−−−→ Homc
K∗(N∗, R∗ ⊗̂K∗ M∗)

(χR∗,K∗ ⊗̂K∗ idM∗ )∗−−−−−−−−−−−−−−→ Homc
K∗(N∗,Hom∗(R∗∗,K∗) ⊗̂K∗ M∗)(

φ̂R
∗∗

M∗

)
∗−−−−−−→ Homc

K∗(N∗,Hom∗(R∗∗,M∗))
Φ−1
N∗,R∗∗,M∗
−−−−−−−−→ Homc

K∗(N∗ ⊗K∗ R∗∗,M∗)

T∗
R∗∗,N∗
−−−−−→ Homc

K∗(R∗∗ ⊗K∗ N∗,M∗)
∼=−→Mod(C,M)K∗(NR∗

,M)

It follows from (3.2.5) that Φ−1
N∗,R∗∗,M∗ : Homc

K∗(N∗,Hom∗(R∗∗,M∗)) → Homc
K∗(N∗ ⊗K∗ R∗∗,M∗) is given

by Φ−1
N∗,R∗∗,M∗(g) = evR

∗∗

M∗ (g⊗K∗ idR∗∗). Hence if we put ξ = (idR∗ , ξ) and ER∗(N)M (ξ) = (idK∗ , ξ̌) for

ξ ∈Mod(C,M)R∗(u∗R∗(N), u∗R∗(M)), ξ̌ : R∗∗ ⊗K∗ N∗ →M∗ is the following composition.

R∗∗⊗K∗N∗ TR∗∗,N∗
−−−−−→ N∗⊗K∗R∗∗ îN∗,uR∗ ⊗K∗ idR∗∗

−−−−−−−−−−−−→ (N∗ ⊗̂K∗ R∗)⊗K∗R∗∗ ξ⊗K∗ idR∗∗−−−−−−−→ (M∗ ⊗̂K∗ R∗)⊗K∗R∗∗

T̂M∗,R∗⊗K∗ idR∗∗
−−−−−−−−−−−−→ (R∗⊗̂K∗M∗)⊗K∗R∗∗ (χR∗,K∗ ⊗̂K∗ idM∗ )⊗K∗ idR∗∗

−−−−−−−−−−−−−−−−−−−→ (Hom∗(R∗∗,K∗)⊗̂K∗M∗)⊗K∗R∗∗

φ̂R
∗∗

M∗ ⊗K∗ idR∗∗
−−−−−−−−−−→ Hom∗(R∗∗,M∗)⊗K∗R∗∗ evR

∗∗
M∗−−−−→M∗

For the rest of this subsection, we assume that K∗ is a field such that Ki = {0} for i 6= 0.

Assume that every object ofM is profinite. Moreover, when we consider NR∗
for an object R∗ of C and an

object N = (K∗, N∗, β) ofMod(C,M)K∗ , we always assume that R∗ and N∗ satisfy the conditions (i) and (ii)
of (10.1.13), respectively. Let us denote by λR

∗

N : N∗ → Hom∗(R∗∗, R∗∗ ⊗K∗ N∗) be the image of the switching
map of TN∗,R∗∗ : N∗ ⊗K∗ R∗∗ → R∗∗ ⊗K∗ N∗ by

ΦN∗,R∗∗,R∗∗⊗K∗N∗ : Homc
K∗(N∗ ⊗K∗ R∗∗, R∗∗ ⊗K∗ N∗)→ Homc

K∗(N∗,Hom∗(R∗∗, R∗∗ ⊗K∗ N∗)).

Proposition 10.1.15 Let R∗ be an object of C which is finite type, connective and has skeletal topology and
N = (K∗, N∗, β) an object ofMod(C,M)K∗ such that N∗ is finite type, coconnective and has skeletal topology.

(1) Let jR∗(N) : N∗ ⊗̂K∗ R∗ → (R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗ be the homomorphism of right R∗-modules induced
by

N∗ λR
∗

N−−→ Hom∗(R∗∗, R∗∗ ⊗K∗ N∗)

(
φ̂R

∗∗
R∗∗⊗K∗N∗

)−1

−−−−−−−−−−−→ Hom∗(R∗∗,K∗) ⊗̂K∗(R∗∗ ⊗K∗ N∗)

χ−1
R∗,K∗ ⊗̂K∗ idR∗∗⊗K∗N∗

−−−−−−−−−−−−−−−−−→ R∗ ⊗̂K∗(R∗∗ ⊗K∗ N∗)
T̂R∗,R∗∗⊗K∗N∗
−−−−−−−−−−→ (R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗.

Then, πR∗(N) : u∗R∗(N) = (R∗, N∗ ⊗̂K∗ R∗, α̂uR∗ ) → (R∗, (R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗, (βR
∗
)uR∗ ) = u∗R∗(N

R∗
) is

given by πR∗(N) = (idR∗ , jR∗(N)).
(2) Let M = (K∗,M∗, α) be an object of Mod(C,M)K∗ such that M∗ is finite type, coconnective and has

skeletal topology. For a morphism φ = (idK∗ , ϕ) :M → N of Mod(C,M)K∗ , φR
∗
:MR∗

→ NR∗
is given by

φR
∗
= (idK∗ , idR∗∗ ⊗K∗ ϕ).

(3) Let S∗ be an object of C which is finite type, connective and has skeletal topology. For a morphism

γ : R∗ → S∗ of C, Nγ :NS∗
→NR∗

is given by Nγ = (idK∗ , γ∗ ⊗K∗ idN∗).

Proof. (1) The assertion is a direct consequence of (10.1.14).
(2) We note that the the following diagram is commutative by (3.2.1).
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Homc
K∗(M∗ ⊗K∗ R∗∗, R∗∗ ⊗K∗ M∗) Homc

K∗(M∗,Hom∗(R∗∗, R∗∗ ⊗K∗ M∗))

Homc
K∗(M∗ ⊗K∗ R∗∗, R∗∗ ⊗K∗ N∗) Homc

K∗(M∗,Hom∗(R∗∗, R∗∗ ⊗K∗ N∗))

Homc
K∗(N∗ ⊗K∗ R∗∗, R∗∗ ⊗K∗ N∗) Homc

K∗(N∗,Hom∗(R∗∗, R∗∗ ⊗K∗ N∗))

(idR∗∗⊗K∗φ)∗

ΦM∗,R∗∗,R∗∗⊗K∗M∗

((idR∗∗⊗K∗φ)∗)∗

ΦN∗,R∗∗,R∗∗⊗K∗N∗

(φ⊗K∗ idR∗∗ )∗

ΦN∗,R∗∗,R∗∗⊗K∗N∗

φ∗

Since (idR∗∗ ⊗K∗ ϕ)TM∗,R∗∗ = TN∗,R∗∗(ϕ⊗K∗ idR∗∗), it follows from the above diagram that the upper triangle
of the following diagram is commutative. The lower left rectangle of the following diagram is commutative by
the definition of jR∗(N).

Hom∗(R∗∗, R∗∗ ⊗K∗ M∗)

M∗ N∗ Hom∗(R∗∗, R∗∗ ⊗K∗ N∗)

M∗ ⊗̂K∗ R∗ N∗ ⊗̂K∗ R∗ Hom∗(R∗∗,K∗) ⊗̂K∗(R∗∗ ⊗K∗ N∗)

(R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗ R∗ ⊗̂K∗(R∗∗ ⊗K∗ N∗)

(idR∗∗⊗K∗φ)∗

φ

λR
∗

M

îM∗,uR∗ îN∗,uR∗

λR
∗

N

(
φ̂R

∗∗
R∗∗⊗K∗N∗

)−1

φ ⊗̂K∗ idR∗

jR∗ (N) χ−1
R∗,K∗ ⊗̂K∗ idR∗∗⊗K∗N∗

T̂R∗,R∗∗⊗K∗N∗

Then, it follows from (10.1.14) that we have φR
∗
= ER∗(M)NR∗ (πR∗(N)u∗R∗(φ)) = (idK∗ , idR∗∗ ⊗K∗ ϕ).

(3) We first note that the following diagram is commutative.

N∗ N∗ ⊗̂K∗ S∗

N∗ ⊗̂K∗ R∗ (N∗ ⊗̂K∗ R∗) ⊗̂R∗ S∗

(R∗∗⊗K∗N∗) ⊗̂K∗ R∗ ((R∗∗⊗K∗N∗) ⊗̂K∗ R∗) ⊗̂R∗ S∗

(R∗∗⊗K∗N∗) ⊗̂K∗ S∗

îN∗,uS∗

îN∗,uR∗ ĉγ,uR∗ ,N∗

îN∗ ⊗̂K∗ R∗,γ

jR∗ (N) jR∗ (N) ⊗̂R∗ idS∗

î(R∗∗⊗K∗N∗) ⊗̂K∗ R∗,γ

idR∗∗⊗K∗N∗ ⊗̂K∗ γ ĉ−1
γ,uR∗ ,R∗∗⊗K∗N∗

It follows from the definition of Nγ and (1) that we have the following equality.

Nγ = ES∗(N)NR∗ (γ♯
NR∗

,N
(πR∗(N))) = ES∗(N)NR∗ (idS∗ , ĉ−1

γ,uR∗ ,N∗(jR∗(N) ⊗̂R∗ idS∗)ĉγ,uR∗ ,N∗)

We also note that the following equality holds in Homc
K∗(N∗,Hom∗(S∗∗, R∗∗⊗K∗N∗)) by (3.2.1).

ΦN∗,S∗∗,R∗∗⊗K∗N∗((γ∗ ⊗K∗ idN∗)TN∗,S∗∗) = ΦN∗,S∗∗,R∗∗⊗K∗N∗(TN∗,R∗∗(idN∗ ⊗K∗ γ∗))

= (γ∗)∗ΦN∗,R∗∗,R∗∗⊗K∗N∗(TN∗,R∗∗) = (γ∗)∗λR
∗

N

Hence, by (10.1.14) it suffices to show that

ĉ−1
γ,uR∗ ,N∗(jR∗(N) ⊗̂R∗ idS∗)ĉγ,uR∗ ,N∗ îN∗,uS∗ = (idR∗∗⊗K∗N∗ ⊗̂K∗ γ)jR∗(N )̂iN∗,uR∗

which belongs to Homc
K∗(N∗, (R∗∗⊗K∗N∗) ⊗̂K∗ S∗) maps to (γ∗)∗λR

∗

N by the following composition.

Homc
K∗(N∗, (R∗∗⊗K∗N∗) ⊗̂K∗ S∗)

(T̂R∗∗⊗K∗N∗,S∗ )∗
−−−−−−−−−−−→ Homc

K∗(N∗, S∗ ⊗̂K∗(R∗∗⊗K∗N∗))
(χS∗,K∗ ⊗̂K∗ idR∗∗⊗K∗N∗ )∗
−−−−−−−−−−−−−−−−−−→

Homc
K∗(N∗,Hom∗(S∗∗,K∗)⊗̂K∗(R∗∗⊗K∗N∗))

(
φ̂S

∗∗
R∗∗⊗K∗N∗

)
∗−−−−−−−−−−→Homc

K∗(N∗,Hom∗(S∗∗, R∗∗⊗K∗N∗)) · · · (∗)

Since the following diagram is commutative by the naturality of ϕ̂M
∗

N∗ and χM∗,N∗ ,
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Homc
K∗(N∗, (R∗∗⊗K∗N∗) ⊗̂K∗ R∗) Homc

K∗(N∗, (R∗∗⊗K∗N∗) ⊗̂K∗ S∗)

Homc
K∗(N∗, R∗ ⊗̂K∗(R∗∗⊗K∗N∗)) Homc

K∗(N∗, S∗ ⊗̂K∗(R∗∗⊗K∗N∗))

Homc
K∗(N∗,Hom∗(R∗∗,K∗) ⊗̂K∗(R∗∗⊗K∗N∗)) Homc

K∗(N∗,Hom∗(S∗∗,K∗) ⊗̂K∗(R∗∗⊗K∗N∗))

Homc
K∗(N∗,Hom∗(R∗∗, R∗∗⊗K∗N∗)) Homc

K∗(N∗,Hom∗(S∗∗, R∗∗⊗K∗N∗))

(idR∗∗⊗K∗N∗ ⊗̂K∗ γ)∗

(T̂R∗∗⊗K∗N∗,R∗ )∗ (T̂R∗∗⊗K∗N∗,S∗ )∗

(γ ⊗̂K∗ idR∗∗⊗K∗N∗ )∗

(χR∗,K∗ ⊗̂K∗ idR∗∗⊗K∗N∗ )∗ (χS∗,K∗ ⊗̂K∗ idR∗∗⊗K∗N∗ )∗

((γ∗)∗ ⊗̂K∗ idR∗∗⊗K∗N∗ )∗

(
φ̂R

∗∗
R∗∗⊗K∗N∗

)
∗

(
φ̂S

∗∗
R∗∗⊗K∗N∗

)
∗

((γ∗)∗)∗

(idR∗∗⊗K∗N∗⊗̂K∗γ)T̂R∗,R∗∗⊗K∗N∗(χ−1
R∗,K∗⊗̂K∗idR∗∗⊗K∗N∗)

(
ϕ̂R

∗∗

R∗∗⊗K∗N∗

)−1
λR

∗

N =(idR∗∗⊗K∗N∗⊗̂K∗ γ)jR∗(N )̂iN∗,uR∗

maps to (γ∗)∗λR
∗

N by the above composition (∗).

We choose a basis bi1, bi2, . . . , bidi of R
i and let b∗i1, b

∗
i2, . . . , b

∗
idi

(b∗ij ∈ Hom−i(R∗,K∗)) be the dual basis of
bi1, bi2, . . . , bidi .

Lemma 10.1.16 Suppose that N = (K∗, N∗, β) is an object of Mod(C,M)K∗ such that N∗ is finite type,
coconnective and has the skeletal topology. Let j̃R∗(N) : N∗ → (R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗ be the following compo-
sition.

N∗ λR
∗

N−−→ Hom∗(R∗∗, R∗∗ ⊗K∗ N∗)

(
φ̂R

∗∗
R∗∗⊗K∗N∗

)−1

−−−−−−−−−−−→ Hom∗(R∗∗,K∗) ⊗̂K∗(R∗∗ ⊗K∗ N∗)

χ−1
R∗,K∗ ⊗̂K∗ idR∗∗⊗K∗N∗

−−−−−−−−−−−−−−−−−→ R∗ ⊗̂K∗(R∗∗ ⊗K∗ N∗)
T̂R∗,R∗∗⊗K∗N∗
−−−−−−−−−−→ (R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗

Then, j̃R∗(N)(y) =
∑
k∈Z

dk∑
l=1

(−1)k(k+n)b∗kl ⊗ y ⊗ bkl for y ∈ N−n.

Proof. Since χR∗,K∗(bij) : ΣiR∗∗ → K∗ maps ([i], b∗kl) to (−1)ikb∗kl([k], bij) which is (−1)i if (k, l) = (i, j),
otherwise 0, (−1)iχR∗,K∗(bi1), (−1)iχR∗,K∗(bi2), . . . , (−1)iχR∗,K∗(bidi) is the dual basis of b∗i1, b

∗
i2, . . . , b

∗
idi

. For

y ∈ N−n, λR
∗

N (y) : Σ−nR∗∗ → R∗∗⊗K∗N∗ maps ([−n], f) to (−1)knf ⊗ y if f ∈ (R∗∗)−k. By (4.1.15), we have

(
ϕ̂R

∗∗

R∗∗⊗K∗N∗

)−1
λR

∗

N (y) =
∑
k∈Z

dk∑
l=1

(−1)k(k−n+1)χR∗,K∗(bkl)⊗ (λR
∗

N (y))([−n], b∗kl) =
∑
k∈Z

dk∑
l=1

χR∗,K∗(bkl)⊗ b∗kl ⊗ y

Thus we see j̃R∗(N)(y) =
∑
k∈Z

dk∑
l=1

(−1)k(k+n)b∗kl ⊗ y ⊗ bkl.

By the assumptions on R∗, R∗∗ = Hom∗(R∗,K∗) is finite type, coconective and has skeletal topology. Hence
R∗∗ ⊗K∗ R∗∗ has skeletal topology and is finite type and complete. It follows from (4.1.10) that

φ : R∗∗ ⊗K∗ R∗∗ = Hom∗(R∗,K∗)⊗K∗ Hom∗(R∗,K∗)→ Hom∗(R∗ ⊗K∗ R∗,K∗)

is an isomorphism. Let m : R∗ ⊗K∗ R∗ → R∗ be the multiplication of R∗. We put

m(bij ⊗ bkl) =
di+k∑
u=1

au(i, j : k, l)bi+k u.

Lemma 10.1.17 For an object N = (K∗, N∗, β) ofMod(C,M)K∗ , let

ε̃R
∗

N : R∗∗⊗K∗N∗ → R∗∗⊗K∗ (R∗∗⊗K∗N∗)

be the following composition.

R∗∗⊗K∗N∗ =Hom∗(R∗,K∗)⊗K∗N∗ m∗⊗K∗ idN∗−−−−−−−−→ Hom∗(R∗ ⊗K∗ R∗,K∗)⊗K∗N∗ ϕ−1⊗K∗ idN∗−−−−−−−−−→

(Hom∗(R∗,K∗)⊗K∗Hom∗(R∗,K∗))⊗K∗N∗ = (R∗∗⊗K∗R∗∗)⊗K∗N∗ ∼=−→ R∗∗⊗K∗ (R∗∗⊗K∗N∗)

Then, for y ∈ N−n, ε̃R
∗

N (b∗st ⊗ y) =
∑

i+k=s

ek∑
l=1

di∑
j=1

(−1)ikat(i, j : k, l)b∗ij ⊗ (b∗kl ⊗ y).
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Proof. It follows from (4.1.15) that we have

φ−1(b∗stΣ
−sm) =

∑
i+k=s

ek∑
l=1

di∑
j=1

(−1)ikb∗stΣ−sm([−s], bij ⊗ bkl)b∗ij ⊗ b∗kl

=
∑
i+k=s

ek∑
l=1

di∑
j=1

di+k∑
u=1

(−1)ikau(i, j : k, l)b∗st([−s], bsu)b∗ij ⊗ b∗kl

=
∑
i+k=s

ek∑
l=1

di∑
j=1

(−1)ikat(i, j : k, l)b∗ij ⊗ b∗kl.

Hence the assertion follows.

Proposition 10.1.18 εR
∗

N :NR∗
→ (NR∗

)R
∗
is given by εR∗,N = (idK∗ , ε̃R

∗

N ).

Proof. First we note that it follows from (10.1.14) that (NR∗
)R

∗
is given as follows.

(NR∗
)R

∗
= (K∗, R∗∗ ⊗K∗ N∗, βR

∗
)R

∗
= (K∗, R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗), (βR

∗
)R

∗
)

We have εR
∗

N = ER∗(N)(NR∗
)R∗ (πR∗(NR∗

)πX(N)) and πR∗(NR∗
)πX(N) = (idK∗ , jR∗(NR∗

)jR∗(N)) by the

definition of εR
∗

N and (10.1.15). Since

Homc
K∗(N∗⊗K∗R∗∗, R∗∗⊗K∗N∗) Homc

K∗(N∗⊗K∗R∗∗, R∗∗⊗K∗ (R∗∗⊗K∗N∗))

Homc
K∗(N∗,Hom∗(R∗∗, R∗∗⊗K∗N∗)) Homc

K∗(N∗,Hom∗(R∗∗, R∗∗⊗K∗ (R∗∗⊗K∗N∗)))

ϵ̃R
∗

N∗

ΦN∗,R∗∗,R∗∗⊗K∗N∗ ΦN∗,R∗∗,R∗∗⊗K∗ (R∗∗⊗K∗N∗)(
ϵ̃R

∗
N∗

)
∗

is commutative by (3.2.1), ΦN∗,R∗∗,R∗∗⊗K∗ (R∗∗⊗K∗N∗)(ε̃
R∗

N TN∗,R∗∗) coincides with the following composition.

N∗ λR
∗

N−−→ Hom∗(R∗∗, R∗∗⊗K∗N∗)
ϵ̃R

∗
N∗−−→ Hom∗(R∗∗, R∗∗⊗K∗ (R∗∗⊗K∗N∗))

Hence it suffices to show that the following composition coincides with ε̃R
∗

N∗λ
R∗

N by (10.1.14).

N∗ jR∗ (NR∗
)jR∗ (N )̂iN,uR∗−−−−−−−−−−−−−−−−→ (R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗)) ⊗̂K∗ R∗ T̂R∗∗⊗K∗ (R∗∗⊗K∗N∗),R∗

−−−−−−−−−−−−−−−−→

(∗) R∗ ⊗̂K∗ (R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗))
χR∗,K∗ ⊗̂K∗ idR∗∗⊗K∗ (R∗∗⊗K∗N∗)

−−−−−−−−−−−−−−−−−−−−−−−→

R∗∗∗ ⊗̂K∗(R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗))
φ̂R

∗∗
R∗∗⊗K∗ (R∗∗⊗K∗N∗)

−−−−−−−−−−−−−−→ Hom∗(R∗∗, R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗))

Here, we put R∗∗∗ = Hom∗(R∗∗,K∗). It follows from (10.1.15) that

jR∗(NR∗
)jR∗(N )̂iN,uR∗ : N∗ → (R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗)) ⊗̂K∗ R∗

is the following composition.

N∗ j̃R∗ (N)−−−−−→ (R∗∗ ⊗K∗ N∗) ⊗̂K∗ R∗ j̃R∗ (NR∗
) ⊗̂K∗ idR∗−−−−−−−−−−−−−→ ((R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗)) ⊗̂K∗ R∗) ⊗̂K∗ R∗ ∼=−→

(R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗)) ⊗̂K∗(R∗ ⊗̂K∗ R∗)
idR∗∗⊗K∗ (R∗∗⊗K∗N∗) ⊗̂K∗ m̂
−−−−−−−−−−−−−−−−−−−→ (R∗∗ ⊗K∗ (R∗∗ ⊗K∗ N∗)) ⊗̂K∗ R∗

It follows from (10.1.17) that, for y ∈ N−n, ε̃R
∗

N∗λ
R∗

N (y) maps ([−n], b∗st) ∈ Σ−nR∗∗ to

(−1)nsε̃R
∗

N (b∗st ⊗ y) = (−1)ns
∑
i+k=s

ek∑
l=1

di∑
j=1

(−1)ikat(i, j : k, l)b∗ij ⊗ (b∗kl ⊗ y).

On the other hand, by (10.1.16), composition (∗) maps y ∈ N−n to a map Σ−nR∗∗ → R∗∗⊗K∗ (R∗∗⊗K∗N∗)

which maps ([−n], b∗st) to
∑

i+k=s

dk∑
l=1

di∑
j=1

(−1)ik+nsat(i, j : k, l)b∗ij ⊗ b∗kl ⊗ y.

We note that if R∗ and S∗ satisfy the condition (i) of (10.1.13), so does R∗⊗K∗S∗ by (2) of (2.1.20).
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Proposition 10.1.19 For objects R∗, S∗ of C and an object N = (K∗, N∗, β) ofMod(C,M)K∗ , define a map

θ̃R
∗,S∗

(N) : Hom∗(R∗⊗K∗S∗,K∗)⊗K∗N∗ → S∗∗⊗K∗ (R∗∗⊗K∗N∗)

by to be the following composition.

Hom∗(R∗⊗K∗S∗,K∗)⊗K∗N∗ ϕ−1⊗K∗ idN∗−−−−−−−−−→ (R∗∗⊗K∗S∗∗)⊗K∗N∗ TR∗∗,S∗∗⊗K∗ idN∗
−−−−−−−−−−−−→ (S∗∗⊗K∗R∗∗)⊗K∗N∗

∼=−→ S∗∗⊗K∗ (R∗∗⊗K∗N∗)

Then, θR
∗,S∗

(N) :NR∗⊗K∗S∗
→ (NR∗

)S
∗
is given by θR

∗,S∗
(N) = (idK∗ , θ̃R

∗,S∗
(N)). Hence θR

∗,S∗
(N) is an

isomorphism of Mod(C,M)K∗ .

Proof. Let i1 : R∗ → R∗ ⊗K∗ S∗ and i2 : S∗ → R∗ ⊗K∗ S∗ be maps defined by i1(r) = r ⊗ 1, i2(s) = 1⊗ s. We
denote by mR∗ : R∗⊗K∗R∗ → R∗ and mS∗ : S∗⊗K∗S∗ → S∗ the products of R∗ and S∗, respectively. Then,
the following diagram is commutative.

Hom∗(R∗⊗K∗S∗,K∗) Hom∗((R∗⊗K∗R∗)⊗K∗ (S∗⊗K∗S∗),K∗)

R∗∗⊗K∗S∗∗ Hom∗(S∗⊗K∗R∗,K∗) Hom∗((R∗⊗K∗S∗)⊗K∗ (R∗⊗K∗S∗),K∗)

S∗∗⊗K∗R∗∗ Hom∗(R∗⊗K∗S∗,K∗)⊗K∗Hom∗(R∗⊗K∗S∗,K∗)

(mR∗⊗K∗mS∗ )∗

ϕ−1
T∗
S∗,R∗

(idR∗⊗K∗TS∗,R∗⊗K∗ idS∗ )∗

TR∗∗,S∗∗
ϕ−1

(i2⊗K∗ i1)
∗

ϕ−1

i∗2⊗K∗ i∗1

Since θR
∗,S∗

(N) is a compositionNR∗⊗K∗S∗ ϵ
R∗⊗K∗S∗

N−−−−−−−→ (NR∗⊗K∗S∗
)R

∗⊗K∗S∗ (Ni1 )i2−−−−−→ (NR∗
)S

∗
, it follows from

(10.1.15) and (10.1.18) that the commutativity of the above diagram implies the result.

Since we assumed that K∗ is a field, we have the following result by (2.1.3) and (2.1.5).

Proposition 10.1.20 LetM be a full subcategory of ModcK∗ consisting of objects which satisfy the condition
(ii) of (10.1.13). For an object R∗ of TopAlgK∗ ,

expR∗ :Mod(TopAlgcK∗ ,M)K∗ →Mod(TopAlgcK∗ ,M)K∗

preserves monomorphisms, equalizers, epimorphims and coequalizers.

10.2 Fibered category of functorial modules

Definition 10.2.1 For a functor F : C → Top, we define a functor UF : CF → C by UF (R
∗, ρ) = R∗ and

UF (λ : (R
∗, ρ)→ (S∗, σ)) = (λ :S∗ → R∗). A functor M : CF →Mod(C,M) is called an F -module if M satisfies

pCM = UF . A natural transformation φ :M → N of F -modules is called a morphism of F -modules if φ satisfies
pC
(
φ(R∗,ρ)

)
= idR∗ for (R∗, ρ) ∈ Ob CF . We denote by Mod(F ) the category of F -modules and morphisms of

F -modules. We say that an F -module M is continuous if M is a continuous functor. The full subcategory of
Mod(F ) which consists of continuous F -modules is denoted by Modc(F ). Since Mod(F ) is a subcategory of a
quasi-topological category Funct(CF ,Mod(C,M)),Mod(F ) is a quasi-topological category.

We put T = Functr(C, Top). For a morphism f : G → F of T , define a functor f̃ : CG → CF by f̃(R∗, ρ) =
(R∗, fR∗(ρ)) for (R∗, ρ) ∈ Ob CG and f̃(λ : (R∗, ρ) → (S∗, σ)) = (λ : (R∗, fR∗(ρ)) → (S∗, fS∗(σ))). Define a
functor f∗ : Mod(F ) → Mod(G) by f∗(M) = Mf̃ and f∗(φ)(R∗,ρ) = φf̃(R∗,ρ) = φ(R∗,fR∗ (ρ)) for (R∗, ρ) ∈
Ob CG. Since f̃ is continuous, f∗(M) is continuous if M is so. It follows from (7.6.4) that f∗ is a continuous
functor. Note that (gf)∗ = f∗g∗ : Mod(H) → Mod(G) holds for morphisms f : G → F and g : F → H of
Funct(C, Top) and that id∗F is the identity functor ofMod(F ).

We define a category MOD as follows. Objects of MOD are pairs (F,M) of F ∈ Ob T and an F -module
M . A morphism (G,N)→ (F,M) is a pair (f,φ) of a morphism f : G→ F of T and a morphism of G-modules
φ : f∗(M) → N . Composition of morphisms (f,φ) : (G,N) → (F,M) and (g,ψ) : (F,M) → (H,L) is defined
to be (gf,φf∗(ψ)).

Define a functor pT : MOD → T by pT (F,M) = F and pT (f,φ) = f . Then, for each F ∈ Ob T , the
subcategoryMODF ofMOD consisting of objects of the form (F,M) and morphisms of the form (idF ,φ) is
identified with the opposite categoryMod(F )op of F -modules.
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Proposition 10.2.2 pT :MOD → T is a fibered category.

Proof. For a morphism f : G→ F of T and (F,M) ∈ ObMODF , it is clear that a map

(f, idf∗(M))∗ :MODG((G,N), (G, f∗(M)))→MODf ((G,N), (F,M))

which maps (idG,φ) to (f,φ) is bijective. Thus (f, idf∗(M)) : (G, f∗(M)) → (F,M) is a cartesian morphism
and pT :MOD → T is a prefibered category. We set f∗(F,M) = (G, f∗(M)) and αf (F,M) = (f, idf∗(M)).

For morphisms f : G → F , g : F → H of T and (H,L) ∈ ObMODH , we note that f∗g∗(H,L) =
f∗(F, g∗(L)) = (G, f∗(g∗(L))) = (G, (gf)∗(L)) = (gf)∗(H,L). Define cg,f (H,L) to be the identity morphism of
f∗g∗(H,L) = (gf)∗(H,L). Then, the following diagram commutes.

f∗g∗(H,L) g∗(H,L)

(fg)∗(H,L) (H,L)

αf (g
∗(H,L))

cg,f (H,L) αg(H,L)

αfg(H,L)

Therefore pT :MOD → T is a fibered category.

Remark 10.2.3 (1) For a morphism f : G → F of T , the functor f∗ : MODF → MODG is given by
f∗(F,M) = (G, f∗(M)) and f∗(idF ,φ) = (idG, f

∗(φ)) for M ∈Mod(F ) and φ ∈Mod(F )(M,N).
(2) A morphism (f,φ) : (G,N) → (F,M) of MOD is cartesian if and only if φ : f∗(M) → N is an

isomorphism of F -modules.

Proposition 10.2.4 MOD has coproducts.

Proof. Let ((Fi,Mi))i∈I be a family of objects of MOD. Put F =
∐
i∈I

Fi and we denote by ιi : Fi → F be

the canonical morphism. Define an F -module M : CF → Mod(C,M) as follows. For (R∗, ρ) ∈ Ob CF , we set
M(R∗, ρ) = Mi(R

∗, ρ) if ρ ∈ Fi(R∗). If λ : (R∗, ρ) → (S∗, σ) is a morphism of CF such that ρ ∈ Fi(R∗), then
σ = F (λ)(ρ) = Fi(λ)(ρ) ∈ Fi(S∗). We define M(λ) : M(R∗, ρ) → M(S∗, σ) by M(λ) = Mi(λ) if ρ ∈ Fi(R∗).
We note that, if (R∗, ρ) is an Fi-model, then ι∗i (M)(R∗, ρ) =M(R∗, (ιi)R∗(ρ)) =Mi(R

∗, ρ). Define a morphism
ιi : ι

∗
i (M)→Mi of Fi-modules by (ιi)(R∗,ρ) = idMi(R∗,ρ) : ι

∗
i (M)(R∗, ρ)→Mi(R

∗, ρ).
Let ((gi,γi) : (Fi,Mi) → (G,N))i∈I be a family of morphism of MOD. There exists unique morphism

g : F → G satisfying gιi = gi for any i ∈ I. Since g∗(N)(R∗, ρ) = N(R∗, gR∗(ιi)R∗(ρ)) = N(R∗, (gi)R∗(ρ)) =
g∗i (N)(R∗, ρ) for (R∗, ρ) ∈ Ob CF if ρ ∈ Fi(R

∗), we define a morphism γ : g∗(N) → M of F -modules by
γ(R∗,ρ) = (γi)(R∗,ρ). Since ι∗i g

∗(N)(R∗, ρ) = N(R∗, gR∗(ιi)R∗(ρ)) = N(R∗, (gi)R∗(ρ)) if ρ ∈ Fi(R∗), it follows
(ιiι

∗
i (γ))(R∗,ρ) = (ιi)(R∗,ρ)ι

∗
i (γ)(R∗,ρ) = γ(R∗,(ιi)R∗ (ρ)) = (γi)(R∗,ρ), thai is, ιiι

∗
i (γ) = γi. Hence we have

(g,γ)(ιi, ιi) = (gi,γi). Suppose that a morphism (g′,γ′) : (F,M)→ (G,N) also satisfies (g′,γ′)(ιi, ιi) = (gi,γi)
for any i ∈ I. Since g′ιi = gιi for all i ∈ I, it follows g′ = g. Then, we have

γ′
(R∗,(ιi)R∗ (ρ)) = ι∗i (γ

′)(R∗,ρ) = (ιi)(R∗,ρ)ι
∗
i (γ

′)(R∗,ρ) = (γi)(R∗,ρ) = (ιi)(R∗,ρ)ι
∗
i (γ)(R∗,ρ) = γ(R∗,(ιi)R∗ (ρ))

for any i ∈ I and (R∗, ρ) ∈ CFi . Therefore γ′ = γ.

The following assertion is straightforward.

Lemma 10.2.5 For R∗ ∈ Ob C, let (M i)i∈I be a family of objects ofMod(C,M)R∗ and putM i = (R∗,M∗
i , αi).

Assume that a coproduct
∐
i∈I

M∗
i in M exists and we denote by ιj : M∗

j →
∐
i∈I

M∗
i the inclusion map to j-

summand for j ∈ I. Let α :
(∐
i∈I
M∗
i

)
⊗K∗ R∗ →

∐
i∈I
M∗
i be the unique map that makes the following diagram

commute for any j ∈ I.

M∗
j ⊗K∗ R∗ M∗

j

(∐
i∈I

M∗
i

)
⊗K∗ R∗ ∐

i∈I
M∗
i

αj

ιj⊗K∗ idR∗ ιj

α
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Then
(
R∗,

∐
i∈I

M∗
i , α

)
is a coproduct of (M i)i∈I in Mod(C,M)R∗ . Hence if M has coproducts, Mod(C,M)R∗

has coproducts for any R∗ ∈ Ob C.

Proposition 10.2.6 If M has coproducts, f∗ : Mod(F ) → Mod(G) has a left adjoint for any morphism
f : G→ F of T .

Proof. Let N : CG →Mod(C,M) be a G-module. For (R∗, ρ) ∈ Ob CF , we put

f!(N)(R∗, ρ) =
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ).

Here,
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ) denotes a coproduct inMod(C,M)R∗ . We also denote by

i(N)(R∗,κ) : N(R∗, κ)→
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ)

the inclusion morphism into κ-component below. If λ ∈ CF ((R∗, ρ), (S∗, σ)), then F (UF (λ))(ρ) = σ and it
follows that κ ∈ f−1

R∗ (ρ) implies G(UF (λ))(κ) ∈ f−1
S∗ (σ). For κ ∈ G(R∗), let λκ ∈ CG((R∗, κ), (S∗, G(UF (λ))(κ)))

be the morphism satisfying UG(λκ) = UF (λ). Let

f!(N)(λ) : f!(N)(R∗, ρ) =
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ)→
∐

ν∈f−1
S∗ (σ)

N(S∗, ν) = f!(N)(S∗, σ)

be the unique morphism that make the following diagram commute for any κ ∈ f−1
R∗ (ρ).

N(R∗, κ) N(S∗, G(λ)(κ))

∐
κ∈f−1

R∗ (ρ)

N(R∗, κ)
∐

ν∈f−1
S∗ (σ)

N(S∗, ν)

N(λκ)

i(N)(R∗,κ) i(N)(S∗,G(λ)(κ))

f!(N)(λ)

For a morphism φ : M → N of G-modules, we define a morphism f!(φ) : f!(M) → f!(N) of F -modules as
follows. For (R∗, ρ) ∈ Ob CF , let

f!(φ)(R∗,ρ) : f!(M)(R∗, ρ) =
∐

κ∈f−1
R∗ (ρ)

M(R∗, κ)→
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ) = f!(N)(R∗, ρ)

be the unique morphism that makes the following diagram commute.

M(R∗, κ) N(R∗, κ)

∐
κ∈f−1

R∗ (ρ)

M(R∗, κ)
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ)

φ(R∗,κ)

i(M)(R∗,κ) i(N)(R∗,κ)

f!(φ)(R∗,ρ)

We define a map Ad :Mod(G)(N, f∗(M)) → Mod(F )(f!(N),M) as follows. For φ ∈ Mod(G)(N, f∗(M))
and (R∗, ρ) ∈ Ob CF , let

tφ(R∗,ρ) : f!(N)(R∗, ρ) =
∐

κ∈f−1
R∗ (ρ)

N(R∗, κ)→M(R∗, ρ)

be the unique morphism that makes the following diagram commute for every κ ∈ f−1
R∗ (ρ).

N(R∗, κ) M(R∗, fR∗(κ))

∐
κ∈f−1

R∗ (ρ)

N(R∗, κ) M(R∗, ρ)

φ(R∗,κ)

i(N)(R∗,κ)
tφ(R∗,ρ)
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Then, the naturality of φ implies the naturality of tφ. Put Ad(φ) = tφ. The inverse of Ad is given as follows.
For ψ ∈ Mod(F )(f!(N),M) and (T ∗, τ) ∈ Ob CG, let ψ̃(T∗,τ) : N(T ∗, τ) → M(T ∗, fT∗(τ)) = f∗(M)(T ∗, τ) be
the following composition.

N(T ∗, τ)
i(N)(T∗,τ)−−−−−−−→

∐
κ∈f−1

T∗ (fT∗ (τ))

N(T ∗, κ) = f!(N)(T ∗, fT∗(τ))
ψ(T∗,fT∗ (τ))

−−−−−−−−→M(T ∗, fT∗(τ))

Then, the naturality of ψ implies the naturality of ψ̃. Put Ad−1(ψ) = ψ̃.

Remark 10.2.7 The unit η̄ : idMod(G) → f∗f! and the counit ε̄ : f!f
∗ → idMod(F ) are given as follows. For

N ∈ ObMod(G) and (T ∗, τ) ∈ Ob CG,

(η̄N )(T∗,τ) : N(T ∗, τ)→
∐

κ∈f−1
T∗ (fT∗ (τ))

N(T ∗, κ) = f∗f!(N)(T ∗, τ)

is the inclusion morphism into τ -component. For M ∈ ObMod(F ) and (R∗, ρ) ∈ Ob CF ,

(ε̄M )(R∗,ρ) : f!f
∗(M)(R∗, ρ) =

∐
κ∈f−1

R∗ (ρ)

M(R∗, fR∗(κ))→M(R∗, ρ)

is the morphism induced by the identity morphism of M(R∗, ρ).

SinceMODF is identified withMod(F )op and the inverse image functor f∗ :MODF →MODG is identified
with the functor (f∗)op :Mod(F )op →Mod(G)op, (10.2.6) implies the following result.

Corollary 10.2.8 If M has coproducts, the inverse image functor f∗ :MODF →MODG has a right adjoint
for any morphism f : G→ F of T .

Remark 10.2.9 The unit ηf : idModF → f!f
∗ and the counit εf : f∗f! → idModG of the adjunction f∗ a f!

are given as follows. For X ∈ ObMod(F ), (ηf )(F,X) = (idF , ε̄X) : (F,X) → (F, f∗f!(X)) = f∗f!(F,X). For
N ∈ ObMod(G), (εf )(G,N) : f!f

∗(G,N) = (idG, η̄N ) : (G, f!f
∗(N))→ (G,N).

Proposition 10.2.10 Suppose that M is complete. For any morphism f : G → F of T , f∗ : Mod(F ) →
Mod(G) has a right adjoint.

Proof. Let N be a G-module. For (T ∗, t) ∈ Ob CG, we put N(T ∗, t) = (T ∗, N∗
(T∗,t), µ(T∗,t)). Then, we have

pMNQ〈α, (T ∗, t)〉 = pMN(T ∗, t) = N∗
(T∗,t) for (R

∗, x) ∈ Ob CF and 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃). Let(
N∗
f (R

∗, x)
π⟨α,(T∗,t)⟩−−−−−−−→ pMNQ〈α, (T ∗, t)〉

)
⟨α,(T∗,t)⟩∈Ob ((R∗,x)↓f̃)

be a limiting cone of composition ((R∗, x)↓f̃) Q−→ CG
N−→Mod(C,M)

pM−−→M. Let τ : 〈α, (T ∗, t)〉 → 〈β, (S∗, s)〉
be a morphism of ((R∗, x)↓f̃) and put NQ(τ) = (τ, τ̃). Then, we have pMNQ(τ)π⟨α,(T∗,t)⟩ = π⟨β,(S∗,s)⟩,
τUF (α) = UF (β) and the following diagram commutes.

N∗
(T∗,t) ⊗K∗ T ∗ N∗

(T∗,t)

N∗
(S∗,s) ⊗K∗ S∗ N∗

(S∗,s)

µ(T∗,t)

τ̃⊗K∗τ τ̃

µ(S∗,s)

Thus we have

pMNQ(τ)µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α)) = τ̃µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))

= µ(S∗,s)(τ̃ ⊗K∗ τ)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))

= µ(S∗,s)(pMNQ(τ)π⟨α,(T∗,t)⟩ ⊗K∗ τUF (α))

= µ(S∗,s)(π⟨β,(S∗,s)⟩ ⊗K∗ UF (β)).
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Hence

(
N∗
f (R

∗, x)⊗K∗ R∗ µ(T∗,t)(π⟨α,(T∗,t)⟩⊗K∗UF (α))
−−−−−−−−−−−−−−−−−−−→ N∗

(T∗,t)

)
⟨α,(T∗,t)⟩∈Ob ((R∗,x)↓f̃)

is a cone of pMNQ and

there exists unique map ρ(R∗,x) : N
∗
f (R

∗, x)⊗K∗ R∗ → N∗
f (R

∗, x) satisfying

π⟨α,(T∗,t)⟩ρ(R∗,x) = µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))

for any object 〈α, (T ∗, t)〉 of ((R∗, x)↓f̃). Let νT∗ : T ∗ ⊗K∗ T ∗ → T ∗ be the multiplication of T ∗. Then

π⟨α,(T∗,t)⟩ρ(R∗,x)(ρ(R∗,x) ⊗K∗ idR∗) = µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))(ρ(R∗,x) ⊗K∗ idR∗)

= µ(T∗,t)(π⟨α,(T∗,t)⟩ρ(R∗,x) ⊗K∗ UF (α))

= µ(T∗,t)(µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))⊗K∗ UF (α))

= µ(T∗,t)(µ(T∗,t) ⊗K∗ idT∗)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α)⊗K∗ UF (α))

= µ(T∗,t)(idN∗
(T∗,t)

⊗K∗ νT∗)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α)⊗K∗ UF (α))

= µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))(idN∗
f (R

∗,x) ⊗K∗ νR∗)

= π⟨α,(T∗,t)⟩ρ(R∗,x)(idN∗
f (R

∗,x) ⊗K∗ νR∗)

for any 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃). Therefore ρ(R∗,x)(ρ(R∗,x) ⊗K∗ idR∗) = ρ(R∗,x)(idN∗
f (R

∗,x) ⊗K∗ νR∗). For a

K∗-module N∗ and a K∗-algebra R∗, let iN∗,R∗ : N∗ → N∗ ⊗K∗ R∗ be a map defined by iN∗,R∗(x) = x⊗K∗ 1.

Then, for any 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃), we have

π⟨α,(T∗,t)⟩ρ(R∗,x)iN∗
f (R

∗,x),R∗ = µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))iN∗
f (R

∗,x),R∗

= µ(T∗,t)iN∗
(T∗,t),T

∗π⟨α,(T∗,t)⟩ = π⟨α,(T∗,t)⟩.

Thus ρ(R∗,x)iN∗
f (R

∗,x),R∗ = idN∗
f (R

∗,x) and ρ(R∗,x) : N∗
f (R

∗, x) ⊗K∗ R∗ → N∗
f (R

∗, x) is a right R∗-module

structure of N∗
f (R

∗, x). We note that (UF (α), π⟨α,(T∗,t)⟩) : (R
∗, N∗

f (R
∗, x), ρ(R∗,x)) → (T ∗, N∗

(T∗,t), µ(T∗,t)) is a

morphism ofMod(C,M).
Recall that a morphism γ : (S∗, y)→ (R∗, x) of CF defines a functor (γ↓idf̃ ) : ((R∗, x)↓f̃)→ ((S∗, y)↓f̃) by

(γ↓idf̃ )〈α, (T ∗, t)〉 = 〈αγ, (T ∗, t)〉. Hence we have a cone(
N∗
f (R

∗, x)
π(γ↓id

f̃
)⟨α,(T∗,t)⟩

−−−−−−−−−−−→ pMNQ(γ↓idf̃ )〈α, (T
∗, t)〉

)
⟨α,(T∗,t)⟩∈Ob ((R∗,x)↓f̃)

.

Since pMNQ(γ↓idf̃ )〈α, (T ∗, t)〉 = pMN(T ∗, t) for any 〈α, (T ∗, t)〉 ∈ ((R∗, x)↓f̃), there exists unique mor-
phism N∗

f (γ) : N∗
f (S

∗, y) → N∗
f (R

∗, x) such that π⟨α,(T∗,t)⟩N
∗
f (γ) = π(γ↓idf̃ )⟨α,(T∗,t)⟩ for any 〈α, (T ∗, t)〉 ∈

Ob ((R∗, x)↓f̃). It is easy to verify that this choice of N∗
f (γ) makes N∗

f a functor. Since

π⟨α,(T∗,t)⟩ρ(R∗,x)(N
∗
f (γ)⊗K∗ UF (γ)) = µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))(N

∗
f (γ)⊗K∗ UF (γ))

= µ(T∗,t)(π⟨α,(T∗,t)⟩N
∗
f (γ)⊗K∗ UF (αγ))

= µ(T∗,t)(π(γ↓idf̃ )⟨α,(T∗,t)⟩ ⊗K∗ UF (αγ))

= π(γ↓idf̃ )⟨α,(T∗,t)⟩ρ(S∗,y) = π⟨α,(T∗,t)⟩N
∗
f (γ)ρ(S∗,y)

for any 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃), we have ρ(R∗,x)(N
∗
f (γ) ⊗K∗ UF (γ)) = N∗

f (γ)ρ(S∗,y), in other words,
(UF (γ), N

∗
f (γ)) : (S

∗, N∗
f (S

∗, y), ρ(S∗,y))→ (R∗, N∗
f (R

∗, x), ρ(R∗,x)) is a morphism ofMod(C,M). We define an
F -module f∗(N) by f∗(N)(R∗, x) = (R∗, N∗

f (R
∗, x), ρ(R∗,x)) and f∗(N)(γ) = (UF (γ), N

∗
f (γ)).

For each (T ∗, t) ∈ Ob CG, we define a morphism ε(T∗,t) : f∗(N)f̃(T ∗, t) → N(T ∗, t) of Mod(C,M) by
ε(T∗,t) = (idT∗ , π⟨idf̃(T∗,t),(T

∗,t)⟩). We note that a morphism λ : (T ∗, t) → (S∗, s) of CG defines a morphism λ :

〈idf̃(T∗,t), (T
∗, t)〉 → 〈f̃(λ), (S∗, s)〉 of (f̃(T ∗, t)↓f̃). It follows from the definition of f∗(N)f̃(λ) : f∗(N)f̃(T ∗, t)→

f∗(N)f̃(S∗, s) that

ε(S∗,s)f∗(N)f̃(λ) = (idS∗ , π⟨idf̃(S∗,s),(S
∗,s)⟩)(UF (f̃(λ)), N

∗
f (f̃(λ))) = (UG(λ), π⟨idf̃(S∗,s),(S

∗,s)⟩N
∗
f (f̃(λ)))

= (UG(λ), π⟨idf̃(S∗,s),(S
∗,s)⟩N

∗
f (f̃(λ))) = (UG(λ), π(f̃(λ)↓idf̃ )⟨idf̃(S∗,s),(S

∗,s)⟩)

= (UG(λ), π⟨f̃(λ),(S∗,s)⟩) = (UG(λ), pMNQ(λ)π⟨idf̃(T∗,t),(T
∗,t)⟩) = N(λ)ε(T∗,t).
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Therefore we have a morphism ε : f∗(N)f̃ → N of F -modules.
LetM : CF →Mod(C,M) be an F -module and ζ :Mf̃ → N a morphism ofG-modules. For (R∗, x) ∈ Ob CF ,

we put M(R∗, x) = (R∗,M∗
(R∗,x), χ(R∗,x)). If ϕ : 〈α, (T ∗, t)〉 → 〈β, (S∗, s)〉 is a morphism of ((R∗, x)↓f̃), since

NQ(ϕ)ζ(T∗,t)M(α) = ζ(S∗,s)Mf̃Q(ϕ)M(α) = ζ(S∗,s)M(f̃(Q(ϕ))α) = ζ(S∗,s)M(β),(
M(R∗, x)

ζ(T∗,t)M(α)
−−−−−−−−→ NQ〈α, (T ∗, t)〉

)
⟨α,(T∗,t)⟩∈Ob ((R∗,x)↓f̃)

is a cone of NQ : ((R∗, x)↓f̃)→Mod(C,M). We

have unique morphism ζ̄(R∗,x) : M∗
(R∗,x) → N∗

f (R
∗, x) such that π⟨α,(T∗,t)⟩ζ̄(R∗,x) = pM(ζ(T∗,t)M(α)) for any

〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃). Define ζ̌(R∗,x) : M(R∗, x) → f∗(N)(R∗, x) by ζ̌(R∗,x) = (idR∗ , ζ̄(R∗,x)). Let

γ : (L∗, y)→ (R∗, x) be a morphism of CF . For each 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃), since

π⟨α,(T∗,t)⟩ζ̄(R∗,x)pM(M(γ)) = pM(ζ(T∗,t)M(α))pM(M(γ)) = pM(ζ(T∗,t)M(αγ))

= π(γ↓idf̃ )⟨α,(T∗,t)⟩ζ̄(L∗,y) = π⟨α,(T∗,t)⟩N
∗
f (γ)ζ̄(L∗,y),

we have ζ̄(R∗,x)pM(M(γ)) = N∗
f (γ)ζ̄(L∗,y), which implies the naturality of ζ̌. Since diagrams

N∗
f (R

∗, x)⊗K∗ R∗ N∗
(T∗,t) ⊗K∗ T ∗

N∗
f (R

∗, x) N∗
(T∗,t)

π⟨α,(T∗,t)⟩⊗K∗UF (α)

ρ(R∗,x) µ(T∗,t)

π⟨α,(T∗,t)⟩

M∗
(R∗,x) ⊗K∗ R∗ M∗

f̃(T∗,t)
⊗K∗ T ∗ N∗

(T∗,t) ⊗K∗ T ∗

M∗
(R∗,x) M∗

f̃(T∗,t)
N∗

(T∗,t)

pM(M(α))⊗K∗UF (α)

χ(R∗,x)

pM(ζ(T∗,t))⊗K∗ idT∗

χf̃(T∗,t) µ(T∗,t)

pM(M(α)) pM(ζ(T∗,t))

commute for any (R∗, x) ∈ Ob CF and 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃), we have

π⟨α,(T∗,t)⟩ρ(R∗,x)(ζ̄(R∗,x) ⊗K∗ idR∗) = µ(T∗,t)(π⟨α,(T∗,t)⟩ ⊗K∗ UF (α))(ζ̄(R∗,x) ⊗K∗ idR∗)

= µ(T∗,t)(π⟨α,(T∗,t)⟩ζ̄(R∗,x) ⊗K∗ UF (α))

= µ(T∗,t)(pM(ζ(T∗,t))pM(M(α))⊗K∗ UF (α))

= µ(T∗,t)(pM(ζ(T∗,t))⊗K∗ idT∗)(pM(M(α))⊗K∗ UF (α))

= pM(ζ(T∗,t)M(α))χ(R∗,x) = π⟨α,(T∗,t)⟩ζ̄(R∗,x)χ(R∗,x).

It follows ρ(R∗,x)(ζ̄(R∗,x)⊗K∗ idR∗) = ζ̄(R∗,x)χ(R∗,x), that is, ζ̌ :M → f∗(N) is a morphism of F -modules. Thus
we have a map

adM,N :Mod(G)(Mf̃,N)→Mod(F )(M, f∗(N))

which maps ζ to ζ̌.
Finally, we show that adM,N is the inverse of the map Mod(F )(M, f∗(N)) → Mod(G)(Mf̃,N) given by

ξ 7→ εξf̃ . For ζ ∈Mod(G)(Mf̃,N) and (T ∗, t) ∈ Ob CG, we have

ε(T∗,t)adN,M (ζ)f̃(T∗,t) = (idT∗ , π⟨idf̃(T∗,t),(T
∗,t)⟩ζ̄f̃(T∗,t)) = (idT∗ , pM(ζ(T∗,t)M(idf̃(T∗,t)))) = ζ(T∗,t).

For ξ ∈ Mod(F )(M, f∗(N)) and (R∗, x) ∈ Ob CF , we put ξ̄(R∗,x) = pM(ξ(R∗,x)) : pM(M(R∗, x)) → N∗
f (R

∗, x)

and ζ̄(R∗,x) = pM(adM,N (εξf̃ )(R∗,x)) : pM(M(R∗, x)) → N∗
f (R

∗, x). For each 〈α, (T ∗, t)〉 ∈ Ob ((R∗, x)↓f̃), by
the naturality of ξ, it follows that

π⟨α,(T∗,t)⟩ζ̄(R∗,x) = pM(ε(T∗,t)ξf̃(T∗,t)M(α)) = pM(ε(T∗,t)f∗(N)(α)ξ(R∗,x)) = π⟨idf̃(T∗,t),(T
∗,t)⟩N

∗
f (α)ξ̄(R∗,x)

= π(α↓idf̃ )⟨idf̃(T∗,t),(T
∗,t)⟩ξ̄(R∗,x) = π⟨α,(T∗,t)⟩pM(ξ(R∗,x))

and this implies pM(adM,N (εξf̃ )(R∗,x)) = pM(ξ(R∗,x)) for any (R∗, x) ∈ Ob CF . Therefore adM,N (εξf̃ ) = ξ.

Corollary 10.2.11 pT :MOD → T is a bifibered category if M is complete.
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10.3 Cartesian closedness of the fibered category of functorial modules

Suppose thatM has coproducts. It follows from (10.2.8) and (6.4.1) that the presheaf FX(hK∗ ,N) :MODop
1 → Set

onMOD1 is representable for any X ∈ Ob T and (hK∗ , N) ∈ ObMOD1.
For an object X of T and an object (hK∗ , N) ofMOD1, it follows from (6.4.1) that (hK∗ , N)X is given by

oX!o
∗
X(hK∗ , N) = (hK∗ , oX!(NõX)). Let us denote by uR∗ : K∗ → R∗ the unit of R∗Ob C. Since õX(R∗, κ) =

(R∗, uR∗) for (R∗, κ) ∈ Ob CX , oX!(NõX) is given by

oX!(NõX)(R∗, uR∗) =
∐

κ∈X(R∗)

NõX(R∗, κ) =
∐

κ∈X(R∗)

N(R∗, uR∗)

for (R∗, uR∗) ∈ Ob ChK∗ .
Let φ : N →M be a morphism of hK∗ -modules. It follows from (6.4.4) that

(idhK∗ ,φ)
X : (hK∗ ,M)X = (hK∗ , oX!(MõX))→ (hK∗ , oX!(NõX)) = (hK∗ , N)X

is given by (idhK∗ ,φ)
X = (idhK∗ , oX!o

∗
X(φ)). If we denote by

iX(N)(R∗,ρ) : N(R∗, uR∗) = NõX(R∗, ρ) −→
∐

κ∈X(R∗)

NõX(R∗, κ) = oX!(NõX)(R∗, uR∗)

the inclusion morphism to ρ-summand for ρ ∈ X(R∗), the following diagram commutes for (R∗, ρ) ∈ Ob CX .

N(R∗, uR∗) M(R∗, uR∗)

oX!(NõX)(R∗, uR∗) oX!(MõX)(R∗, uR∗)

φ(R∗,uR∗ )

iX(N)(R∗,ρ) iX(M)(R∗,ρ)

oX!o
∗
X(φ)(R∗,uR∗ )

Let f : X → Y be a morphism of T and N an hK∗ -module. For (R∗, uR∗) ∈ Ob ChK∗ , we define a morphism

Nf
(R∗,uR∗ ) : oX!(NõX)(R∗, uR∗) =

∐
κ∈X(R∗)

N(R∗, uR∗) −→
∐

κ∈Y (R∗)

N(R∗, uR∗) = oY !(NõY )(R
∗, uR∗)

ofMod(C,M)R∗ to be the unique homomorphism that makes the following diagram commute for any ρ ∈ X(R∗).

N(R∗, uR∗) N(R∗, uR∗)

oX!(NõX)(R∗, uR∗) oY !(NõY )(R
∗, uR∗)

idN(R∗,uR∗ )

iX(N)(R∗,ρ) iY (N)(R∗,fR∗ (ρ))

Nf
(R∗,uR∗ )

Let λ : (R∗, uR∗) → (S∗, uS∗) a morphism of ChK∗ and ρ an element of X(R∗). The left rectangle of the

following diagram commutes by the definition of oX!(NõX)(λ). Since Nf
(R∗,uR∗ )iX(N)(R∗,ρ) = iY (N)(R∗,fR∗ (ρ))

and Nf
(S∗,uS∗ )iX(N)(S∗,X(UX(λ))(ρ)) = iY (N)(S∗,fS∗ (X(UX(λ))(ρ))) by the definition of Nf

(R∗,uR∗ ) and Nf
(S∗,uS∗ ),

the outer rectangle of the following diagram commutes by the definition of oY !(NõY )(λ). Thus the right rectangle
of the following diagram is commutative.

N(R∗, uR∗) oX!(NõX)(R∗, uR∗) oY !(NõY )(R
∗, uR∗)

N(S∗, uS∗) oX!(NõX)(S∗, uS∗) oY !(NõY )(S
∗, uS∗)

iX(N)(R∗,ρ)

N(λ)

Nf
(R∗,uR∗ )

oX!(NõX)(λ) oY !(NõY )(λ)

iX(N)(S∗,X(UX (λ))(ρ))
Nf

(S∗,uS∗ )

Hence we have a morphism Nf : oX!(NõX)→ oY !(NõY ) of hK∗ -modules.

Proposition 10.3.1 Let f : X → Y be a morphism of T and N an hK∗-module. The morphism

(hK∗ , N)f : (hK∗ , N)Y = (hK∗ , oY !(NõY ))→ (hK∗ , oX!(NõX)) = (hK∗ , N)X

ofMOD1 is given by (hK∗ , N)f = (idhK∗ , N
f ).
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Proof. It follows from (1) of (6.4.7) that (hK∗ , N)f is the following composition.

(hK∗ , N)Y = oY !o
∗
Y (hK∗ , N)

ηXoY !o
∗
Y

(hK∗ ,N)

−−−−−−−−−−→ oX!o
∗
XoY !o

∗
Y (hK∗ , N) = oX!f

∗o∗Y oY !o
∗
Y (hK∗ , N)

oX!f
∗
(
εYo∗
Y

(hK∗ ,N)

)
−−−−−−−−−−−−−→ oX!f

∗o∗Y (hK∗ , N) = oX!o
∗
X(hK∗ , N) = (hK∗ , N)X

We recall from (10.2.9) that

ηXoY !o∗Y (hK∗ ,N) = (idhK∗ , ε̄oY !(NõY )) : (hK∗ , oY !(NõY )) −→ (hK∗ , oX!(oY !(NõY )õX))

oX!f
∗(εYo∗Y (hK∗ ,N)

)
= (idhK∗ , oX!f

∗(η̄o∗Y (N))) : (hK∗ , oX!(oY !(NõY )õX)) −→ (hK∗ , oX!(NõX)).

It follows from (10.2.7) that(
ε̄oY !(NõY )

)
(R∗,uR∗ )

: oX!(oY !(NõY )õX)(R∗, uR∗) =
∐

τ∈X(R∗)

oY !(NõY )(R
∗, uR∗) −→ oY !(NõY )(R

∗, uR∗)

is the morphism induced by the identity morphism of oY !(NõY )(R
∗, uR∗) for (R∗, uR∗) ∈ Ob ChK∗ and that

f∗(η̄o∗Y (N))(R∗,ρ) : (NõX)(R∗, ρ) = N(R∗, uR∗) −→
∐

κ∈Y (R∗)

N(R∗, uR∗) = oY !(NõY )õX(R∗, ρ)

is the inclusion morphism to fR∗(ρ)-summand for (R∗, ρ) ∈ Ob CX . Hence, for (R∗, uR∗) ∈ Ob ChK∗ , we have

oX!(NõX)(R∗, uR∗) =
∐

τ∈X(R∗)

N(R∗, uR∗), oX!(oY !(NõY )õX)(R∗, uR∗) =
∐

τ∈X(R∗)

oY !(NõY )(R
∗, uR∗)

and the following commutative diagram.

N(R∗, uR∗) oY !(NõY )(R
∗, uR∗) oY !(NõY )(R

∗, uR∗)

oX!(NõX)(R∗, uR∗) oX!(oY !(NõY )õX)(R∗, uR∗)

f∗(η̄o∗
Y

(N))(R∗,ρ)

iX(N)(R∗,ρ)

idoY !(NõY )(R∗,uR∗ )

iX(oY !(NõY ))(R∗,ρ)(
oX!f

∗
(
η̄o∗
Y

(N)

))
(R∗,uR∗ ) (

ε̄oY !(NõY )

)
(R∗,uR∗ )

Thus a composition

oX!(NõX)(R∗, uR∗)

(
oX!f

∗
(
η̄o∗
Y

(N)

))
(R∗,uR∗ )

−−−−−−−−−−−−−−−−−→ oX!(oY !(NõY )õX)

(
ε̄oY !(NõY )

)
(R∗,uR∗ )

−−−−−−−−−−−−−−→ oY !(NõY )(R
∗, uR∗)

maps ρ-summand of oX!(NõX)(R∗, uR∗) to fR∗(ρ)-summand of oY !(NõY )(R
∗, uR∗) and this implies the asser-

tion.

Lemma 10.3.2 Let f : X → Z and g : Y →W be morphisms of T . For an hK∗-module N , a morphism

((hK∗ , N)f )g : ((hK∗ , N)Z)W = (hK∗ , oW !(oZ!(NõZ)õW ))→ (hK∗ , oY !(oX!(NõX)õY )) = ((hK∗ , N)X)Y

is given by ((hK∗ , N)f )g = (idhK∗ , oW !o
∗
W (Nf )oX!(NõX)g).

Proof. Since (hK∗ , N)X = (hK∗ , oX!(NõX)), we have ((hK∗ , N)X)g= (idhK∗ , oX!(NõX)g) by (10.3.1). We also
have ((hK∗ , N)f )W = (idhK∗ , N

f )W = (idhK∗ , oW !o
∗
W (Nf )). Hence ((hK∗ , N)f )g= ((hK∗ , N)X)g((hK∗ , N)f )W

implies the assertion.

We investigate the morphism oW !o
∗
W (Nf )oX!(NõX)g : oY !(oX!(NõX)õY ) → oW !(oZ!(NõZ)õW ) below. Put

M = oX!(NõX) and L = oZ!(NõZ), then the following diagram is commutative.

N(R∗, uR∗) N(R∗, uR∗) N(R∗, uR∗)

M(R∗, uR∗) M(R∗, uR∗) L(R∗, uR∗)

oY !(MõY )(R
∗, uR∗) oW !(MõW )(R∗, uR∗) oW !(LõW )(R∗, uR∗)

idN(R∗,uR∗ )

iX(N)(R∗,κ)

idN(R∗,uR∗ )

iX(N)(R∗,κ) iZ(N)(R∗,fR∗ (κ))

idM(R∗,uR∗ )

iY (M)(R∗,ρ)

Nf
(R∗,uR∗ )

iW (M)(R∗,gR∗ (ρ)) iW (L)(R∗,gR∗ (ρ))

Mg
(R∗,uR∗ ) oW !o

∗
W (Nf )(R∗,uR∗ )
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Note that

oY !(oX!(NõX)õY )(R
∗, uR∗) = oY !(MõY )(R

∗, uR∗) =
∐

τ∈Y (R∗)

∐
σ∈X(R∗)

N(R∗, uR∗)

oW !(oZ!(NõZ)õW )(R∗, uR∗) = oW !(LõW )(R∗, uR∗) =
∐

τ∈W (R∗)

∐
σ∈Z(R∗)

N(R∗, uR∗).

Since iY (M)(R∗,ρ)iX(N)(R∗,κ) is the inclusion morphism to “ρ-κ-summand” of oY !(oX!(NõX)õY )(R
∗, uR∗) and

iW (L)(R∗,gR∗(ρ))iZ(N)(R∗,fR∗(κ)) is the inclusion morphism to “gR∗(ρ)-fR∗(κ)-summand” of oW !(oZ!(NõZ)õW ),

(oW !o
∗
W (Nf )(R∗,uR∗ )oX!(NõX)g(R∗,uR∗ ) maps “ρ-κ-summand” of oY !(oX!(NõX)õY )(R

∗, uR∗) to “gR∗(ρ)-fR∗(κ)-

summand” of oW !(oZ!(NõZ)õW ).

For (hK∗ , N) ∈ ObMOD1 and X ∈ Ob T , εX(hR∗ ,N) : ((hK∗ , N)X)X → (hK∗ , N)X is described as follows.
First of all, recall that

(hK∗ , N)X = oX!o
∗
X(hK∗ , N) = (hK∗ , oX!(NõX))

((hK∗ , N)X)X = oX!o
∗
XoX!o

∗
X(hK∗ , N) = (hK∗ , oX!(oX!(NõX)õX)).

It follows from (6.4.12) and (10.2.9) that εX(hR∗ ,N) = oX!

(
εXo∗X(hK∗ ,N)

)
=
(
idhK∗ , oX!

(
η̄o∗X(N)

))
. Since(

η̄o∗X(N)

)
(R∗,τ)

: (NõX)(R∗, τ) −→
∐

κ∈X(R∗)

N(R∗, uR∗) = o∗XoX!o
∗
X(N)(R∗, τ)

is the inclusion morphism to τ -component for (R∗, τ) ∈ Ob CX and the following diagram commutes.

(NõX)(R∗, τ) oX!(NõX)õX(R∗, τ)

oX!(NõX)(R∗, uR∗) oX!(oX!(NõX)õX)(R∗, uR∗)

(
η̄o∗
X

(N)

)
(R∗,τ)

iX(N)(R∗,τ) iX(oX!(NõX))(R∗,τ)
oX!

(
η̄o∗
X

(N)

)
(R∗,uR∗ )

Since oX!(oX!(NõX)õX)(R∗, uR∗) =
∐

κ∈X(R∗)

∐
σ∈X(R∗)

N(R∗, uR∗) and iX(oX!(NõX))(R∗,τ)

(
η̄o∗X(N)

)
(R∗,τ)

is the

inclusion morphism to “τ -τ -summand”, oX!

(
η̄o∗X(N)

)
(R∗,uR∗ )

maps τ -summand of oX!(NõX)(R∗, uR∗) to “τ -τ -

summand” of oX!(oX!(NõX)õX)(R∗, uR∗).

Proposition 10.3.3 Suppose that M has coproducts. Then,

θX,Y (hK∗ , N) : ((hK∗ , N)X)Y = oY !o
∗
Y oX!o

∗
X(hK∗ , N)→ oX×Y !o

∗
X×Y (hK∗ , N) = (hK∗ , N)X×Y

is an isomorphism for any (hK∗ , N) ∈ ObMOD1 and X,Y ∈ Ob T

Proof. We recall that θX,Y (hK∗ , N) is defined to be the following composition.

((hK∗ , N)X)Y
((hK∗ ,N)prX )prY

−−−−−−−−−−−→ ((hK∗ , N)X×Y )X×Y
ϵX×Y
(hK∗ ,N)

−−−−−−→ (hK∗ , N)X×Y

Note that we have the following equalities.

((hK∗ , N)X)Y = oY !o
∗
Y oX!o

∗
X(hK∗ , N) = (hK∗ , oY !(oX!(NõX)õY ))

((hK∗ , N)X×Y )X×Y = oX×Y !o
∗
X×Y oX×Y !o

∗
X×Y (hK∗ , N) = (hK∗ , oX×Y !(oX×Y !(NõX×Y )õX×Y ))

(hK∗ , N)X×Y = oX×Y !o
∗
X×Y (hK∗ , N) = (hK∗ , oX×Y !(NõX×Y ))

εX×Y
(hK∗ ,N) = oX×Y !

(
εX×Y
o∗X×Y (hK∗ ,N)

)
=
(
idhK∗ , oX×Y !

(
η̄o∗X×Y (N)

))
((hK∗ , N)prX )prY = (idhK∗ , oY !o

∗
Y (N

prX )oX×Y !(NõX×Y )
prY )

The following diagram is commutative for any (σ, τ) ∈ (X × Y )(R∗).
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(NõX×Y )(R
∗, (σ, τ)) oX×Y !(NõX×Y )(R

∗, uR∗)

oX×Y !(NõX×Y )õX×Y (R
∗, (σ, τ)) oX×Y !(oX×Y !(NõX×Y )õX×Y )(R

∗, uR∗)

oY !(NõY )õX×Y (R
∗, (σ, τ)) oY !(oX!(NõX)õY )(R

∗, uR∗)

iX×Y (N)(R∗,(σ,τ))

(
η̄o∗
X×Y (N)

)
(R∗,(σ,τ))

oX×Y !

(
η̄o∗
X×Y (N)

)
(R∗,uR∗ )

iX×Y (oX×Y !(NõX×Y ))(R∗,(σ,τ))

N
prX
õX×Y (R∗,(σ,τ)) oY !o

∗
Y (NprX )oX×Y !(NõX×Y )

prY
(R∗,uR∗ )

iY (oY !(NõY ))(R∗,τ)

Since
(
η̄o∗X×Y (N)

)
(R∗,(σ,τ))

: (NõX×Y )(R
∗, (σ, τ))→ oX×Y !(NõX×Y )õX×Y (R

∗, (σ, τ)) is the inclusion morphism

to (σ, τ)-summand and N
prX
(R∗,uR∗ ) : oX×Y !(NõX×Y )(R

∗, uR∗) → oY !(NõY )(R
∗, uR∗) maps (σ, τ)-summand to

σ-summand which is mapped by iY (oY !(NõY ))(R∗,τ) : oY !(NõY )(R
∗, uR∗) → oY !(oX!(NõX)õY )(R

∗, uR∗) to
“τ -σ-summand”, the following composition is an isomorphism.

oX×Y !(NõX×Y )(R
∗, uR∗)

oX×Y !

(
η̄o∗
X×Y (N)

)
(R∗,uR∗ )

−−−−−−−−−−−−−−−−−−→ oX×Y !(oX×Y !(NõX×Y )õX×Y )(R
∗, uR∗)

oY !

(
N

prX
õY

)
(R∗,uR∗ )

oX×Y !(NõX×Y )
prY
(R∗,uR∗ )

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ oY !(oX!(NõX)õY )(R
∗, uR∗)

In fact, the above composition is identified with the lower horizontal morphism of the following diagram which
is an isomorphism

(NõX×Y )(R
∗, (σ, τ)) N(R∗, uR∗)

∐
(σ,τ)∈(X×Y )(R∗)

N(R∗, uR∗)
∐

τ∈Y (R∗)

∐
σ∈X(R∗)

N(R∗, uR∗)

idN(R∗,uR∗ )

iX×Y (N)(R∗,(σ,τ)) inclusion to τ -σ-summand

Therefore, θX,Y (hK∗ , N) is an isomorphism.

Proposition 10.3.4 Suppose that M has coproducts and is complete. Then, pT :MOD → T is a cartesian
closed fibered category.

Proof. Clearly, T has finite products with terminal object 1 = hK∗ . It follows from (10.2.8) and (6.4.1) that
the presheaf FXN on F1 is representable for any X ∈ Ob T and N ∈ ObF1. It follows from (10.2.11) and (6.3.1)
that the presheaf FX,M on Fop1 is representable for any X ∈ Ob T and M ∈ ObF1. Then, assertion follows
from (6.5.6) and (10.3.3).

10.4 Embedding of the fibered category of affine modules

Assume thatM satisfies the condition (ii) of (10.1.1) below.

For an object M of Mod(C,M)R∗ , we define an hR∗ -module M̂ : ChR∗ → Mod(C,M) as follows. Set

M̂(T ∗, λ) = λ∗(M) for (T ∗, λ) ∈ Ob ChR∗ . If ξ ∈ ChR∗ ((T
∗, λ), (S∗, ν)), then we have ν = ξλ. We define

M̂(ξ) : λ∗(M) → ν∗(M) to be a composition λ∗(M)
αξ(λ

∗(M))−−−−−−−→ ξ∗(λ∗(M))
cλ,ξ(M)−1

−−−−−−−→ (ξλ)∗(M) = ν∗(M).

In other words, M̂(ξ) = (ξ, idM∗ ⊗̂R∗ ξ) if M = (R∗,M∗, α).

Proposition 10.4.1 Let M be an object ofMod(C,M)R∗ . Then, M̂ : ChR∗ →Mod(C,M) is continuous.

Proof. Since pCM̂ = UhR∗ : ChR∗ → C, pCM̂ is continuous. Since pMM̂ = F̂M∗UhR∗ : ChR∗ → M, pMM̂ :
ChR∗ →M is continuous by (8.2.3).

Let φ : N → M be a morphism of Mod(C,M) and put λ = pC(φ). We denote by φ̄ : λ∗(N) → M the

unique morphism of Mod(C,M)R∗ such that a composition N
αλ(N)−−−−→ λ∗(N)

φ̄−→ M coincides with φ. For

(T ∗, ν) ∈ Ob ChR∗ , we note that h
∗
λ(N̂)(T ∗, ν) = N̂(T ∗, νλ) = (νλ)∗(N). Define a morphism φ̂λ : h∗λ(N̂)→ M̂

of hR∗ -modules by defining φ̂λ(T∗,ν) : h
∗
λ(N̂)(T ∗, ν)→ M̂(T ∗, ν) to be a composition

(νλ)∗(N)
cλ,ν(N)−−−−−→ ν∗(λ∗(N))

ν∗(φ̄)−−−−→ ν∗(M).
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If S∗ = R∗ and λ = idR∗ , we denote φ̂λ by φ̂, then, φ̂(T∗,ν) = ν∗(φ) : ν∗(N)→ ν∗(M).

We define a functor ĥ :Mod(C,M)op →MOD as follows. ForM ∈ ObMod(C,M), put ĥ(M) = (hR∗ ,M̂)

if pC(M) = R∗. For φ ∈ Mod(C,M)op(M ,N), we set ĥ(φ) = (hλ, φ̂λ) : (hR∗ ,M̂) → (hS∗ , N̂) if pC(φ) = λ.

It is clear from the definition of ĥ that the following diagram commutes.

Mod(C,M)op MOD

Cop T

ĥ

popC
pT

h

Here, h : Cop → T is the Yoneda embedding given by h(R∗) = hR∗ .

Remark 10.4.2 By restricting the domain of ĥ to Mod(C,M)opR∗ , we have a functor SR∗ :Mod(C,M)R∗ →
Mod(hR∗). That is, SR∗ is defined by SR∗(M) = M̂ for M ∈ ObMod(C,M)R∗ and SR∗(φ) = φ̂ for
φ ∈ MorMod(C,M)R∗ .

For a morphism λ : S∗ → R∗ of C and an object N of Mod(C,M)S∗ , there exists unique morphism

cλ,ĥ(N) : ĥ(λ∗(N)) → h∗λ(ĥ(N)) of MODhR∗ that makes the following diagram in MOD commute (See the

paragraph above (6.1.15).).

ĥ(λ∗(N)) ĥ(N)

h∗λ(ĥ(N))

ĥ(αλ(N))

cλ,ĥ(N)
αhλ (ĥ(N))

Proposition 10.4.3 For any morphism λ : S∗ → R∗ of C and any object N of Mod(C,M)S∗ , cλ,ĥ(N) is an

isomorphism of MODhR∗ . Hence ĥ : Mod(C,M)op → MOD preserves cartesian morphisms. If ĥ(φ) is a
cartesian morphism ofMOD for a morphism φ ofMod(C,M)op, φ is a cartesian morphism ofMod(C,M)op.

Proof. We first note that ĥ(N) = (hS∗ , N̂), ĥ(λ∗(N)) = (hR∗ , λ̂∗(N)), h∗λ(ĥ(N)) = (hR∗ , h∗λ(N̂)) and that

λ̂∗(N)(T ∗, ν) = ν∗(λ∗(N)), h∗λ(N̂)(T ∗, ν) = N̂ h̃λ(T
∗, ν) = N̂(T ∗, hλ(ν)) = (νλ)∗(N)

for (T ∗, ν) ∈ Ob ChR∗ . If we put ĥ(αλ(N)) = (hλ, ψ) for a morphism ψ : hλ(N̂)→ λ̂∗(N) of hR∗ -modules, ψ is

given by ψ(T∗,ν) = cλ,ν(N) : h∗λ(N̂)(T ∗, ν) = (νλ)∗(N) → ν∗(λ∗(N)) = λ̂∗(N)(T ∗, ν) for (T ∗, ν) ∈ Ob ChR∗ .

Since αhλ(ĥ(N)) = (hλ, idh∗
λ(N̂)

) : h∗λ(ĥ(N)) → ĥ(N) by the proof of (10.2.2), ĥ(αλ(N)) coincides with a

composition ĥ(λ∗(N))
(idhR∗ ,ψ)−−−−−−→ h∗λ(ĥ(N))

αhλ(ĥ(N))
−−−−−−−→ ĥ(N). Hence the unique morphism cλ,ĥ(N) ofMODhR∗

that makes the diagram above commute coincides with (idhR∗ , ψ). Since ψ is an isomorphism of hR∗ -modules,

cλ,ĥ(N) is an isomorphism. Suppose ĥ(φ) is a cartesian morphism of MOD for a morphism φ : M → N of

Mod(C,M)op. Put φ = (λ, ϕ) :M →N and M = (R∗,M∗, α), N = (S∗, N∗, β). Then, ĥ(φ) = (hλ, φ̂λ) and

ĥ(φ)∗ :MODhR∗ ((hR∗ , L), (hR∗ ,M̂))→MODhλ((hR∗ , L), (hS∗ , N̂))

is bijective for any hR∗ -module L. Consider the case L = h∗λ(N̂), then there exists a morphism ψ : M̂ → h∗λ(N̂)

of hR∗ -modules satisfying ψφ̂λ = id
h∗
λ(N̂)

. Next, consider the case L = M̂ . Since

ĥ(φ)∗(idhR∗ , φ̂λψ) = (hλ, φ̂λψφ̂λ) = (hλ, φ̂λ) = ĥ(φ)∗
(
idhR∗ , idM̂

)
,

we have φ̂λψ = id
M̂

. Hence φ̂λ : h∗λ(N̂) → M̂ is an isomorphism of hR∗ -modules, in particular, φ̂λ(R∗,idR∗ )

is an isomorphism of Mod(C,M)R∗ from h∗λ(N̂)(R∗, idR∗) = λ∗(N) to M̂(R∗, idR∗) = M . On the other
hand, if we denote by φ̄ : λ∗(N) → M the unique morphism of Mod(C,M)R∗ such that a composition

N
αλ(N)−−−−→ λ∗(N)

φ̄−→M coincides with φ, φ̂λ(R∗,idR∗ ) is a composition

λ∗(N)
cλ,idR∗ (N)
−−−−−−−→ id∗R∗(λ∗(N))

id∗R∗ (φ̄)
−−−−−→ id∗R∗(M).

Hence id∗R∗(φ̄) is an isomorphism and so is φ̄, which implies that φ is cartesian.
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Remark 10.4.4 It follows from the definition of γλ(N) : h∗λ(N̂)→ λ̂∗(N) that the following diagram commutes
for a morphism φ :M →N ofMod(C,M)R∗ .

h∗λSS∗(M) SR∗λ∗(M)

h∗λSS∗(N) SR∗λ∗(N)

γλ(M)

h∗
λSS∗ (φ) SR∗λ∗(φ)

γλ(N)

Hence we have a natural transformation γλ : h∗λSS∗ → SR∗λ∗.

Proposition 10.4.5 ĥ :Mod(C,M)op →MOD is fully faithful.

Proof. Suppose that ĥ(φ) = ĥ(ψ) for φ,ψ ∈ Mod(C,M)op(M ,N). Put pC(φ) = λ and pC(ψ) = ν. Then,
we have hλ = hν : hR∗ → hS∗ which implies λ = hλ(idR∗) = hν(idR∗) = ν : S∗ → R∗. Thus we have

φ̂λ = ψ̂λ : h∗λ(N̂) → M̂ . Let φ̄, ψ̄ : λ∗(N) →M be the morphisms such that φ = φ̄αλ(N), ψ = ψ̄αλ(N).

Since φ̂λ(R∗,idR∗ ) = φ̄ and ψ̂λ(R∗,idR∗ ) = ψ̄, it follows that

φ = φ̄αλ(N) = φ̂λ(R∗,idR∗ )αλ(N) = ψ̂λ(R∗,idR∗ )αλ(N) = ψ̄αλ(N) = ψ.

Hence ĥ is injective.
For objectsM and N ofMod(C,M) put pC(M) = R∗ and pC(N) = S∗. For (f,χ) ∈MOD(ĥ(M), ĥ(N)),

put λ = fR∗(idR∗) ∈ hS∗(R∗) = C(S∗, R∗). Then, we have f = hλ by Yoneda’s lemma. We note that
αidR∗ (M) : M → id∗R∗(M) is an isomorphism. Define a morphism φ : N → M of Mod(C,M) to be the
following composition.

N
αλ(N)−−−−→ λ∗(N) = h∗λ(N̂)(R∗, idR∗)

χ(R∗,idR∗ )

−−−−−−−→ M̂(R∗, idR∗) = id∗R∗(M)
αidR∗ (M)−1

−−−−−−−−→M

For (T ∗, ν) ∈ Ob ChR∗ , consider a morphism ν : (R∗, idR∗) → (T ∗, ν) of ChR∗ . Then, the following diagram is
commutative by the naturality of χ.

ν∗(λ∗(N)) (νλ)∗(N)

N λ∗(N) h∗λ(N̂)(R∗, idR∗) h∗λ(N̂)(T ∗, ν)

M id∗R∗(M) M̂(R∗, idR∗) M̂(T ∗, ν)

ν∗(id∗R∗(M)) ν∗(M)

cλ,ν(N)−1

αλ(N)

φ

ανλ(N)

αν(λ
∗(N))

h∗
λ(N̂)(ν)

χ(R∗,idR∗ ) χ(T∗,ν)

αidR∗ (M)

αν(M)

αν(id
∗
R∗ (M))

M̂(ν)

cidR∗ ,ν(N)−1

Put φ̄ = αidR∗ (M)−1χ(R∗,idR∗ ) : λ
∗(N)→M . Then, it follows from the commutativity of the above diagram

that we have

ν∗(φ̄)cλ,ν(N)ανλ(N) = ν∗(φ̄)αν(λ
∗(N))αλ(N) = αν(M)φ̄αλ(N) = αν(M)αidR∗ (M)−1χ(R∗,idR∗ )αλ(N)

= αν(M)φ = χ(T∗,ν)ανλ(N).

Since ανλ(N) is cartesian, the above equality implies χ(T∗,ν) = ν∗(φ̄)cλ,ν(N) which shows ĥ(φ) = (f,χ).

Therefore ĥ :Mod(C,M)op(M ,N)→MOD(ĥ(M), ĥ(N)) is surjective.

For a fibered category p : F → E , we denote by Fc a subcategory of F which has the same objects as F and
whose morphisms are cartesian morphisms of F . Then, (10.4.3) and (10.4.5) imply the following.

Proposition 10.4.6 ĥ :Mod(C,M)op →MOD restricts to a fully faithful functor Mod(C,M)opc →MODc.
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10.5 Quasi-coherent modules

Definition 10.5.1 An F -module M is said to be quasi-coherent if the following condition (QC) is satisfied.

(QC) If we put M(S∗, σ) = (S∗, N∗, β), M(R∗, ρ) = (R∗,M∗, α) and M(λ) = (λ, λ̃) : M(S∗, σ) → M(R∗, ρ)
for a morphism λ : (S∗, σ)→ (R∗, ρ) of F -models, then the following composition is an isomorphism.

N∗ ⊗̂S∗ R∗ λ̃ ⊗̂S∗ idR∗−−−−−−−→M∗ ⊗̂S∗ R∗ ⊗̂λ−−→M∗ ⊗̂R∗ R∗

Here, ⊗̂λ :M∗ ⊗̂S∗ R∗ →M∗ ⊗̂R∗ R∗ is the map induced by the map ⊗λ :M∗ ⊗S∗ R∗ →M∗ ⊗R∗ R∗.

We denote by QMod(F ) the full subcategory of Mod(F ) consisting of quasi-coherent F -modules.

Proposition 10.5.2 Let f : G → F be a morphism of T . If M is a quasi-coherent F -module, f∗(M) is a
quasi-coherent G-module.

Proof. Let λ : (S∗, σ) → (R∗, ρ) be a morphism of G-models. By the naturality of f , λ is regarded as a
morphism λ : (S∗, fS∗(σ)) → (R∗, fR∗(ρ)) of F -models. Hence if we put f∗(M)(S∗, σ) = M(S∗, fS∗(σ)) =
(S∗, N∗, β) and f∗(M)(R∗, ρ) = M(R∗, fR∗(ρ)) = (R∗,M∗, α), f∗(M)(λ) : f∗(M)(S∗, σ) → f∗(M)(R∗, ρ) and
M(λ) : M(S∗, fS∗(σ)) → M(R∗, fR∗(ρ)) are the same maps from (S∗, N∗, β) to (R∗,M∗, α). Therefore (QC)
of (10.5.1) are satisfied.

Proposition 10.5.3 For an object M = (R∗,M∗, α) ofMod(C,M), M̂ is a quasi-coherent hR∗-module.

Proof. If ξ ∈ ChR∗ ((S
∗, λ), (T ∗, ν)), then ν = ξλ and ξ is a morphism of R∗-algebras. Define maps f :

M∗ ⊗R∗ S∗ ⊗S∗ T ∗ → M∗ ⊗R∗ T ∗ and g : M∗ ⊗R∗ T ∗ ⊗T∗ T ∗ → M∗ ⊗R∗ T ∗ by f(z ⊗ x ⊗ y) = z ⊗ ξ(x)y
and g(z ⊗ w ⊗ y) = z ⊗ wy. Then, f and g are isomorphisms. Let f̂ : M∗ ⊗̂R∗ S∗ ⊗̂S∗ T ∗ → M∗ ⊗̂R∗ T ∗ and
ĝ :M∗ ⊗̂R∗ T ∗ ⊗̂T∗ T ∗ →M∗ ⊗̂R∗ T ∗ be isomorphisms induced by f and g, respectively. Since

M̂(ξ) = (ξ, idM∗ ⊗̂R∗ ξ) : M̂(S∗, λ) = (S∗,M∗ ⊗̂R∗ S∗, αλ)→ (T ∗,M∗ ⊗̂R∗ T ∗, αν) = M̂(T ∗, ν)

and the following diagram commutes,

M∗ ⊗̂R∗ S∗ ⊗̂S∗ T ∗ M∗ ⊗̂R∗ T ∗ ⊗̂S∗ T ∗

M∗ ⊗̂R∗ T ∗ M∗ ⊗̂R∗ T ∗ ⊗̂T∗ T ∗

idM∗ ⊗̂R∗ ξ ⊗̂S∗ idT∗

f̂ ⊗̂ξ
ĝ

M∗ ⊗̂R∗ S∗ ⊗̂S∗ T ∗ idM∗ ⊗̂R∗ ξ ⊗̂S∗ idT∗−−−−−−−−−−−−−−→M∗ ⊗̂R∗ T ∗ ⊗̂S∗ T ∗ ⊗̂ξ−−→M∗ ⊗̂R∗ T ∗ ⊗̂T∗ T ∗ is an isomorphism.

We define a functor Γ :Mod(hR∗) →Mod(C,M)R∗ by Γ (M) = M(R∗, idR∗) and Γ (φ) = φ(R∗,idR∗ ). For

an hR∗ -module M , we define a morphism ΦM : SR∗Γ (M) = Γ̂ (M) → M of hR∗ -modules as follows. We put
M(R∗, idR∗) = (R∗,M∗, α) and M(S∗, σ) = (S∗,M ′∗, α′) for (S∗, σ) ∈ Ob ChR∗ . Then, σ ∈ hR∗(S∗) defines a
morphism σ : (R∗, idR∗)→ (S∗, σ) of hR∗ -models and we put

M(σ) = (σ, σ̃) :M(R∗, idR∗) = (R∗,M∗, α)→ (S∗,M ′∗, α′) =M(S∗, σ).

Since M ′∗ is complete Hausdorff, α′ :M ′∗⊗K∗ S∗ →M ′∗ induces an isomorphism α̂′ :M ′∗ ⊗̂S∗ S∗ →M ′∗. We
denote by σ̂ :M∗ ⊗̂R∗ S∗ →M ′∗ the following composition, which is an isomorphism if M is quasi-coherent.

M∗ ⊗̂R∗ S∗ σ̃ ⊗̂R∗ idS∗−−−−−−−→M ′∗ ⊗̂R∗ S∗ ⊗̂σ−−→M ′∗ ⊗̂S∗ S∗ α̂′

−→M ′∗

Since σ̃ : M∗ → M ′∗ is a homomorphism of right R∗-modules if we regard M ′∗ as an right R∗-module by
α′(idM ′∗ ⊗K∗ σ) :M ′∗⊗K∗ R∗ →M ′∗, the following diagram commutes. Here, α′

σ and α′′
σ are maps induced by

the multiplication of S∗ and ᾱ′ :M ′∗ ⊗S∗ S∗ →M ′∗ is the isomorphism induced by α′ :M ′∗ ⊗K∗ S∗ →M ′∗.
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(M∗ ⊗R∗ S∗)⊗K∗ S∗ (M∗ ⊗̂R∗ S∗)⊗K∗ S∗ M∗ ⊗̂R∗ S∗

(M ′∗ ⊗R∗ S∗)⊗K∗ S∗ (M ′∗ ⊗̂R∗ S∗)⊗K∗ S∗ M ′∗ ⊗̂R∗ S∗

(M ′∗ ⊗S∗ S∗)⊗K∗ S∗ (M ′∗ ⊗̂S∗ S∗)⊗K∗ S∗ M ′∗ ⊗̂S∗ S∗

M ′∗ ⊗K∗ S∗ M ′∗

ηM∗⊗R∗S∗⊗K∗ idS∗

(σ̃⊗R∗ idS∗ )⊗K∗ idS∗

ασ

(σ̃ ⊗̂R∗ idS∗ )⊗K∗ idS∗ σ̃ ⊗̂R∗ idS∗

ηM∗⊗R∗S∗⊗K∗ idS∗

⊗σ⊗K∗ idS∗

α′
σ

⊗̂σ ⊗K∗ idS∗ ⊗̂σ
ηM∗⊗S∗S∗⊗K∗ idS∗

ᾱ′⊗K∗ idS∗

α′′
σ

α̂′⊗K∗ idS∗ α̂′

α′

It follows that (idS∗ , σ̂) : SR∗Γ (M)(S∗, σ) = (S∗,M∗ ⊗̂R∗ S∗, ασ) → (S∗,M ′∗, α′) = M(S∗, σ) is a homomor-
phism ofMod(C,M). We define (ΦM )(S∗,σ) : SR∗Γ (M)(S∗, σ)→M(S∗, σ) by (ΦM )(S∗,σ) = (idS∗ , σ̂).

For a morphism ξ : (S∗, σ) → (T ∗, τ) of ChR∗ , we put M(T ∗, τ) = (T ∗,M ′′∗, α′′) and M(ξ) = (ξ, ξ̃) :

M(S∗, σ) → M(T ∗, τ). Since τ = ξσ, we have (τ, τ̃) = M(τ) = M(ξ)M(σ) = (ξσ, ξ̃σ̃). Hence the following
diagram commutes.

M∗ ⊗̂R∗ S∗ M ′∗ ⊗̂R∗ S∗ M ′∗ ⊗̂S∗ S∗ M ′∗

M∗ ⊗̂R∗ T ∗ M ′′∗ ⊗̂R∗ T ∗ M ′′∗ ⊗̂S∗ T ∗ M ′′∗ ⊗̂T∗ T ∗ M ′′∗

σ̃ ⊗̂R∗ idS∗

idM∗ ⊗̂R∗ ξ

⊗̂σ

ξ̃ ⊗̂R∗ ξ

α̂′

ξ̃ ⊗̂S∗ ξ ξ̃

τ̃ ⊗̂R∗ idT∗ ⊗̂σ ⊗̂ξ α̂′′

Thus the following diagram commutes and this shows the naturality of ΦM .

SR∗Γ (M)(S∗, σ) M(S∗, σ)

SR∗Γ (M)(T ∗, λ) M(T ∗, λ)

(ΦM )(S∗,σ)

SR∗Γ (M)(ξ) M(ξ)

(ΦM )(T∗,λ)

Let χ : M → N be a morphism of hR∗ -modules. Put Γ (N) = (R∗, N∗, β), χ(R∗,idR∗ ) = (idR∗ , χ) and

N(S∗, σ) = (S∗, N ′∗, β′), χ(S∗,σ) = (idS∗ , χ′) for (S∗, σ) ∈ ChR∗ . We also put

N(σ) = (σ, σ̃′) : N(R∗, idR∗) = (R∗, N∗, β)→ (S∗, N ′∗, β′) = N(S∗, σ).

Since the following left diagram commutes by the naturality of χ, so does the right one.

M(R∗, idR∗) M(S∗, σ)

N(R∗, idR∗) N(S∗, σ)

M(σ)

χ(R∗,idR∗ ) χ(S∗,σ)

N(σ)

M∗ M ′∗

N∗ N ′∗

σ̃

χ χ′

σ̃′

Since χ′ is a homomorphism of right S∗-modules, the following diagram commutes.

M∗ ⊗̂R∗ S∗ M ′∗ ⊗̂R∗ S∗ M ′∗ ⊗̂S∗ S∗ M ′∗

N∗ ⊗̂R∗ S∗ N ′∗ ⊗̂R∗ S∗ N ′∗ ⊗̂S∗ S∗ N ′∗

σ̃ ⊗̂R∗ idS∗

χ ⊗̂R∗ idS∗

⊗̂σ

χ′ ⊗̂R∗ idS∗

α̂′

χ′ ⊗̂S∗ idS∗ χ′

σ̃′ ⊗̂R∗ idS∗ ⊗̂σ β̂′

It follows from the commutativity of the above diagram, we have

(χΦM )(S∗,σ) = χ(S∗,σ)(ΦM )(S∗,σ) = (idS∗ , χ′)(idS∗ , α̂′ ⊗̂σ(σ̃ ⊗̂R∗ idS∗)) = (idS∗ , χ′α̂′ ⊗̂σ(σ̃ ⊗̂R∗ idS∗))

= (idS∗ , β̂′ ⊗̂σ(σ̃′χ ⊗̂R∗ idS∗)) = (idS∗ , β̂′ ⊗̂σ(σ̃′ ⊗̂R∗ idS∗))(idS∗ , χ ⊗̂R∗ idS∗)

= (ΦN )(S∗,σ)(SR∗Γ (χ))(S∗,σ) = (ΦNSR∗Γ (χ))(S∗,σ)

Thus the following diagram commutes and we have a natural transformation Φ : SR∗Γ → idMod(hR∗ ).
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SR∗Γ (M) M

SR∗Γ (N) N

ΦM

SR∗Γ (χ) χ

ΦN

For an objectM = (R∗,M∗, α) ofMod(C,M)R∗ , define a morphism ΨM :M → ΓSR∗(M) ofMod(C,M)R∗

by ΨM = (idR∗ , îM∗), where îM∗ :M∗ →M∗ ⊗̂R∗ R∗ is the isomorphism induced by the mapM∗ →M∗⊗R∗R∗

which maps x to x⊗1. Since ΨM is natural inM , thus we have a natural equivalence Ψ : idMod(C,M)R∗ → ΓSR∗ .

Proposition 10.5.4 SR∗ : Mod(C,M)R∗ → Mod(hR∗) is a left adjoint of Γ : Mod(hR∗) → Mod(C,M)R∗

with unit Ψ : idMod(C,M)R∗ → ΓSR∗ and counit Φ : SR∗Γ → idMod(hR∗ ). Moreover, ΦM : SR∗Γ (M) → M is
an isomorphism if and only if M is a quasi-coherent hR∗-module.

Proof. Let M be a hR∗ -module and put Γ (M) = (R∗,M∗, α). Since îM∗ : M∗ → M∗ ⊗̂R∗ R∗ is the inverse of
the isomorphism α̂ : M∗ ⊗̂R∗ R∗ → M∗ induced by α : M∗ ⊗K∗ R∗ → M∗, ΨΓ (M) = (idR∗ , îM∗) is the inverse

of Γ (ΦM ) = (ΦM )(R∗,idR∗ ) = (idR∗ , α̂) : ΓSR∗Γ (M) = (R∗,M∗ ⊗̂R∗ R∗, αidR∗ )→ (R∗,M∗, α) = Γ(M). Hence
we have Γ (ΦM )ΨΓ (M) = idΓ (M). LetM = (R∗,M∗, α) be an object ofMod(C,M)R∗ and (S∗, σ) an hR∗ -model.

Then, SR∗(M)(S∗, σ) = (S∗,M∗ ⊗̂R∗ S∗, ασ), SR∗ΓSR∗(M)(S∗, σ) = (S∗, (M∗ ⊗̂R∗ R∗) ⊗̂R∗ S∗, (αidR∗ )σ) and

SR∗(ΨM )(S∗,σ) = (idS∗ , îM∗ ⊗̂R∗ idS∗) : SR∗(M)(S∗, σ)→ SR∗ΓSR∗(M)(S∗, σ). Since

M̂(σ) = (σ, idM∗ ⊗̂R∗ σ) : M̂(R∗, idR∗) = (R∗,M∗ ⊗̂R∗ R∗, αidR∗ )→ (S∗,M∗ ⊗̂R∗ S∗, ασ) = M̂(S∗, σ),

it follows that (ΦSR∗ (M))(S∗,σ) = (idS∗ , σ̌), where σ̌ is the following composition.

(M∗ ⊗̂R∗ R∗) ⊗̂R∗ S∗ idM∗ ⊗̂R∗ σ ⊗̂R∗ idS∗−−−−−−−−−−−−−−→ (M∗ ⊗̂R∗ S∗) ⊗̂R∗ S∗ ⊗̂σ−−→ (M∗ ⊗̂R∗ S∗) ⊗̂S∗ S∗ α̂σ−−→M∗ ⊗̂R∗ S∗

It is clear that σ̌(̂iM∗ ⊗̂R∗ idS∗) is the identity map ofM∗ ⊗̂R∗ S∗. Thus the following composition is the identity
morphism of SR∗(M)(S∗, σ) which implies ΦSR∗ (M)SR∗(ΨM ) = idSR∗ (M).

SR∗(M)(S∗, σ)
SR∗ (ΨM )(S∗,σ)−−−−−−−−−−→ SR∗ΓSR∗(M)(S∗, σ)

(ΦSR∗ (M))(S∗,σ)−−−−−−−−−−−→ SR∗(M)(S∗, σ)

The last assertion is clear from the previous argument.

Corollary 10.5.5 Let M and N be hR∗-modules. If M is quasi-coherent, then

Γ :Mod(hR∗)(M,N)→Mod(C,M)R∗(Γ (M), Γ (N))

is bijective.

Proof. Γ : Mod(hR∗)(M,N) → Mod(C,M)R∗(Γ (M), Γ (N)) is a composition of Φ∗
M : Mod(hR∗)(M,N) →

Mod(hR∗)(SR∗Γ (M), N) and the adjunctionMod(hR∗)(SR∗Γ (M), N)→Mod(C,M)R∗(Γ (M), Γ (N)). Since
M is quasi-coherent, ΦM is an isomorphism, hence Φ∗

M is bijective.

Proposition 10.5.6 Let D : D → T be a functor and (D(i)
ιi−→ F )i∈ObD a colimiting cone of D. For an

F -module M , we define a functor D(M) : D → MOD as follows. We put D(M)(i) = (D(i), ι∗i (M)). Let
α : i → j be a morphism of D. Since ιi = ιjD(α), we have D(α)∗ι∗j (M) = ι∗i (M) and define a morphism
D(M)(α) : (D(i), ι∗i (M))→ (D(j), ι∗j (M)) ofMOD by D(M)(α) = (D(α), idι∗i (M))). Then,(

D(M)(i)

(
ιi,idι∗

i
(M)

)
−−−−−−−−→ (F,M)

)
i∈ObD

is a colimiting cone of D(M).

Proof. Let (D(M)(i) = (D(i), ι∗i (M))
(ηi,ζi)−−−−→ (G,N))i∈ObD be a cone of D(M). By applying pT :MOD → T

to (D(M)(i)
(ηi,ζi)−−−−→ (G,N))i∈ObD, we have a cone (D(i)

ηi−→ G)i∈ObD in T . Then, there exists unique morphism
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f : F → G satisfying fιi = ηi for any i ∈ ObD. For (R∗, ρ) ∈ Ob CF , there exists i ∈ ObD and σ ∈ D(i)(R∗)
such that (ιi)R∗(σ) = ρ. If (ιj)R∗(τ) = ρ also holds for j ∈ ObD and τ ∈ D(j)(R∗), then we have

η∗i (N)(R∗, σ) = N(R∗, (ηi)R∗(σ)) = N(R∗, fR∗(ιi)R∗(σ)) = N(R∗, fR∗(ρ)) = N(R∗, fR∗(ιj)R∗(τ))

= N(R∗, (ηj)R∗(τ)) = η∗j (N)(R∗, τ)

ι∗i (M)(R∗, σ) =M(R∗, (ιi)R∗(σ)) =M(R∗, ρ) =M(R∗, (ιj)R∗(τ)) = ι∗j (M)(R∗, τ)

and there exist morphisms α2k−1 : i2k−1 → i2k, α2k : i2k+1 → i2k of D for 1 ≤ k ≤ n and σk ∈ D(ik) for
1 ≤ k ≤ 2n + 1 such that i1 = 1, i2n+1 = j, σ1 = σ, σ2k+1 = τ and D(α2k−1)(σ2k−1) = D(α2k)(σ2k+1) = σ2k
for 1 ≤ k ≤ n. We note that, if α ∈ D(i, j), we have D(α)∗(ζj) = ζi, namely (ζi)(R∗,ρ) = (ζj)(R∗,D(α)(ρ)) for
(R∗, ρ) ∈ Ob CD(i). Therefore we have (ζ2k−1)(R∗,σ2k−1) = (ζ2k)(R∗,σ2k) = (ζ2k+1)(R∗,σ2k+1) for 1 ≤ k ≤ n, which
implies (ζi)(R∗,σ) = (ζj)(R∗,τ) as morphisms from η∗i (N)(R∗, σ) = η∗j (N)(R∗, τ) to ι∗i (M)(R∗, σ) = ι∗j (M)(R∗, τ).

Define a morphism ϕ : f∗(N)→M of F -modules as follows. For an F -model (R∗, ρ), choose i ∈ ObD and
σ ∈ D(i)(R∗) such that (ιi)R∗(σ) = ρ. Since M(R∗, ρ) =M(R∗, (ιi)R∗(σ)) = ι∗i (M)(R∗, σ) and

f∗(N)(R∗, ρ) = N(R∗, fR∗(ρ)) = N(R∗, fR∗((ιi)R∗(σ))) = N(R∗, (ηi)R∗(σ)) = η∗i (N)(R∗, σ),

ϕ(R∗,ρ) : f
∗(N)(R∗, ρ) → M(R∗, ρ) is defined to be (ζi)(R∗,σ) : η

∗
i (N)(R∗, σ) → ι∗i (M)(R∗, σ). This definition

of ϕ(R∗,ρ) does not depend on the choice of either i ∈ ObD or σ ∈ D(i)(R∗) by the above argument. Let
ξ : (R∗, ρ) → (S∗, λ) be a morphism of CF and choose i ∈ ObD and σ ∈ D(i)(R∗) such that (ιi)R∗(σ) = ρ.
Then, (ιi)S∗(D(i)(ξ)(σ)) = F (ξ)((ιi)R∗(σ)) = F (ξ)(ρ) = λ by the naturality of ιi and ϕ(S∗,λ) : f

∗(N)(S∗, λ)→
M(S∗, λ) is defined to be (ζi)(S∗,D(i)(ξ)(σ)) : η∗i (N)(S∗, D(i)(ξ)(σ)) → ι∗i (M)(S∗, D(i)(ξ)(σ)). ξ : R∗ → S∗ is
regarded as a morphism (R∗, σ)→ (S∗, D(i)(ξ)(σ)) of CD(i). By the naturality of ζi, the following left diagram
commutes and this implies the right diagram also commutes. Thus we see the naturality of ϕ.

η∗i (N)(R∗, σ) ι∗i (M)(R∗, σ)

η∗i (N)(S∗, D(i)(ξ)(σ)) ι∗i (M)(S∗, D(i)(ξ)(σ))

(ζi)(R∗,σ)

η∗i (N)(ξ) ι∗i (M)(ξ)

(ζi)(S∗,D(i)(ξ)(σ))

f∗(N)(R∗, ρ) M(R∗, ρ)

f∗(N)(S∗, λ) M(S∗, λ)

φ(R∗,ρ)

f∗(N)(ξ) M(ξ)

φ(S∗,λ)

We verify that (f, ϕ) : (F,M) → (G,N) is the unique morphism of MOD satisfying (f, ϕ)(ιi, idι∗i (M)) =
(ηi, ζi) for any i ∈ ObD. For a D(i)-model (R∗, σ), since ι∗i (ϕ)(R∗,σ) = ϕ(R∗,D(i)(σ)) = (ζi)(R∗,σ) by the
definition of ϕ, it follows that (f, ϕ)(ιi, idι∗i (M)) = (ηi, ζi). Suppose that (g, ψ) : (F,M) → (G,N) satisfy
(g, ψ)(ιi, idι∗i (M)) = (f, ϕ)(ιi, idι∗i (M)) for any i ∈ ObD. Then gιi = fιi for any i ∈ ObD and it follows g = f
by the uniqueness of f . For any F -model (R∗, ρ), choose i ∈ ObD and σ ∈ D(i)(R∗) satisfying (ιi)R∗(σ) = ρ.
Then, ψ(R∗,ρ) = ψ(R∗,(ιi)R∗ (σ)) = ι∗i (ψ)(R∗,σ) = ι∗i (ϕ)(R∗,σ) = ϕ(R∗,(ιi)R∗ (σ)) = ϕ(R∗,ρ), that is ψ = ϕ.

For F ∈ Ob T , since F is a colimit of representable functors, it follows from the proof of (7.2.11) that(
D(F )(R∗, ρ)

φ(F )(R∗,ρ)−−−−−−−→ F

)
(R∗,ρ)∈Ob CF

is a colimiting cone of the functor D(F ) : CopF → Functc(C, Top) which is given by D(F )(R∗, ρ) = hR∗ and
D(F )(f) = hf . For an F -module M , we define a functor D(F ;M) : CopF →MOD as in (10.5.6). That is,

D(F ;M)(R∗, ρ) =
(
hR∗ , ϕ(F )∗(R∗,ρ)(M)

)
for an F -model (R∗, ρ) and D(F ;M)(f) : D(F ;M)(S∗, σ)→ D(F ;M)(R∗, ρ) is defined to be(

hf , idφ(F )∗
(S∗,σ)(M)

)
:
(
hS∗ , ϕ(F )∗(S∗,σ)(M)

)
→
(
hR∗ , ϕ(F )∗(R∗,ρ)(M)

)
for a morphism of F -models f : (R∗, ρ)→ (S∗, σ). We note that we have ϕ(F )∗(R∗,ρ)(M)(T ∗, τ) =M(T ∗, F (τ)(ρ))

for an hR∗ -model (T ∗, τ) by the definition of ϕ(F )(R∗,ρ). Therefore an hS∗ -module h∗fϕ(F )
∗
(R∗,ρ)(M) coincides

with ϕ(F )∗(S∗,σ)(M). It follows from (10.5.6) that the following is a colimiting cone of D(F ;M).D(F ;M)(R∗, ρ)

(
φ(F )(R∗,ρ),idφ(F )∗

(R∗,ρ)(M)

)
−−−−−−−−−−−−−−−−−−−−→ (F,M)


(R∗,ρ)∈Ob CF
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We also define a functor D̂(F ;M) : CopF →MOD to be the composition

CopF
Mop

−−−→Mod(C,M)op
ĥ−→MOD.

That is, D̂(F ;M)(R∗, ρ) =
(
hR∗ , ̂M(R∗, ρ)

)
for (R∗, ρ) ∈ Ob CF and

D̂(F ;M)(ξ) :
(
hS∗ , ̂M(S∗, σ)

)
→
(
hR∗ , ̂M(R∗, ρ)

)
for a morphism of F -models ξ : (R∗, ρ)→ (S∗, σ) is given as follows. Put M(R∗, ρ) = (R∗,M∗, α), M(S∗, σ) =
(S∗, N∗, β) and M(ξ) = (ξ, ξ̃) : (R∗,M∗, α)→ (S∗, N∗, β). For an hS∗ -model (T ∗, τ), we note that

h∗ξ(
̂M(R∗, ρ))(T ∗, τ) = ̂M(R∗, ρ)(T ∗, (hξ)T∗(τ)) = ̂M(R∗, ρ)(T ∗, τξ) = (T ∗,M∗ ⊗̂R∗ T ∗, ατξ)

̂M(S∗, σ)(T ∗, τξ) = (T ∗, N∗ ⊗̂S∗ T ∗, βξ),

ξ(T∗,τ) : h
∗
ξ(

̂M(R∗, ρ))(T ∗, τ)→ ̂M(S∗, σ)(T ∗, τ) is given by ξ(T∗,τ) =
(
idT∗ , ⊗̂ξ(ξ̃ ⊗̂R∗ idT∗)

)
and D̂(F ;M)(ξ)

is given by D̂(F ;M)(ξ) = (hξ, ξ). Hence ξ is an isomorphism if M is quasi-coherent. It follows that D̂(F ;M)(ξ)
is cartesian for every morphism ξ of F -models if and only if M is quasi-coherent.

We define a natural transformation Φ(F,M) : D(F ;M) → D̂(F ;M) as follows. For (R∗, ρ) ∈ Ob CF , since
Γ
(
ϕ(F )∗(R∗,ρ)(M)

)
= ϕ(F )∗(R∗,ρ)(M)(R∗, idR∗) =M(R∗, ρ), Φφ(F )∗

(R∗,ρ)(M) is a morphism of hR∗ -modules from

̂M(R∗, ρ) to ϕ(F )∗(R∗,ρ)(M). We set

(
Φ(F,M)

)
(R∗,ρ)

=
(
idhR∗ ,Φφ(F )∗

(R∗,ρ)(M)

)
:
(
hR∗ , ϕ(F )∗(R∗,ρ)(M)

)
→
(
hR∗ , ̂M(R∗, ρ)

)
.

It follows from (10.5.2) and (10.5.4) that Φ(F,M) is a natural equivalence if M is quasi-coherent.

Let E : D → MOD be a functor and put F = pCE. Suppose that
(
E(i)

(fi,ηi)−−−−→ (X,L)
)
is a colimiting

cone of E. We put E(i) = (F (i),M(i)) for i ∈ ObD and E(τ) = (F (τ),M(τ)) for τ ∈ D(i, j). Then,
M(τ) : F (τ)∗(M(j)) → M(i) and ηi : f

∗
i (L) → M(i) are morphisms of F (i)-modules. The following diagrams

commute for morphisms τ : i→ j, σ : j → k of D.

F (τ)∗F (σ)∗(M(k)) F (τ)∗(M(j))

F (στ)∗(M(k)) M(i)

F (τ)∗(M(σ))

M(τ)

M(στ)

F (τ)∗f∗j (L) F (τ)∗(M(j))

f∗i (L) M(i)

F (τ)∗(ηj)

M(τ)

ηi
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11 Representations of group objects

11.1 Representations of group objects

Assume that T is a category with finite products. Let p : F → T be a cloven fibered category and f : Y → X
a morphism of T . For objects M and N of F1 and a morphism ξ : o∗X(M)→ o∗X(N) of FX , we denote f ♯M,N (ξ)
by ξf for short. That is, ξf is the following composition.

o∗Y (M) = (oXf)
∗(M)

coX,f (M)−1

−−−−−−−−→ f∗o∗X(M)
f∗(ξ)−−−→ f∗o∗X(N)

coX,f (N)
−−−−−−→ (oXf)

∗(N) = o∗Y (N)

Definition 11.1.1 Let (G,µ, ε, ι) be a group object in T . A pair (M, ξ) of an object M of F1 and a morphism
ξ : o∗G(M) → o∗G(M) of FG is called a left (resp. right) representation of G on M if the following conditions
(i) (resp. (i′)) and (ii) are satisfied. If we say simply “a representation”, this means a left representation. We
denote by pr1, pr2 : G×G→ G the projections below.

(i) ξµ = ξpr1ξpr2 (i′) ξµ = ξpr2ξpr1 (ii) ξε = idM

Let ξ : o∗G(M) → o∗G(M) and ζ : o∗G(N) → o∗G(N) be representations of G on M and N , respectively. A
morphism ϕ : M → N of F1 is a called a morphism of representations of G from (M, ξ) to (N, ζ) if the
following diagram commutes.

o∗G(M) o∗G(M)

o∗G(N) o∗G(N)

ξ

o∗G(φ) o∗G(φ)

ζ

We denote by Rep(G ;F) the category of representations of G and morphisms between them.

Example 11.1.2 Let (G,µ, ε, ι) be a group object in T .
(1) Let p : T (2) → T be the fibered category given in (1) of (6.1.9). For (1

η−→ X) ∈ Ob T (2)
1 , a morphism

ξ = (idG, ξ̃) : o
∗
G(1

η−→ X) = (G
ηoG−−→ X) → (G

ηoG−−→ X) = o∗G(1
η−→ X) is a representation of G on (1

η−→ X) if

and only if ξ̃ : X → X is the identity morphism of X by the condition (ii) of (11.1.1).

(2) Let p : T (2) → T be the fibered category given in (2) of (6.1.9). For (X
oX−−→ 1) ∈ Ob T (2)

1 , a morphism

ξ = ((ξ1, ξ2), idG) : o
∗
G(X

oX−−→ 1) = (G×X prG−−→ G)→ (G×X prG−−→ G) = o∗G(X
oX−−→ 1)

is a representation of G on (X
oX−−→ 1) if and only if ξ1 = prG : G × X → G and ξ2 : G × X → X is a left

action of G. Let ζ = ((prG, ζ2), idG) : o
∗
G(Y

oY−−→ 1) → o∗G(Y
oY−−→ 1) be a representation of G. For a morphism

f : X → Y of T , (f, id1) : (X
oX−−→ 1) → (Y

oY−−→ 1) is a morphism ξ → ζ of representations if and only if
f : (X, ξ2)→ (Y, ζ2) is a morphism of Actl(G). Hence Rep(G ; T (2)) is identified with Actl(G). We remark that
the category of right representations of G is identified with Actr(G).

Definition 11.1.3 Let M be an object of F1.
(1) The identity morphism of o∗G(M) is a representation of G on M and it is called the trivial representation

of G on M .
(2) Let η : N →M be a subobject of M and (M, ξ), (N, ζ) representations of G on M , N , respectively. If η

is a morphism of representations from (N, ζ) to (M, ξ), we call (N, ζ) a subrepresentation of (M, ξ).

Proposition 11.1.4 Let f : (H,µ′, ε′, ι′) → (G,µ, ε, ι) be a morphism of group objects in T and (M, ξ) a
representation of G on M . Then, (M, ξf ) is a representation of H on M .

Proof. We denote by pr′1, pr
′
2 : H ×H → H the projections. Then, we have fµ′ = µ(f × f), fpr′2 = pr2(f × f),

fpr′1 = pr1(f × f) and fε′ = ε. Therefore (6.1.17) and (6.1.18) imply (ξf )ε′ = ξfε′ = ξε = idM and

(ξf )pr′1(ξf )pr′2 = ξfpr′1ξfpr′2 = ξpr2(f×f)ξpr1(f×f) = (ξpr2)(f×f)(ξpr1)(f×f) = (ξpr2ξpr1)(f×f)

= (ξµ)f×f = ξµ(f×f) = ξfµ′ = (ξf )µ′ .

Let ϕ : (M, ξ)→ (N, ζ) be a morphism of Rep(G ;F) and f : H → G a morphism of group objects in T . It
follows from (6.1.11) that the following diagram is commutative.
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o∗H(M) (oGf)
∗(M) f∗o∗G(M) f∗o∗G(M) (oGf)

∗(M) o∗H(M)

o∗H(N) (oGf)
∗(N) f∗o∗G(N) f∗o∗G(N) (oGf)

∗(N) o∗H(N)

o∗H(φ)

coG,f (M)

(oGf)
∗(φ)

f∗(ξ)

f∗o∗G(φ)

coG,f (M)−1

f∗o∗G(φ) (oGf)
∗(φ) o∗H(φ)

coG,f (N) f∗(ζ) coG,f (N)−1

Thus we have a functor f
.
: Rep(G ;F)→ Rep(H ;F) given by f

.
(M, ξ) = (M, ξf ) and f

.
(ϕ) = ϕ.

Definition 11.1.5 Let G be a group object of T and i : H → G a subgroup object of G. For a representation
(M, ξ) of G, we call i

.
(M, ξ) the restriction of (M, ξ) to H and denote this by ResGH(M, ξ).

Lemma 11.1.6 Let M , N be objects of F1 and ξ : o∗G(M) → o∗G(M), ζ : o∗G(N) → o∗G(N) morphisms of FG.
We assume that a morphism ϕ :M → N of F1 makes the following diagram commute.

o∗G(M) o∗G(M)

o∗G(N) o∗G(N)

ξ

o∗G(φ) o∗G(φ)

ζ

(1) Suppose that ϕ :M → N is an epimorphism of F1 and that

o∗G×G(ϕ)
∗ : FG×G(o

∗
G×G(N), o∗G×G(N))→ FG×G(o

∗
G×G(M), o∗G×G(N))

is injective. If ξ is a representation of G on M , ζ is a representation of G on N .
(2) Suppose that ϕ :M → N is an monomorphism of F1 and that

o∗G×G(ϕ)∗ : FG×G(o
∗
G×G(M), o∗G×G(M))→ FG×G(o

∗
G×G(M), o∗G×G(N))

is injective. If ζ is a representation of G on N , ξ is a representation of G on M .

Proof. The following diagram commutes by the assumption and (6.1.17).

o∗G×G(M) o∗G×G(M) o∗G×G(M) o∗G×G(M)

o∗G×G(N) o∗G×G(N) o∗G×G(N) o∗G×G(N)

o∗G×G(φ)

ξpr2ξµ

o∗G×G(φ)

ξpr1

o∗G×G(φ) o∗G×G(φ)

ζpr2ζµ ζpr1

o∗1(M) o∗1(M)

o∗1(N) o∗1(N)

ξε

o∗1(φ) o∗1(φ)

ζε

(1) If ξ is a representation of G on M , it follows from the commutativity of the above diagrams that we
have ζpr1ζpr2o

∗
G×G(ϕ) = o∗G×G(ϕ)ξpr1ξpr2 = o∗G×G(ϕ)ξµ = ζµo

∗
G×G(ϕ) and ζεo

∗
1(ϕ) = o∗1(ϕ)ξε = o∗1(ϕ). Hence

ζpr1ζpr2 = ζµ and ζε = idN by the assumption.
(2) If ζ is a representation of G on N , it follows from the commutativity of the above diagrams that we

have o∗G×G(ϕ)ξpr1ξpr2 = ζpr1ζpr2o
∗
G×G(ϕ) = ζµo

∗
G×G(ϕ) = o∗G×G(ϕ)ξµ and o∗1(ϕ)ξε = ζεo

∗
1(ϕ) = o∗1(ϕ). Hence

ξpr1ξpr2 = ξµ and ξε = idM by the assumption.

Proposition 11.1.7 Let ϕ :M → N be a morphism of F1.
(1) If ϕ is an epimorphism and one of the following conditions is satisfied, the condition of (1) of (11.1.6)

is satisfied.

(i) o∗G×G : F1 → FG×G preserves epimorphisms.

(ii) The presheaf FG×G
N on F1 is representable.

(iii) The presheaves FG×G,M , FG×G,N on Fop1 are representable and ϕ∗
G×G : F1(NG×G, N) → F1(MG×G, N)

is injective.

(2) If ϕ is a monomorphism and one of the following conditions is satisfied, the condition of (2) of (11.1.6)
is satisfied.

(i) o∗G×G : F1 → FG×G preserves monomorphisms.
(ii) The presheaf FG×G,M on Fop1 is representable.
(iii) The presheaves FG×G

M , FG×G
N on F1 are representable and ϕG×G

∗ : F1(M,MG×G) → F1(M,NG×G) is
injective.
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Proof. (1) If (i) is satisfied, o∗G×G(ϕ) is an epimorphism. If (ii) is satisfied, the assertion follows from (1) of
(6.5.2). Assume that (iii) is satisfied. The following diagram is commutative by (6.3.3),

FG×G(o
∗
G×G(N), o∗G×G(N)) F1(NG×G, N)

FG×G(o
∗
G×G(M), o∗G×G(N)) F1(MG×G, N)

PG×G(N)N

o∗G×G(φ)∗ φ∗
G×G

PG×G(M)N

Since both ϕ∗
G×G and PG×G(N)N are injective, so is o∗G×G(ϕ)

∗.
(2) If (i) is satisfied, o∗G×G(ϕ) is a monomorphism. If (ii) is satisfied, the assertion follows from (2) of (6.5.2).

Assume that (iii) is satisfied. The following diagram is commutative by (6.4.3),

FG×G(o
∗
G×G(M), o∗G×G(M)) F1(M,MG×G)

FG×G(o
∗
G×G(M), o∗G×G(N)) F1(M,NG×G)

EG×G(M)M

o∗G×G(φ)∗ φG×G
∗

EG×G(N)M

Since both ϕG×G
∗ and EG×G(M)M are injective, so is o∗G×G(ϕ)

∗.

Proposition 11.1.8 Let (M, ξ) and (M, ζ) be representations of G on M ∈ ObF1. If ξpr2ζpr1 = ζpr1ξpr2 , then
(M, ξζ) is a representation of G on M .

Proof. Since ξµ = ξpr1ξpr2 and ζµ = ζpr1ζpr2 , it follows from (6.1.5) that we have

(ξζ)µ = ξµζµ = ξpr1ξpr2ζpr1ζpr2 = ξpr1ζpr1ξpr2ζpr2 = (ξζ)pr1(ξζ)pr2 .

We also have (ξζ)ε = ξεζε = idM .

Corollary 11.1.9 Let G and H be group objects of T and (M, ξ), (M, ζ) representations of G, H on M ∈
ObF1, respectively. We denote by pG : G × H → G and pH : G × H → H the projections. Suppose that
representations (M, ξpG) and (M, ζpH ) of G × H on M satisfy ξpGζpH = ζpH ξpG . Then, (M, ξpGζpH ) is a
representation of G×H on M .

Proof. Let us denote by pr1, pr2 : G×G→ G, pr′1, pr
′
2 : H×H → H and pr′′1 , pr

′′
2 : (G×H)× (G×H)→ G×H

the projections. We put χ = (pr2 × pr′1)(idG × TH,G × idH). Then, we have pGpr
′′
2 = pGχ and pHpr′′1 = pGχ.

It follows from (6.1.17) and (6.1.18)

ξpGpr′′2
ζpHpr′′1

= ξpGχζpHχ= (ξpG)χ(ζpH )χ= (ξpGζpH )χ= (ζpH ξpG)χ= (ζpH )χ(ξpG)χ= ζpHχξpGχ= ζpHpr′′1
ξpGpr′′2

.

Hence the assertion follows from (11.1.8).

Let p : F → T , q : G → C be normalized cloven fibered categories and (G,µ, ε, ι) a group object in T .
Suppose that functors F : T → C and Φ : F → G are given such that qΦ = Fp and Φ preserves cartesian

morphisms. We assume that F (G)
F (pr1)←−−−− F (G × G) F (pr2)−−−−→ F (G) is a product of F (G) and F (G) and that

F (1) is a terminal object of C. Then, (F (G), F (µ), F (ε), F (ι)) is a group object in C.

Proposition 11.1.10 Let M be an object of F1 and ξ : o∗G(M)→ o∗G(M) a morphism of FG.
(1) If (M, ξ) is a representation of G on M , (Φ(M),ΦGM,M (ξ)) is a representation of F (G) on Φ(M).

(2) If Φ is faithful and (Φ(M),ΦGM,M (ξ)) is a representation of F (G) on Φ(M), (M, ξ) is a representation
of G on M .

Proof. (1) It follows from (6.1.20) and (6.1.19) that we have the following equality.

ΦGM,M (ξ)F (pr1)
ΦGM,M (ξ)F (pr2)

=ΦG×G
M,M (ξpr1)Φ

G×G
M,M (ξpr2)=ΦG×G

M,M (ξpr1)Φ
G×G
M,M (ξpr2)=ΦG×G

M,M (ξpr1ξpr2)

Thus ΦGM,M (ξ)F (pr1)
ΦGM,M (ξ)F (pr2)

= ΦG×G
M,M (ξµ) = ΦGM,M (ξ)F (µ) by the assumption and (6.1.20). We also have

ΦGM,M (ξ)F (ε) = Φ1
M,M (ξε) = Φ1

M,M (idM ) = idΦ(M) by (6.1.20) and the assumption. Hence (Φ(M),ΦGM,M (ξ)) is
a representation of F (C) on Φ(M).
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(2) By (6.1.20), the assumption and the equality of (1) above, we have

ΦG×G
M,M (ξµ) = ΦGM,M (ξ)F (µ) = ΦGM,M (ξ)F (pr1)

ΦGM,M (ξ)F (pr2)
= ΦG×G

M,M (ξpr1ξpr2)

Φ1
M,M (ξε) = ΦGM,M (ξ)F (ε) = idΦ(M) = Φ1

M,M (idM )

Since Φ is faithful, ΦG×G
M,M : FG×G(o

∗
G×G(M), o∗G×G(M)) → GF (G×G)(o

∗
F (G×G)(Φ(M)), o∗F (G×G)(Φ(M))) and

Φ1
M,M : F1(id

∗
1(M), id∗1(M)) → GF (1)(id

∗
F (1)(Φ(M)), id∗F (1)(Φ(M))) are injective, which implies ξµ = ξpr1ξpr2

and ξε = idM .

Proposition 11.1.11 Let ϕ :M → N be a morphism of F1 and (M, ξ), (N, ζ) representations of G.
(1) If ϕ : (M, ξ)→ (N, ζ) is a morphism representations of G, Φ(ϕ) : (Φ(M),ΦGM,M (ξ))→ (Φ(N),ΦGN,N (ζ))

is a morphism representations of F (G).
(2) If Φ is faithful and Φ(ϕ) : (Φ(M),ΦGM,M (ξ))→ (Φ(N),ΦGN,N (ζ)) is a morphism representations of F (C),

ϕ : (M, ξ)→ (N, ζ) is a morphism representations of C.

Proof. By (6.1.15) that the left and the right rectangles of the following diagram (∗) are commutative.

o∗F (G)(Φ(M)) Φ(o∗G(M)) Φ(o∗G(M)) o∗F (G)(Φ(M))

o∗F (G)(Φ(N)) Φ(o∗G(N)) Φ(o∗G(N)) o∗F (G)(Φ(N))

coG,Φ(M)−1

o∗F (G)(Φ(φ))

Φ(ξ)

Φ(o∗G(φ)) Φ(o∗G(φ))

coG,Φ(M)

o∗F (G)(Φ(φ))

coG,Φ(N)−1
Φ(ζ) coG,Φ(N)

(∗)

(1) Since ΦGM,M (ξ) = coG,Φ(M)Φ(ξ)coG,Φ(M)−1, ΦGN,N (ζ) = coG,Φ(N)Φ(ζ)coG,Φ(N)−1 and the middle rect-
angle of (∗) is commutative, the assertion follows.

(2) Since the outer rectangle of (∗) is commutative, we have

coG,Φ(N)Φ(o∗G(ϕ)ξ)coG,Φ(M)−1 = coG,Φ(N)Φ(ζo∗G(ϕ))coG,Φ(M)−1.

Thus Φ(o∗G(ϕ)ξ) = Φ(ζo∗G(ϕ)) which implies o∗G(ϕ)ξ = ζo∗G(ϕ) by the assumption.

We can define a functor ΦG : Rep(G;F) → Rep(F (G);G) by ΦG(M, ξ) = (Φ(M),ΦGM,M (ξ)) and ΦG(ϕ) =
Φ(ϕ) under the above situation. It follows from (11.1.11) that ΦG is fully faithful if Φ is so.

Let f : (H,µ′, ε′, ι′)→ (G,µ, ε, ι) be a morphism of group objects in T . We also assume that F (H)
F (pr1)←−−−−

F (H ×H)
F (pr2)−−−−→ F (H) is a product of F (H) and F (H).

Proposition 11.1.12 For a representation (M, ξ) of G, we have ΦHM,M (ξf ) = ΦGM,M (ξ)F (f).

Proof. The middle rectangle of the following diagram is commutative by (6.1.20).

o∗F (H)(Φ(M)) Φ(o∗H(M)) Φ(o∗H(M)) o∗F (H)(Φ(M))

o∗F (H)(Φ(M)) o∗F (H)(Φ(M))

coH,Φ(M)−1

ido∗
F (H)

(Φ(M))

coH,Φ(M)

Φ(f♯(ξ))

coH,Φ(M)

coH,Φ(M)

F (f)♯(ΦGM,M (ξ))
ido∗

F (H)
(Φ(M))

Since the upper horizontal composition of the above diagram is ΦHM,M (ξf ), the assertion follows.

Let FG : Rep(G ;F)→ F1 be a forgetful functor defined by FG(M, ξ) =M and FG(f) = f .

Definition 11.1.13 Let (M,ρ) be a representation of G on M ∈ ObF1.
(1) (M,ρ) is called a left regular representation if there exist an object L of F1 and a bijection

A l
(N,ξ) : Rep(G ;F)((M,ρ), (N, ξ))→ F1(L,FG(N, ξ))

for each (N, ξ) ∈ ObRep(G ;F) which is natural in (N, ξ).
(2) (M,ρ) is called a right regular representation if there exist an object R of F1 and a bijection

A r
(N,ξ) : Rep(G ;F)((N, ξ), (M,ρ))→ F1(FG(N, ξ), R)

for each (N, ξ) ∈ ObRep(G ;F) which is natural in (N, ξ).
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Proposition 11.1.14 Let (M,ρ) be a representation of G on M ∈ ObF1.
(1) (M,ρ) is a left regular representation if and only if there exists a morphism η : L → FG(M,ρ) of F1

such that, for any (N, ξ) ∈ ObRep(G ;F), the following composition is bijective.

Rep(G ;F)((M,ρ), (N, ξ))
FG−−→ F1(FG(M,ρ),FG(N, ξ))

η∗−→ F1(L,FG(N, ξ))

(2) (M,ρ) is a right regular representation if and only if there exists a morphism ε : FG(M,ρ) → R of F1

such that, for any (N, ξ) ∈ ObRep(G ;F), the following composition is bijective.

Rep(G ;F)((N, ξ), (M,ρ))
FG−−→ F1(FG(N, ξ),FG(M,ρ))

ε∗−→ F1(FG(N, ξ), R)

Proof. (1) Suppose that (M,ρ) is a left regular representation. We take L ∈ ObF1 and a natural bijection
A l

(N,ξ) as in (1) of (11.1.13). Put η = A l
(M,ρ)(id(M,ρ)) : L → FG(M,ρ). For f ∈ Rep(G ;F)((M,ρ), (N, ξ)),

the naturality of A l implies FG(f)η = FG(f)A l
(M,ρ)(id(M,ρ)) = A l

(N,ξ)(f). Hence the composition η∗FG :

Rep(G ;F)((M,ρ), (N, ξ))→ F1(L,FG(N, ξ)) coincides with A l
(N,ξ). The converse is obvious.

(2) Suppose that (M,ρ) is a right regular representation. We take R ∈ ObF1 and a natural bijection
A r

(N,ξ) as in (2) of (11.1.13). Put ε = A r
(M,ρ)(id(M,ρ)) : FG(M,ρ) → R. For f ∈ Rep(G ;F)((N, ξ), (M,ρ)),

the naturality of A r implies εFG(f) = A r
(M,ρ)(id(M,ρ))FG(f) = A r

(N,ξ)(f). Hence the composition ε∗FG :

Rep(G ;F)((N, ξ), (M,ρ))→ F1(FG(N, ξ), R) coincides with A r
(N,ξ). The converse is obvious.

Proposition 11.1.15 The following assertions hold.
(1) The forgetful functor FG : Rep(G ;F) → F1 has a left adjoint if and only if, for every L ∈ ObF1,

there exist a representation (ML, ρL) of G and a morphism ηL : L → FG(ML, ρL) of F1 such that, for any
(N, ξ) ∈ ObRep(G ;F), the following composition is bijective.

Rep(G ;F)((ML, ρL), (N, ξ))
FG−−→ F1(FG(ML, ρL),FG(N, ξ))

η∗L−−→ F1(L,FG(N, ξ))

(2) The forgetful functor FG : Rep(G ;F) → F1 has a right adjoint if and only if, for every R ∈ ObF1,
there exist a representation (MR, ρR) of G and a morphism εR : FG(MR, ρR) → R of F1 such that, for any
(N, ξ) ∈ ObRep(G ;F), the following composition is bijective.

Rep(G ;F)((N, ξ), (MR, ρR))
FG−−→ F1(FG(N, ξ),FG(MR, ρR))

εR∗−−→ F1(FG(N, ξ), R)

Proof. (1) Suppose that FG has a left adjoint LG : F1 → Rep(G ;F). Let η : idF1
→ FGLG be the unit of

this adjunction. For L ∈ ObF1, a representation LG(L) and a morphism ηL : L → FGLG(L) satisfies the
condition. In fact, for (N, ξ) ∈ ObRep(G ;F), the composition

Rep(G ;F)(LG(L), (N, ξ))
FG−−→ F1(FGLG(L),FG(N, ξ))

η∗L−−→ F1(L,FG(N, ξ))

is the adjoint bijection. We show the converse. Define a functor LG : F1 → Rep(G ;F) as follows. For an
object L of F1, put LG(L) = (ML, ρL). For a morphism ϕ : L → K of F1, let LG(ϕ) : (ML, ρL) → (MK , ρK)
be the morphism of Rep(G ;F) which maps to ηKϕ by the composition

Rep(G ;F)((ML, ρL), (MK , ρK))
FG−−→ F1(FG(ML, ρL),FG(MK , ρK))

η∗L−→ F1(L,FG(MK , ρK)).

It is easy to verify that LG is a functor and that it is a left adjoint of FG.
(2) Suppose that FG has right adjoint RG : F1 → Rep(G ;F). Let ε : FGRG → idF1

be the counit of
this adjunction. For R ∈ ObF1, a representation RG(R) and a morphism εR : FGRG(R) → R satisfies the
condition. In fact, for (N, ξ) ∈ ObRep(G ;F), the composition

Rep(G ;F)((N, ξ),RG(R))
FG−−→ F1(FG(N, ξ),FGRG(R))

εR∗−−→ F1(FG(N, ξ), R)

is the adjoint bijection. We show the converse. Define a functor RG : F1 → Rep(G ;F) as follows. For an
object R of F1, put RG(R) = (MR, ρR). For a morphism ϕ : Q→ R of F1, let RG(ϕ) : (MQ, ρQ)→ (MR, ρR)
be the morphism of Rep(G ;F) which maps to ϕεQ by the composition

Rep(G ;F)((MQ, ρQ), (MR, ρR))
FG−−→ F1(FG(MQ, ρQ),FG(MR, ρR))

εR∗−→ F1(FG(MQ, ρQ), R).

It is easy to verify that RG is a functor and that it is a right adjoint of FG.
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11.2 Representations in fibered categories with products

Let p : F → T be a normalized cloven fibered category with products and (G,µ, ε, ι) a group object in T .

Proposition 11.2.1 For M ∈ ObF1 and ξ ∈ FG(o∗G(M), o∗G(M)), we put ξ̂ = PG(M)M (ξ) : G ×M → M .
Then, (M, ξ) is a representation of G on M if and only if the following diagrams commute.

(G×G)×M G×M M

G× (G×M) G×M

µ×M

θG,G(M)

ξ̂

G×ξ̂
ξ̂

1×M

G×M M

idM

ε×M
ξ̂

Proof. We have PG×G(M)M (ξµ) = ξ̂(µ×M) and PG×G(M)M (ξpri) = ξ̂(pri ×M) for i = 1, 2 by (1) of (6.3.6).
Hence (6.3.3), (6.3.6), (6.3.9), (6.3.18) imply

PG×G(M)M (ξpr1ξpr2) = ξ̂(pr1 ×M)((G×G)× ξ̂(pr2 ×M))δG×G,M = ξ̂(pr1 × ξ̂(pr2 ×M))δG×G,M

= ξ̂(G× ξ̂)(pr1 × (pr2 ×M))δG×G,M = ξ̂(G× ξ̂)θG,G(M)

and P1(M)M (ξε) = ξ̂(ε×M). Hence ξµ = ξpr1ξpr2 and ξε = idM are equivalent to ξ̂(G× ξ̂)θG,G(M) = ξ̂(µ×M)

and ξ̂(ε×M) = idM , respectively.

Remark 11.2.2 (1) Let TG,G : G × G → G × G be the switching map. ξ ∈ FG(o∗G(M), o∗G(M)) is a right

representation of G if and only if ξ̂(G× ξ̂)θG,G(M)(TG,G ×M) = ξ̂(µ×M) and ξ̂(ε×M) = idM .
(2) The image of the trivial representation of G on M by PG(M)M is oG ×M : G ×M → 1 ×M = M by

(3) of (6.3.6).
(3) Let f : (H,µ′, ε′, ι′)→ (G,µ, ε, ι) be a morphism of group objects in T and (M, ξ) a representation of G.

It follows from (1) of (6.3.6) that PG(M)M (ξf ) = ξ̂(f ×M).

The following fact is a direct consequence of (6.3.5).

Proposition 11.2.3 Let (M, ξ) and (N, ζ) be representations of G and ϕ :M → N a morphism of F1. We put

ξ̂ = PG(M)M (ξ) and ζ̂ = PG(N)N (ζ). Then, ϕ is a morphism of representations if and only if the following
diagram is commutative.

G×M M

G×N N

ξ̂

G×φ φ

ζ̂

Let α : G ×X → X be a left G-action on X ∈ Ob T . For an object M of F1, we assume that θG,X(M) :
(G×X)×M → G×(X×M) is an isomorphism and that θG×G,X(M) : ((G×G)×X)×M → (G×G)×(X×M)
is an epimorphism. We define αl(M) : G× (X ×M)→ X ×M to be the following composition

G× (X ×M)
θG,X(M)−1

−−−−−−−→ (G×X)×M α×M−−−→ X ×M

and put ξl(α,M) = PG(X ×M)−1
X×M (αl(M)) = o∗G(αl(M))ιG(X ×M) ∈ FG(o∗G(X ×M), o∗G(X ×M)).

Proposition 11.2.4 (X ×M, ξl(α,M)) is a representation of G on X ×M .

Proof. The following diagrams commute by (6.3.6), (6.3.20) and (6.3.21).

G× (G× (X ×M)) (G×G)× (X ×M) G× (X ×M)

G× ((G×X)×M) (G×G×X)×M (G×X)×M

G× (X ×M) (G×X)×M X ×M

G×θG,X(M)−1

θG,X(X×M) µ×(X×M)

θG,X(M)−1

G×(α×M)

θG,G×X(M) (µ×idX)×M
θG×G,X(M)

(idG×α)×M α×M
θG,X(M)−1

α×M

1× (X ×M) (1×X)×M X ×M

G× (X ×M) (G×X)×M

θ1,X(M)−1

ε×(X×M)

prX×M

(ε×idX)×M
θG,X(M)−1

α×M
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Hence we have αl(M)(G × αl(M))θG,X(X ×M) = αl(M)(µ × (X ×M)) and αl(M)(ε × (X ×M)) = idX×M
by (6.3.22). Then, the assertion follows from (11.2.1).

Proposition 11.2.5 Let α : G × X → X be a left G-action on X ∈ Ob T . We assume that θG,X(K) is an
isomorphism for K = M,N ∈ ObF1 and that θG×G,X(K) is an epimorphismfor K = M,N ∈ ObF1. For a
morphism ϕ :M → N of F1, X×ϕ : X×M → X×N is a morphism of representations from (X×M, ξl(α,M))
to (X ×N, ξl(α,N)).

Proof. The following diagram is commutative by (6.3.9) and (6.3.20).

G× (X ×M) (G×X)×M X ×M

G× (X ×N) (G×X)×N X ×N

θG,X(M)−1

G×(X×φ)

α×M

(G×X)×φ X×φ

θG,X(N)−1
α×N

Since αl(M) = (α×M)θX,G(M)−1 and αl(N) = (α×N)θX,G(N)−1, the result follows from (11.2.3).

Proposition 11.2.6 Let α : G × X → X and β : G × Y → Y be left G-actions on X,Y ∈ Ob T . Assume
that θG,Z(M) is an isomorphism for Z = X,Y and that θG×G,Z(M) is an epimorphism for Z = X,Y . If a
morphism f : X → Y of T preserves G-actions, f ×M : X ×M → Y ×M is a morphism of representations
from (X ×M, ξl(α,M)) to (Y ×M, ξl(β,M)).

Proof. The following diagram is commutative by (6.3.6) and (6.3.20).

G× (X ×M) (G×X)×M X ×M

G× (Y ×M) (G× Y )×M Y ×M

θG,X(M)−1

G×(f×M)

α×M

(idG×f)×M f×M

θG,Y (M)−1
β×M

Since αl(M) = (α×M)θG,X(M)−1, βl(M) = (β ×M)θG,X(M)−1, the result follows from (11.2.3).

We regard the multiplication µ : G × G → G as a left G-action of G on itself and, for M ∈ ObF1, assume
that θG,G(M) is an isomorphism and that θG×G,G(M) is an epimorphism.

Lemma 11.2.7 For a representation (M, ζ) of G on M ∈ ObF1, put ζ̂ = PG(M)M (ζ) : G×M → M . Then,

ζ̂ : (G×M, ξl(µ,M))→ (M, ζ) is a morphism of representations.

Proof. Since ζ is a representation of G on M , we have ζ̂(G × ζ̂)θG,G(M) = ζ̂(µ × M) by (11.2.1). Hence

ζ̂(G× ζ̂) = ζ̂µl(M) by the definition of µl(M) and the result follows from (11.2.3).

Theorem 11.2.8 Let (N, ζ) be a representation of G on N ∈ ObF1. Assume that θG,G(K) is an isomorphism
for K =M,N ∈ ObF1 that θG×G,G(K) is an epimorphism for K =M,N ∈ ObF1. A map

Φ : Rep(G ;F)((G×M, ξl(µ,M)), (N, ζ))→ F1(M,N)

defined by Φ(ϕ) = ϕ(ε ×M) is bijective. Hence, if θG,G(M) is an isomorphism and θG×G,G(M) is an epi-
morphism for all M ∈ ObF1, a functor LG : F1 → Rep(G ;F) defined by LG(M) = (G ×M, ξl(µ,M)) for
M ∈ ObF1 and LG(ϕ) = G×ϕ for ϕ ∈ MorF1 is a left adjoint of the forgetful functor FG : Rep(G ;F)→ F1.

Proof. We put ζ̂ = PG(N)N (ζ) : G × N → N . For ψ ∈ F1(M,N), it follows from (11.2.5) that we have a

morphism G × ψ : (G ×M, ξl(µ,M)) → (G × N, ξl(µ,N)) of representations. Since ζ̂ : (G × N, ξl(µ,N)) →
(N, ζ) is a morphism of representations by (11.2.7), ζ̂(G × ψ) : (G ×M, ξl(µ,M)) → (N, ζ) is a morphism of

representations. It follows from (6.3.9) and (11.2.1) that Φ(ζ̂(G×ψ)) = ζ̂(G×ψ)(ε×M) = ζ̂(ε×N)(1×ψ) = ψ.

On the other hand, for ϕ ∈ Rep(G ;F)((G ×M, ξl(µ,M)), (N, ζ)), since ζ̂(G × ϕ) = ϕ(µ ×M)θG,G(M)−1 by
(11.2.3) and the following diagram commutes by (6.3.6) and (6.3.20),

G× (1×M) (G× 1)×M G×M

G× (G×M) (G×G)×M

G×(ε×M)

pr1×MθG,1(M)

(idG×ε)×M

µ×MθG,G(M)
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we have

ζ̂(G× ϕ(ε×M)) = ζ̂(G× ϕ)(G× (ε×M)) = ϕ(µ×M)θG,G(M)−1(G× (ε×M))

= ϕ(pr1 ×M)θG,1(M)−1 = ϕ

by (6.3.3) and (6.3.22). Therefore a correspondence ψ 7→ ζ̂(G× ψ) gives the inverse map of Φ.

For X ∈ Ob T , we denote by prodX : F1 → F1 the functor defined by prodX(M) = X ×M for M ∈ ObF1

and prodX(ϕ) = X × ϕ for ϕ ∈ MorF1.

Proposition 11.2.9 Let (M, ξ) and (M, ζ) be representations of G. Put ξ̂ = PG(M)M (ξ) and ζ̂ = PG(M)M (ζ).
We assume that prodG : F1 → F1 preserves coequalizers (the presheaf FGK on F1 is representable for any
K ∈ ObF1, for example. See (6.5.4).) and that θG,G(M) is an epimorphism. Let πξ,ζ : M → M(ξ,ζ) be a

coequalizer of ξ̂, ζ̂ : G×M →M .
(1) There exists unique morphism λ̂ : G×M(ξ,ζ) →M(ξ,ζ) that makes the following diagram commute.

G×M G×M(ξ,ζ) G×M

M M(ξ,ζ) M

G×πξ,ζ

ξ̂ λ̂

G×πξ,ζ

ζ̂

πξ,ζ πξ,ζ

(2) Moreover, we assume that prodG×G : F1 → F1 maps coequalizers to epimorphisms (the presheaf FG×G
K

on F1 is representable for any K ∈ ObF1, for example. See (6.5.4).). If we put λ = PG(M(ξ,ζ))
−1
M(ξ,ζ)

(λ̂),

(M(ξ,ζ), λ) is a representation of G on and πξ,ζ defines morphisms of representations (M, ξ)→ (M(ξ,ζ), λ) and
(M, ζ)→ (M(ξ,ζ), λ).

Proof. (1) Put χ = πξ,ζ ξ̂ = πξ,ζ ζ̂ : G×M →M(ξ,ζ). Then, it follows from (11.2.1) that

χ(G× ξ̂)θG,G(M) = πξ,ζ ξ̂(G× ξ̂)θG,G(M) = πξ,ζ ξ̂(µ×M) = πξ,ζ ζ̂(µ×M)

= πξ,ζ ζ̂(G× ζ̂)θG,G(M) = χ(G× ζ̂)θG,G(M).

Since G×πξ,ζ : G×M → G×M(ξ,ζ) is a coequalizer of G× ξ̂, G× ζ̂ : G× (G×M)→ G×M by the assumption,

there exists unique morphism λ̂ : G×M(ξ,ζ) →M(ξ,ζ) that satisfies λ̂(G× πξ,ζ) = χ.
(2) By (6.3.3), (6.3.8) and (6.3.20), the following diagrams are commutative.

(G×G)×M G× (G×M) G×M M

(G×G)×M(ξ,ζ) G× (G×M(ξ,ζ)) G×M(ξ,ζ) M(ξ,ζ)

θG,G(M)

(G×G)×πξ,ζ

G×ξ̂

G×(G×πξ,ζ)

ξ̂

G×πξ,ζ πξ,ζ

θG,G(M(ξ,ζ)) G×λ̂ λ̂

(G×G)×M G×M M

(G×G)×M(ξ,ζ) G×M(ξ,ζ) M(ξ,ζ)

µ×M

(G×G)×πξ,ζ

ξ̂

G×πξ,ζ πξ,ζ

µ×M(ξ,ζ) λ̂

1×M G×M M

1×M(ξ,ζ) G×M(ξ,ζ) M(ξ,ζ)

ε×M

1×πξ,ζ

ξ̂

G×πξ,ζ πξ,ζ

ε×M(ξ,ζ) λ̂

It follows from (11.2.1) that we have λ̂(ε×M(ξ,ζ))πξ,ζ = πξ,ζ ξ̂(ε×M) = πξ,ζ and

λ̂(G× λ̂)θG,G(M(ξ,ζ))((G×G)× πξ,ζ)=piξ,ζ ξ̂(G× ξ̂)θG,G(M)=πξ,ζ ξ̂(µ×M)= λ̂(µ×M(ξ,ζ))((G×G)× πξ,ζ).

Since πξ,ζ and (G × G) × πξ,ζ are epimorphisms, it follows that λ̂(G × λ̂)θG,G(M(ξ,ζ)) = λ̂(µ ×M(ξ,ζ)) and

λ̂(ε×M(ξ,ζ)) = idM(ξ,ζ)
. Therefore λ is a representation of G on M(ξ,ζ) by (11.2.1). πξ,ζ : (M, ξ)→ (M(ξ,ζ), λ)

and πξ,ζ : (M, ζ)→ (M(ξ,ζ), λ) are morphisms of representations by the first assertion and (6.3.5).

Remark 11.2.10 For representations (M, ξ), (N, ζ) and (N, ζ ′) of G, suppose that there exists a morphism
ϕ :M → N of F1 such that ϕ : (M, ξ)→ (N, ζ) and ϕ : (M, ξ)→ (N, ζ ′) are morphisms of Rep(C ;F) and that
o∗G(ϕ)

∗ : FG(o∗G(N), o∗G(N))→ FG(o∗G(M), o∗G(N)) is injective (e.g. ϕ is an epimorphism and the presheaf FGN
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on F1 is representable. See (6.5.2)). Then, ζo∗G(ϕ) = o∗G(ϕ)ξ = ζ ′o∗G(ϕ) implies ζ = ζ ′. In particular, since
ϕ : (M, ido∗G(M))→ (N, ido∗G(N)) is a morphism of representations for any morphism ϕ :M → N of F1, if there
exists a morphism of representation ϕ : (M, ido∗G(M)) → (N, ζ) such that ϕ is an epimorphism of F1, (N, ζ) is
a trivial representation. Thus, if (M, ξ) or (M, ζ) is a trivial representation, so is (M(ξ,ζ), λ).

Proposition 11.2.11 Let (M, ξ), (N, ξ′), (M, ζ) and (N, ζ ′) be objects of Rep(G ;F). Put ξ̂ = PG(M)M (ξ),

ξ̂′ = PG(N)N (ξ′), ζ̂ = PG(M)M (ζ) and ζ̂ ′ = PG(N)N (ζ ′). Assume that prodX : F1 → F1 maps coequalizers to
epimorphisms for X = G,G×G (the presheaves FGK and FG×G

K on F1 is representable for any K ∈ ObF1, for

example). Suppose that πξ,ζ : M →M(ξ,ζ) is an coequalizer of ξ̂, ζ̂ : G×M →M and that πξ′,ζ′ : N → N(ξ′,ζ′)

is an coequalizer of ξ̂′, ζ̂ ′ : G × N → N . We denote by (M(ξ,ζ), λ) and (N(ξ′,ζ′), λ
′) the representations of G

given in (11.2.9). If a morphism ϕ : M → N defines morphisms of representations (M, ξ) → (N, ξ′) and
(M, ζ) → (N, ζ ′), then there exists unique morphism ϕ̃ : (M(ξ,ζ), λ) → (N(ξ′,ζ′), λ

′) of representations that
satisfies ϕ̃πξ,ζ = πξ′,ζ′ϕ.

Proof. Since πξ′,ζ′ϕξ̂ = πξ′,ζ′ ξ̂
′(G × ϕ) = πξ′,ζ′ ζ̂

′(G × ϕ) = πξ′,ζ′ϕζ̂ by (11.2.3), there exists unique morphism
ϕ̃ :M(ξ,ζ) → N(ξ′,ζ′) that satisfies ϕ̃πξ,ζ = πξ′,ζ′ϕ. Then, it follows from (11.2.9), (11.2.3) and (6.3.3) that

ϕ̃λ̂(G× πξ,ζ) = ϕ̃πξ,ζ ξ̂ = πξ′,ζ′ϕξ̂ = πξ′,ζ′ ξ̂
′(G× ϕ) = λ̂′(G× πξ′,ζ′)(G× ϕ) = λ̂′(G× ϕ̃)(G× πξ,ζ).

Since G × πξ,ζ is an epimorphism, it follows that ϕ̃λ̂ = λ̂′(G × ϕ̃), namely, ϕ̃ : (M(ξ,ζ), λ) → (N(ξ′,ζ′), λ
′) is a

morphism of representations by (11.2.3).

We define a functor TG : F1 → Rep(G ;F) by TG(M) = (M, ido∗G(M)) and TG(ϕ) = ϕ. That is, TG assigns
each object M of F1 to the trivial representation of G on M .

Under assumptions that F1 has coequalizers and prodG, prodG×G : F1 → F1 map coequalizers to co-
equalizers and that θG,G(M) is an epimorphism, we define a functor JG : Rep(G ;F) → F1 as follows.
We set JG(M, ξ) = M(ξ,ido∗

G
(M)) for (M, ξ) ∈ ObRep(G ;F). For a morphism ϕ : (M, ξ) → (N, ζ), it fol-

lows from (11.2.10) and (11.2.11) that there exists unique morphism ϕ̃ :
(
M(ξ,ido∗

G
(M)), ido∗G

(
M(ξ,ido∗

G
(M))

)) →(
N(ζ,ido∗

G
(N)), ido∗G

(
N(ζ,ido∗

G
(N))

)) of representations that satisfies ϕ̃ πξ,ido∗
G

(M)
= πζ,ido∗

G
(N)
ϕ. We set JG(ϕ) = ϕ̃.

Proposition 11.2.12 JG is a left adjoint of TG.

Proof. We define a counit ε : JGTG → idF1
and a unit η : idRep(G ;F) → TGJG as follows. For M ∈ ObF1,

since JG(TG(M)) =M(ido∗
G

(M),ido∗
G

(M)) =M , let εM : JG(TG(M))→M be the identity morphism of M . For

(M, ξ) ∈ ObRep(G ;F), since TG(JG(M, ξ)) =
(
M(ξ,ido∗

G
(M)), ido∗G

(
M(ξ,ido∗

G
(M))

)) and

πξ,ido∗
G

(M)
: (M, ξ)→

(
M(ξ,ido∗

G
(M)), ido∗G

(
M(ξ,ido∗

G
(M))

))
is a morphism of representations by (11.2.9) and (11.2.10), η(M,ξ) : (M, ξ) → TG(JG(M, ξ)) is defined to be
πξ,ido∗

G
(M)

. Since JG(M, ξ) = M if (M, ξ) is the trivial representation, the following morphism is the identity

morphism of M(ξ,ido∗
G

(M)).

JG(η(M,ξ)) : JG(M, ξ)→JG

(
M(ξ,ido∗

G
(M)), ido∗G

(
M(ξ,ido∗

G
(M))

))
Hence composition TG(M)

ηTG(M)−−−−−→TG(JG(TG(M)))
TG(εM )−−−−−→TG(M) is the identity morphism of (M, ido∗G(M))

and composition JG(M, ξ)
JG(η(M,ξ))−−−−−−−−→ JG(TG(JG(M, ξ)))

εJG(M,ξ)−−−−−−→ JG(M, ξ) is the identity morphism of
M(ξ,ido∗

G
(M)).

Remark 11.2.13 We denote JG(M, ξ) =M(ξ,ido∗
G

(M)) by M/ξ and call this the G-orbit of (M, ξ).

Let α : X × G → X be a right G-action on X ∈ Ob T and (M, ξ) a representation of G on M ∈ ObF1.

We put ξ̂ = PG(M)M (ξ) : G ×M → M and denote by P
(X,α)
(M,ξ) : X ×M → (X,α) × (M, ξ) a coequalizer of

α×M : (X ×G)×M → X ×M and a composition (X ×G)×M θX,G(M)−−−−−−→ X × (G×M)
X×ξ̂−−−→ X ×M .
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Proposition 11.2.14 Let α : X × G → X, β : Y × G → Y be right G-actions on X,Y ∈ Ob T respectively
and f : X → Y a morphism of T which preserves right G-actions. Let (M, ξ), (N, ζ) be representations of
G on M,N ∈ ObF1 respectively and ϕ : (M, ξ) → (N, ζ) a morphism of representations. There exist unique
morphisms f × (M, ξ) : (X,α) × (M, ξ) → (Y, β) × (M, ξ) and (X,α) × ϕ : (X,α) × (M, ξ) → (X,α) × (N, ζ)
that make the following diagrams commute.

X ×M (X,α)× (M, ξ)

Y ×M (Y, β)× (M, ξ)

P
(X,α)

(M,ξ)

f×M f×(M,ξ)

P
(Y,β)

(M,ξ)

X ×M (X,α)× (M, ξ)

X ×N (X,α)× (N, ζ)

P
(X,α)

(M,ξ)

X×φ (X,α)×φ
P

(X,α)

(N,ζ)

Proof. We put ξ̂ = PG(M)M (ξ) and ζ̂ = PG(N)N (ζ). The following diagram commute by (6.3.3), (6.3.8),
(6.3.20), (6.3.20) and (6.3.5).

X ×N (X ×G)×N X × (G×N) X ×N

X ×M (X ×G)×M X × (G×M) X ×M

Y ×M (Y ×G)×M Y × (G×M) Y ×M

θX,G(N)α×N X×ζ̂

f×M

X×φ

θX,G(M)α×M

(f×idG)×M

(X×G)×φ

X×ξ̂

f×(G×M)

X×(G×φ)

f×M

X×φ

θY,G(M)β×M Y×ξ̂

Hence we have the following equalities.

P
(Y,β)
(M,ξ)(f ×M)(α×M) = P

(Y,β)
(M,ξ)(β ×M)((f × idG)×M)

= P
(Y,β)
(M,ξ)(Y × ξ̂)θY,G(M)((f × idG)×M)

= P
(Y,β)
(M,ξ)(f ×M)(X × ξ̂)θX,G(M)

P
(X,α)
(N,ζ) (X × ϕ)(α×M) = P

(X,α)
(N,ζ) (α×N)((X ×G)× ϕ)

= P
(X,α)
(N,ζ) (X × ζ̂)θX,G(N)((X ×G)× ϕ)

= P
(X,α)
(N,ζ) (X × ϕ)(X × ξ̂)θX,G(M)

Thus there exist unique morphisms

f × (M, ξ) : (X,α)× (M, ξ)→ (Y, β)× (M, ξ), (X,α)× ϕ : (X,α)× (M, ξ)→ (X,α)× (N, ζ)

that satisfy (f × (M, ξ))P
(X,α)
(M,ξ) = P

(Y,β)
(M,ξ)(f ×M) and ((X,α)× ϕ)P (X,α)

(M,ξ) = P
(X,α)
(N,ζ) (X × ϕ).

Lemma 11.2.15 Let α : X × G → X be a right G-action on X ∈ Ob T and M an object of F1. Then,
α ×M : (X ×G) ×M → X ×M is a coequalizer of (α × idG) ×M : (X ×G ×G) ×M → (X ×G) ×M and
(idX × µ)×M : (X ×G×G)×M → (X ×G)×M .

Proof. Since α(idX , εoX) = idX , we have (α ×M)((idX , εoX) ×M) = idX×M which shows that α ×M is an
epimorphism. Suppose that a morphism ϕ : (X ×G)×M → N satisfies ϕ((α× idG)×M) = ϕ((idX ×µ)×M).
We define ψ : X ×M → N by ψ = ϕ((idX , εoX)×M). Since

(α× idG)(idX × (idG, εoG)) = (α× idG)(prX , prG, εoGprG) = (α, εoX×G) = (idX , εoX)α,

(idX × µ)(idX × (idG, εoG)) = (idX × µ(idG, εoG)) = idX×G,

it follows from (6.3.3) that

ψ(α×M) = ϕ((idX , εoX)×M)(α×M) = ϕ((idX , εoX)α×M) = ϕ((α× idG)(idX × (idG, εoG))×M)

= ϕ((α× idG)×M)((idX × (idG, εoG))×M) = ϕ((idX × µ)×M)((idX × (idG, εoG))×M)

= ϕ((idX × µ(idG, εoG))×M) = ϕ.
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Proposition 11.2.16 Let α : X ×G→ X be a right G-action on X ∈ Ob T and M an object of F1. Suppose
that θY,X(M) : (Y × G) × M → Y × (G × M) is an isomorphism for Y = G,X,G × G,X × G. Then, a

composition X × (G×M)
θX,G(M)−1

−−−−−−−→ (X ×G)×M α×M−−−→ X ×M is a coequalizer of the following morphisms.

(X ×G)× (G×M)
θX,G(G×M)−−−−−−−−→ X × (G× (G×M))

X×θG,G(M)−1

−−−−−−−−−−→ X × ((G×G)×M)
X×(µ×M)−−−−−−−→ X × (G×M)

(X ×G)× (G×M)
α×(G×M)−−−−−−−→ X × (G×M)

Hence (X,α)×LG(M) is isomorphic to X ×M .

Proof. Since µl(M) is a composition G× (G×M)
θG,G(M)−1

−−−−−−−→ (G×G)×M µ×M−−−→ G×M ,

P
(X,α)
LG(M) : X × (G×M)→ (X,α)×LG(M) = (X,α)× (G×M, ξl(µ,M))

is a coequalizer of α× (G×M) : (X ×G)× (G×M)→ X × (G×M) and composition

(X×G)× (G×M)
θX,G(G×M)−−−−−−−−→ X× (G× (G×M))

X×θG,G(M)−1

−−−−−−−−−−→ X× ((G×G)×M)
X×(µ×M)−−−−−−−→ X× (G×M).

Since θX×G,G(M) : (X ×G×G)×M → (X ×G)× (G×M) is an isomorphism, P
(X,α)
LG(M) is a coequalizer of the

following compositions by (6.3.21).

(X ×G×G)×M θX×G,G(M)−−−−−−−−→ (X ×G)× (G×M)
α×(G×M)−−−−−−−→ X × (G×M)

(X ×G×G)×M θX,G×G(M)−−−−−−−−→ X × ((G×G)×M)
X×(µ×M)−−−−−−−→ X × (G×M)

Moreover, since θX,G(M) : (X ×G)×M → X × (G×M) is an isomorphism and compositions

(X ×G×G)×M θX×G,G(M)−−−−−−−−→ (X ×G)× (G×M)
α×(G×M)−−−−−−−→ X × (G×M)

θX,G(M)−1

−−−−−−−→ (X ×G)×M

(X ×G×G)×M θX,G×G(M)−−−−−−−−→ X × ((G×G)×M)
X×(µ×M)−−−−−−−→ X × (G×M)

θX,G(M)−1

−−−−−−−→ (X ×G)×M

coincides with (α×idG)×M : (X×G×G)×M → (X×G)×M and (idX×µ)×M : (X×G×G)→ (X×G)×M ,
respectively by (6.3.20), the assertion follows from (11.2.15).

Proposition 11.2.17 Let i : N → G a subgroup object of G such that a morphism f : H → G of group objects
of T and normalizes N . For a representation (M, ξ) of G, consider the restriction ResGN (M, ξ) = (M, ξi) to N
and put JN (M, ξi) = M/ξi. Under the following assumptions, there is a representation ζ of H on M/ξi such
that the quotient morphism πξi,ido∗

N
(M)

: M → M/ξi defines a morphism of representations from f
.
(M, ξ) to

(M/ξi, ζ).

(i) The presheaf FHK on F1 is representable for any K ∈ ObF1.
(ii) The presheaf FG×G

M/ξi
on F1 is representable.

(iii) θG,G(M) : (G×G)×M → G× (G×M) is an isomorphism.
(iv) θH,N (M) : (H ×N)×M → H × (N ×M) is an epimorphism.

Proof. Put ξ̂ = PG(M)M (ξ) and ρ = πξi,ido∗
N

(M)
: M →M/ξi. Then PN (M)M (ξi) = ξ̂(i×M) by (6.3.6) and ρ

is a coequalizer of ξ̂(i ×M) : N ×M → M and oN ×M : N ×M → M since PN (M)M (ido∗N (M)) = oN ×M
by (2) of (11.2.2). It follows from (6.5.4) that H × ρ : H ×M → H ×M/ξi is a coequalizer of H × ξ̂(i×M) :
H× (N ×M)→ H×M and H× (oN ×M) : H× (N ×M)→ H×M . There exists a morphism α : H×N → N
which satisfies µ(f × i) = µ(i× idG)(α× f)(idH × TH,N )(∆H × idN ) by (9.1.13). By (11.2.1) and (6.3.20), we
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have

ρξ̂(f ×M)(H × ξ̂)(H × (i×M))θH,N (M) = ρξ̂(G× ξ̂)(f × (G×M))(H × (i×M))θH,N (M)

= ρξ̂(µ×M)θG,G(M)−1(f × (i×M))θH,N (M) = ρξ̂(µ×M)((f × i)×M)

= ρξ̂(µ(f × i)×M) = ρξ̂(µ(i× idG)(α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂(µ×M)((i× idG)(α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂(G× ξ̂)θG,G(M)((i× idG)×M)((α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂(G× ξ̂)(i× (idG ×M))θN,G(M)((α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂(i×M)(N × ξ̂)θN,G(M)((α× f)(idH × TH,N )(∆H × idN )×M)

= ρ(oN ×M)(N × ξ̂)θN,G(M)((α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂(oN × (G×M))θN,G(M)((α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂θ1,G(M)((oN ×G)×M)((α× f)(idH × TH,N )(∆H × idN )×M)

= ρξ̂(f ×M)(prH ×M) = ρξ̂(prG ×M)((f × idN )×M)

= ρξ̂θG,1(M)((idG × oN )×M)((f × idN )×M)

= ρξ̂(idG × (oN ×M))θG,N (M)((f × idN )×M)

= ρξ̂(idG × (oN ×M))(f × (idN ×M))θH,N (M)

= ρξ̂(f ×M)((H × oN )×M))θH,N (M)

Since θH,N (M) is an epimorphism, the above implies

ρξ̂(f ×M)(H × ξ̂)(H × (i×M)) = ρξ̂(f ×M)((H × oN )×M)).

Thus there exists unique morphism ζ̂ : H × M/ξi → M/ξi that satisfies ζ̂(H × ρ) = ρξ̂(f × M). We put

ζ = PH(M/ξi)
−1
M/ξi

(ζ̂), then it follows from (6.3.5) and (1) of (11.1.6) that ζ is a representation of H on M/ξi
and ρ = πξi,ido∗

N
(M)

: f
.
(M, ξ)→ (M/ξi, ζ) is a morphism of representations.

11.3 Representations in fibered categories with exponents

Let p : F → T be a normalized cloven fibered category with exponents and (G,µ, ε, ι) a group object in T .

Proposition 11.3.1 For M ∈ ObF1 and ξ ∈ FG(o∗G(M), o∗G(M)), we put ξ̌ = EG(M)M (ξ) :M →MG. Then,
(M, ξ) is a representation of G on M if and only if the following diagrams commute.

M MG (MG)G

MG MG×G

ξ̌

ξ̌

(ξ̌)G

θG,G(M)

Mµ

M MG

M1

ξ̌

idM
Mε

Proof. We have EG×G(M)M (ξµ) = Mµξ̌ and EG×G(M)M (ξpri) = Mpri ξ̌ for i = 1, 2 by (6.4.6). Hence (6.4.3),
(6.4.6), (6.4.9), (6.4.18) imply

EG×G(M)M (ξpr1ξpr2) = εG×G
M (Mpr1 ξ̌)G×GMpr2 ξ̌ = εG×G

M (Mpr1)G×Gξ̌G×GMpr2 ξ̌

= εG×G
M (Mpr1)pr2 ξ̌Gξ̌ = θG,G(M)ξ̌Gξ̌

E1(M)M (ξε) =Mεξ̌.

Hence ξµ = ξpr1ξpr2 is equivalent to θG,G(M)ξ̌Gξ̌ =Mµξ̌ and ξε = idM is equivalent to Mεξ̌ = idM .

Remark 11.3.2 (1) Let TG,G : G × G → G × G be the switching map. ξ ∈ FG(o∗G(M), o∗G(M)) is a right
representation of G if and only if MTG,GθG,G(M)ξ̌Gξ̌ =Mµξ̌ and Mεξ̌ = idM .

(2) The image of the trivial representation of G on M by EG(M)M is MoG :M=M1→MG by (3) of (6.4.6).
(3) Let f : (H,µ′, ε′, ι′)→ (G,µ, ε, ι) be a morphism of group objects in T and (M, ξ) a representation of G.

It follows from (1) of (6.4.6) that EG(M)M (ξf ) =Mf ξ̌.
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The following fact is a direct consequence of (6.4.5).

Proposition 11.3.3 Let (M, ξ) and (N, ζ) be representations of G and ϕ :M → N a morphism of F1. We put
ξ̌ = EG(M)M (ξ) and ζ̌ = EG(N)N (ζ). Then, ϕ is a morphism of representations if and only if the following
diagram is commutative.

M MG

N NG

ξ̌

φ φG

ζ̌

Let α : X ×G → X be a right G-action on X ∈ Ob T . For an object M of F1, we assume that θX,G(M) :
(MX)G → MX×G is an isomorphism that θX,G×G(M) : (MX)G×G → MX×G×G is a monomorphism. Define

αr(M) :MX → (MX)G to be a composition MX Mα

−−→MX×G θX,G(M)−1

−−−−−−−→ (MX)G and put

ξr(α,M) = EG(M
X)−1

MX (αr(M)) = πG(M
X)o∗G(αr(M)) ∈ FG(o∗G(MX), o∗G(M

X)).

Proposition 11.3.4 (MX , ξr(α,M)) is a representation of G on MX .

Proof. The following diagrams commute by (6.4.6), (6.4.20), and (6.4.21).

MX MX×G (MX)G

MX×G MX×G×G (MX)G×G

(MX)G (MX×G)G ((MX)G)G

Mα

Mα

θX,G(M)−1

MidX×µ (MX)µ

Mα×idG

θX,G(M)−1

θX,G×G(M)

(Mα)G (θX,G(M)G)
−1

θX×G,G(M) θG,G(MX)

MX

MX×G MX×1

(MX)G (MX)1

MprX
Mα

MidX×ε

θX,G(M)−1 θX,1(M)−1

(MX)ε

Hence we have θG,G(MX)αr(M)Gαr(M) = (MX)µαr(M) and (MX)εαr(M) = idMX by (6.4.22). Then, the
assertion follows from (11.3.1).

Proposition 11.3.5 Let α : X × G → X be a right G-action on X ∈ Ob T . We assume that θX,G(K) is an
isomorphism for K = M,N ∈ ObF1 and that θX,G×G(K) is a monomorphism for K = M,N ∈ ObF1. For
a morphism ϕ : M → N of F1, ϕ

X : MX → NX is a morphism of representations from (MX , ξr(α,M)) to
(NX , ξr(α,N)).

Proof. The following diagram is commutative by (6.4.9) and (6.4.20).

MX MX×G (MX)G

NX NX×G (NX)G

Mα

φX

θX,G(M)−1

φX×G
(φX)G

Nα θX,G(N)−1

Since αr(M) = θX,G(M)−1Mα and αr(N) = θX,G(N)−1Nα, the result follows from (11.3.3).

Proposition 11.3.6 Let α : X × G → X and β : Y × G → Y be right G-actions on X,Y ∈ Ob T . Assume
that θZ,G(M) is an isomorphism for Z = X,Y and that θZ,G×G(M) is a monomorphism for Z = X,Y . If
a morphism f : Y → X of T preserves G-actions, Mf : MX → MY is a morphism of representations from
(MX , ξr(α,M)) to (MY , ξr(β,M)).

Proof. The following diagram is commutative by (6.4.6) and (6.4.20).

MX MX×G (MX)G

MY MY×G (MY )G

Mα

Mf

θX,G(M)−1

Mf×idG (Mf )G

Mβ θY,G(M)−1
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Since αr(M) = θX,G(M)−1Mα, βr(M) = θY,G(M)−1Mβ , the result follows from (11.3.3).

We regard the multiplication µ : G×G→ G as a right G-action of G on itself and, for M ∈ ObF1 assume
that θG,G(M) is an isomorphism and that θG,G×G(M) is a monomorphism.

Lemma 11.3.7 For a representation (M, ζ) of G on M ∈ ObF1, put ζ̌ = EG(M)M (ζ) : M → MG. Then,
ζ̌ : (M, ζ)→ (MG, ξr(µ,M)) is a morphism of representations.

Proof. Since ζ is a representation of G on M , we have θG,G(M)ζ̌Gζ̌ = Mµζ̌ by (11.3.1). Hence ζ̌Gζ̌ = µr(M)ζ̌
by the definition of µr(M) and the result follows from (11.3.3).

Theorem 11.3.8 Let (M, ζ) be a representation of G on M ∈ ObF1. Assume that θG,G(K) is an isomorphism
for K =M,N ∈ ObF1 and that θG,G×G(K) is a monomorphism for K =M,N ∈ ObF1. A map

Φ : Rep(G ;F)((M, ζ), (NG, ξr(µ,N)))→ F1(M,N)

defined by Φ(ϕ) = Nεϕ is bijective. Hence, if θG,G(N) is an isomorphism and θG,G×G(N) is a monnomorphism
for all N ∈ ObF1, a functor RG : F1 → Rep(G ;F) defined by RG(N) = (NG, ξr(µ,N)) for N ∈ ObF1 and
RG(ϕ) = ϕG for ϕ ∈ MorF1 is a right adjoint of the forgetful functor FG : Rep(G ;F)→ F1.

Proof. We put ζ̌ = EG(M)M (ζ) : M → MG. For ψ ∈ F1(M,N), it follows from (11.3.5) that we have
a morphism ψG : (MG, ξr(µ,M)) → (NG, ξr(µ,N)) of representations. Since ζ̌ : (M, ζ) → (MG, ξr(µ,M))
is a morphism of representations by (11.3.7), ψGζ̌ : (M, ζ) → (NG, ξr(µ,N)) is a morphism of representa-
tions. It follows from (6.4.9) and (11.3.1) that Φ(ψGζ̌) = NεψGζ̌ = ψMεζ̌ = ψ. On the other hand, for
ϕ ∈ Rep(G ;F)((M, ζ), (NG, ξr(µ,N))), since ϕGζ̌ = θG,G(N)−1Nµϕ by (11.3.3) and the following diagram
commutes by (6.4.6) and (6.4.20),

(NG)G NG×G NG

(N1)G N1×G

θG,G(N)

(Nε)G Nε×idG

Nµ

Npr2
θ1,G(N)

we have

(Nεϕ)Gζ̌ = (Nε)GϕGζ̌ = (Nε)GθG,G(N)−1Nµϕ = θ1,G(N)−1Nε×idGNµϕ = θ1,G(N)−1Npr2ϕ = ϕ

by (6.4.3) and (6.4.22). Therefore a correspondence ϕ 7→ ϕGζ̌ gives the inverse map of Φ.

For X ∈ Ob T , we denote by expX : F1 → F1 the functor defined by expX(M) = MX for M ∈ ObF1 and
expX(ϕ) = ϕX for ϕ ∈ MorF1.

Proposition 11.3.9 Let (M, ξ) and (M, ζ) be representations of G. Put ξ̌ = EG(M)M (ξ) and ζ̌ = EG(M)M (ζ).
We assume that expG : F1 → F1 preserves equalizers (the presheaf FG,K on Fop1 is representable for any
K ∈ ObF1, for example. See (6.5.4).) and that θG,G(M) is a monomorphism. Let ιξ,ζ : M (ξ,ζ) → M be an
equalizer of ξ̌, ζ̌ :M →MG.

(1) There exists unique morphism λ̌ :M (ξ,ζ) → (M (ξ,ζ))G that makes the following diagram commutes.

M M (ξ,ζ) M

MG (M (ξ,ζ))G MG

ξ̌

ιξ,ζιξ,ζ

λ̌ ζ̌

ιGξ,ζιGξ,ζ

(2) Moreover, assume that expG×G : F1 → F1 maps equalizers to monomorphisms (the presheaf FG×G,K
on F1 is representable for any K ∈ ObF1, for example. See (6.5.4).). If we put λ = EG(M

(ξ,ζ))−1
M(ξ,ζ)(λ̌),

λ is a representation of G on M (ξ,ζ) and ιξ,ζ defines morphisms of representations (M (ξ,ζ), λ) → (M, ξ) and
(M (ξ,ζ), λ)→ (M, ζ). Hence (M (ξ,ζ), λ) is a subrepresentation of both (M, ξ) and (M, ζ).
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Proof. (1) Put χ = ξ̌ιξ,ζ = ζ̌ιξ,ζ :M
(ξ,ζ) →MG. Then, it follows from (11.3.1) that

θG,G(M)ξ̌Gχ = θG,G(M)ξ̌Gξ̌ιξ,ζ =Mµξ̌ιξ,ζ =Mµζ̌ιξ,ζ = θG,G(M)ζ̌Gζ̌ιξ,ζ = θG,G(M)ζ̌Gχ.

Thus we have ξ̌Gχ = ζ̌Gχ by the assumption. Since ιGξ,ζ : (M (ξ,ζ))G → MG is a equalizer of ξ̌G, ζ̌G : MG →
(MG)G by the assumption, there exists unique morphism λ̌ :M (ξ,ζ) → (M (ξ,ζ))G that satisfies ιGξ,ζ λ̌ = χ.

(2) By (6.4.3), (6.3.8), (6.3.20) and (11.3.1), the following diagrams are commutative.

M (ξ,ζ) (M (ξ,ζ))G ((M (ξ,ζ))G)G (M (ξ,ζ))G×G

M MG (MG)G MG×G

λ̌

ιξ,ζ

λ̌G

ιGξ,ζ

θG,G(M(ξ,ζ))

(ιGξ,ζ)
G ιG×G

ξ,ζ

ξ̌ ξ̌G θG,G(M)

M (ξ,ζ) (M (ξ,ζ))G (M (ξ,ζ))G×G

M MG MG×G

λ̌

ιξ,ζ

(M(ξ,ζ))µ

ιGξ,ζ ιG×G
ξ,ζ

ξ̌ Mµ

M (ξ,ζ) (M (ξ,ζ))G (M (ξ,ζ))1

M MG M1

λ̌

ιξ,ζ

(M(ξ,ζ))ε

ιGξ,ζ ι1ξ,ζ

ξ̌ Mε

It follows from (11.3.1) that we have ιξ,ζ(M
(ξ,ζ))ελ̌ =Mεξιξ,ζ = ιξ,ζ and

ιG×G
ξ,ζ θG,G(M (ξ,ζ))λ̌Gλ̌ = θG,G(M)ξ̌Gξ̌ιξ,ζ =Mµξ̌ιξ,ζ = ιG×G

ξ,ζ (M (ξ,ζ))µλ̌.

Since ιξ,ζ and ιGξ,ζ are monomorphisms, it follows θG,G(M (ξ,ζ))λ̌Gλ̌ = (M (ξ,ζ))µξ̌ and (M (ξ,ζ))ελ̌ = idM(ξ,ζ) .

Therefore λ is a representation of G on M (ξ,ζ) by (11.3.1). ιξ,ζ : (M (ξ,ζ), λ) → (M, ξ) and ιξ,ζ : (M (ξ,ζ), λ) →
(M, ζ) are morphisms of representations by the first assertion and (6.4.5).

Remark 11.3.10 For representations (M, ξ), (N, ζ) and (N, ζ ′) of G, suppose that there exists a morphism
ϕ : N →M of F1 such that ϕ : (N, ζ)→ (M, ξ) and ϕ : (N, ζ ′)→ (M, ξ) are morphisms of Rep(C ;F) and that
o∗G(ϕ)∗ : FG(o∗G(N), o∗G(N)) → FG(o∗G(N), o∗G(M)) is injective (e.g. ϕ is a monomorphism and the presheaf
FG,N on Fop1 is representable. See (6.5.2)). Then, o∗G(ϕ)ζ = ξo∗G(ϕ) = o∗G(ϕ)ζ

′ implies ζ = ζ ′. In particular,
since ϕ : (N, ido∗G(N)) → (M, ido∗G(M)) is a morphism of representations for any morphism ϕ : N → M of F1,
if there exists a morphism of representation ϕ : (N, ζ) → (M, ido∗G(M)) such that ϕ is a monomorphism of F1,

(N, ζ) is a trivial representation. Thus, if (M, ξ) or (M, ζ) is a trivial representation, so is (M (ξ,ζ), λ).

Proposition 11.3.11 Let (M, ξ), (N, ξ′), (M, ζ) and (N, ζ ′) be objects of Rep(G ;F). Put ξ̌ = EG(M)M (ξ),
ξ̌′ = EG(N)N (ξ′), ζ̌ = EG(M)M (ζ) and ζ̌ ′ = EG(N)N (ζ ′). Assume that expX : F1 → F1 maps equalizers
to monomorphisms for X = G,G × G (the presheaves FG,K and FG×G,K on Fop1 is representable for any
K ∈ ObF1, for example). Suppose that ιξ,ζ : M (ξ,ζ) → M is an equalizer of ξ̌, ζ̌ : M → MG and that

ιξ′,ζ′ : N (ξ′,ζ′) → N is an equalizer of ξ̌′, ζ̌ ′ : N → NG. We denote by (M (ξ,ζ), λ) and (N (ξ′,ζ′), λ′) the
representations of G given in (11.3.9). If a morphism ϕ : M → N defines morphisms of representations
(M, ξ) → (N, ξ′) and (M, ζ) → (N, ζ ′), then there exists unique morphism ϕ̃ : (M (ξ,ζ), λ) → (N (ξ′,ζ′), λ′) of
representations that satisfies ϕιξ,ζ = ιξ′,ζ′ ϕ̃.

Proof. Since ξ̌′ϕιξ,ζ = ϕGξ̌ιξ,ζ = ϕGζ̌ιξ,ζ = ζ̌ ′ϕιξ,ζ by (11.3.3), there exists unique morphism ϕ̃ : M (ξ,ζ) →
N (ξ′,ζ′) that satisfies ϕιξ,ζ = ιξ′,ζ′ ϕ̃. Then, it follows from (11.3.9), (11.3.3) and (6.4.3) that

ιGξ′,ζ′ λ̌
′ϕ̃ = ξ̌′ιξ′,ζ′ ϕ̃ = ξ̌′ϕιξ,ζ = ϕGξ̌ιξ,ζ = ϕGιGξ,ζ λ̌ = ιGξ,ζϕ̃

Gλ̌.

Since ιGξ′,ζ′ is a monomorphism, it follows λ̌′ϕ̃ = ϕ̃Gλ̌, namely, ϕ̃ : (M (ξ,ζ), λ) → (N (ξ′,ζ′), λ′) is a morphism of
representations by (11.3.3).

Under an assumption that F1 has equalizers, we define a functor IG : Rep(G ;F) → F1 as follows. We

set IG(M, ξ) = M
(ξ,ido∗

G
(M)) for (M, ξ) ∈ ObRep(G ;F). For a morphism ϕ : (M, ξ) → (N, ζ), it follows from

(11.3.10) and (11.3.11) that there exists unique morphism

ϕ̃ :

(
M

(ξ,ido∗
G

(M)), id
o∗G

(
M

(ξ,ido∗
G

(M))
))→ (

N
(ζ,ido∗

G
(N)), id

o∗G

(
N

(ζ,ido∗
G

(N))
))

of representations that satisfies ιζ,ido∗
G

(N)
ϕ̃ = ϕιξ,ido∗

G
(M)

. We set IG(ϕ) = ϕ̃.
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Proposition 11.3.12 IG is a right adjoint of TG.

Proof. We define a unit η : idF1
→ IGTG and a counit ε : TGIG → idRep(G ;F) as follows. For M ∈ ObF1,

since IG(TG(M)) = M
(ido∗

G
(M),ido∗

G
(M)) = M , let ηM : M → IG(TG(M)) be the identity morphism of M . For

(M, ξ) ∈ ObRep(G ;F), since TG(IG(M, ξ)) =

(
M

(ξ,ido∗
G

(M)), id
o∗G

(
M

(ξ,ido∗
G

(M))
)) and

ιξ,ido∗
G

(M)
:

(
M

(ξ,ido∗
G

(M)), id
o∗G

(
M

(ξ,ido∗
G

(M))
))→ (M, ξ)

is a morphism of representations by (11.3.9) and (11.3.10), ε(M,ξ) : TG(IG(M, ξ)) → (M, ξ) is defined to be
ιξ,ido∗

G
(M)

. Since IG(M, ξ) = M if (M, ξ) is the trivial representation, the following morphism is the identity

morphism of M
(ξ,ido∗

G
(M)).

IG(ε(M,ξ)) : IG

(
M

(ξ,ido∗
G

(M)), id
o∗G

(
M

(ξ,ido∗
G

(M))
))→ IG(M, ξ)

Hence composition TG(M)
TG(ηM )−−−−−→TG(IG(TG(M)))

εTG(M)−−−−−→TG(M) is the identity morphism of (M, ido∗G(M))

and composition IG(M, ξ)
ηIG(M,ξ)−−−−−−→ IG(TG(IG(M, ξ)))

IG(ε(M,ξ))−−−−−−−→ IG(M, ξ) is the identity morphism of

M
(ξ,ido∗

G
(M)).

Remark 11.3.13 We denote IG(M, ξ) =M
(ξ,ido∗

G
(M)) by M ξ and call this the G-fixed object of (M, ξ).

Let α : G×X → X be a left G-action on X ∈ Ob T and (M, ξ) a representation of G onM ∈ ObF1. We put

ξ̌ = EG(M)M (ξ) : M → MG and denote by E
(X,α)
(M,ξ) : (M, ξ)(X,α) → MX an equalizer of Mα : MX → MG×X

and composition MX ξ̌X−−→ (MG)X
θG,X(M)−−−−−−→MG×X .

Proposition 11.3.14 Let α : G × X → X, β : G × Y → Y be left G-actions on X,Y ∈ Ob T respectively
and f : X → Y a morphism of T which preserves left G-actions. Let (M, ξ), (N, ζ) be representations of G
on M,N ∈ ObF1 respectively and ϕ : (M, ξ) → (N, ζ) a morphism of representations. There exist unique
morphisms (M, ξ)f : (M, ξ)(Y,β) → (M, ξ)(X,α) and ϕ(X,α) : (M, ξ)(X,α) → (N, ζ)(X,α) that make the following
diagrams commute.

(M, ξ)(Y,β) MY

(M, ξ)(X,α) MX

E
(Y,β)

(M,ξ)

(M, ξ)f Mf

E
(X,α)

(M,ξ)

(M, ξ)(X,α) MX

(N, ζ)(X,α) NX

E
(X,α)

(M,ξ)

φ(X,α) φX

E
(X,α)

(N,ζ)

Proof. We put ξ̌ = EG(M)M (ξ) and ζ̌ = EG(N)N (ζ). The following diagram commute by (6.4.3), (6.4.8),
(6.4.20), (6.4.20) and (6.4.5).

MG×Y MY (MG)Y MG×Y

MG×X MX (MG)X MG×X

NG×X NX (NG)X NG×X

MidG×f

ζ̌YMβ

Mf

θG,Y (M)

(MG)f MidG×f

φG×X

ξ̌XMα

φX

θG,X(M)

(φG)X φG×X

ζ̌XNα θG,X(N)

Hence we have the following equalities.

MαMfE
(Y,β)
(M,ξ) =M idG×fMβE

(Y,β)
(M,ξ) =M idG×fθG,Y (M)ζ̌Y E

(Y,β)
(M,ξ) = θG,X(M)ξ̌XMfE

(Y,β)
(M,ξ)

NαϕXE
(X,α)
(M,ξ) = ϕG×XMαE

(X,α)
(M,ξ) = ϕG×XθG,X(M)ξ̌XE

(X,α)
(M,ξ) = θG,X(N)ζ̌XϕGE

(X,α)
(M,ξ)

Thus there exist unique morphisms (M, ξ)f : (M, ξ)(Y,β) → (M, ξ)(X,α) and ϕ(X,α) : (M, ξ)(X,α) → (N, ζ)(X,α)

that satisfy E
(X,α)
(M,ξ)(M, ξ)f =MfE

(Y,β)
(M,ξ) and E

(X,α)
(N,ζ) ϕ

(X,α) = ϕXE
(X,α)
(M,ξ) .
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Lemma 11.3.15 Let α : G × X → X be a left G-action on X ∈ Ob T and M an object of F1. Then,
Mα :MX →MG×X is an equalizer of M idG×α :MG×X →MG×G×X and Mµ×idX :MG×X →MG×G×X .

Proof. Since α(εoX , idX) = idX , we have M (εoX ,idX)Mα = idMX which shows that Mα is a monomorphism.
Suppose that a morphism ϕ : N → MG×X satisfies M idG×αϕ = Mµ×idXϕ. We define ψ : N → MX by
ψ =M (εoX ,idX)ϕ. Since

(idG × α)((εoG, idG)× idX) = (idG × α)(εoGprG, prG, prX) = (εoG×X , α) = (εoX , idX)α,

(µ× idX)((εoG, idG)× idX) = (µ(εoG, idG)× idX) = idG×X ,

it follows from (6.3.3) that

Mαψ =MαM (εoX ,idX)ϕ =M (εoX ,idX)αϕ =M (idG×α)((εoG,idG)×idX)ϕ =M (εoG,idG)×idXM idG×αϕ

=M (εoG,idG)×idXMµ×idXϕ =M (µ×idX)((εoG,idG)×idX)ϕ = ϕ.

Proposition 11.3.16 Let α : G×X → X be a left G-action on X ∈ Ob T and M an object of F1. Suppose that

θG,Y (M) : (MG)Y → MG×Y is an isomorphism for Y = G,X,G × G,G ×X. Then, a composition MX Mα

−−→

MG×X θG,X(M)−1

−−−−−−−→ (MG)X is an equalizer of (MG)α : (MG)X → (MG)G×X and composition (MG)X
(Mµ)X−−−−→

(MG×G)X
(θG,G(M)−1)

X

−−−−−−−−−−→ ((MG)G)X
θG,X(MG)−−−−−−−→ (MG)G×X . Hence RG(M)(X,α) is isomorphic to MX .

Proof. Since µr(M) is a composition MG Mµ

−−→MG×G θG,G(M)−1

−−−−−−−→ (MG)G, E
(X,α)
RG(M) : RG(M)(X,α) → (MG)X is

an equalizer of (MG)α : (MG)X → (MG)G×X and composition

(MG)X
(Mµ)X−−−−→ (MG×G)X

(θG,G(M)−1)
X

−−−−−−−−−−→ ((MG)G)X
θG,X(MG)−−−−−−−→ (MG)G×X .

Since θG,G×X(M) : (MG)G×X →MG×G×X is an isomorphism, E
(X,α)
RG(M) : RG(M)(X,α) → (MG)X is an equalizer

of the following compositions by (6.4.21).

(MG)X
(MG)α−−−−→ (MG)G×X θG,G×X(M)−−−−−−−−→MG×G×X (MG)X

(Mµ)X−−−−→ (MG×G)X
θG×G,X(M)−−−−−−−−→MG×G×X

Moreover, since θG,X(M)−1 :MG×X → (MG)X is an isomorphism and compositions

MG×X θG,X(M)−1

−−−−−−−→ (MG)X
(MG)α−−−−→ (MG)G×X θG,G×X(M)−−−−−−−−→MG×G×X

MG×X θG,X(M)−1

−−−−−−−→ (MG)X
(Mµ)X−−−−→ (MG×G)X

θG×G,X(M)−−−−−−−−→MG×G×X

coincides with M idG×α :MG×X →MG×G×X and Mµ×idX :MG×X →MG×G×X , respectively by (6.3.20), the
assertion follows from (11.3.15).

Proposition 11.3.17 Let i : N → G a subgroup object of G such that a morphism f : H → G of group objects
of T and normalizes N . For a representation (M, ξ) of G, consider the restriction ResGN (M, ξ) = (M, ξi) to N
and put IN (M, ξi) =M ξi . Under the following assumptions, there is a representation ζ of H on M ξi such that
the monomorphism ιξi,ido∗

N
(M)

:M ξi →M defines a morphism of representations from (M ξi , ζ) to f
.
(M, ξ).

(i) The presheaf FH,K on Fop1 is representable for any K ∈ ObF1.
(ii) The presheaf FG×G,Mξi on Fop1 is representable.

(iii) θG,G(M) : (MG)G →MG×G is an isomorphism.
(iv) θN,H(M) : (MN )H →MN×H is a monomorphism.

Proof. Put ξ̌ = EG(M)M (ξ) and η = ιξi,ido∗
N

(M)
: M ξi → M . Then EN (M)M (ξi) = M iξ̌ by (6.4.6) and η is an

equalizer ofM iξ̌ :M →MN andMoN :M →MN since EN (M)M (ido∗N (M)) =MoN by (2) of (11.3.2). It follows

from (6.5.4) that ηH : (M ξi)H →MH is an equalizer of (M iξ̌)H :MH → (MN )H and (MoN )H :MH → (MN )H .
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There exists a morphism β : N ×H → N which satisfies µ(i× f) = µ(idG × i)(f × β)(TN,H × idH)(idN ×∆H)
by (9.1.13). By (11.3.1) and (6.4.20), we have

θN,H(M)(M i)H ξ̌HMf ξ̌η = θN,H(M)(M i)H(MG)f ξ̌Gξ̌η = θN,H(M)(M i)H(MG)f
(
θG,H(M)

)−1
Mµξ̌η

= θN,H(M)(M i)H
(
θG,H(M)

)−1
M idG×fMµξ̌η =M i×idHM idG×fMµξ̌η =Mµ(i×f)ξ̌η

=Mµ(idG×i)(f×β)(TN,H×idH)(idN×∆H)ξ̌η =M (idG×i)(f×β)(TN,H×idH)(idN×∆H)Mµξ̌η

=M (f×β)(TN,H×idH)(idN×∆H)M idG×iθG,G(M)ξ̌Gξ̌η

=M (f×β)(TN,H×idH)(idN×∆H)θG,N (M)(MG)iξ̌Gξ̌η

=M (f×β)(TN,H×idH)(idN×∆H)θG,N (M)ξ̌NM iξ̌η

=M (f×β)(TN,H×idH)(idN×∆H)θG,N (M)ξ̌NMoN η

=M (f×β)(TN,H×idH)(idN×∆H)θG,N (M)(MG)oN ξ̌η

=M (f×β)(TN,H×idH)(idN×∆H)M idG×oN θG,1(M)ξ̌η =MprHMf ξ̌η

=M idN×fMprG ξ̌η =M idN×fMoN×idGθ1,G(M)ξ̌η

=M idN×fθN,G(M)(MoN )Gξ̌η = θN,H(M)(MoN )HMf ξ̌η.

Since θN,H(M) is an isomorphism, the above implies (M i)H ξ̌HMf ξ̌η = (MoN )HMf ξ̌η. Thus there exists unique
morphism ζ̌ : M ξi → (M ξi)H that satisfies ζ̌ηH = Mf ξ̌η. We put ζ = EH(M ξi)−1

Mξi
(ζ̌), then it follows from

(6.4.5) and (2) of (11.1.6) that ζ is a representation of H on M ξi and η = ιξi,ido∗
N

(M)
: (M ξi , ζ)→ f

.
(M, ξ) is a

morphism of representations.

11.4 Left induced representations

Let p : F → T be a fibered category with products and (G,µ, ε, ι), (H,µ′, ε′, ι′) group objects in T . For a
morphism f : H → G of group objects, define a right H-action µrf : G×H → G on G by µrf = µ(idG × f).

Assumption 11.4.1 For a representation (M, ξ) of H, we put ξ̂ = PH(M)M (ξ) : H ×M → M . We assume
the following.

(i) A coequalizer P
(G,µrf )

(M,ξ) : G×M → (G,µrf )× (M, ξ) of (G×H)×M G×M
µrf×M

(G×ξ̂)θG,H(M)

exists.

(ii) G× P (G,µrf )

(M,ξ) : G× (G×M)→ G× ((G,µrf )× (M, ξ)) is a coequalizer of

G× ((G×H)×M) G× (G×M).
G×(µrf×M)

G×((G×ξ̂)θG,H(M))

(iii) The following map is injective.

o∗G×G

(
P

(G,µrf )

(M,ξ)

)∗
: FG×G(o

∗
G×G((G,µr

f )×(M, ξ)), o∗G×G((G,µr
f )×(M, ξ)))→FG×G(o

∗
G×G(G×M), o∗G×G((G,µr

f )×(M, ξ)))

(iv) θG,G(M) : G× (G×M)→ (G×G)×M is an isomorphism.
(v) The following morphisms are epimorphisms.

θG×G,G(M) : (G×G×G)×M → (G×G)×(G×M), θG,G×H(M) : (G×G×H)×M → G×((G×H)×M)

Let (M, ξ) be a representation of H on M ∈ Ob,F1. We define a representation ξlf of G on (G,µrf )× (M, ξ)
as follows.

Put ξ̂ = PH(M)M (ξ) : H ×M → M . The right rectangle of the following upper diagram commutes by the
associativity of µ and (6.3.3). It follows from (6.3.20) that the left rectangle of the following upper diagram and
the upper right and the lower left rectangles of the following lower diagram commute. The lower right rectangle
of the following lower diagram commutes by (6.3.9) and the upper left rectangle of the following lower diagram
commutes by (6.3.21).
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G× ((G×H)×M) (G×G×H)×M (G×H)×M

G× (G×M) (G×G)×M G×M

G×(µrf×M)

θG,G×H(M) (µ×idH)×M

(idG×µrf )×M µrf×M
θG,G(M)−1

µ×M

G× ((G×H)×M) (G×G×H)×M (G×H)×M

G× (G× (H ×M)) (G×G)× (H ×M) G× (H ×M)

G× (G×M) (G×G)×M G×M

G×θG,H(M)

θG,G×H(M) (µ×idH)×M

θG×G,H(M) θG,H(M)

G×(G×ξ̂)

θG,G(H×M) µ×(H×M)

(G×G)×ξ̂ G×ξ̂
θG,G(M)−1

µ×M

The commutativity of the above diagrams and the definition of P
(G,µrf )

(M,ξ) imply that the following equalities.

P
(G,µrf )

(M,ξ) µl(M)(G×(µrf×M))θG,G×H(M) = P
(G,µrf )

(M,ξ) (µ×M)θG,G(M)−1(G×(µrf×M))θG,G×H(M)

= P
(G,µrf )

(M,ξ) (µrf×M)((µ×idH)×M)

= P
(G,µrf )

(M,ξ) (G×ξ̂)θG,H(M)((µ×idH)×M)

= P
(G,µrf )

(M,ξ) (µ×M)θG,G(M)−1(G×(G×ξ̂))(G×θG,H(M))θG,G×H(M)

= P
(G,µrf )

(M,ξ) µl(M)(G×((G×ξ̂)θG,H(M)))θG,G×H(M)

Since θG,G×H(M) is an epimorphism by the assumption (v) of (11.4.1), we have

P
(G,µrf )

(M,ξ) µl(M)(G× (µrf ×M)) = P
(G,µrf )

(M,ξ) µl(M)(G× ((G× ξ̂)θG,H(M))).

It follows from (ii) of (11.4.1) that there exists unique morphism ξ̂f : G× ((G,µrf )× (M, ξ))→ (G,µrf )× (M, ξ)
that makes the following diagram commutes.

G× (G×M) G× ((G,µrf )× (M, ξ))

G×M (G,µrf )× (M, ξ)

G×P
(G,µrf )

(M,ξ)

µl(M)= (µ×M)θG,G(M)−1
ξ̂f

P
(G,µrf )

(M,ξ)

We put ξlf = PG((G,µ
r
f )× (M, ξ))−1

(G,µrf )×(M,ξ)(ξ̂f ) : o
∗
G((G,µ

r
f )× (M, ξ))→ o∗G((G,µ

r
f )× (M, ξ)).

Proposition 11.4.2 ((G,µrf )× (M, ξ), ξlf ) is a representation of G and

P
(G,µrf )

(M,ξ) : (G×M, ξl(µ,M))→ ((G,µrf )× (M, ξ), ξlf )

is a morphism of representations.

Proof. The following diagram commutes by (1) of (6.3.3) and the definition of ξ̂f .

o∗G(G×M) o∗G(G× (G×M)) o∗G(G×M)

o∗G((G,µ
r
f )× (M, ξ)) o∗G(G× ((G,µrf )× (M, ξ))) o∗G((G,µ

r
f )× (M, ξ))

ιG(G×M)

o∗G

(
P

(G,µrf )

(M,ξ)

)
o∗G(µl(M))

o∗G

(
G×P

(G,µrf )

(M,ξ)

)
o∗G

(
P

(G,µrf )

(M,ξ)

)
ιG((G,µrf )×(M, ξ)) o∗G(ξ̂f )

The upper composition of the above diagram is ξl(µ,M) and the lower composition of the above diagram is ξlf
by (6.3.2). Thus the assertion follows from (iii) of (11.4.1) and (1) of (11.1.6).
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Proposition 11.4.3 Assume (11.4.1) for representations (M, ξ) and (N, ζ) of H. If ϕ : (M, ξ) → (N, ζ) is a
morphism of representations of H,

(G,µrf )× ϕ : (G,µrf )× (M, ξ)→ (G,µrf )× (N, ζ)

defines a morphism
(
(G,µrf )× (M, ξ), ξlf

)
→
(
(G,µrf )× (N, ζ), ζlf

)
of representations.

Proof. The following diagram commutes by the definitions of ξ̂f , ζ̂f , (G,µ
r
f )× ϕ and (6.3.3).

G×M G× (G×M) G× (G×N) G×N

(G,µrf )×(M, ξ) G×
(
(G,µrf )×(M, ξ)

)
G×

(
(G,µrf )×(N, ζ)

)
(G,µrf )×(N, ζ)

P
(G,µrf )

(M,ξ)

µl(M) G×(G×φ)

G×P
(G,µrf )

(M,ξ)

µl(N)

G×P
(G,µrf )

(N,ζ)
P

(G,µrf )

(N,ζ)

ξ̂f
G×

(
(G,µrf )×φ

)
ζ̂f

Hence it follows from (11.2.5) and (11.2.14) that

ζ̂f
(
G×

(
(G,µrf )× ϕ

))(
G× P (G,µrf )

(M,ξ)

)
= P

(G,µrf )

(N,ζ) µl(N)(G× (G× ϕ)) = P
(G,µrf )

(N,ζ) (G× ϕ)µl(M)

= ((G,µrf )× ϕ)P
(G,µrf )

(M,ξ) µl(M) = ((G,µrf )× ϕ)ξ̂f
(
G× P (G,µrf )

(M,ξ)

)
.

Since G× P (G,µrf )

(M,ξ) is an epimorphism by (ii) of (11.4.1), the above equality implies

ζ̂f
(
G×

(
(G,µrf )× ϕ

))
= ((G,µrf )× ϕ)ξ̂f .

Thus the result follows from (11.2.3).

Assume that the assumptions of (11.4.1) is satisfied for any object (M, ξ) of Rep(H ;F). By (11.4.2) and
(11.4.3), we can define a functor f! : Rep(H ;F)→ Rep(G ;F) by f!(M, ξ) = ((G,µrf )× (M, ξ), ξlf ) and f!(ϕ) =
(G,µrf )× ϕ.

Lemma 11.4.4 Let (M, ξ) be a representation of H. The following diagram commutes.

H ×M G×M

M G×M (G,µrf )× (M, ξ)

ξ̂

f×M

P
(G,µrf )

(M,ξ)

ε×M P
(G,µrf )

(M,ξ)

Proof. Since the following diagram commutes,

H ×M (1×H)×M 1× (H ×M) 1×M

(1×H)×M (G×H)×M G× (H ×M) G×M

(1×G)×M (G×G)×M G×M (G,µrf )× (M, ξ)

(oH , idH)×M

(oH , idH)×M

θ1,H(M)

(ε×idG)×M

1×ξ̂

ε×(H×M) ε×M

(ε×idH)×M

(id1×f)×M

θG,H(M)

(idG×f)×M

G×ξ̂

P
(G,µrf )

(M,ξ)

(ε×idG)×M µ×M P
(G,µrf )

(M,ξ)

it follows from (6.3.22) that

P
(G,µrf )

(M,ξ) (ε×M)ξ̂ = P
(G,µrf )

(M,ξ) (ε×M)(1× ξ̂)θ1,H(M)((oH , idH)×M)

= P
(G,µrf )

(M,ξ) (µ×M)((ε× idG)×M)((id1 × f)×M)((oH , idH)×M)

= P
(G,µrf )

(M,ξ) (µ(ε× idG)(id1 × f)(oH , idH)×M)

= P
(G,µrf )

(M,ξ) (µ(ε× idG)(oG, idG)f ×M) = P
(G,µrf )

(M,ξ) (f ×M).
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Proposition 11.4.5 Let (M, ξ) be a representation of H. A composition

M = 1×M ε×M−−−→ G×M
P

(G,µrf )

(M,ξ)−−−−−→ (G,µrf )× (M, ξ)

defines a morphism (M, ξ)→
(
(G,µrf )× (M, ξ), (ξlf )f

)
= f

.
f!(M, ξ) of representations of H.

Proof. We put ξ̃f = PH
(
(G,µrf )× (M, ξ)

)
(G,µrf )×(M,ξ)

(
(ξlf )f

)
Then, it follows from (6.3.6) that

ξ̃f = ξ̂f
(
f ×

(
(G,µrf )× (M, ξ)

))
.

The following diagram commutes by the definition of ξ̂f , (6.3.3), (6.3.9), (6.3.20).

H × (H ×M) H × (G×M) H ×
(
(G,µrf )× (M, ξ)

)
G× (H ×M) G× (G×M) G×

(
(G,µrf )× (M, ξ)

)
(G×H)×M (G×G)×M

G×M (G,µrf )× (M, ξ)

H×(f×M)

f×(H×M)

H×P
(G,µrf )

(M,ξ)

f×(G×M) f×
(
(G,µrf )×(M,ξ)

)
G×(f×M)

θG,H(M)−1

G×P
(G,µrf )

(M,ξ)

θG,G(M)−1

ξ̂f
(idG×f)×M

µ×M
P

(G,µrf )

(M,ξ)

Recall that P
(G,µrf )

(M,ξ) : G×M → (G,µrf )×(M, ξ) is a coequalizer of (µ×M)((idG×f)×M) : (G×H)×M → G×M
and (G× ξ̂)θG,H(M) : (G×H)×M → G×M . Hence by (11.4.4), we have

ξ̃f

(
H × P (G,µrf )

(M,ξ) (ε×M)
)
= ξ̂f

(
f ×

(
(G,µrf )× (M, ξ)

)) (
H × P (G,µrf )

(M,ξ)

)
(H × (ε×M))

= ξ̂f
(
f ×

(
(G,µrf )× (M, ξ)

)) (
H × P (G,µrf )

(M,ξ)

)
(H × (f ×M))(H × (ε′ ×M))

= P
(G,µrf )

(M,ξ) (µ×M)((idG × f)×M)θG,H(M)−1(f × (H ×M))(H × (ε′ ×M))

= P
(G,µrf )

(M,ξ) (G× ξ̂)(G× (ε′ ×M))(f × (1×M))

= P
(G,µrf )

(M,ξ) (G× ξ̂(ε′ ×M))(f × (1×M)) = P
(G,µrf )

(M,ξ) (f ×M) = P
(G,µrf )

(M,ξ) (ε×M)ξ̂

Therefore P
(G,µrf )

(M,ξ) (ε×M) : (M, ξ)→
(
(G,µrf )× (M, ξ), (ξf )f

)
= f

.
f!(M, ξ) is a morphism of representations of

H.

Theorem 11.4.6 f! : Rep(H ;F)→ Rep(G ;F) is a left adjoint of f
.
: Rep(G ;F)→ Rep(H ;F).

Proof. Let (M, ξ) be an object of Rep(H ;F) and (N, ζ) an object of Rep(G ;F). For a morphism ϕ : (M, ξ)→
(N, ζf ) = f

.
(N, ζ) of Rep(H ;F), we define a morphism tϕ : (G,µrf ) × (M, ξ) → (N, ζ) as follows. Put

ξ̂ = PH(M)M (ξ) and ζ̂ = PG(N)N (ζ). Then, PH(N)N (ζf ) = ζ̂(f × N) by (6.3.3) and it follows from (6.3.5)

that ϕξ̂ = ζ̂(f ×N)(H × ϕ). By (11.2.1) and (6.3.20), we have

ζ̂(µ×N)((idG × f)×N) = ζ̂(G× ζ̂)θG,G(N)((idG × f)×N) = ζ̂(G× ζ̂)(G× (f ×N))θG,H(N).

Hence

ζ̂(G× ϕ)(µrf ×M) = ζ̂(µrf ×N)((G×H)× ϕ) = ζ̂(µ×N)((idG × f)×N)((G×H)× ϕ)

= ζ̂(G× ζ̂)(G× (f ×N))θG,H(N)((G×H)× ϕ)

= ζ̂(G× ζ̂)(G× (f ×N))(G× (H × ϕ))θG,H(N) = ζ̂(G× ζ̂(f ×N)(H × ϕ))θG,H(N)

= ζ̂(G× ϕξ̂)θG,H(N) = ζ̂(G× ϕ)(G× ξ̂)θG,H(N),
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which implies that there exists a unique morphism tϕ : (G,µrf )×(M, ξ)→ N that satisfies tϕP
(G,µrf )

(M,ξ) = ζ̂(G×ϕ).
Then,

ζ̂(G× tϕ)
(
G× P (G,µrf )

(M,ξ)

)
= ζ̂(G× ζ̂(G× ϕ)) = ζ̂(G× ζ̂)(G× (G× ϕ)) = ζ̂(µ×N)θG,G(N)−1(G× (G× ϕ))

= ζ̂(µ×N)((G×G)× ϕ)θG,G(M)−1 = ζ̂(G× ϕ)(µ×M)θG,G(M)−1

= tϕP
(G,µrf )

(M,ξ) (µ×M)θG,G(M)−1 = tϕ ξ̂f

(
G× P (G,µrf )

(M,ξ)

)
by (11.2.1), (6.3.20) and the definition of ξ̂f . Since G×P

(G,µrf )

(M,ξ) is an epimorphism by (ii) of (11.4.1), the above

implies ζ̂(G × tϕ) = tϕ ξ̂f . Namely, tϕ is a morphism f!(M, ξ) =
(
(G,µrf ) × (M, ξ), ξlf

)
→ (N, ζ) of represen-

tations by (11.2.3). We define a map ad
(M,ξ)
(N,ζ) : Rep(H ;F)((M, ξ), f

.
(N, ζ)) → Rep(G ;F)(f!(M, ξ), (N, ζ)) by

ad
(M,ξ)
(N,ζ) (ϕ) =

tϕ.

Let ψ : (N, ζ)→ (L, λ) be a morphism of Rep(G ;F) and put λ̂ = PG(L)L(λ). For a morphism ϕ : (M, ξ)→
(N, ζf ) = f

.
(N, ζ) of Rep(H ;F), since ψtϕP (G,µrf )

(M,ξ) = ψζ̂(G × ϕ) = λ̂(G × ψ)(G × ϕ) = λ̂(G × ψϕ), we have

ad
(M,ξ)
(L,λ) (ψϕ) = ψtϕ by the definition of ad

(M,ξ)
(L,λ) . This shows that the following diagram commutes.

Rep(H ;F)((M, ξ), f
.
(N, ζ)) Rep(G ;F)(f!(M, ξ), (N, ζ))

Rep(H ;F)((M, ξ), f
.
(L, λ)) Rep(G ;F)(f!(M, ξ), (L, λ))

ad
(M,ξ)

(N,ζ)

f
.
(ψ)∗ ψ∗

ad
(M,ξ)

(L,λ)

Let γ : (P, χ)→ (M, ξ) be a morphism of Rep(H ;F) and put χ̂ = PH(P )P (χ). Since
tϕP

(G,µrf )

(M,ξ) = ζ̂(G×ϕ),

we have tϕ((G,µrf ) × γ)P
(G,µrf )

(P,χ) = tϕP
(G,µrf )

(M,ξ) (G × γ) = ζ̂(G × ϕ)(G × γ) = ζ̂(G × ϕγ), which implies that

ad
(N,ζ)
(P,χ)(ϕγ) =

tϕ((G,µrf )× γ). Therefore the following diagram also commutes.

Rep(H ;F)((M, ξ), f
.
(N, ζ)) Rep(G ;F)(f!(M, ξ), (N, ζ))

Rep(H ;F)((P, χ), f.(N, ζ)) Rep(G ;F)(f!(P, χ), (N, ζ))

ad
(M,ξ)

(N,ζ)

γ∗ f!(γ)
∗

ad
(P,χ)

(N,ζ)

If ad
(M,ξ)
(N,ζ) (ϕ) = ad

(M,ξ)
(N,ζ) (ψ) for ϕ,ψ ∈ Rep(H ;F)((M, ξ), f

.
(N, ζ)), then ζ̂(G × ϕ) = ζ̂(G × ψ). It follows

from (11.2.1) and (6.3.9) that ϕ = ζ̂(ε×N)ϕ = ζ̂(G×ϕ)(ε×M) = ζ̂(G× ψ)(ε×M) = ζ̂(ε×N)ψ = ψ. Hence

ad
(M,ξ)
(N,ζ) is injective.

For a morphism ψ : f!(M, ξ)→ (N, ζ) of Rep(G ;F), define ϕ :M → N to be a composition

M = 1×M ε×M−−−→ G×M
P

(G,µrf )

(M,ξ)−−−−−→ (G,µrf )× (M, ξ)
ψ−→ N

Since ψ = f
.
(ψ) :

(
(G,µrf ) × (M, ξ), (ξlf )f

)
→ (N, ζf ) is a morphism of representations of H, it follows from

(11.4.5) that ϕ defines a morphism (M, ξ) → f
.
(N, ζ) = (N, ζf ) of representations of H. We note that the

following diagrams commute.

G× (G×M) G×M

G× ((G,µrf )× (M, ξ)) (G,µrf )× (M, ξ)

G×N N

(µ×M)θG,G(M)−1

G×P
(G,µrf )

(M,ξ)
P

(G,µrf )

(M,ξ)

ξ̂f

G×ψ ψ

ζ̂

G× (1×M) G× (G×M)

(G× 1)×M (G×G)×M

G×M

G×(ε×M)

θ1,G(M)−1 θG,G(M)−1

(idG×ε)×M

pr2×M µ×M
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It follows from (6.3.22) that

ζ̂(G× ϕ) = ζ̂(G× ψ)
(
G× P (G,µrf )

(M,ξ)

)
(G× (ε×M)) = ψP

(G,µrf )

(M,ξ) (µ×M)θG,G(M)−1(G× (ε×M))

= ψP
(G,µrf )

(M,ξ) (pr2 ×M)θ1,G(M)−1 = ψP
(G,µrf )

(M,ξ) ,

which implies ad
(M,ξ)
(N,ζ) (ϕ) = ψ and this shows that ad

(M,ξ)
(N,ζ) is surjective.

Remark 11.4.7 For (N, ζ) ∈ Rep(G ;F), the counit

εl(f)(N,ζ) = ad
f
.
(N,ζ)

(N,ζ)

(
idf

.
(N,ζ)

)
: f!f

.
(N, ζ) =

(
(G,µrf )× (N, ζf ), (ζf )

l
f

)
→ (N, ζ)

of the adjunction f! a f. is the unique morphism that satisfies εl(f)(N,ζ)P
(G,µrf )

(N,ζf )
= ζ̂. For (M, ξ) ∈ Rep(H ;F),

the unit of the adjunction f! a f.

ηl(f)(M,ξ) : (M, ξ)→
(
(G,µrf )× (M, ξ), (ξlf )f

)
= f

.
f!(M, ξ)

is given by the composition M = 1×M ε×M−−−→ G×M
P

(G,µrf )

(M,ξ)−−−−−→ (G,µrf )× (M, ξ).

Definition 11.4.8 Let G be a group object of T and ι : H → G a subgroup object of G. For a representation
(M, ξ) of H, we call ι!(M, ξ) the left induced representation of (M, ξ) to G and denote this by LindGH(M, ξ).

11.5 Right induced representations

Let p : F → T be a fibered category with exponents and (G,µ, ε, ι), (H,µ′, ε′, ι′) group objects in T . For a
morphism f : H → G of group objects, define a left H-action µlf : H ×G→ G on G by µlf = µ(f × idG).

Assumption 11.5.1 For a representation (M, ξ) of H, we put ξ̌ = EH(M)M (ξ) : M → MH . We assume the
following.

(i) An equalizer E
(G,µlf )

(M,ξ) : (M, ξ)(G,µ
l
f ) →MG of MG MH×GM

µlf

θH,G(M)ξ̌G
exists.

(ii)
(
E

(G,µlf )

(M,ξ)

)G
:
(
(M, ξ)(G,µ

l
f )
)G → (MG)G is an equalizer of (MG)G (MH×G)G.

(M
µlf )G

θH,G(M)G(ξ̌G)G

(iii) The following map is injective.

o∗G×G
(
E

(G,µlf )

(M,ξ)

)
∗ : FG×G

(
o∗G×G

(
(M, ξ)(G,µ

l
f )
)
, o∗G×G

(
(M, ξ)(G,µ

l
f )
))
→ FG×G

(
o∗G×G

(
(M, ξ)(G,µ

l
f )
)
, o∗G×G(M

G)
)

(iv) θG,G(M) : (MG)G →MG×G is an isomorphism.
(v) The following morphisms are monomorphisms.

θG,G×G(M) : (MG)G×G →MG×G×G, θH×G,G(M) : (MH×G)G →MH×G×G

Let (M, ξ) be a representation of H on M ∈ Ob,F1. We define a representation ξrf of G on (M, ξ)(G,µ
l
f ) as

follows.
Put ξ̌ = EH(M)M (ξ) : M → MH . The upper rectangle of the following left diagram commutes by the

associativity of µ and (6.4.3). It follows from (6.4.20) that the lower rectangle of the following left diagram and
the upper right and the lower left rectangles of the following right diagram commute. The upper left rectangle
of the following right diagram commutes by (6.4.9) and the lower right rectangle of the following right diagram
commutes by (6.4.21).

MG MH×G

MG×G MH×G×G

(MG)G (MH×G)G

M
µlf

Mµ
MidH×µ

M
µlf×idG

θG,G(M)−1

(M
µlf )G

θH×G,G(M)

MG (MH)G MH×G

MG×G (MH)G×G MH×G×G

(MG)G ((MH)G)G (MH×G)G

ξ̌G

Mµ

θH,G(M)

(MH)µ MidH×µ

ξ̌G×G

θG,G(M)−1

θH,G×G(M)

(ξ̌G)G θH,G(M)G

θG,G(MH) θH×G,G(M)
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The commutativity of the above diagrams and the definition of E
(G,µlf )

(M,ξ) imply that the following equalities.

θH×G,G(M)(Mµlf )Gµr(M)E
(G,µlf )

(M,ξ) = θH×G,G(M)(Mµlf )GθG,G(M)−1MµE
(G,µlf )

(M,ξ)

=M idH×µMµlfE
(G,µlf )

(M,ξ) =M idH×µθH,G(M)ξ̌GE
(G,µlf )

(M,ξ)

= θH×G,G(M)θH,G(M)G(ξ̌G)GθG,G(M)−1MµE
(G,µlf )

(M,ξ)

= θH×G,G(M)θH,G(M)G(ξ̌G)Gµr(M)E
(G,µlf )

(M,ξ)

Since θH×G,G(M) is a monomorphism by the assumption (v) of (11.5.1), we have

(Mµlf )Gµr(M)E
(G,µlf )

(M,ξ) = θH,G(M)G(ξ̌G)Gµr(M)E
(G,µlf )

(M,ξ)

It follows from (ii) of (11.5.1) that there exists unique morphism ξ̌f : (M, ξ)(G,µ
l
f ) →

(
(M, ξ)(G,µ

l
f )
)G

that makes
the following diagram commutes.

(M, ξ)(G,µ
l
f ) MG

(
(M, ξ)(G,µ

l
f )
)G

(MG)G

E
(G,µlf )

(M,ξ)

ξ̌f µr(M)= θG,G(M)−1Mµ(
E

(G,µlf )

(M,ξ)

)G

We put ξrf = EG
(
(M, ξ)(G,µ

l
f )
)−1

(M,ξ)
(G,µl

f
)(ξ̌f ) : o

∗
G

(
(M, ξ)(G,µ

l
f )
)
→ o∗G

(
(M, ξ)(G,µ

l
f )
)
.

Proposition 11.5.2
(
(M, ξ)(G,µ

l
f ), ξrf

)
is a representation of G and

E
(G,µlf )

(M,ξ) :
(
(M, ξ)(G,µ

l
f ), ξrf

)
→ (MG, ξr(µ,M))

is a morphism of representations.

Proof. The following diagram commutes by (1) of (6.4.3) and the definition of ξ̌f .

o∗G
(
(M, ξ)(G,µ

l
f )
)

o∗G

((
(M, ξ)(G,µ

l
f )
)G)

o∗G
(
(M, ξ)(G,µ

l
f )
)

o∗G(M
G) o∗G

(
(MG)G

)
o∗G(M

G)

o∗G(ξ̌f )

o∗G

(
E

(G,µlf )

(M,ξ)

)
πG

(
(M, ξ)

(G,µlf )
)

o∗G

((
E

(G,µlf )

(M,ξ)

)G)
o∗G

(
E

(G,µlf )

(M,ξ)

)
o∗G(µr(M)) πG(MG)

The upper composition of the above diagram is ξrf and the lower composition of the above diagram is ξr(µ,M)

by (6.4.2). Since E
(G,µlf )

(M,ξ) is a monomorphism, the assertion follows from (2) of (11.1.6).

Lemma 11.5.3 Assume (11.5.1) for representations (M, ξ) and (N, ζ) of H. If ϕ : (M, ξ) → (N, ζ) is a
morphism of representations of H,

ϕ(G,µlf ) : (M, ξ)(G,µ
l
f )→ (N, ζ)(G,µ

l
f )

defines a morphism
(
(M, ξ)(G,µ

l
f ), ξrf

)
→
(
(N, ζ)(G,µ

l
f ), ζrf

)
of representations.

Proof. The following diagram commutes by the definitions of ξ̌f , ζ̌f , ϕ
(G,µlf ) and (6.4.3).

(M, ξ)(G,µ
l
f )

(
(M, ξ)(G,µ

l
f )
)G (

(N, ζ)(G,µ
l
f )
)G

(N, ζ)(G,µ
l
f )

MG (MG)G (NG)G NG

ξ̌f

E
(G,µlf )

(M,ξ)

(
φ

(G,µlf )
)G

(
E

(G,µlf )

(M,ξ)

)G (
E

(G,µlf )

(N,ζ)

)G
ζ̌f

E
(G,µlf )

(N,ζ)

µr(M) (φG)G µr(N)
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Hence it follows from (11.3.5) and (11.3.14) that(
E

(G,µlf )

(N,ζ)

)G(
ϕ(G,µlf )

)G
ξ̌f = (ϕG)Gµr(M)E

(G,µlf )

(M,ξ) = µr(N)ϕGE
(G,µlf )

(M,ξ) = µr(N)E
(G,µlf )

(N,ζ) ϕ(G,µlf )

=
(
E

(G,µlf )

(N,ζ)

)G
ζ̌fϕ

(G,µlf ).

Since
(
E

(G,µlf )

(N,ζ)

)G
is a monomorphism by the assumption, the above equality implies

(
ϕ(G,µlf )

)G
ξ̌f = ζ̌fϕ

(G,µlf ).

Thus the result follows from (11.3.3).

Assume that the assumption of (11.5.1) is satisfied for any object (M, ξ) of Rep(H ;F). By (11.5.2) and

(11.5.3), we can define a functor f. : Rep(H ;F) → Rep(G ;F) by f.(M, ξ) =
(
(M, ξ)(G,µ

l
f ), ξrf

)
and f.(ϕ) =

ϕ(G,µlf ).

Lemma 11.5.4 Let (M, ξ) be a representation of H. The following diagram commutes.

(M, ξ)(G,µ
l
f ) MG M

MG MH

E
(G,µlf )

(M,ξ)

E
(G,µlf )

(M,ξ)

Mε

ξ̌
Mf

Proof. Since the following diagram commutes,

(M, ξ)(G,µ
l
f ) MG MG×G MG×1

MG (MH)G MH×G MH×1

M1 (MH)1 MH×1 MH

E
(G,µlf )

(M,ξ)

E
(G,µlf )

(M,ξ)

Mµ MidG×ε

Mf×idG Mf×id1

ξ̌G

Mε

θH,G(M)

(MH)ε

MidH×ε

MidG×ε M(idH,oH )

ξ̌1 θH,1(M) M(idH,oH )

it follows from (6.4.22) that

ξ̌MεE
(G,µlf )

(M,ξ) =M (idH ,oH)θH,1(M)ξ̌1MεE
(G,µlf )

(M,ξ) =M (idH ,oH)Mf×id1M idG×εMµE
(G,µlf )

(M,ξ)

=Mµ(idG×ε)(f×id1)(idH ,oH)E
(G,µlf )

(M,ξ) =Mµ(idG×ε)(idG,oG)fE
(G,µlf )

(M,ξ) =MfE
(G,µlf )

(M,ξ) .

Proposition 11.5.5 Let (M, ξ) be a representation of H. A composition

(M, ξ)(G,µ
l
f )

E
(G,µlf )

(M,ξ)−−−−−→MG Mε

−−→M1 =M

defines a morphism f
.
f.(M, ξ) =

(
(M, ξ)(G,µ

l
f ), (ξrf )f

)
→ (M, ξ) of representations of H.

Proof. We put ξ̄f = EH
(
(M, ξ)(G,µ

l
f )
)
(M,ξ)

(G,µl
f
)

(
(ξrf )f

)
Then, ξ̄f =

(
(M, ξ)(G,µ

l
f )
)f
ξ̌f by (6.4.3). The following

diagram commutes by the definition of ξ̌f , (6.4.3), (6.4.9), (6.4.20).

(M, ξ)(G,µ
l
f )

(
(M, ξ)(G,µ

l
f )
)G (

(M, ξ)(G,µ
l
f )
)H

MG MG×G (MG)G (MG)H

MH×G (MH)G (MH)H

ξ̌f

E
(G,µlf )

(M,ξ)

(
(M, ξ)

(G,µlf )
)f

(
E

(G,µlf )

(M,ξ)

)G (
E

(G,µlf )

(M,ξ)

)H
Mµ θG,G(M)−1

Mf×idG

(MG)f

(Mf )G (Mf )H

θH,G(M)−1 (MH)f
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Recall that E
(G,µlf )

(M,ξ) : (M, ξ)(G,µ
l
f ) → MG is an equalizer of Mf×idGMµ : MG → MH×G and θH,G(M)ξ̌G :

MG →MH×G. Hence by (11.5.4), we have(
MεE

(G,µlf )

(M,ξ)

)H
ξ̄f = (Mε)H

(
E

(G,µlf )

(M,ξ)

)H(
(M, ξ)(G,µ

l
f )
)f
ξ̌f = (Mfε′)H(MG)fθG,G(M)−1MµE

(G,µlf )

(M,ξ)

= (Mε′)H(MH)fθH,G(M)−1Mf×idGMµE
(G,µlf )

(M,ξ) =Mf (Mε′)Gξ̌GE
(G,µlf )

(M,ξ)

=MfE
(G,µlf )

(M,ξ) = ξ̌MεE
(G,µlf )

(M,ξ)

Therefore MεE
(G,µlf )

(M,ξ) : f
.
f.(M, ξ) =

(
(M, ξ)(G,µ

l
f ), (ξrf )f

)
→ (M, ξ) is a morphism of representations of H.

Theorem 11.5.6 f. : Rep(H ;F)→ Rep(G ;F) is a right adjoint of f
.
: Rep(G ;F)→ Rep(H ;F).

Proof. Let (M, ξ) be an object of Rep(G ;F) and (N, ζ) an object of Rep(H ;F). For a morphism ϕ : f
.
(M, ξ) =

(M, ξf )→ (N, ζ) of Rep(H ;F), we define a morphism ϕt : M → (N, ζ)(G,µ
l
f ) as follows. Put ξ̌ = EG(M)M (ξ)

and ζ̌ = EH(N)N (ζ). Then, EG(M)M (ξf ) = Mf ξ̌ by (6.4.3) and it follows from (11.3.3) that ζ̌ϕ = ϕHMf ξ̌.
By (11.3.1) and (6.4.20), we have Mf×idGMµξ̌ =Mf×idGθG,G(M)ξ̌Gξ̌ = θH,G(M)(Mf )Gξ̌Gξ̌. Hence

NµlfϕGξ̌ = ϕH×GMµlf ξ̌ = ϕH×GMf×idGMµξ̌ = ϕH×GθH,G(M)(Mf )Gξ̌Gξ̌ = θH,G(N)(ϕH)G(Mf )Gξ̌Gξ̌

= θH,G(N)(ϕHMf ξ̌)Gξ̌ = θH,G(N)(ζ̌ϕ)Gξ̌ = θH,G(N)ζ̌GϕGξ̌

and this implies that there exists a unique morphism ϕt : M → (N, ζ)(G,µ
l
f ) that satisfies E

(G,µlf )

(N,ζ) ϕt = ϕGξ̌.

Then,(
E

(G,µlf )

(N,ζ)

)G
(ϕt)Gξ̌ = (ϕG)Gξ̌Gξ̌ = (ϕG)GθG,G(M)−1Mµξ̌ = θG,G(N)−1ϕG×GMµξ̌ = θG,G(N)−1NµϕGξ̌

= θG,G(N)−1NµE
(G,µlf )

(N,ζ) ϕt =
(
E

(G,µlf )

(N,ζ)

)G
ζ̌fϕ

t

by (11.3.1), (6.4.20) and the definition of ζ̌f . Since
(
E

(G,µlf )

(N,ζ)

)G
is a monomorphism by (ii) of (11.5.1), the above

implies (ϕt)Gξ̌ = ζ̌fϕ
t. Namely, ϕt is a morphism (M, ξ) →

(
(N, ζ)(G,µ

l
f ), ζrf

)
= f.(N, ζ) of representations by

(11.3.3). We define a map ad
(M,ξ)
(N,ζ) : Rep(H ;F)(f.(M, ξ), (N, ζ))→ Rep(G ;F)((M, ξ), f.(N, ζ)) by ad

(M,ξ)
(N,ζ) (ϕ) =

ϕt.
Let ψ : (L, λ)→ (M, ξ) be a morphism of Rep(G ;F) and ϕ : f

.
(M, ξ)→ (N, ζ) a morphism of Rep(H ;F).

We put λ̌ = EG(L)L(λ). Since E
(G,µlf )

(N,ζ) ϕtψ = ϕGξ̌ψ = ϕGψGλ̌ = (ϕψ)Gλ̌, we have ad
(L,λ)
(N,ζ)(ϕψ) = ϕtψ by the

definition of ad
(L,λ)
(N,ζ). This shows that the following diagram commutes.

Rep(H ;F)(f.(M, ξ), (N, ζ)) Rep(G ;F)((M, ξ), f.(N, ζ))

Rep(H ;F)(f.(L, λ), (N, ζ)) Rep(G ;F)((L, λ), f.(N, ζ))

ad
(M,ξ)

(N,ζ)

f
.
(ψ)∗ ψ∗

ad
(L,λ)

(N,ζ)

Let γ : (N, ζ)→ (P, χ) be a morphism of Rep(H ;F) and put χ̌ = EH(P )P (χ). Since E
(G,µlf )

(N,ζ) ϕt = ϕGξ̌, we

have E
(G,µlf )

(P,χ) γ(G,µ
l
f )ϕt = γGE

(G,µlf )

(N,ζ) ϕt = γGϕGξ̌ = (γϕ)Gξ̌, which implies ad
(M,ξ)
(P,χ) (γϕ) = γ(G,µ

l
f )ϕt. Therefore

the following diagram also commutes.

Rep(H ;F)(f.(M, ξ), (N, ζ)) Rep(G ;F)((M, ξ), f.(N, ζ))

Rep(H ;F)(f.(M, ξ), (P, χ)) Rep(G ;F)((M, ξ), f.(P, χ))

ad
(M,ξ)

(N,ζ)

γ∗ f.(γ)∗
ad

(M,ξ)

(P,χ)
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If ad
(M,ξ)
(N,ζ) (ϕ) = ad

(M,ξ)
(N,ζ) (ψ) for ϕ,ψ ∈ Rep(H ;F)(f.(M, ξ), (N, ζ)), then ϕGξ̌ = ψGξ̌. It follows from (11.3.1)

and (6.4.9) that ϕ = ϕMεξ̌ = NεϕGξ̌ = NεψGξ̌ = ψMεξ̌ = ψ. Hence ad
(M,ξ)
(N,ζ) is injective.

For a morphism ψ : (M, ξ)→ f.(N, ζ) of Rep(G ;F), define ϕ :M → N to be a composition

M
ψ−→ (N, ζ)(G,µ

l
f )

E
(G,µlf )

(N,ζ)−−−−−→ NG Nε−−→ N1 = N.

Since ψ = f
.
(ψ) : (M, ξf )→

(
(N, ζ)(G,µ

l
f ), (ζrf )f

)
is a morphism of representations of H, it follows from (11.5.5)

that ϕ defines a morphism f
.
(M, ξ) = (M, ξf ) → (N, ζ) of representations of H. We note that the following

diagrams commutes.

M (N, ζ)(G,µ
l
f ) NG

MG
(
(N, ζ)(G,µ

l
f )
)G

(NG)G

ψ

ξ̌

E
(G,µlf )

(N,ζ)

ζ̌f θG,G(N)−1Nµ

ψG
(
E

(G,µlf )

(N,ζ)

)G
NG NG×G (NG)G

N1×G (N1)G

Nµ

Npr2

θG,G(N)−1

Nε×idG (Nε)G

θ1,G(N)−1

It follows from (6.4.22) that

ϕGξ̌ = (Nε)G
(
E

(G,µlf )

(N,ζ)

)G
ψGξ̌ = (Nε)GθG,G(N)−1NµE

(G,µlf )

(N,ζ) ψ = θ1,G(N)−1Npr2E
(G,µlf )

(N,ζ) ψ = E
(G,µlf )

(N,ζ) ψ,

which implies ad
(M,ξ)
(N,ζ) (ϕ) = ψ and this shows that ad

(M,ξ)
(N,ζ) is surjective.

Remark 11.5.7 For (M, ξ) ∈ Rep(G ;F), the unit

ηr(f)(M,ξ) = ad
(M,ξ)
f
.
(M,ξ)

(
idf

.
(M,ξ)

)
: (M, ξ)→

(
(M, ξf )

(G,µlf ), (ξf )
f
)
= f.f

.
(M, ξ)

of the adjunction f
. a f. is the unique morphism that satisfies E

(G,µlf )

(M,ξf )
ηr(f)(M,ξ) = ξ̌. For (N, ζ) ∈ Rep(H ;F),

the counit of the adjunction f
. a f.

εr(f)(N,ζ) : f
.
f.(N, ζ) =

(
(N, ζ)(G,µ

l
f ), (ζrf )f

)
→ (N, ζ)

is given by the composition (N, ζ)(G,µ
l
f )

E
(G,µlf )

(N,ζ)−−−−−→ NG Nε−−→ N1 = N .

Definition 11.5.8 Let G be a group object of T and ι : H → G a subgroup object of G. For a representation
(M, ξ) of H, we call ι.(M, ξ) the right induced representation of (M, ξ) to G and denote this by RindGH(M, ξ).

234



12 Representations in fibered category of affine modules

12.1 Topological Hopf algebras and comodules

We call an internal group in TopAlgopcK∗ a topological Hopf algebra. Namely, a topological Hopf algebra consists
of an object A∗ of TopAlgcK∗ with unit uA∗ : K∗ → A∗ and product mA∗ : A∗ ⊗K∗ A∗ → A∗ and three
morphisms ε : A∗ → K∗, µ : A∗ → A∗ ⊗̂K∗ A∗, ι : A∗ → A∗ of TopAlgK∗ which make the following diagrams
commute.

A∗ A∗ ⊗̂K∗ A∗

A∗ ⊗̂K∗ A∗ A∗ ⊗̂K∗ A∗ ⊗̂K∗ A∗

µ

µ idA∗ ⊗̂K∗ µ

µ ⊗̂K∗ idA∗

A∗

A∗ ⊗̂K∗ K∗ A∗ ⊗̂K∗ A∗ K∗ ⊗̂K∗ A∗

µ
j1 j2

idA∗ ⊗̂K∗ ε ε ⊗̂K∗ idA∗

A∗ K∗ A∗ K∗ A∗

A∗ ⊗̂K∗ A∗ A∗ ⊗̂K∗ A∗ A∗ ⊗̂K∗ A∗

uA∗

µ

ε ε uA∗

m̂A∗

idA∗ ⊗̂K∗ ι ι ⊗̂K∗ idA∗

m̂A∗

Here, m̂A∗ : A∗ ⊗̂K∗ A∗ → A∗ is the map induced by mA∗ and j1 : A∗ → K∗ ⊗̂K∗ A∗, j2 : A∗ → A∗ ⊗̂K∗ K∗ are
maps defined by j1(a) = a⊗ 1, j2(a) = 1⊗ a.

We assume that a subcategory C of TopAlgcK∗ has finite coproducts. We also assume that a subcategoryM
of TopModcK∗ is additive, satisfies (10.1.1) and that every morphism ofM has a kernel inM and consider the
fibered category popC :Mod(C,M)op → Cop of affine modules (10.1.4).

We recall that, for morphisms λ : R∗ → S∗, ν : S∗ → T ∗ of C and an object M = (R∗,M∗, α) of

Mod(C,M)R∗ , we have (νλ)∗(M) = (T ∗,M∗ ⊗̂R∗ T ∗, α̂νλ), ν
∗(λ∗(M)) = (T ∗, (M∗ ⊗̂R∗ S∗) ⊗̂S∗ T ∗, (̂α̂λ)ν) and

the canonical isomorphism cλ,ν(M) : (νλ)∗(M)→ ν∗(λ∗(M)) is given by cλ,ν(M) = (idT∗ , ĉλ,ν,M∗), where

ĉλ,ν,M∗ :M∗ ⊗̂R∗ T ∗ → (M∗ ⊗̂R∗ S∗) ⊗̂S∗ T ∗

is the map induced by a map M∗ ⊗R∗ T ∗ → (M∗ ⊗R∗ S∗)⊗S∗ T ∗ which maps x⊗ t to (x⊗ 1)⊗ t.

Notations 12.1.1 (1) For a morphism λ : R∗ → S∗ of K∗-algebras, we define a left R∗-module structure
R∗ ⊗K∗ S∗ → S∗ on S∗ by r ⊗ s 7→ λ(r)s and denote by λS

∗ the right R∗-module S∗ with this structure
map.

(2) For a K∗-module M∗ and morphisms λ, ν : R∗ → S∗ of K∗-algebras, we denote by

τ̂λ,ν : (M∗ ⊗̂K∗ R∗) ⊗̂R∗λS
∗ → (M∗ ⊗̂K∗ R∗) ⊗̂R∗νS

∗

a composition

(M∗ ⊗K∗ R∗)⊗R∗ λS
∗
c̃−1
uR∗ ,λ,M∗
−−−−−−−→M∗ ⊗K∗ λuR∗S

∗ =M∗ ⊗K∗ νuR∗S
∗ c̃uR∗ ,ν,M∗
−−−−−−−→ (M∗ ⊗K∗ R∗)⊗R∗ νS

∗.

Let (A∗, µ, ε, ι) be a topological Hopf algebra in C which is an group object in Cop which we denote by A∗

for short We apply the definition (11.1.1) to G and a fibered category popC :Mod(C,M)op → Cop, then we have
the following.

Proposition 12.1.2 Let M = (K∗,M∗, α) be an object of Mod(C,M)K∗ and ξ : u∗A∗(M) → u∗A∗(M) a
morphism of Mod(C,M)A∗ . We put ξ = (idA∗ , ξ) where ξ : M∗ ⊗̂K∗ A∗ → M∗ ⊗̂K∗ A∗ is a homomorphism of
right A∗-modules. Then, ξ gives a representation of A∗ on M = (K∗,M∗, α) if and only if

ξ ⊗̂A∗ idK∗ : (M∗ ⊗̂K∗ A∗) ⊗̂A∗εK
∗ → (M∗ ⊗̂K∗ A∗) ⊗̂A∗εK

∗

is the identity map of (M∗ ⊗̂K∗ A∗) ⊗̂A∗εK
∗ and ξ makes the following diagram commute.

(M∗ ⊗̂K∗ A∗) ⊗̂A∗µ(A
∗ ⊗̂K∗ A∗) (M∗ ⊗̂K∗ A∗) ⊗̂A∗µ(A

∗ ⊗̂K∗ A∗)

(M∗ ⊗̂K∗ A∗) ⊗̂A∗
î1
(A∗ ⊗̂K∗ A∗) (M∗ ⊗̂K∗ A∗) ⊗̂A∗

î2
(A∗ ⊗̂K∗ A∗)

(M∗ ⊗̂K∗ A∗) ⊗̂A∗
î1
(A∗ ⊗̂K∗ A∗) (M∗ ⊗̂K∗ A∗) ⊗̂A∗

î2
(A∗ ⊗̂K∗ A∗)

ξ ⊗̂A∗ idA∗ ⊗̂K∗ A∗

τ̂µ,̂i1
τ̂µ,̂i2

ξ ⊗̂A∗ idA∗ ⊗̂K∗ A∗

τ̂î1 ,̂i2

ξ ⊗̂A∗ idA∗ ⊗̂K∗ A∗
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For a morphism ξ : u∗A∗(M)→ u∗A∗(M) ofMod(C,M)opK∗ , we put

ξ̂ = PA∗(M)M (ξ) ∈Mod(C,M)opK∗(A
∗ ×M ,M).

If we put ξ = (idA∗ , ξ), ξ is a right A∗-module homomorphism M∗ ⊗̂K∗ A∗ → M∗ ⊗̂K∗ A∗. Let us denote by
iM∗ :M∗ →M∗⊗K∗A∗ a map defined by iM∗(x) = x⊗ 1 and by îM∗ :M∗ →M∗ ⊗̂K∗ A∗ a composition

M∗ iM∗−−→M∗⊗K∗A∗ completion−−−−−−−→M∗ ⊗̂K∗ A∗.

Since A∗ ×M = (K∗,M∗⊗̂K∗A∗, αuA∗ (idM∗ ⊗̂K∗ A∗ ⊗̂K∗ uA∗)) and ξ̂ = (idK∗ , ξ̂) for a homomorphism ξ̂ =

ξîM∗ :M∗ →M∗ ⊗̂K∗ A∗ of right K∗-modules by (3) of (10.1.9), the following result follows from (11.2.1) and
(10.1.9).

Proposition 12.1.3 ξ defines a representation of A∗ on M if and only if a composition

M∗ ξ̂−→M∗ ⊗̂K∗ A∗ idM∗ ⊗̂K∗ε−−−−−−−→M∗ ⊗̂K∗ K∗ =M∗⊗K∗K∗ α−→M∗

is the identity morphism of M∗ and the following diagram commute.

M∗ M∗ ⊗̂K∗ A∗ (M∗ ⊗̂K∗ A∗) ⊗̂K∗ A∗

M∗ ⊗̂K∗ A∗ M∗ ⊗̂K∗(A∗ ⊗̂K∗ A∗)

ξ̂

ξ̂

ξ̂⊗K∗ idA∗

θ̃A∗,A∗ (M)

idM∗⊗K∗µ

Remark 12.1.4 For an object M = (K∗,M∗, α) of Mod(C,M)K∗ , let iM∗ : M∗ → M∗ ⊗K∗ A∗ be the map

defined by iM∗(x) = x ⊗ 1 and îM∗ : M∗ → M∗ ⊗̂K∗ A∗ a composition M∗ iM∗−−→ M∗ ⊗K∗ A∗ ηM∗⊗K∗A∗
−−−−−−−→

M∗ ⊗̂K∗ A∗. Then we have PA∗(M)M (idM ) = (idK∗ , îM∗) by (10.1.9). We call (M∗, îM∗) the trivial right
A∗-comodule.

The following result follows from (11.2.3) and (10.1.9).

Proposition 12.1.5 Let (M , ξ) and (N , ζ) be representations of A∗ and we put PA∗(M)M (ξ) = (idK∗ , ξ̂),

PA∗(N)N (ζ) = (idK∗ , ζ̂) Suppose M = (K∗,M∗, α), N = (K∗, N∗, β). A morphism φ = (idK∗ , ϕ) :M →N ,
of Mod(C,M)opK∗ gives a morphism (M , ξ) → (N , ζ) of representations of A∗ if and only if the following
diagram commutative.

N∗ N∗ ⊗̂K∗ A∗

M∗ M∗ ⊗̂K∗ A∗

ζ̂

φ φ ⊗̂K∗ idA∗

ξ̂

If a morphism ξ̂ :M∗ →M∗ ⊗K∗ A∗ of right K∗-modules satisfies the conditions of (12.1.3), a pair (M∗, ξ̂)
is usually called a right Γ-comodule. It follows from the above fact that, the category of representations of A∗

is isomorphic to the opposite category of the category of right A∗-comodules.

Definition 12.1.6 Assume that K∗ is an object of C and that ΣnK∗ is an object of M as a right K∗-
module. We denote by ΣnK an object (K∗,ΣnK∗,ΣnmK∗) of Mod(C,M)K∗ and consider the trivial rep-
resentation (ΣnK, idu∗

A∗ (ΣnK)) of A∗ on ΣnK. For a representation (M , ξ) of A∗, we call a morphism

(M , ξ)→ (ΣnK, idu∗
A∗ (ΣnK)) of representations of A∗ an n-dimensional primitive element of (M , ξ).

Proposition 12.1.7 For a representation (M , ξ) of A∗, put M = (K∗,M∗, α) and PA∗(M)M (ξ) = (idK∗ , ξ̂).
For x ∈Mn, we define a map ϕx : ΣnK∗ →M∗ by ϕx([n], r) = xr. Then, a morphism (idK∗ , ϕx) :M → ΣnK

ofMod(C,M)opK∗ is an n-dimensional primitive element of (M , ξ) if and only if x satisfies ξ̂(x) = îM∗(x).

Proof. We put PA∗(ΣnK)ΣnK(idu∗
A∗ (ΣnK)) = (idK∗ , ζ̂). Then, ζ̂ = îΣnK∗ : ΣnK∗ → ΣnK∗ ⊗̂K∗ A∗ and the

following diagram is commutative if and only if the following diagram is commutative.
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ΣnK∗ ΣnK∗ ⊗̂K∗ A∗

M∗ M∗ ⊗̂K∗ A∗

ζ̂

φx φx ⊗̂K∗ idA∗

ξ̂

Hence (idK∗ , ϕx) is a morphism of representations of A∗ if and only if x satisfies ξ̂(x) = îM∗(x) by (12.1.5).

We define a subset Pn(M , ξ) of Mn by Pn(M , ξ) = {x ∈Mn | ξ̂(x) = îM∗(x)}. It follows from (12.1.7) that
we have a bijection between Pn(M , ξ) and the set of all n-dimensional primitive elements of (M , ξ).

Proposition 12.1.8 Let f : A∗ → B∗ be a morphism of topological Hopf algebras and a representation (M , ξ)
of A∗ on M = (K∗,M∗, α).

(1) We put ξ = (idA∗ , ξ) and define a map ξf :M∗ ⊗̂K∗ B∗ →M∗ ⊗̂K∗ B∗ to be the unique map that makes
the following diagram commute.

M∗ ⊗̂K∗ B∗ M∗ ⊗̂K∗ B∗

(M∗ ⊗̂K∗ A∗) ⊗̂A∗ B∗ (M∗ ⊗̂K∗ A∗) ⊗̂A∗ B∗

ξf

ĉuA∗ ,f,M∗ ĉuA∗ ,f,M∗

ξ ⊗̂K∗ idB∗

Then, we have ξf = (idB∗ , ξf ).

(2) We put PA∗(M)M (ξ) = (idK∗ , ξ̂) and PB∗(M)M (ξf ) = (idK∗ , ξ̂f ). Then, ξ̂f is the following composi-
tion.

M∗ ξ̂−→M∗ ⊗̂K∗ A∗ idM∗ ⊗̂K∗ f−−−−−−−−→M∗ ⊗̂K∗ B∗

Proof. (1) The assertion follows from (10.1.8) and (11.1.4).
(2) It follows from (11.2.2) and (5) of (10.1.9) that we have the following equalities inMod(C,M)K∗ .

PB∗(M)M (ξf ) = (f ×M)ξ̂ = (idK∗ , idM∗ ⊗̂K∗ f)(idK∗ , ξ̂) = (idK∗ , (idM∗ ⊗̂K∗ f)ξ̂)

Hence the assertion follows.

Proposition 12.1.9 Let f : A∗ → B∗ be a morphism of Hopf algebras and (M , ξ), (M , ζ) representations
of A∗, B∗, respectively. Put M = (K∗,M∗, α) and ξ = (idK∗ , ξ), ζ = (idK∗ , ζ). If the following diagram is
commutative, ζ = ξf holds.

M∗ ⊗̂K∗ A∗ M∗ ⊗̂K∗ A∗

M∗ ⊗̂K∗ B∗ M∗ ⊗̂K∗ B∗

ξ

idM∗ ⊗̂K∗ f idM∗ ⊗̂K∗ f

ζ

Proof. The upper rectangle of the following diagram is commutative by the definition of ξf and the upper middle
one is commutative by the assumption. Other rectangles and the semicircles on the both sides are commutative.

M∗ ⊗̂K∗ B∗ M∗ ⊗̂K∗ B∗

(M∗ ⊗̂K∗ A∗) ⊗̂A∗ B∗ (M∗ ⊗̂K∗ A∗) ⊗̂A∗ B∗

(M∗ ⊗̂K∗ B∗) ⊗̂A∗ B∗ (M∗ ⊗̂K∗ B∗) ⊗̂A∗ B∗

(M∗ ⊗̂K∗ B∗) ⊗̂B∗ B∗ (M∗ ⊗̂K∗ B∗) ⊗̂B∗ B∗

M∗ ⊗̂K∗ B∗ M∗ ⊗̂K∗ B∗

ξf

ĉuA∗ ,f,M∗

ĉuB∗ ,idB∗ ,M∗

ĉuA∗ ,f,M∗

ĉuB∗ ,idB∗ ,M∗

ξ ⊗̂K∗ idB∗

(idM∗ ⊗̂K∗ f) ⊗̂A∗ idB∗ (idM∗ ⊗̂K∗ f) ⊗̂A∗ idB∗

ζ ⊗̂A∗ idB∗

⊗̂f ⊗̂f
ζ ⊗̂B∗ idB∗

ĉ−1
uB∗ ,idB∗ ,M∗ ĉ−1

uB∗ ,idB∗ ,M∗

ζ
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Hence the composition of the vertical maps is the identity map of M∗ ⊗̂K∗ B∗ and the assertion follows.

Definition 12.1.10 For a topological Hopf algebra A∗, a left A∗-comodule algebra is a pair (R∗, γ) of object
R∗ of C and a morphism γ : R∗ → A∗ ⊗̂K∗ R∗ of C which makes the following diagrams commute.

R∗ A∗ ⊗̂K∗ R∗

A∗ ⊗̂K∗ R∗ A∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗

γ

γ µ ⊗̂K∗ idR∗

idA∗ ⊗̂K∗ γ

R∗ A∗ ⊗̂K∗ R∗

K∗ ⊗̂K∗ R∗

γ

j2
ε ⊗̂K∗ idR∗

Here, j2 : R∗ → K∗ ⊗K∗ R∗ = K∗ ⊗̂K∗ R∗ is a map defined by j2(r) = 1 ⊗ r. Similarly, a right A∗-comodule
algebra is a pair (R∗, γ) of object R∗ of C and a morphism γ : R∗ → R∗ ⊗̂K∗ A∗ of C which makes the following
diagrams commute.

R∗ R∗ ⊗̂K∗ A∗

R∗ ⊗̂K∗ A∗ R∗ ⊗̂K∗ A∗ ⊗̂K∗ A∗

γ

γ idR∗ ⊗̂K∗ µ

γ ⊗̂K∗ idA∗

R∗ R∗ ⊗̂K∗ A∗

R∗ ⊗̂K∗ K∗

γ

j1
idR∗ ⊗̂K∗ ε

Here, j1 : R∗ → R∗ ⊗K∗ K∗ = R∗ ⊗̂K∗ K∗ is a map defined by j1(r) = r ⊗ 1.

Proposition 12.1.11 Let (A∗, µ, ε, ι) be a topological Hopf algebra and (R∗, γ) a right A∗-comodule. Define a
map γ̃ : R∗ → A∗⊗̂K∗R∗ to be the following composition.

R∗ γ−→ R∗⊗̂K∗A∗ T̂R∗,A∗
−−−−−→ A∗⊗̂K∗R∗ ι ⊗̂K∗ idR∗−−−−−−−→ A∗⊗̂K∗R∗

Then, (R∗, γ̃) is a left A∗-comodule. If (R∗, γ) a right A∗-comodule algebra, (R∗, γ̃) is a left A∗-comodule algebra.

Proof. The following diagrams commute by the assumption.

R∗ R∗ ⊗̂K∗ A∗ A∗⊗̂K∗R∗

R∗ ⊗̂K∗ K∗ K∗ ⊗̂K∗ R∗

γ

j1
idR∗ ⊗̂K∗ ε

T̂2

ε ⊗̂K∗ idR∗

T̂R∗,K∗

R∗ R∗⊗̂K∗A∗ A∗⊗̂K∗R∗ A∗⊗̂K∗R∗

R∗⊗̂K∗A∗ R∗⊗̂K∗A∗⊗̂K∗A∗ A∗⊗̂K∗A∗⊗̂K∗R∗ A∗⊗̂K∗A∗⊗̂K∗R∗

A∗⊗̂K∗R∗ A∗⊗̂K∗R∗⊗̂K∗A∗ A∗⊗̂K∗A∗⊗̂K∗R∗

A∗⊗̂K∗R∗ A∗⊗̂K∗R∗⊗̂K∗A∗ A∗⊗̂K∗A∗⊗̂K∗R∗

γ

γ

T̂2

idR∗ ⊗̂K∗ µ

ι ⊗̂K∗ idR∗

µ ⊗̂K∗ idR∗ µ ⊗̂K∗ idR∗

γ ⊗̂K∗ idA∗

T̂2

T̂R∗,A∗ ⊗̂K∗ A∗

T̂R∗ ⊗̂K∗ A∗,A∗

T̂1(ι ⊗̂K∗ ι) ⊗̂K∗ idR∗

T̂1 ⊗̂K∗ idR∗

idA∗ ⊗̂K∗ γ

ι ⊗̂K∗ idR∗

idA∗ ⊗̂K∗ T̂2

ι ⊗̂K∗ idR∗ ⊗̂K∗ idA∗ ι ⊗̂K∗ idA∗ ⊗̂K∗ idR∗

idA∗ ⊗̂K∗ γ idA∗ ⊗̂K∗ T̂2

idA∗ ⊗̂K∗ ι ⊗̂K∗ idR∗

Here we put T̂1 = T̂A∗,A∗ and T̂2 = T̂R∗,A∗ . Since j2 = T̂R∗,K∗j1, the assertion follows.

Definition 12.1.12 We call (R∗, γ̃) the left A∗-comodule associated with (R∗, γ). If (R∗, γ) a right A∗-comodule
algebra, we call (R∗, γ̃) a left A∗-comodule algebra associated with (R∗, γ).

Let (R∗, γ) be a left A∗-comodule algebra. For an object M = (K∗,M∗, α) of Mod(C,M)K∗ , we define
γl(M) : R∗ ×M → A∗ × (R∗ ×M) to be the following composition.

R∗ ×M γ×M−−−−→ (A∗ ⊗̂K∗ R∗)×M
θA∗,R∗ (M)−1

−−−−−−−−−→ A∗ × (R∗ ×M)

Proposition 12.1.13 If M = (K∗,M∗, α), we define a map γ̂M : M∗ ⊗̂K∗ R∗ → (M∗ ⊗̂K∗ R∗) ⊗̂K∗ A∗ to be
the following composition.

M∗ ⊗̂K∗ R∗ idM∗⊗K∗γ−−−−−−−→M∗ ⊗̂K∗(A∗ ⊗̂K∗ R∗)
θ̃A∗,R∗ (M)−1

−−−−−−−−−→ (M∗ ⊗̂K∗ R∗) ⊗̂K∗ A∗

Then, we have γ̂l(M) = (idK∗ , γ̂M ).

238



Proof. The assertion is a direct consequence of (10.1.9) and (10.1.11).

(10.1.12) and (11.2.9) implies the following result.

Proposition 12.1.14 Assume that K∗ is a field. Let (M , ξ) and (M , ζ) be representations of A∗ on M =

(K∗,M∗, α) ∈ ObMod(C,M)K∗ . We put PA∗(M)M (ξ) = (idK∗ , ξ̂) and PA∗(M)M (ζ) = (idK∗ , ζ̂).

(1) Let κξ,ζ :M
∗
(ξ:ζ) →M∗ be the kernel of ξ̂− ζ̂ :M∗ →M∗ ⊗̂K∗ A∗. We denote by ᾱ the right K∗-module

structure of M∗
(ξ:ζ) as a submodule of M∗. There exists unique homomorphism λ̂ : M∗

(ξ:ζ) → M∗
(ξ:ζ) ⊗̂K∗ A∗ of

right A∗-modules that makes the following diagram commute.

M∗ M∗
(ξ:ζ) M∗

M∗ ⊗̂K∗ A∗ M∗
(ξ:ζ) ⊗̂K∗ A∗ M∗ ⊗̂K∗ A∗

ξ̂

κξ,ζ κξ,ζ

λ̂ ζ̂

κξ,ζ⊗K∗ idA∗ κξ,ζ⊗K∗ idA∗

(2) We putM (ξ:ζ) = (K∗,M∗
(ξ:ζ), ᾱ), λ̂ = (idK∗ , λ̂) :M (ξ:ζ) → A∗×M (ξ:ζ) and λ = PA∗(M (ξ:ζ))

−1
M(ξ:ζ)

(λ̂) :

u∗A∗(M (ξ:ζ))→ u∗A∗(M (ξ:ζ)). Then, (M (ξ:ζ),λ) is a representation of A∗ and a morphism κξ,ζ = (idK∗ , κξ,ζ) :
M →M (ξ:ζ) ofMod(C,M)opK∗ defines morphisms of representations (M (ξ:ζ),λ)→ (M , ξ) and (M (ξ:ζ),λ)→
(M , ζ).

(3) Let (N ,ν) be a representation of A∗. Suppose that a morphism φ :M →N ofMod(C,M)opA∗ gives mor-
phisms (M , ξ) → (N ,ν) and (M , ζ) → (N ,ν) of representations of A∗. Then, there exists unique morphism
φ̃ : (M (ξ:ζ), λ)→ (N ,ν) of representations of A∗ that satisfies φ̃κξ,ζ = φ.

Remark 12.1.15 Recall that îM∗ : M∗ → M∗ ⊗̂K∗ A∗ is the composition of a map M∗ → M∗ ⊗K∗ A∗ given
by x 7→ x ⊗ 1 and ηM∗⊗K∗A∗ : M∗ ⊗K∗ A∗ → M∗ ⊗̂K∗ A∗. If ζ = idu∗

A∗ (M), namely (M , ζ) is the trivial

representation of A∗ onM , ζ̂ :M∗ →M∗ ⊗̂K∗ A∗ coincides with îM∗ . Hence if we put P (M , ξ) = Ker(ξ̂− îM∗),
then we have P (M , ξ) =

∑
n∈Z

Pn(M , ξ) and the obit M/ξ of (M , ξ) is a K∗-module P (M , ξ) of primitive

elements of M∗.

Let (R∗, γ) be a right A∗-comodule algebra and (M , ξ) a representations of A∗ on M = (K∗,M∗, α). We

put PA∗(M)M (ξ) = ξ̂ and denote by P
(R∗,γ)
(M ,ξ) : (R∗, γ)× (M , ξ)→ R∗×M an equalizer of γ×M : R∗×M →

(R∗ ⊗̂K∗A∗)×M and a composition

R∗ ×M R∗× ξ̂−−−−→ R∗ × (A∗ ×M)
θR∗,A∗ (M)
−−−−−−−→ (R∗ ⊗̂K∗A∗)×M .

The following result is a direct consequence of (10.1.9).

Proposition 12.1.16 We put PA∗(M)M (ξ) = (idK∗ , ξ̂). Let P̃
(R∗,γ)

(M∗,ξ̂)
: (M∗, ξ̂)□A∗(R∗, γ) → M∗ ⊗̂K∗ R∗ be

an equalizer of idM∗ ⊗̂K∗ γ :M∗ ⊗̂K∗ R∗ →M∗ ⊗̂K∗(R∗ ⊗̂K∗ A∗) and the following composition.

M∗ ⊗̂K∗ R∗ ξ̂ ⊗̂K∗ idR∗−−−−−−−→ (M∗ ⊗̂K∗ A∗) ⊗̂K∗ R∗ θ̃R∗,A∗ (M)
−−−−−−−→M∗ ⊗̂K∗(R∗ ⊗̂K∗ A∗)

Then, we have (R∗, γ) × (M , ξ) = (K∗, (M∗, ξ̂)□A∗(R∗, γ), α̃) and P
(R∗,γ)
(M ,ξ) =

(
idK∗ , P̃

(R∗,γ)

(M∗,ξ̂)

)
, where α̃ is the

K∗-module structure of (M∗, ξ̂)□A∗(R∗, γ) as a submodule of M∗ ⊗̂K∗ R∗.

Remark 12.1.17 Define a map γ′ : R∗ → A∗⊗̂K∗R∗ to be the following composition.

R∗ γ−→ R∗⊗̂K∗A∗ T̂R∗,A∗
−−−−−→ A∗⊗̂K∗R∗

We note that θ̃R∗,A∗(M) is an isomorphism and the following diagram is commutative by the definition of

θ̃R∗,A∗(M).

M∗ ⊗̂K∗ R∗ M∗ ⊗̂K∗(R∗ ⊗̂K∗ A∗)

M∗ ⊗̂K∗(A∗ ⊗̂K∗ R∗) (M∗ ⊗̂K∗ A∗) ⊗̂K∗ R∗

idM∗ ⊗̂K∗ γ

idM∗ ⊗̂K∗ γ′ θ̃R∗,A∗ (M)−1

∼=
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It follows that P̃
(R∗,γ)
(M∗,ξ) : (M

∗, ξ̂)□A∗(R∗, γ)→M∗ ⊗̂K∗ R∗ is an equalizer of

M∗ ⊗̂K∗ R∗ idM∗ ⊗̂K∗ γ′

−−−−−−−−→M∗ ⊗̂K∗(R∗ ⊗̂K∗ A∗) ∼= (M∗ ⊗̂K∗ A∗) ⊗̂K∗ R∗

and ξ̂ ⊗̂K∗ idR∗ :M∗ ⊗̂K∗ R∗ → (M∗ ⊗̂K∗ A∗) ⊗̂K∗ R∗.

We also have the following result by (11.2.14).

Proposition 12.1.18 Let (R∗, γ), (S∗, δ) be right A∗-comodule algebras and f : S∗ → R∗ a morphism of right

A∗-comodule algebras. Let (M∗, ξ̂), (N∗, ζ̂) be right A∗-comodules and ϕ : M∗ → N∗ a morphism of right A∗-

comodules. We put M = (K∗,M∗, α), ξ = PA∗(M)−1
M ((idK∗ , ξ̂)), N = (K∗, N∗, β), ζ = PA∗(N)−1

N ((idK∗ , ζ̂))

and φ = (idK∗ , ϕ). There exist unique maps f(M∗,ξ̂) : (M∗, ξ̂)□A∗(S∗, δ) → (M∗, ξ̂)□A∗(R∗, γ) and ϕ(R∗,γ) :

(M∗, ξ̂)□A∗(R∗, γ)→ (N∗, ζ̂)□A∗(S∗, δ) that make the following diagrams commute.

(M∗, ξ̂)□A∗(S∗, δ) M∗ ⊗̂K∗ S∗

(M∗, ξ̂)□A∗(R∗, γ) M∗ ⊗̂K∗ R∗

P̃
(S∗,δ)
(M∗,ξ̂)

f(M∗,ξ̂) idM∗ ⊗̂K∗ f

P̃
(R∗,γ)
(N∗,ζ̂)

(M∗, ξ̂)□A∗(R∗, γ) M∗ ⊗̂K∗ R∗

(N∗, ζ̂)□A∗(S∗, δ) N∗ ⊗̂K∗ R∗

P̃
(R∗,γ)
(M∗,ξ̂)

φ(R∗,γ) φ ⊗̂K∗ idR∗

P̃
(R∗,γ)
(N∗,ζ̂)

12.2 Representations of topological Hopf algebras over a field

For the rest of this subsection, we assume that K∗ is a field such that Ki = {0} for i 6= 0 and that every

object of M is profinite. When we consider NA∗
for an object A∗ of C and an object N = (K∗, N∗, β) of

Mod(C,M)K∗ , we assume that A∗ and N∗ satisfy the conditions (i) and (ii) of (10.1.13), respectively.
Let (A∗, µ, ε, ι) be a topological Hopf algebra in C. For a morphism ζ : u∗A∗(N)→ u∗A∗(N) ofMod(C,M)opK∗ ,

we put ζ̌ = EA∗(N)N (ζ) ∈ Mod(C,M)opK∗(N ,NA∗
). If we put ζ = (idA∗ , ζ), ζ is a right A∗-module homo-

morphism N∗ ⊗̂K∗ A∗ → N∗ ⊗̂K∗ A∗. We note that A∗∗⊗K∗N∗ is complete by (2.3.2). It follows from (10.1.14)

that we have NA∗
= (K∗, A∗∗⊗K∗N∗, βA

∗
) and that if we put ζ̌ = (idK∗ , ζ̌), ζ̌ : A∗∗⊗K∗N∗ → N∗ is the

following composition.

A∗∗⊗K∗N∗ TA∗∗,N∗
−−−−−→ N∗⊗K∗A∗∗ îN∗,uA∗ ⊗K∗ idA∗∗

−−−−−−−−−−−−→ (N∗ ⊗̂K∗ A∗)⊗K∗A∗∗ ζ⊗K∗ idA∗∗−−−−−−−→ (N∗ ⊗̂K∗ A∗)⊗K∗A∗∗

T̂N∗,A∗⊗K∗ idA∗∗
−−−−−−−−−−−→ (A∗ ⊗̂K∗ N∗)⊗K∗A∗∗ (χA∗,K∗ ⊗̂K∗ idN∗ )⊗K∗ idA∗∗

−−−−−−−−−−−−−−−−−−−→ Hom∗(A∗∗,K∗) ⊗̂K∗ N∗⊗K∗A∗∗

φ̂A
∗∗

N∗ ⊗K∗ idA∗∗
−−−−−−−−−−→ Hom∗(A∗∗, N∗)⊗K∗A∗∗ evA

∗∗
N∗−−−−→ N∗

We recall an isomorphism κN∗ : N∗ → Hom∗(K∗, N∗) given in (3.1.24). The following result follows from
(11.3.1) and (10.1.15).

Proposition 12.2.1 ζ defines a representation of A∗ on N if and only if a composition

N∗ iN∗−−→ K∗⊗K∗N∗ κK∗⊗K∗ idN∗−−−−−−−−−→ K∗∗⊗K∗N∗ ε∗⊗K∗ idN∗−−−−−−−−→ A∗∗⊗K∗N∗ ζ̌−→ N∗

is the identity morphism of N∗ and the following diagram commute.

Hom∗(A∗⊗K∗A∗,K∗)⊗K∗N∗ A∗∗⊗K∗N∗ N∗

A∗∗⊗K∗ (A∗∗⊗K∗N∗) A∗∗⊗K∗N∗

θ̃A
∗,A∗

(N)

µ∗⊗K∗ idN∗ ζ̌

idA∗∗⊗K∗ ζ̌
ζ̌

Remark 12.2.2 We denote by uA∗∗ : K∗ → A∗∗ a compsition K∗ κK∗−−−→ K∗∗ ε∗−→ A∗∗ and define a map
µ̌ : A∗∗⊗K∗A∗∗ → A∗∗ to be the following composition.

A∗∗⊗K∗A∗∗ ϕ−→ Hom∗(A∗⊗K∗A∗,K∗)
µ∗

−→ A∗∗

Then, A∗∗ is a K∗-algebra with product µ̌ and unit uA∗∗ . (12.2.1) shows that ζ defines a representation of A∗

on N if and only if ζ̌ is a left A∗∗-module structure of N∗.
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Proposition 12.2.3 Let N = (K∗, N∗, β) be an object of Mod(C,M)K∗ and ζ : u∗A∗(N) → u∗A∗(N) a mor-
phism of Mod(C,M)K∗ . We put

PA∗(N)N (ζ) = (idK∗ , ζ̂) :N → A∗ ×N and EA∗(N)N (ζ) = (idK∗ , ζ̌) :NA∗
→N .

Then, ζ̌ : A∗∗⊗K∗N∗ → N∗ is mapped to ζ̂ : N∗ → N∗ ⊗̂K∗ A∗ by the following composition.

Homc
K∗(A∗∗ ⊗K∗ N∗, N∗)

ΛA∗∗,N∗,N∗
−−−−−−−−→ Homc

K∗(N∗, N∗ ⊗̂K∗ Hom∗(A∗∗,K∗))

(idN∗ ⊗̂K∗ χ−1
A∗,K∗ )∗

−−−−−−−−−−−−−→ Homc
K∗(N∗, N∗ ⊗̂K∗ A∗)

Proof. Since ζ̂ = ζîN∗,uA∗ : N∗ → N∗ ⊗̂K∗ A∗, ζ̌ is the following composition.

A∗∗ ⊗K∗ N∗ TA∗∗,N∗
−−−−−→ N∗ ⊗K∗ A∗∗ ζ̂⊗K∗ idA∗∗−−−−−−−→ (N∗ ⊗̂K∗ A∗)⊗K∗ A∗∗ T̂N∗,A∗⊗K∗ idA∗∗

−−−−−−−−−−−→ (A∗ ⊗̂K∗ N∗)⊗K∗ A∗∗

(χA∗,K∗ ⊗̂K∗ idN∗ )⊗K∗ idA∗∗
−−−−−−−−−−−−−−−−−−−→ (Hom∗(A∗∗,K∗) ⊗̂K∗ N∗)⊗K∗ A∗∗

φ̂A
∗∗

N∗ ⊗K∗ idA∗∗
−−−−−−−−−−→ Hom∗(A∗∗, N∗)⊗K∗ A∗∗ evA

∗∗
N∗−−−−→ N∗

If we put ψ = ϕ̂A
∗∗

N∗ (χA∗,K∗ ⊗̂K∗ idN∗)T̂N∗,A∗ ζ̂ : N∗ → Hom∗(A∗∗, N∗),

ΦN∗,A∗∗,N∗ : Homc
K∗

(
N∗ ⊗K∗ A∗∗, N∗)→ Homc

K∗

(
N∗,Hom∗(A∗∗, N∗)

)
maps evA

∗∗

N∗ (ψ ⊗K∗ idA∗∗) : N∗ ⊗K∗ A∗∗ → N∗ to ψ. Hence ΛA∗∗,N∗,N∗ maps ζ̌ to

T̂Hom∗(A∗∗,K∗),N∗∗(χA∗,K∗ ⊗̂K∗ idN∗)T̂N∗,A∗ ζ̂ = (idN∗ ⊗̂K∗ χA∗,K∗)ζ̂.

Thus the assertion follows.

Remark 12.2.4 The above result shows that ζ̂ is the Milnor coaction associated with ζ̌.

Proposition 12.2.5 For an object M = (K∗,M∗, α) of Mod(C,M)K∗ , let jM∗ : A∗∗ ⊗K∗ M∗ → M∗ be the
following composition.

A∗∗ ⊗K∗ M∗ u∗
A∗⊗K∗ idM∗
−−−−−−−−−→ K∗∗ ⊗K∗ M∗ κ−1

K∗⊗K∗ idM∗
−−−−−−−−−→ K∗ ⊗K∗ M∗ ∼=−→M∗

Then we have EA∗(M)M (idM ) = (idK∗ , jM∗).

Proof. Put EA∗(M)M (idM ) = (idK∗ , ψ). It follows from (10.1.14) that ψ : A∗∗⊗K∗ M∗ →M∗ is the following
composition.

A∗∗ ⊗K∗ M∗ TA∗∗,M∗
−−−−−−→M∗ ⊗K∗ A∗∗ îuA∗ ,M∗⊗K∗ idA∗∗

−−−−−−−−−−−−→ (A∗ ⊗̂K∗ M∗)⊗K∗ A∗∗ (χA∗,K∗ ⊗̂K∗ idM∗ )⊗K∗ idA∗∗
−−−−−−−−−−−−−−−−−−−−→

(Hom∗(A∗∗,K∗) ⊗̂K∗ M∗)⊗K∗ A∗∗ φ̂A
∗∗

M∗ ⊗K∗ idA∗∗
−−−−−−−−−−→ Hom∗(A∗∗,M∗)⊗K∗ A∗∗ evA

∗∗
M∗−−−−→M∗

Since χA∗,K∗(1) : A∗∗ = Hom∗(A∗,K∗)→ K∗ maps f to f([k], 1) for f ∈ Homk(A∗,K∗),

ϕA
∗∗

M∗ (χA∗,K∗(1)⊗ x) : ΣmA∗∗ = Hom∗(A∗,K∗)→M∗

maps ([m], f) to (−1)kmχA∗,K∗(1)(f)x = (−1)kmf([k], 1)x for x ∈Mm. By the commutativity of the following
diagram, ψ maps f ⊗ x ∈ A∗∗ ⊗K∗ M∗ to evA

∗∗

M∗ ((−1)kmϕA
∗∗

M∗ (χA∗,K∗(1)⊗ x)⊗ f) = f([k], 1)x.

M∗ A∗ ⊗K∗ M∗ Hom∗(A∗∗,K∗)⊗K∗ M∗

A∗ ⊗̂K∗ M∗ Hom∗(A∗∗,K∗) ⊗̂K∗ M∗ Hom∗(A∗∗,M∗)

iuA∗ ,M∗

îuA∗ ,M∗

χA∗,K∗⊗K∗ idM∗

ηA∗⊗K∗M∗ ηHom∗(A∗∗,K∗)⊗K∗M∗
φA

∗∗
M∗

χA∗,K∗ ⊗̂K∗ idM∗ φ̂A
∗∗

M∗

Since κ−1
K∗ : Hom∗(K∗,K∗) → K∗ maps g ∈ Homk(K∗,K∗) to g([k], 1), jA∗ maps f ⊗ x ∈ A∗∗ ⊗K∗ M∗ to

κ−1
K∗(fΣkuA∗)x = (fΣkuA∗)([k], 1)x = f([k], 1)x. Therefore we have jA∗ = ψ.
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Definition 12.2.6 We call (M∗, jM∗) the trivial left A∗∗-module.

The following result follows from (11.3.3) and (10.1.15).

Proposition 12.2.7 Let (M , ξ) and (N , ζ) be representations of A∗ and we put EA∗(M)M (ξ) = (idK∗ , ξ̌),
EA∗(N)N (ζ) = (idK∗ , ζ̌). Suppose M = (K∗,M∗, α), N = (K∗, N∗, β). A morphism φ = (idK∗ , ϕ) : M →
N , of Mod(C,M)opK∗ gives a morphism (M , ξ) → (N , ζ) of representations of A∗ if and only if the following
diagram commutative.

A∗∗ ⊗K∗ N∗ N∗

A∗∗ ⊗K∗ M∗ M∗

ζ̌

idA∗∗⊗K∗φ φ

ξ̌

Let (R∗, γ) be a right A∗-comodule algebra. We note that if A∗ and R∗ satisfy the condition (i) of (10.1.13),
then A∗, R∗ and R∗ ⊗K∗ A∗ are complete. For an object N = (K∗, N∗, β) of Mod(C,M)K∗ , we define

γr(N) :NR∗
→ (NR∗

)A
∗
to be the following composition.

(NR∗
)A

∗ θR
∗,A∗

(N)−1

−−−−−−−−−→NR∗⊗K∗A∗
=NR∗ ⊗̂K∗ A∗ Nγ

−−→NR∗

The assertion is a direct consequence of (10.1.15) and (10.1.19).

Proposition 12.2.8 If N = (K∗,M∗, β), we define a map γ̌N :M∗ ⊗̂K∗ R∗ → (M∗ ⊗̂K∗ R∗) ⊗̂K∗ A∗ to be the
following composition.

A∗∗ ⊗K∗ (R∗∗ ⊗K∗ M∗)
θ̃R∗,A∗ (N)−1

−−−−−−−−−→ Hom∗(R∗ ⊗K∗ A∗,K∗)⊗K∗ M∗ = Hom∗(R∗ ⊗̂K∗ A∗,K∗)⊗K∗ M∗

γ∗⊗K∗ idM∗−−−−−−−−→ R∗∗ ⊗K∗ M∗

Then, we have γ̌l(N) = (idK∗ , γ̌N ).

Proposition 12.2.9 Let (M , ξ) and (M , ζ) be representations of A∗ onM = (K∗,M∗, α) ∈ ObMod(C,M)K∗ .
We put EA∗(M)M (ξ) = (idK∗ , ξ̌) and EA∗(M)M (ζ) = (idK∗ , ζ̌).

(1) Let ιξ,ζ :M
∗ →M (ξ:ζ)∗ be the cokernel of ξ̌−ζ̌ : A∗∗⊗K∗M∗ →M∗. We denote by ᾱ the right K∗-module

structure of M (ξ:ζ)∗ as a quotient module of M∗. There exists unique homomorphism λ̌ : A∗∗ ⊗K∗ M (ξ:ζ)∗ →
M (ξ:ζ)∗ of right A∗-modules that makes the following diagram commute.

A∗∗ ⊗K∗ M∗ A∗∗ ⊗K∗ M (ξ:ζ)∗ A∗∗ ⊗K∗ M∗

M∗ M (ξ:ζ)∗ M∗

idA∗∗⊗K∗ ιξ,ζ

ξ̌ λ̌

idA∗∗⊗K∗ ιξ,ζ

ζ̌

ιξ,ζ ιξ,ζ

(2) We putM (ξ:ζ) = (K∗,M (ξ:ζ)∗, ᾱ), λ̌ = (idK∗ , λ̌) : (M (ξ:ζ))A
∗→M (ξ:ζ) and λ = EA∗(M (ξ:ζ))−1

M(ξ:ζ)(λ̌) :

u∗A∗(M
(ξ:ζ))→ u∗A∗(M

(ξ:ζ)). Then, (M (ξ:ζ),λ) is a representation of A∗ and a morphism ιξ,ζ = (idK∗ , ιξ,ζ) :

M (ξ:ζ) →M ofMod(C,M)opK∗ defines morphisms of representations (M (ξ:ζ),λ)→ (M , ξ) and (M (ξ:ζ),λ)→
(M , ζ).

(3) Let (N ,ν) be a representation of A∗. Suppose that a morphism φ :M →N ofMod(C,M)opA∗ gives mor-
phisms (M , ξ) → (N ,ν) and (M , ζ) → (N ,ν) of representations of A∗. Then, there exists unique morphism

φ̃ : (N ,ν)→ (M (ξ:ζ), λ) of representations of A∗ that satisfies ιξ,ζφ̃ = φ.

Remark 12.2.10 If ζ = idu∗
A∗ (M), namely (M , ζ) is the trivial representation of A∗ on M , we see in (12.2.5)

that ζ̌ : A∗∗⊗K∗ M∗ →M∗ coincides with jM∗ . Hence if we put Q(M , ξ) = Coker(ξ̌− jM∗) and denote by αQ
the right K∗-module structure of Q(M , ξ), then Mξ = (K∗, Q(M , ξ), αQ) is the A

∗-fixed object of (M , ξ). We
note that Q(M , ξ) is regarded as the module of “indecomposable elememts”.
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Let (R∗, γ) be a left A∗-comodule algebra and (N , ζ) a representations of A∗ on N = (K∗, N∗, β). We
assume that A∗ and R∗ satisfy the condition (i) of (10.1.13). Hence A∗ ⊗̂K∗ R∗ = A∗ ⊗K∗ R∗ holds. We put

EA∗(N)N (ζ) = ζ̌ and denote by E
(R∗,γ)
(N ,ζ) :NR∗

→ (N , ζ)(R
∗,γ) an coequalizer of Nγ :NA∗⊗K∗R∗

→NR∗
and

a composition

NA∗⊗K∗R∗ θA
∗,R∗

(N)−−−−−−−→ (NA∗
)R

∗ ζ̌
R∗

−−→NR∗
.

The following result is a direct consequence of (10.1.15).

Proposition 12.2.11 We put EA∗(N)N (ζ) = (idK∗ , ζ̌). Let Ẽ
(R∗,γ)

(N∗,ζ̌)
: R∗∗ ⊗K∗ N∗ → (R∗, γ)⊗A∗∗ (N∗, ζ̌) be

a coequalizer of γ∗ ⊗K∗ idN∗ : Hom∗(A∗ ⊗K∗ R∗,K∗)⊗K∗ N∗ → R∗∗ ⊗K∗ N∗ and the following composition.

Hom∗(A∗ ⊗K∗ R∗,K∗)⊗K∗ N∗ θ̃A
∗,R∗

(N)−−−−−−−→ R∗∗ ⊗K∗ (A∗∗ ⊗K∗ N∗)
idR∗∗⊗K∗ ζ̌−−−−−−−→ R∗∗ ⊗K∗ N∗

Then, we have (N , ζ)(R
∗,γ) = (K∗, (R∗, γ) ⊗A∗∗ (N∗, ζ̌), β̃) and E

(R∗,γ)
(N ,ζ) =

(
idK∗ , Ẽ

(R∗,γ)

(N∗,ζ̌)

)
, where β̃ is the

K∗-module structure of (R∗, γ)⊗A∗∗ (N∗, ζ̌) as a quotient module of R∗∗ ⊗K∗ N∗.

Remark 12.2.12 Define a map γ′′ : R∗∗⊗K∗A∗∗ → R∗∗ to be the following composition.

R∗∗⊗K∗A∗∗ TR∗∗,A∗∗
−−−−−−→ A∗∗⊗K∗R∗∗ ϕ−→ Hom∗(A∗⊗K∗R∗,K∗)

γ∗

−→ R∗∗

Then, γ′′ is a right (A∗∗)op-module structure on R∗∗. We note that θ̃A
∗,R∗

(N) is an isomorphism and the
following diagram is commutative by the definition of θ̃A

∗,R∗
(N).

R∗∗⊗K∗ (A∗∗⊗K∗N∗) (R∗∗⊗K∗A∗∗)⊗K∗N∗

Hom∗(A∗ ⊗K∗ R∗,K∗)⊗K∗ N∗ R∗∗ ⊗K∗ N∗

∼=

θ̃A
∗,R∗

(N)−1 γ′′⊗K∗ idN∗

γ∗⊗K∗ idN∗

It follows that Ẽ
(R∗,γ)

(N∗,ζ̌)
: R∗∗ ⊗K∗ N∗ → (R∗, γ)⊗A∗∗ (N∗, ζ̌) is a coequalizer of

R∗∗⊗K∗ (A∗∗⊗K∗N∗) ∼= (R∗∗⊗K∗A∗∗)⊗K∗N∗ γ′′⊗K∗ idN∗−−−−−−−−→ R∗∗ ⊗K∗ N∗

and idR∗∗ ⊗K∗ ζ̌ : R∗∗ ⊗K∗ (A∗∗ ⊗K∗ N∗)→ R∗∗ ⊗K∗ N∗.

We also have the following result by (11.3.14).

Proposition 12.2.13 Let (R∗, γ), (S∗, δ) be left A∗-comodule algebras and f : S∗ → R∗ a morphism of left
A∗-comodule algebras. Let (M∗, ξ̌), (N∗, ζ̌) be left A∗∗-modules and ϕ : M∗ → N∗ a morphism of left A∗∗-
modules. We put M = (K∗,M∗, α), ξ = EA∗(M)−1

M ((idK∗ , ξ̌)), N = (K∗, N∗, β), ζ = EA∗(N)−1
N ((idK∗ , ζ̌))

and φ = (idK∗ , ϕ). There exist unique maps f (M
∗,ξ̌) : (R∗, γ)⊗A∗∗ (M∗, ξ̌)→ (S∗, δ)⊗A∗∗ (M∗, ξ̌) and ϕ(R∗,γ) :

(R∗, γ)⊗A∗∗ (M∗, ξ̌)→ (R∗, γ)⊗A∗∗ (N∗, ζ̌) that make the following diagrams commute.

R∗∗ ⊗K∗ M∗ (R∗, γ)⊗A∗∗ (M∗, ξ̌)

S∗∗ ⊗K∗ M∗ (S∗, δ)⊗A∗∗ (M∗, ξ̌)

Ẽ
(S∗,δ)
(M∗,ξ̌)

f∗⊗K∗ idM∗ f(M∗,ξ̌)

Ẽ
(R∗,γ)
(N∗,ζ̌)

R∗∗ ⊗K∗ M∗ (R∗, γ)⊗A∗∗ (M∗, ξ̌)

R∗∗ ⊗K∗ N∗ (R∗, γ)⊗A∗∗ (N∗, ζ̌)

Ẽ
(R∗,γ)
(M∗,ξ̌)

idR∗∗⊗K∗φ φ(R∗,γ)

Ẽ
(R∗,γ)
(N∗,ζ̌)

12.3 Left induced representations of topological Hopf algebras

Let (A∗, µ, ε, ι), (B∗, µ′, ε′, ι′) be topological Hopf algebras over a field K∗ and f : A∗ → B∗ a morphism

of topological Hopf algebras. We denote by µrf a composition A∗ µ−→ A∗ ⊗̂K∗ A∗ idA∗ ⊗̂K∗ f−−−−−−−→ A∗ ⊗̂K∗ B∗ and
consider a right B∗-comodule algebra (A∗, µrf ). We note that

prodA∗ :Mod(TopAlgcK∗ ,ModcK∗)K∗ →Mod(TopAlgcK∗ ,ModcK∗)K∗
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preserves equalizers by (10.1.12) and

θR∗,S∗(M) : R∗ × (S∗ ×M)→ (R∗ ⊗̂K∗ S∗)×M

is an isomorphism for any R∗, S∗ ∈ Ob TopAlgcK∗ andM ∈ ObMod(TopAlgcK∗ ,ModcK∗)K∗ by (10.1.11). Since
K∗ is a field, u∗R∗ :Mod(TopAlgcK∗ ,ModcK∗)K∗ →Mod(TopAlgcK∗ ,ModcK∗)R∗ preserves monomorphisms for
any R∗ ∈ Ob TopAlgcK∗ by (1.3.14). Hence the assumptions of (11.4.1) are all satisfied.

Let (M , ξ) be a representation of B∗ on M = (K∗,M∗, α) and put PB∗(M)M (ξ) = ξ̂ = (idK∗ , ξ̂). We

consider an equalizer P
(A∗,µrf )

(M ,ξ) : (A∗, µrf )× (M , ξ)→ A∗ ×M of µrf ×M : A∗ ×M → (A∗ ⊗̂K∗ B∗)×M and

the following composition.

A∗ ×M A∗×ξ̂−−−−→ A∗ × (B∗ ×M)
θA∗,B∗ (M)
−−−−−−−→ (A∗ ⊗̂K∗ B∗)×M

Let P̃
(A∗,µrf )

(M∗,ξ̂)
: (M∗, ξ̂)□B∗(A∗, µrf )→M∗ ⊗̂K∗ A∗ be an equalizer of the following compositions.

M∗ ⊗̂K∗ A∗ idM∗ ⊗̂K∗ µ−−−−−−−−→M∗ ⊗̂K∗(A∗ ⊗̂K∗ A∗)
idM∗ ⊗̂K∗ (idA∗ ⊗̂K∗ f)−−−−−−−−−−−−−−−→M∗ ⊗̂K∗(A∗ ⊗̂K∗ B∗)

M∗ ⊗̂K∗ A∗ ξ̂ ⊗̂K∗ idA∗−−−−−−−→ (M∗ ⊗̂K∗ B∗) ⊗̂K∗ A∗ θ̃A∗,B∗ (M)
−−−−−−−→M∗ ⊗̂K∗(A∗ ⊗̂K∗ B∗)

It follows from (12.1.16) that (A∗, µrf )×(M , ξ) = (K∗, (M∗, ξ̂)□B∗(A∗, µrf ), α̃) and P
(A∗,µrf )

(M ,ξ) =
(
idK∗ , P̃

(A∗,µrf )

(M∗,ξ̂)

)
,

where α̃ is the K∗-module structure of (M∗, ξ̂)□B∗(A∗, µrf ) as a submodule of M∗ ⊗̂K∗ A∗.
We regard (A∗, µ) as a left A∗-comodule algebra and consider a morphism µl(M) : A∗×M → A∗×(A∗×M)

ofMod(TopAlgcK∗ ,ModcK∗)K∗ , that is, µl(M) is the following composition.

A∗ ×M µ×M−−−−→ (A∗ ⊗̂K∗ A∗)×M
θA∗,A∗ (M)−1

−−−−−−−−−→ A∗ × (A∗ ×M)

It follows from (12.1.13) that if we define a map µl(M) :M∗ ⊗̂K∗ A∗ → (M∗ ⊗̂K∗ A∗) ⊗̂K∗ A∗ to be the following
composition, then we have µl(M) = (idK∗ , µl(M)).

M∗ ⊗̂K∗ A∗ idM∗ ⊗̂K∗ µ−−−−−−−−→M∗ ⊗̂K∗(A∗ ⊗̂K∗ A∗)
θ̃A∗,A∗ (M)−1

−−−−−−−−−→ (M∗ ⊗̂K∗ A∗) ⊗̂K∗ A∗

If we put ξl(µ,M) = PA∗(A∗ ×M)−1
A∗×M (µl(M)) : u∗A∗(A∗ ×M) → u∗A∗(A∗ ×M), (A∗ ×M , ξl(µ,M)) is a

representation of A∗ by (11.2.4).

There exists unique map ξ̂f : (M∗, ξ̂)□B∗(A∗, µrf )→ ((M∗, ξ̂)□B∗(A∗, µrf )) ⊗̂K∗ A∗ that makes the following
diagram commute by the argument after (11.4.1).

(M∗, ξ̂)□B∗(A∗, µrf ) M∗ ⊗̂K∗ A∗

((M∗, ξ̂)□B∗(A∗, µrf )) ⊗̂K∗ A∗ (M∗ ⊗̂K∗ A∗) ⊗̂K∗ A∗

ξ̂f

P̃
(A∗,µrf )

(M∗,ξ̂)

µl(M)

P̃
(A∗,µrf )

(M∗,ξ̂)
⊗̂K∗ idA∗

Then, we have the following result by (11.4.2)

Proposition 12.3.1 ξ̂f : (M∗, ξ̂)□B∗(A∗, µrf ) → ((M∗, ξ̂)□B∗(A∗, µrf )) ⊗̂K∗ A∗ is a right A∗-comodule struc-

ture of (M∗, ξ̂)□B∗(A∗, µrf ) and P̃
(A∗,µrf )

(M∗,ξ̂)
: ((M∗, ξ̂)□B∗(A∗, µrf ), ξ̂f )→ (M∗ ⊗̂K∗ A∗, µ̂f (M)) is a morphism of

right A∗-comodules.

We put ξ̂f = (idK∗ , ξ̂f ) : A
∗ × ((A∗, µrf )× (M , ξ))→ (A∗, µrf )× (M , ξ) and

ξlf = PA∗((A∗, µrf )× (M , ξ))−1
(A∗,µrf )×(M ,ξ)(ξ̂f ) : u

∗
A∗((A∗, µrf )× (M , ξ))→ u∗A∗((A∗, µrf )× (M , ξ)).

It follows from (12.3.1) that ((A∗, µrf ) × (M , ξ), ξlf ) is a representation of A∗ and that we have the following
morphism of representations of A∗.

P
(A∗,µrf )

(M ,ξ) : (A∗ ×M , ξl(µ,M))→ ((A∗, µrf )× (M , ξ), ξlf )
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Let φ : (N , ζ) → (M , ξ) be a morphism of representations of B∗. We put PB∗(M)M (ξ) = (idK∗ , ξ̂) and

PB∗(N)N (ζ) = (idK∗ , ζ̂). Then, if M = (K∗,M∗, α), N = (K∗, N∗, β) and φ = (idK∗ , ϕ), ϕ : (M∗, ξ̂) →
(N∗, ζ̂) is a morphism of right B∗-comodules. The following results is a special case of (11.4.3) and (12.1.18).

Proposition 12.3.2 There exists unique morphism ϕf : (M∗, ξ̂)□B∗(A∗, µrf ) → (N∗, ζ̂)□B∗(A∗, µrf ) that
makes the following diagram commute.

(M∗, ξ̂)□B∗(A∗, µrf ) M∗ ⊗̂K∗ A∗

(N∗, ζ̂)□B∗(A∗, µrf ) N∗ ⊗̂K∗ A∗

P̃
(A∗,µrf )

(M∗,ξ̂)

φf φ ⊗̂K∗ idA∗

P̃
(A∗,µrf )

(N,ζ)

Moreover ϕf is a morphism of right A∗-comodules.

The following result is a direct consequence of (11.4.5).

Proposition 12.3.3 For a representation (M , ξ) of B∗ on M = (K∗,M∗, α) and a morphism f : A∗ → B∗

of Hopf algebras, we put PB∗(M)M (ξ) = (idK∗ , ξ̂) and regard (M∗, ξ̂)□B∗(A∗, µrf ) as a right B∗-comodule by

(id(M∗,ξ̂)□B∗ (A∗,µrf )
⊗̂K∗f) ξ̂f : (M∗, ξ̂)□B∗(A∗, µrf )→ (M∗, ξ̂)□B∗(A∗, µrf ) ⊗̂K∗ B∗.

Then, the followin composition is a morphism of right B∗-comoddules.

(M∗, ξ̂)□B∗(A∗, µrf )
P̃

(A∗,µrf )

(M∗,ξ̂)−−−−−−→M∗ ⊗̂K∗A∗ idM∗ ⊗̂K∗ ε−−−−−−−→M∗ ⊗̂K∗K∗ =M∗⊗K∗K∗ α−→M∗

We denote by (ηf )(M∗,ξ̂) : (M
∗, ξ̂)□B∗(A∗, µrf )→M∗ the morphism of right B∗-comodules given in (12.3.3).

By (12.3.2), the following diagram is commutative for a morphism ϕ : (M∗, ξ̂)→ (N∗, ζ̂) of right B∗-comodules.

(M∗, ξ̂)□B∗(A∗, µrf ) M∗ ⊗̂K∗ A∗ M∗ ⊗̂K∗ K∗ M∗

(N∗, ζ̂)□B∗(A∗, µrf ) N∗ ⊗̂K∗ A∗ N∗ ⊗̂K∗ K∗ N∗

P̃
(A∗,µrf )

(M∗,ξ̂)

(ηf )(M∗,ξ̂)

φf φ ⊗̂K∗ idA∗

idM∗⊗K∗ε α

φ ⊗̂K∗ idK∗ φ

P̃
(A∗,µrf )

(N,ζ)

(ηf )(N,ζ)

idN∗⊗K∗ε β

We denote by Comod(A∗) the category of right A∗-comodules and recall that the opposite category of
Comod(A∗) is isomorphic to the category of representations of A∗. We denote by Rep(A∗) the category of
representations of A∗ for short. For a representation (M , ξ) of B∗ and a representation (N , ζ) of A∗, we put
M = (K∗,M∗, α) and N = (K∗, N∗, β) and define a map

ad
(M ,ξ)
(N ,ζ) : Rep(A∗)(((A∗, µrf )× (M , ξ), ξlf ), (N , ζ))→ Rep(B∗)((M , ξ), f

.
(N , ζ))

by giving a map

Comod(A∗)((N∗, ζ̂), ((M∗, ξ̂)□B∗(A∗, µrf ), ξ̂f ))→ Comod(B∗)((N∗, (idN∗ ⊗̂K∗ f)ζ̂), (M∗, ξ̂))

which maps ψ ∈ Comod(A∗)((N∗, ζ̂), ((M∗, ξ̂)□B∗(A∗, µrf ), ξ̂f )) to the following composition.

N∗ ψ−→ (M∗, ξ̂)□B∗(A∗, µrf )
(ηf )(M∗,ξ̂)−−−−−−−→M∗

Finally, we have the following result by (11.4.6).

Theorem 12.3.4 ad
(M ,ξ)
(N ,ζ) : Rep(A∗)(((A∗, µrf )× (M , ξ), ξlf ), (N , ζ))→ Rep(B∗)((M , ξ),f

.
(N , ζ)) is a bijec-

tion. Hence a correspondence (M , ξ) 7→ ((A∗, µrf ) × (M , ξ), ξlf ) gives a left adjoint of the restriction functor
f
.
: Rep(A∗)→ Rep(B∗).
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12.4 Right induced representations of topological Hopf algebras

We assume that K∗ is a field which satisfies Ki = {0} for i 6= 0 and let M be a full subcategory of ModcK∗

consisting of objects which satisfy the condition (ii) of (10.1.13).
Let (A∗, µ, ε, ι), (B∗, µ′, ε′, ι′) be topological Hopf algebras over K∗ and f : A∗ → B∗ a morphism of

topological Hopf algebras. We assume that A∗ and B∗ satisfy the condition (i) of (10.1.13). We denote by µlf

a composition A∗ µ−→ A∗ ⊗K∗ A∗ f⊗K∗ idA∗−−−−−−−→ B∗ ⊗K∗ A∗ and consider a left B∗-comodule algebra (A∗, µlf ). We
note that

expA∗ :Mod(TopAlgcK∗ ,M)K∗ →Mod(TopAlgcK∗ ,M)K∗

preserves equalizers by (10.1.20) and if R∗, S∗ ∈ Ob TopAlgcK∗ satisfy the condition (i) of (10.1.13),

θR
∗,S∗

(N) :NR∗⊗K∗S∗
→ (NR∗

)S
∗

is an isomorphism for any N ∈ ObMod(TopAlgcK∗ ,M)K∗ by (10.1.19). Since K∗ is a field,

u∗R∗ :Mod(TopAlgcK∗ ,M)K∗ →Mod(TopAlgcK∗ ,M)R∗

preserves monomorphisms for any R∗ ∈ Ob TopAlgcK∗ by (2.1.5) and (1.3.14). Hence the assumptions of (11.5.1)
are all satisfied if A∗ satisfies the condition (i) of (10.1.13) and N is an object ofMod(TopAlgcK∗ ,M)K∗ .

Let (N , ζ) be a representation of B∗ on N = (K∗, N∗, α) and put EB∗(N)N (ζ) = (idK∗ , ζ̌). We consider

a coequalizer E
(A∗,µlf )

(N ,ζ) :NA∗
→ (N , ζ)(A

∗,µlf ) of Nµlf :NB∗⊗K∗A∗
→NA∗

and the following composition.

NB∗⊗K∗A∗ θB
∗,A∗

(N)−−−−−−−→ (NB∗
)A

∗ ζ̌A
∗

−−→NA∗

Let Ẽ
(A∗,µlf )

(N∗,ζ̌)
: A∗∗ ⊗K∗ N∗ → (A∗, µlf )⊗B∗∗ (N∗, ζ̌) be a coequalizer of

A∗∗⊗K∗ (B∗∗⊗K∗N∗) ∼= (A∗∗⊗K∗B∗∗)⊗K∗N∗ µ̄lf⊗K∗ idN∗
−−−−−−−−→ A∗∗ ⊗K∗ N∗

and idA∗∗ ⊗K∗ ζ̌ : A∗∗ ⊗K∗ (B∗∗ ⊗K∗ N∗) → A∗∗ ⊗K∗ N∗, where µ̄lf : A∗∗⊗K∗B∗∗ → A∗∗ is the following
composition.

A∗∗⊗K∗B∗∗ TA∗∗,B∗∗
−−−−−−→ B∗∗⊗K∗A∗∗ ϕ−→ Hom∗(B∗⊗K∗A∗,K∗)

(µlf )
∗

−−−→ A∗∗

It follows from (12.2.12) that (N , ζ)(A
∗,µlf ) = (K∗, (A∗, µlf ) ⊗B∗∗ (N∗, ζ̌), α̌) and E

(A∗,µlf )

(N ,ζ) =
(
idK∗ , Ẽ

(A∗,µlf )

(N∗,ζ̌)

)
,

where α̌ is the K∗-module structure of (A∗, µlf )⊗B∗∗ (N∗, ζ̌) as a quotient module of A∗∗ ⊗K∗ N∗.

We regard (A∗, µ) as a right A∗-comodule algebra and consider a morphism µr(N) : (NA∗
)A

∗ → NA∗
of

Mod(TopAlgcK∗ ,M)K∗ , that is, µr(N) is the following composition.

(NA∗
)A

∗ θA
∗,A∗

(N)−1

−−−−−−−−−→NA∗⊗K∗A∗ Nµ

−−→NA∗

It follows from (12.2.8) that if we define a map µr(N) : A∗∗ ⊗K∗ (A∗∗ ⊗K∗ N∗) → A∗∗ ⊗K∗ N∗ to be the
following composition, then we have µr(N) = (idK∗ , µr(N)).

A∗∗ ⊗K∗ (A∗∗ ⊗K∗ N∗)
θ̃A

∗,A∗
(N)−1

−−−−−−−−−→ Hom∗(A∗ ⊗K∗ A∗,K∗)⊗K∗ N∗ µ∗⊗K∗ idM∗−−−−−−−−→ A∗∗ ⊗K∗ N∗

If we put ξr(µ,N) = EA∗(NA∗
)−1
NA∗ (µr(N)) : u∗A∗(N

A∗
)→ u∗A∗(N

A∗
), (NA∗

, ξr(µ,N)) is a representation of
A∗ by (11.3.4).

There exists unique map ζ̌f : A∗∗⊗K∗((A∗, µlf )⊗B∗∗(N∗, ζ̌))→ (A∗, µlf )⊗B∗∗(N∗, ζ̌) that makes the following
diagram commute by the argument after (11.5.1).

A∗∗⊗K∗ (A∗∗⊗K∗N∗) A∗∗⊗K∗ ((A∗, µlf )⊗B∗∗ (N∗, ζ̌))

A∗∗⊗K∗N∗ (A∗, µlf )⊗B∗∗ (N∗, ζ̌)

µr(N)

idA∗∗⊗K∗ Ẽ
(A∗,µlf )

(N∗,ζ̌)

ζ̌f

Ẽ
(A∗,µlf )

(N∗,ζ̌)
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Then, we have the following result by (11.5.2)

Proposition 12.4.1 ζ̌f : A∗∗⊗K∗((A∗, µlf )⊗B∗∗ (N∗, ζ̌))→ (A∗, µlf )⊗B∗∗ (N∗, ζ̌) is a left A∗∗-module structure

of (A∗, µlf ) ⊗B∗∗ (N∗, ζ̌) and Ẽ
(A∗,µlf )

(N∗,ζ̌)
: (A∗∗⊗K∗M∗, µ̌f (N)) → ((A∗, µlf ) ⊗B∗∗ (N∗, ζ̌), ζ̌f ) is a morphism of

right A∗-comodules.

We put ζ̌f = (idK∗ , ζ̌f ) : (N , ζ)(A
∗,µlf ) →

(
(N , ζ)(A

∗,µlf )
)A∗

and

ζlf = EA∗
(
(N , ζ)(A

∗,µlf )
)−1

(N ,ζ)
(A∗,µl

f
)(ζ̌f ) : u

∗
A∗

(
(N , ζ)(A

∗,µlf )
)
→ u∗A∗

(
(N , ζ)(A

∗,µlf )
)
.

It follows from (12.4.1) that ((N , ζ)(A
∗,µlf ), ζlf ) is a representation of A∗ and that we have the following morphism

of representations of A∗.

E
(A∗,µlf )

(N ,ζ) : ((N , ζ)(A
∗,µlf ), ζlf )→ (NA∗

, ξr(µ,N))

Let φ : (N , ζ) → (M , ξ) be a morphism of representations of B∗. We put EB∗(M)M (ξ) = (idK∗ , ξ̌) and
EB∗(N)N (ζ) = (idK∗ , ζ̌). Then, if M = (K∗,M∗, α), N = (K∗, N∗, β) and φ = (idK∗ , ϕ), ϕ : (M∗, ξ̌) →
(N∗, ζ̌) is a morphism of left B∗∗-modules. The following results is a special case of (11.5.3) and (12.2.13).

Proposition 12.4.2 There exists unique morphism ϕf : (A∗, µlf ) ⊗B∗∗ (M∗, ξ̌) → (A∗, µlf ) ⊗B∗∗ (N∗, ζ̌) that
makes the following diagram commute.

A∗∗⊗K∗M∗ (A∗, µlf )⊗B∗∗ (M∗, ξ̌)

A∗∗⊗K∗N∗ (A∗, µlf )⊗B∗∗ (N∗, ζ̌)

Ẽ
(A∗,µlf )

(M∗,ξ̌)

idA∗∗⊗K∗φ φf

Ẽ
(A∗,µlf )

(N∗,ζ̌)

Moreover ϕf is a morphism of left A∗∗-modules.

The following result is a direct consequence of (11.5.5).

Proposition 12.4.3 For a representation (N , ζ) of B∗ on N = (K∗, N∗, β) and a morphism f : A∗ → B∗ of
Hopf algebras, we put EB∗(N)N (ζ) = (idK∗ , ζ̌) and regard (A∗, µlf )⊗B∗∗ (N∗, ζ̌) as a left B∗∗-module by

ζ̌f (f
∗ ⊗K∗ id(A∗,µlf )⊗B∗∗(N∗,ζ̌)) : B

∗∗ ⊗K∗ (A∗, µlf )⊗B∗∗ (N∗, ζ̌)→ (A∗, µlf )⊗B∗∗ (N∗, ζ̌).

Then, the following composition is a morphism of left B∗∗-modules.

N∗ TN∗,K∗β−1

−−−−−−−→ K∗ ⊗K∗ N∗ κK∗⊗K∗ idN∗−−−−−−−−−→ K∗∗ ⊗K∗ N∗ ε∗⊗K∗ idN∗−−−−−−−−→ A∗∗ ⊗K∗ N∗
Ẽ

(A∗,µlf )

(N∗,ζ̌)−−−−−−→ (A∗, µlf )⊗B∗∗ (N∗, ζ̌)

We denote by (εf )(N∗,ζ̌) : N
∗ → (A∗, µlf ) ⊗B∗∗ (N∗, ζ̌) the morphism of left B∗∗-modules given in (12.4.2).

By (12.4.3), the following diagram is commutative for a morphism ϕ : (M∗, ξ̌)→ (N∗, ζ̌) of left B∗∗-modules.

M∗ K∗⊗K∗M∗ K∗∗⊗K∗M∗ A∗∗⊗K∗M∗ (A∗, µlf )⊗B∗∗ (M∗, ξ̌)

N∗ K∗⊗K∗N∗ K∗∗⊗K∗N∗ A∗∗⊗K∗N∗ (A∗, µlf )⊗B∗∗ (N∗, ζ̌)

TM∗,K∗α−1

(εf )(M∗,ξ̌)

φ

κK∗⊗K∗ idM∗

idK∗⊗K∗φ

ε∗⊗K∗ idM∗

idK∗∗⊗K∗φ

Ẽ
(A∗,µlf )

(M,ξ)

idA∗∗⊗K∗φ φf

TN∗,K∗β−1

(εf )(N∗,ζ̌)

κK∗⊗K∗ idN∗ ε∗⊗K∗ idN∗ Ẽ
(A∗,µlf )

(N,ζ)
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We denote byMod(A∗∗) the category of left A∗∗-modules and recall that the opposite category ofMod(A∗∗)
is isomorphic to the category of representations Rep(A∗) of A∗. For a representation (N , ζ) of B∗ and a
representation (M , ξ) of A∗, we put M = (K∗,M∗, α) and N = (K∗, N∗, β) and define a map

ad
(M ,ξ)
(N ,ζ) : Rep(A∗)

(
(M , ξ),

(
(N , ζ)(A

∗,µlf ), ζlf
))
→ Rep(B∗)(f

.
(M , ξ), (N , ζ))

by giving a map

Mod(A∗∗)(((A∗, µlf )⊗B∗∗ (N∗, ζ̌), ζ̌f ), (M
∗, ξ̌))→Mod(B∗∗)((N∗, ζ̌), (M∗, ξ̌(f∗ ⊗K∗ idM∗)))

which maps ψ ∈Mod(A∗∗)(((A∗, µlf )⊗B∗∗ (N∗, ζ̌), ζ̌f ), (M
∗, ξ̌)) to the following composition.

N∗ (εf )(N∗,ζ̌)−−−−−−→ (A∗, µlf )⊗B∗∗ (N∗, ζ̌)
ψ−→M∗

Finally, we have the following result by (11.5.6).

Theorem 12.4.4 ad
(M ,ξ)
(N ,ζ) : Rep(A∗)

(
(M , ξ),

(
(N , ζ)(A

∗,µlf ), ζlf
))
→ Rep(B∗)(f

.
(M , ξ), (N , ζ)) is a bijection.

Hence a correspondence (N , ζ) 7→
(
(N , ζ)(A

∗,µlf ), ζlf
)
gives a right adjoint of the restriction functor f

.
:

Rep(A∗)→ Rep(B∗).
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13 Representations in fibered category of functorial modules

13.1 Representation of topological group functors

We assume that a subcategory C of TopAlgK∗ contains K∗ as an object and fix a terminal object 1 of T =
Functr(C, Top) which is the functor hK∗ represented by K∗. For an object F of T , we denote by oF the unique
morphism from F to 1. We also assume that a subcategory M of TopModK∗ satisfies the condition (ii) of
(10.1.1).

Consider the fibered category pT : MOD → T given in (10.2.2). As we see in the proof of (10.2.2),
f∗g∗(H,L) = (gf)∗(H,L) holds for morphisms f : G→ F , g : F → H of T and (H,L) ∈ ObMODH . We also
note that o∗G(1,M) = (G,MõG) for G ∈ Ob T and hK∗ -module M : ChK∗ → Mod(C,M) and that MODF is
isomorphic to the opposite categoryMod(F )op of the category of F -modules.

We specialize the definition (11.1.1) of general group objects to topological group functor on C as follows.

Definition 13.1.1 Let (G,µ, ε, ι) be a group object in T . A pair (M, ξ) of an hK∗-module M and a morphism
ξ : MõG → MõG of G-modules is called a (left) representation of G on M if the following conditions are
satisfied.

(i) ξ(R∗, µR∗ (g,h)) = ξ(R∗, h)ξ(R∗, g) :M(R∗, uR∗)→M(R∗, uR∗) holds for any (R∗, (g, h)) ∈ Ob CG×G.
(ii) ξ(R∗,eR∗ ) = idM(R∗,uR∗ ) holds for any R∗ ∈ Ob C, where eR∗ ∈ G(R∗) is the unit of G(R∗).

Let (M, ξ) and (N, ζ) be representations of G on M and N , respectively. A morphism ϕ : M → N of hK∗-
modules is a called a morphism of representations of G from (N, ζ) to (M, ξ) if the following diagram commutes
for any (R∗, g) ∈ Ob CG.

M(R∗, uR∗) M(R∗, uR∗)

N(R∗, uR∗) N(R∗, uR∗)

ξ(R∗,g)

φ(R∗,g) φ(R∗,g)

ζ(R∗,g)

We denote by Rep(G ;M) the category of representations of G and morphisms between them.

Remark 13.1.2 Let M , N be hK∗-modules and ξ : MõG → NõG a morphism of G-modules. For an object
(R∗, g) of CG, we put ξ(R∗,g) = (idR∗ , ξ(R∗, g)) : M(R∗, uR∗) → N(R∗, uR∗). If M(R∗, uR∗) = (R∗,M∗

R∗ , αR∗)
and N(R∗, uR∗) = (R∗, N∗

R∗ , βR∗) for an object R∗ of C, ξ(R∗, g) : M∗
R∗ → N∗

R∗ is a homomorphism of right
R∗-modules. If M = N , the condition (i) of (13.1.1) is equivalent to ξ(R∗, µR∗(g, h)) = ξ(R∗, h)ξ(R∗, g) for any
(R∗, (g, h)) ∈ Ob CG×G and the condition (ii) of (13.1.1) is equivalent to ξ(R∗, eR∗) = idM∗

R∗ for any R∗ ∈ Ob C.
Thus a map α(ξ)R∗ : M∗

R∗ × G(R∗) → M∗
R∗ defined by α(ξ)R∗(x, g) = ξ(R∗, g)(x) is a right action of G(R∗)

on M∗
R∗ for any R∗ ∈ Ob C if and only if ξ is a representation of G on M . We note that ξ is the trivial

representation of G on M if and only if α(ξ)R∗ is the trivial G(R∗) action on M∗
R∗ for any R∗ ∈ Ob C.

Remark 13.1.3 A right representation of G on M is equivalent to ξ(R∗, µR∗(g, h)) = ξ(R∗, g)ξ(R∗, h) for
any object (R∗, (g, h)) of CG×G and ξ(R∗, eR∗) = idM∗

R∗ for any object R∗ of C. Hence we have a left action
G(R∗)×M∗

R∗ →M∗
R∗ of G(R∗) on M∗

R∗ which maps (g, x) ∈M∗
R∗ ×G(R∗) to ξ(R∗, g)(x).

Since the Yoneda embedding h : Cop → T preserves finite limits and terminal objects, if (A∗, µ, ε, ι) is a
Hopf algebra in C, (hA∗ , hµ, hε, hι) is a group object in T . We denote hA∗ by GA∗ . Consider the functor

ĥ :Mod(C,M)op →MOD defined the paragraph above (10.4.3). We recall from (10.4.3) and (10.4.5) that ĥ
preserves and reflects cartesian morphisms and is fully faithful. By (10.4.3) and (10.4.3), the following results
are special cases of (11.1.10) and (11.1.11).

Proposition 13.1.4 Let (A∗, µ, ε, ι) be a Hopf algebra in C and M an object of Mod(C,M)K∗ . We consider
an affine group scheme GA∗ represented by A∗. For a morphism ξ : u∗A∗(M) → u∗A∗(M) of Mod(C,M)A∗ ,

ĥA
∗

M ,M (ξ) : h∗uA∗ (ĥ(M)) → h∗uA∗ (ĥ(M)) defines a representation of GA∗ on ĥ(M) if and only if (M , ξ) is a
representation of A∗ on M .

Proposition 13.1.5 Let φ : M → N be a morphism of Mod(C,M)opK∗ and (M , ξ), (N , ζ) representations

of A∗. Then, ĥ(φ) : ĥ(M) → ĥ(N) defines a morphism of representations of GA∗ from (ĥ(M), ĥA
∗

M ,M (ξ)) to

(ĥ(N), ĥA
∗

N ,N (ζ)) if only if φ defines a morphism of representations of A∗ from (M , ξ) to (N , ζ).
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13.2 Representations as group actions

The following is a special case of (6.1.20).

Proposition 13.2.1 Let M , N be objects ofMod(C,M)K∗ . For a morphism γ : A∗ → R∗ of C, the following
diagram is commutative.

Mod(C,M)opR∗(u∗A∗(N), u∗A∗(M)) Mod(C,M)opA∗(u∗R∗(N), u∗R∗(M))

MODhA∗ (o
∗
hA∗ (ĥ(N)), o∗hR∗ (ĥ(M))) MODhR∗ (o

∗
hR∗ (ĥ(N)), o∗hR∗ (ĥ(M)))

γ♯N,M

ĥA
∗

N,M ĥR
∗

N,M

h∗
γ

The following result is a direct consequence of the definitions of maps ĥA
∗

N ,M , γ♯N ,M and the proof of (10.4.3).

Proposition 13.2.2 For a morphism φ : u∗A∗(N)→ u∗A∗(M) ofMod(C,M)opA∗ , we put ĥA
∗

N ,M (φ) = (idhA∗ , φ̃)

for a morphism φ̃ : M̂ õhA∗ → N̂ õhA∗of hA∗-modules. Then, φ̃(R∗,γ) = γ♯N ,M (φ) : u∗R∗(M)→ u∗R∗(N) for any
object (R∗, γ) of ChA∗ .

Remark 13.2.3 Suppose that M = (K∗,M∗, α) and N = (K∗, N∗, β). If we use the notation of (13.1.2), we
have φ̃(R∗,γ) = (idR∗ , φ̃(R∗, γ)) for a morphism φ̃(R∗, γ) :M∗ ⊗̂K∗ R∗ → N∗ ⊗̂K∗ R∗ of right R∗-modules. We
denote φ̃(R∗, γ) by γφ for short below. It follows from (13.2.2) that φ̃(A∗,idA∗ ) = φ.

Proposition 13.2.4 For a morphism φ = (idA∗ , ϕ) : u∗A∗(M) → u∗A∗(N) of Mod(C,M)A∗ and an object
(R∗, γ) of ChA∗ , the following diagram is commutative.

M∗⊗̂K∗A∗ ⊗̂A∗R∗ N∗⊗̂K∗A∗ ⊗̂A∗R∗

M∗⊗̂K∗R∗ N∗⊗̂K∗R∗

M∗⊗̂K∗A∗ ⊗̂K∗R∗ N∗⊗̂K∗A∗ ⊗̂K∗R∗ N∗⊗̂K∗R∗ ⊗̂K∗R∗

φ ⊗̂A∗ idR∗

idM∗ ⊗̂K∗ χ̂γ idM∗ ⊗̂K∗ χ̂γ

γφ

îM∗ ⊗̂K∗ idR∗

φ ⊗̂K∗ idR∗ idN∗ ⊗̂K∗ γ ⊗̂K∗ idR∗

idN∗ ⊗̂K∗ m̂R∗

Here, m̂R∗ : R∗ ⊗̂K∗R∗ → R∗ is the map induced by the multiplication of R∗ and χ̂γ : A∗ ⊗̂A∗R∗ → R∗ is the
isomorphism induced by an isomorphism A∗ ⊗A∗R∗ → R∗ given by a⊗ r → γ(a)r.

Proof. Since φ̃(R∗,γ) = γ♯N ,M (φ) by (13.2.2), the upper rectangle is commutative. Let q : A∗⊗K∗S∗ → A∗⊗A∗S∗

be the quotient map and q̂ : A∗ ⊗̂K∗S∗ → A∗ ⊗̂A∗S∗ the map induced by q. Then, the following diagram is
commutative.

M∗⊗̂K∗A∗ ⊗̂A∗R∗ N∗⊗̂K∗A∗ ⊗̂A∗R∗

M∗⊗̂K∗R∗ N∗⊗̂K∗R∗

M∗⊗̂K∗A∗ ⊗̂K∗R∗ N∗⊗̂K∗A∗ ⊗̂K∗R∗ N∗⊗̂K∗R∗ ⊗̂K∗R∗

φ ⊗̂A∗ idR∗

idM∗ ⊗̂K∗ χ̂γ idM∗ ⊗̂K∗ χ̂γ

îM∗ ⊗̂K∗ idR∗

φ ⊗̂K∗ idR∗

idN∗ ⊗̂K∗ q̂

idN∗ ⊗̂K∗ γ ⊗̂K∗ idR∗

idN∗ ⊗̂K∗ m̂R∗

Since χγ is an isomorphism, the lower rectangle is also commutative.

Proposition 13.2.5 For a morphism a morphism λ : (R∗, γ) → (S∗, λγ) of ChA∗ , the following diagram is
commutative.

M∗⊗̂K∗R∗ M∗⊗̂K∗S∗

N∗⊗̂K∗R∗ N∗⊗̂K∗S∗

idM∗ ⊗̂K∗λ

γφ (λγ)φ

idN∗ ⊗̂K∗λ
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Proof. Since φ̃ : M̂ õhA∗ → N̂ õhA∗ is a morphism of hA∗ -modules, the following diagram is commutative.

u∗R∗(M) = M̂ õhA∗ (R
∗, γ) M̂ õhA∗ (S

∗, λγ) = u∗S∗(M)

u∗R∗(N) = N̂ õhA∗ (R
∗, γ) N̂ õhA∗ (S

∗, λγ) = u∗S∗(N)

M̂ õhA∗ (λ)

φ̃(R∗,γ) =(idR∗ , γφ) φ̃(S∗,λγ) =(idS∗ , (λγ)φ)

N̂ õhA∗ (λ)

The assertion follows from the commutativity of the above diagram.

Let (A∗, µ, ε, ι) be a topological Hopf algebra. We denote by GA∗ the presheaf on Cop represented by A∗

instead of hA∗ . Then, GA∗ is a group object in T = Functr(C, Top). The following assertion is a direct
consequence of (13.2.5).

Proposition 13.2.6 Let M be an object of Mod(C,M)K∗ and ξ : uA∗(M) → uA∗(M) a morphism of
Mod(C,M)A∗ . For an object R∗ of C, define a map α(ξ)R∗ : (M∗ ⊗̂K∗ R∗) × GA∗(R∗) → M∗ ⊗̂K∗ R∗ by
α(ξ)R∗(x, g) = gξ(x). For a morphism λ : R∗ → S∗ of C, the following diagram is commutative.

(M∗ ⊗̂K∗ R∗)×GA∗(R∗) M∗ ⊗̂K∗ R∗

(M∗ ⊗̂K∗ S∗)×GA∗(S∗) M∗ ⊗̂K∗ S∗

α(ξ)R∗

(idM∗ ⊗̂K∗ λ)×GA∗ (λ) idM∗ ⊗̂K∗ λ

α(ξ)S∗

Proposition 13.2.7 The map α(ξ)R∗ : (M∗ ⊗̂K∗ R∗) × GA∗(R∗) → M∗ ⊗̂K∗ R∗ defined in (13.2.6) is a right
action of GA∗(R∗) on M∗ ⊗̂K∗ R∗ for any R∗ ∈ Ob C if and only if (M , ξ) is a representation of A∗ on M .

Proof. Suppose that α(ξ)R∗ is a right action of GA∗(R∗) on M∗ ⊗̂K∗ R∗ for any object R∗ of C. If we put

ĥA
∗

M ,M (ξ) = (idGA∗ , ξ̃) for a morphism ξ̃ : M̂ õGA∗ → M̂ õGA∗ of GA∗ -modules, we have ξ̃(R∗,g) = g♯M ,M (ξ) =
(idR∗ , gξ) for (R

∗, g) ∈ Ob ChA∗ by (13.2.2). It follows from (13.1.2) and (13.1.4) that (M , ξ) is a representation
of A∗.

Suppose that (M , ξ) is a representation of A∗ on M . It follows from (13.1.4) that (ĥ(M), ĥA
∗

M ,M (ξ)) is a

representation of GA∗ on ĥ(M) = (hK∗ ,M̂). Hence, for each object R∗ of C, α(ξ)R∗ is a right of GA∗(R∗) on
M∗ ⊗̂K∗ R∗ by (13.1.2).

Remark 13.2.8 Put ξ = (idA∗ , ξ). α(ξ)A∗ : (M∗ ⊗̂K∗ A∗)×GA∗(A∗)→M∗ ⊗̂K∗ A∗ is regarded as a “generic
action” in the sence that the map M∗ ⊗̂K∗ A∗ → M∗ ⊗̂K∗ A∗ defined from the right action of idA∗ ∈ GA∗(A∗)
coincides with ξ by (13.2.3).

Proposition 13.2.9 Let M = (K∗,M∗, κ) be an object ofMod(C,M)K∗ and

βR∗ : (M∗ ⊗̂K∗ R∗)×GA∗(R∗)→M∗ ⊗̂K∗ R∗

a right R∗-linear GA∗(R∗)-action on M∗ ⊗̂K∗ R∗ which is natural in R∗ ∈ Ob C. Suppose that M∗ ⊗K∗ R∗ is
complete (M∗ is finite dimensional for example) or both βA∗ and αR∗(ξ) are continuous. If we define a map
ξ : M∗ ⊗̂K∗ A∗ → M∗ ⊗̂K∗ A∗ by ξ(x) = βA∗(x, idA∗) and put ξ = (idA∗ , ξ) : u∗A∗(M) → u∗A∗(M), then the
map αR∗(ξ) : (M∗ ⊗̂K∗ R∗)×GA∗(R∗)→M∗ ⊗̂K∗ R∗ defined in (13.2.6) coincides with βR∗ .

Proof. It follow from (13.2.8) that βA∗(x, idA∗) = ξ(x) = αA∗(ξ)(x, idA∗) for x ∈ M∗ ⊗̂K∗ A∗. For R∗ ∈ Ob C
and g ∈ GA∗(R∗), the following diagram is commutative by the naturality of βR∗ and αR∗ .

M∗ ⊗̂K∗ A∗ (M∗ ⊗̂K∗ A∗)×GA∗(A∗) M∗ ⊗̂K∗ A∗

M∗ ⊗̂K∗ R∗ (M∗ ⊗̂K∗ R∗)×GA∗(R∗) M∗ ⊗̂K∗ R∗

idM∗ ⊗̂K∗ g

α(ξ)A∗βA∗

(idM∗ ⊗̂K∗ g)×GA∗ (g) idM∗ ⊗̂K∗ g

α(ξ)R∗βR∗
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For a ∈ M∗ and r ∈ R∗, we have the following equality. Here ηM∗⊗K∗R∗ : M∗ ⊗K∗ R∗ → M∗ ⊗̂K∗ R∗ is the
canonical map.

βR∗(ηM∗⊗K∗R∗(a⊗ r), g) = βR∗(ηM∗⊗K∗R∗(a⊗ 1)r, g) = βR∗(ηM∗⊗K∗R∗(a⊗ g(1)), GA∗(g)(idA∗))r

= βR∗((idM∗ ⊗̂K∗ g)×GA∗(g))(ηM∗⊗K∗R∗(a⊗ 1), idA∗)r

= (idM∗ ⊗̂K∗ g)βA∗(ηM∗⊗K∗R∗(a⊗ 1), idA∗)r

= (idM∗ ⊗̂K∗ g)α(ξ)A∗(ηM∗⊗K∗R∗(a⊗ 1), idA∗)r

= αR∗(ξ)((idM∗ ⊗̂K∗ g)×GA∗(g))(ηM∗⊗K∗R∗(a⊗ 1), idA∗)r

= αR∗(ξ)(ηM∗⊗K∗R∗(a⊗ g(1)), GA∗(g)(idA∗))r

= αR∗(ξ)(ηM∗⊗K∗R∗(a⊗ 1)r, g) = αR∗(ξ)(ηM∗⊗K∗R∗(a⊗ r), g)

Hence the restriction of βR∗ to Im ηM∗⊗K∗R∗×GA∗(R∗) which is a dense subspace of M∗ ⊗̂K∗ R∗ coincides with
that of αR∗(ξ). Hence the assertion follows if M∗⊗K∗ R∗ is complete or both βR∗ and αR∗(ξ) are continuous.

Proposition 13.2.10 Let (M , ξ) and (N , ζ) be representations of A∗ onM=(K∗,M∗, α) andN=(K∗, N∗, β),
respectively. For a morphism φ = (idK∗ , ϕ) : (N , ζ)→ (M , ξ) of representations of A∗ and an object R∗ of C,
the following diagram is commutative.

(M∗ ⊗̂K∗ R∗)×GA∗(R∗) M∗ ⊗̂K∗ R∗

(N∗ ⊗̂K∗ R∗)×GA∗(R∗) N∗ ⊗̂K∗ R∗

α(ξ)R∗

(φ ⊗̂K∗ idR∗ )×idGA∗ (R∗) φ ⊗̂K∗ idR∗

α(ζ)R∗

Proof. It follows from (13.1.5) that ĥ(φ) : (ĥ(M), ĥA
∗

M ,M (ξ))→ (ĥ(N), ĥA
∗

N ,N (ζ)) is a morphism of representa-

tions of GA∗ . Recall that we put ĥA
∗

M ,M (ξ) = (idGA∗ , ξ̃), ĥ
A∗

N ,N (ζ)) = (idGA∗ , ζ̃) and ĥ(φ) = (idGA∗ , φ̂). Then,
the following diagram is commutative for any object (R∗, g) of CGA∗ .

M̂ õGA∗ (R
∗, g) N̂ õGA∗ (R

∗, g)

M̂ õGA∗ (R
∗, g) N̂ õGA∗ (R

∗, g)

ξ̃(R∗,g)

φ̂(R∗,g) φ̂(R∗,g)

ζ̃(R∗,g)

Since ξ̃(R∗,g) = (idR∗ , gξ), ζ̃(R∗,g) = (idR∗ , gζ) and φ̂(R∗,g) = (idR∗ , ϕ ⊗̂K∗ idR∗), we have (ϕ ⊗̂K∗ idR∗)gξ =

gζ(ϕ ⊗̂K∗ idR∗) by the commutativity of the above diagram. This implies the result.

Proposition 13.2.11 Let f : A∗ → B∗ be a morphism of Hopf algebras and (M , ξ) a representation of A∗ on
M = (K∗,M∗, α). We denote by Gf : GB∗ → GA∗ the morphism hf of presheaves induced by f . Then, for
each object R∗ of C, the following diagram is commutative.

(M∗ ⊗̂K∗ R∗)×GB∗(R∗) M∗ ⊗̂K∗ R∗

(M∗ ⊗̂K∗ R∗)×GA∗(R∗)

α(ξf )R∗

idM∗ ⊗̂K∗ R∗×GfR∗

α(ξ)R∗

Proof. We have ĥB
∗

M ,M (ξf ) = ĥA
∗

M ,M (ξ)Gf : h∗uB∗ (ĥ(M))→ h∗uB∗ (ĥ(M)) by (11.1.12). On the other hand, since

ĥB
∗

M ,M (ξf ) = (idGB∗ , ξ̃f ) and ĥA
∗

M ,M (ξ)Gf = (idGB∗ , G
∗
f (ξ̃)), it follows ξ̃f (R∗,g)

= G∗
f (ξ̃)(R∗,g) = ξ̃(R∗,GfR∗ (g))

for any object (R∗, g) of CGB∗ . Hence we have gξf = GfR∗(g)ξ which implies the assertion.

Theorem 13.2.12 Suppose that K∗ is a field. Let A∗ be a complete Hopf algebra over K∗ such that the
coproduct µ : A∗ → A∗ ⊗̂K∗ A∗ lifts to µ̃ : A∗ → A∗ ⊗K∗ A∗ and (M , ξ) a representation of A∗ on M =
(K∗,M∗, α) such that M∗ is profinite. Suppose that there exists a family {(M i, ξi)}i∈I of subrepresentations of
(M , ξ) such that if we put M i = (K∗,M∗

i , αi), {M∗
i | i ∈ I} is a cofinal subset of NM∗ . Then, the right action

α(ξ)R∗ : (M∗ ⊗̂K∗ R∗)×GA∗(R∗)→M∗ ⊗̂K∗ R∗ is continuous for any profinite K∗-algebra R∗.
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Proof. If M∗ and R∗ are both finite and A∗ is finitely generated, then both GA∗(R∗) and M∗ ⊗̂K∗ R∗ are
discrete, hence α(ξ)R∗ is continuous. Let ξ̄i :M

∗/M∗
i ⊗̂K∗ A∗ →M∗/M∗

i ⊗̂K∗ A∗ be the unique map that makes
the following diagram commute, where pi :M

∗ →M∗/M∗
i is the quotient map.

M∗ ⊗̂K∗ A∗ M∗ ⊗̂K∗ A∗

M∗/M∗
i ⊗̂K∗ A∗ M∗/M∗

i ⊗̂K∗ A∗

ξ

pi ⊗̂K∗ idA∗ pi ⊗̂K∗ idA∗

ξ̄i

Let us denote by ᾱi the K
∗-module structure of M∗/M∗

i . We have a representation (M̄ i, ξ̄i) of A∗ on M̄ i =
(K∗,M∗/M∗

i , ᾱi) such that (idK∗ , pN∗) : (M , ξ)→ (M̄ i, ξ̄i) is a morphism of representations of A∗. Hence the
following diagram is commutative by (13.2.10).

(M∗ ⊗̂K∗ R∗)×GA∗(R∗) M∗ ⊗̂K∗ R∗

(M∗/M∗
i ⊗̂K∗ R∗)×GA∗(R∗) M∗/M∗

i ⊗̂K∗ R∗

α(ξ)R∗

(pi ⊗̂K∗ idR∗ )×idGA∗ (R∗) pi ⊗̂K∗ idR∗

α(ξ̄i)R∗

· · · (i)

By (5.2.11), there exists a finitely generated Hopf subalgebra A∗
i of A

∗ such that if we denote by ιi : A
∗
i → A∗ the

inclusion map, there exists a map ξ̃i : M
∗/M∗

i ⊗̂K∗ A∗
i → M∗/M∗

i ⊗̂K∗ A∗
i which makes the following diagram

commute and ξ̃i = (idAi , ξ̃i) defines a representation of A∗
i on M̄ i.

M∗/M∗
i ⊗̂K∗ A∗

i M∗/M∗
i ⊗̂K∗ A∗

i

M∗/M∗
i ⊗̂K∗ A∗ M∗/M∗

i ⊗̂K∗ A∗

ξ̃i

idM∗/M∗
i
⊗̂K∗ ιi idM∗/M∗

i
⊗̂K∗ ιi

ξ̄i

It follows from (12.1.9) that (idA∗ , ξ̄i) is the restriction of (idA∗ , ξ̃i) by ιi. Hence the following diagram is
commutative by (13.2.11).

(M∗/M∗
i ⊗̂K∗ R∗)×GA∗(R∗) M∗/M∗

i ⊗̂K∗ R∗

(M∗/M∗
i ⊗̂K∗ R∗)×GA∗

i
(R∗)

α(ξ̄i)R∗

idM∗/M∗
i

⊗̂K∗ R∗×Gιi R∗

α(ξ̃i)R∗

· · · (ii)

Then, the following diagram commutes by (i) and (ii).

(M∗ ⊗̂K∗ R∗)×GA∗(R∗) M∗ ⊗̂K∗ R∗

(M∗/M∗
i ⊗̂K∗ R∗)×GA∗

i
(R∗) M∗/M∗

i ⊗̂K∗ R∗

α(ξ)R∗

pi ⊗̂K∗ idR∗×Gιi R∗ pi ⊗̂K∗ idR∗

α(ξ̃i)R∗

· · · (iii)

As we noted first, α(ξ̃i)R∗ is continuous if R∗ is finite. By (13.2.6) and (2.3.10), α(ξ̃i)R∗ is continuous if R∗ is
profinite. We give a partial order ≦ to I by “i ≦ j if and only if M∗

i ⊂M∗
j ”. Since(

M∗ ⊗̂K∗ R∗ pi ⊗̂K∗ idR∗−−−−−−−−→M∗/M∗
i ⊗̂K∗ R∗

)
i∈I

is a limiting cone of a functor D : I → Top∗ which maps i ∈ I to M∗/M∗
i ⊗̂K∗ R∗ by (2.3.11) and(

M∗ ⊗̂K∗ R∗ ×GA∗(R∗)
α(ξ̃i)R∗ (pi ⊗̂K∗ idR∗×Gιi R∗ )
−−−−−−−−−−−−−−−−−−−→ M∗/M∗

i ⊗̂K∗ R∗
)
i∈I

is a cone of D by the commutativity of (iii), the unique map α(ξ)R∗ : M∗ ⊗̂K∗ R∗ × GA∗(R∗) → M∗ ⊗̂K∗ R∗

that makes diagram (iii) above commute for any i ∈ I is continuous.
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Remark 13.2.13 Let A∗ be a 0-connected Hopf algebra with the skeletal topology and M∗ a coconnective right
A∗-comodule of finite type with the skeletal topology. Since A∗ ⊗K∗ A∗ has the skeletal topology by (2.3.3), A∗

satisfies the condition of (13.2.12). Suppose Mn = {0} for n ≥ N . Since M [n]∗ is an open subcomodule if
n > |N | and {M [n]∗|n > |N |} is a cofinal subset of NM∗ , M∗ satisfies the condition of (13.2.12).

The following is another case that a group action is continuous.

Proposition 13.2.14 Assume that K∗ is a field. Let G be a topological K∗-group functor andM∗ a K∗-module.
Suppose that G(R∗) and M∗⊗K∗ R∗ are discrete if R∗ is finite. Let αR∗ : (M∗ ⊗̂K∗ R∗)×G(R∗)→M∗ ⊗̂K∗ R∗

be a right G(R∗)-action which is natural in R∗. If R∗ is profinite, αR∗ is continuous.

Proof. If R∗ is finite, then both M∗⊗K∗ R∗ and G(R∗) are discrete, hence αR∗ is continuous. For an open ideal
a of R∗, let πa : R∗ → R∗/a be the quotient map. The following diagram is commutative by the naturality of
αR∗ .

(M∗ ⊗̂K∗ R∗)×G(R∗) M∗ ⊗̂K∗ R∗

(M∗ ⊗̂K∗ R∗/a)×G(R∗/a) M∗ ⊗̂K∗ R∗/a

αR∗

(idM∗ ⊗̂K∗ πa)×G(πa) idM∗ ⊗̂K∗ πa

αR∗/a

Hence (idM∗ ⊗̂K∗ πa)αR∗ is continuous for any open ideal a of R∗. If R∗ is profinite, it follows from (2.3.9) that(
M∗ ⊗̂K∗ R∗ idM∗ ⊗̂K∗ πR∗−−−−−−−−−→M∗ ⊗̂K∗ R∗/a)a∈IR∗

is a limiting cone, which implies the continuity of αR∗ .

Remark 13.2.15 Assume that G is represented by an topological Hopf algebra and that M∗ is finite dimen-
sional. Then, G(R∗) and M∗ ⊗K∗ R∗ are discrete R∗ is finite.

13.3 Fixed points

Let G be a group object in T and ξ, ζ representations of G on an hK∗ -module M . We put M(R∗, uR∗) =
(R∗,M∗

R∗ , αR∗) for R∗ ∈ Ob C. For a morphism λ : R∗ → S∗ of C, we put Mλ = pM(M(λ)) : M∗
R∗ → M∗

S∗ .
Define a K∗-submodule (M∗

R∗)ξ,ζ of M∗
R∗ by

(M∗
R∗)ξ,ζ = {x ∈M∗

R∗ | ξ(S∗, g)(Mλ(x)) = ζ(S∗, g)(Mλ(x)) for any (S∗, g) ∈ Ob CG and λ ∈ C(R∗, S∗)}.

Lemma 13.3.1 Let G be a group object in T represented by a Hopf algebra (A∗, µ, ε, ι) and ξ, ζ representations
of G on an hK∗-module M . For R∗ ∈ Ob C, let us denote by îA∗ : A∗ → A∗ ⊗̂K∗ R∗ and îR∗ : R∗ → A∗ ⊗̂K∗ R∗

the maps given by îA∗(z) = ηA∗⊗K∗R∗(z ⊗ 1) and îR∗(r) = ηA∗⊗K∗R∗(1⊗ r), respectively. Then, we have

(M∗
R∗)ξ,ζ = {x ∈M∗

R∗ | ξ(A∗ ⊗̂K∗ R∗, îA∗)(MîR∗ (x)) = ζ(A∗ ⊗̂K∗ R∗, îA∗)(MîR∗ (x))}.

Proof. It is clear that the right hand side contains the left hand side. Suppose that x ∈ M∗
R∗ satisfies

ξ(A∗ ⊗̂K∗ R∗, îA∗)(MîR∗ (x)) = ζ(A∗ ⊗̂K∗ R∗, îA∗)(MîR∗ (x)). For (S∗, g) ∈ Ob CG and λ ∈ C(R∗, S∗), there

exists unique K∗-algebra homomorphism σ : A∗ ⊗̂K∗ R∗ → S∗ that satisfies σîA∗ = g and σîR∗ = λ. Then, σ is
regarded as a morphism σ : (A∗ ⊗̂K∗ R∗, îA∗)→ (S∗, g) and the following diagrams commute.

M∗
A∗ ⊗̂K∗ R∗ M∗

A∗ ⊗̂K∗ R∗

M∗
S∗ M∗

S∗

ξ(A∗ ⊗̂K∗ R∗, îA∗ )

Mσ Mσ

ξ(S∗, g)

M∗
A∗ ⊗̂K∗ R∗ M∗

A∗ ⊗̂K∗ R∗

M∗
S∗ M∗

S∗

ζ(A∗ ⊗̂K∗ R∗, îA∗ )

Mσ Mσ

ζ(S∗, g)

Hence we have

ξ(S∗, g)(Mλ(x)) = ξ(S∗, g)(Mσ(MîR∗ (x))) =Mσξ(A
∗ ⊗̂K∗ R∗, îA∗)(MîR∗ (x))

=Mσζ(A
∗ ⊗̂K∗ R∗, îA∗)(MîR∗ (x)) = ζ(S∗, g)(Mσ(MîR∗ (x))) = ζ(S∗, g)(Mλ(x)),

which implies x ∈ (M∗
R∗)ξ,ζ .
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Proposition 13.3.2 (1) (M∗
R∗)ξ,ζ is an R∗-submodule of M∗

R∗ .
(2) For a morphism λ : R∗ → S∗ of C, Mλ :M∗

R∗ →M∗
S∗ maps (M∗

R∗)ξ,ζ into (M∗
S∗)ξ,ζ .

(3) For (R∗, g) ∈ Ob CG, ξ(R∗, g) :M∗
R∗ →M∗

R∗ maps (M∗
R∗)ξ,ζ into (M∗

R∗)ξ,ζ .

Proof. (1) If x ∈ (M∗
R∗)ξ,ζ and r ∈ R∗, since a diagram

M∗
R∗ ⊗K∗ R∗ M∗

S∗ ⊗K∗ S∗ M∗
S∗ ⊗K∗ S∗

M∗
R∗ M∗

S∗ M∗
S∗

Mλ⊗K∗λ

αR∗

χ(S∗, g)⊗K∗ idS∗

αS∗ αS∗

Mλ χ(S∗, g)

commutes for χ = ξ, ζ, (S∗, g) ∈ Ob CG and λ ∈ C(R∗, S∗), we have

ξ(S∗, g)(Mλ(αR∗(x⊗ r))) = ξ(S∗, g)(αS∗(Mλ(x)⊗ λ(r))) = αS∗(ξ(S∗, g)(Mλ(x))⊗ λ(r))
= αS∗(ζ(S∗, g)(Mλ(x))⊗ λ(r)) = ζ(S∗, g)(αS∗(Mλ(x)⊗ λ(r)))
= ζ(S∗, g)(Mλ(αR∗(x⊗ r))).

Hence (M∗
R∗)ξ,ζ is a R∗-submodule of M∗

R∗ .
(2) It is clear from the definition of (M∗

R∗)ξ,ζ that Mλ(x) ∈ (M∗
S∗)ξ,ζ if x ∈ (M∗

R∗)ξ,ζ and λ ∈ C(R∗, S∗).
(3) Suppose x ∈ (M∗

R∗)ξ,ζ . For a morphism λ : R∗ → S∗ of C and (R∗, g), (S∗, h) ∈ CG, it follows from

ξ(S∗, h)(Mλ(ξ(R
∗, g)(x))) = ξ(S∗, h)(ξ(S∗, G(λ)(g))(Mλ(x)) = ξ(S∗, µS∗(h,G(λ)(g)))(Mλ(x))

= ζ(S∗, µS∗(h,G(λ)(g)))(Mλ(x)) = ζ(S∗, h)(ζ(S∗, G(λ)(g))(Mλ(x)))

= ζ(S∗, h)(Mλ(ζ(R
∗, g)(x))) = ζ(S∗, h)(Mλ(ξ(R

∗, g)(x)))

that Mλ(ξ(R
∗, g)(x)) ∈ (M∗

R∗)ξ,ζ .

Proposition 13.3.3 Let ξ, ζ representations of G on M and ξ′, ζ ′ representations of G on N . If a morphism
φ : M → N of hK∗-modules gives morphisms ξ → ξ′ and ζ → ζ ′, then ϕR∗ = pM(φR∗) maps (M∗

R∗)ξ,ζ into

(N∗
R∗)ξ

′,ζ′ for any R∗ ∈ Ob C.

Proof. If x ∈ (M∗
R∗)ξ,ζ , since diagrams

M∗
R∗ M∗

S∗ M∗
S∗

N∗
R∗ N∗

S∗ N∗
S∗

Mλ

φR∗

ξ(S∗, g)

φS∗ φS∗

Nλ ξ′(S∗, g)

M∗
R∗ M∗

S∗ M∗
S∗

N∗
R∗ N∗

S∗ N∗
S∗

Mλ

φR∗

ζ(S∗, g)

φS∗ φS∗

Nλ ζ′(S∗, g)

commute for (S∗, g) ∈ Ob CG and λ ∈ C(R∗, S∗), we have

ξ′(S∗, g)(Nλ(ϕR∗(x))) = ξ′(S∗, g)(ϕS∗(Mλ(x))) = ϕS∗(ξ(S∗, g)(Mλ(x))) = ϕS∗(ζ(S∗, g)(Mλ(x)))

= ζ ′(S∗, g)(ϕS∗(Mλ(x))) = ζ ′(S∗, g)(Mλ(ϕR∗(x))) = ζ ′(S∗, g)(ϕS∗(Nλ(x))).

Hence ϕR∗ maps (M∗
R∗)ξ,ζ into (N∗

R∗)ξ
′,ζ′ .

Let us denote by αξ,ζR∗ : (M∗
R∗)ξ,ζ ⊗K∗ R∗ → (M∗

R∗)ξ,ζ the right R∗-module structure of (M∗
R∗)ξ,ζ and by

M ξ,ζ
λ : (M∗

R∗)ξ,ζ → (M∗
S∗)ξ,ζ the map induced byMλ :M∗

R∗ →M∗
S∗ . Thus we have an hK∗ -moduleM ξ,ζ defined

by M ξ,ζ(R∗, uR∗) = (R∗, (M∗
R∗)ξ,ζ , α

ξ,ζ
R∗) and M ξ,ζ(λ) = (λ,M ξ,ζ

λ ). The inclusion maps ιR∗ : (M∗
R∗)ξ,ζ → M∗

R∗

for R∗ ∈ Ob C define a morphism ι :M ξ,ζ →M of hK∗ -modules.
For (R∗, g) ∈ Ob CG, define a map µξ,ζ(R

∗, g) : (M∗
R∗)ξ,ζ → (M∗

R∗)ξ,ζ by µξ,ζ(R
∗, g)(x) = ξ(R∗, g)(x) and

define a morphism µξ,ζ : M ξ,ζ õG → M ξ,ζ õG of G-modules by (µξ,ζ)(R∗,g) = (idR∗ , µξ,ζ(R
∗, g)). Then, µξ,ζ

is a representation of G on M ξ,ζ and ι : M ξ,ζ → M defines morphisms of representations ιξ : µξ,ζ → ξ and
ιζ : µξ,ζ → ζ. µξ,ζ is a subrepresentation of both ξ and ζ.

Proposition 13.3.4 Let ξ and ζ be representations of G on M . If θ is a subrepresentation of both ξ and ζ, θ
is a subrepresentation of µξ,ζ .
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Proof. Suppose that θ is a representation on a submodule N of M and let η : N → M be the inclusion
morphism. Then, the following diagrams commute by the assumption.

MõG NõG MõG

MõG NõG MõG

ξ

ηõG
ηõG

θ ζ

ηõG
ηõG

We set pM(N(R∗, uR∗)) = N∗
R∗ and pM(ηR∗) = ηR∗ for R∗ ∈ Ob C. If x ∈ N∗

R∗ , (S∗, g) ∈ CG and λ ∈ C(R∗, S∗),
it follows from the commutativity of the above diagram that

ξ(S∗, g)(Mλ(ηR∗(x))) = ξ(S∗, g)(ηS∗(Mλ(x))) = ηS∗(θ(S∗, g)(Mλ(x))) = ζ(S∗, g)(ηS∗(Mλ(x)))

= ζ(S∗, g)(Mλ(ηR∗(x))).

Hence we have ηR∗(x) ∈ (M∗
R∗)ξ,ζ .

For a group object G in T , we define a functor TG : Mod(hK∗) → Rep(G ;M) as follows. For an object
M of Mod(hK∗), TG(M) : MõG → MõG is the trivial representation. For a morphism φ : M → N of
Mod(hK∗), it is clear that φ gives a morphism from TG(M) to TG(N) and set TG(φ) = φ. We denote by
π : Rep(G ;M)→Mod(hK∗) the forgetful functor given by π(ξ) = M for (ξ : MõG →MõG) ∈ ObRep(G ;M)
and π(φ) = φ for φ ∈ MorRep(G ;M). Note that πTG is the identity functor ofMod(hK∗).

If τ is the trivial representation of G on M , we denote M ξ,τ by M ξ or MG.
Let ξ and ζ be representations of G on hK∗ -modules M and N , respectively. For a morphism φ : ξ → ζ

of Rep(G ;M), it follows from (13.3.3) that φ induces a homomorphism ϕGR∗ : (M∗
R∗)ξ,τ → (N∗

R∗)ζ,τ of R∗-
modules for each R∗ ∈ Ob C and this defines a morphism φG :M ξ → N ζ of hK∗ -modules. We define a functor
IG : Rep(G ;M) →Mod(hK∗) as follows. Set IG(ξ) = π(µξ,τ ) = M ξ for (ξ : MõG → MõG) ∈ ObRep(G ;M)
and IG(φ) = φ

G for φ ∈ MorRep(G ;M).

Proposition 13.3.5 IG is a right adjoint of TG.

Proof. Let M be an hK∗ -module and put M(R∗, uR∗) = (R∗,M∗
R∗ , αR∗) for R∗ ∈ Ob C. Consider the trivial

representation of G on M . Then, (M∗
R∗)ξ = M∗

R∗ for any R∗ ∈ Ob C thus we have IG(TG(M)) = M . Let
ξ :MõG →MõG be a representation of G on M ∈ ObMod(hK∗). For R∗ ∈ Ob C, we denote by ιR∗ : (M∗

R∗)ξ →
M∗
R∗ the inclusion map. If x ∈ (M∗

R∗)ξ and (R∗, g) ∈ CG, then

ξ(R∗, g)(ιR∗(x)) = ιR∗(x) = ιR∗(TG(M
ξ)(R∗, g)(x)).

Therefore a morphism M ξ → M of hK∗ -modules induced by ιR∗ gives a morphism εξ : TG(IG(ξ)) → ξ of
Rep(G ;M). It is clear that εξ is natural in ξ and that IG(εξ) is the identity morphism of IG(ξ). Moreover,
εTG(M) is the identity morphism of TG(M) for M ∈ ObMod(hK∗). Hence IG is a right adjoint of TG.

Let GA∗ be a topological affine group scheme represented by a Hopf algebra (A∗, µ, ε, ι) and (M , ξ),
(M , ζ) representations of A∗ on M = (K∗,M∗, α). We put ξ = (idA∗ , ξ), ζ = (idA∗ , ζ) and denote by

ξ̂, ζ̂ :M∗ →M∗ ⊗̂K∗ A∗ the right A∗-comodule structure associated with ξ, ζ, respectively. We put ĥA
∗

M ,M (ξ) =

(idhA∗ , ξ̃) and ĥA
∗

M ,M (ζ) = (idhA∗ , ζ̃). Then, for (R∗, g) ∈ Ob ChA∗ , we have ξ̃(R∗,g) = (idR∗ , ξ̃(R∗, g)),

ζ̃(R∗,g) = (idR∗ , ζ̃(R∗, g)) where ξ̃(R∗, g), ζ̃(R∗, g) : M∗ ⊗̂K∗ R∗ → M∗ ⊗̂K∗ R∗ are homomorphisms right R∗-
modules which are the following compositions, respectively.

M∗ ⊗̂K∗ R∗ idM∗ ⊗̂K∗ χ̂−1
g−−−−−−−−−→M∗ ⊗̂K∗ A∗ ⊗̂A∗ R∗ ξ ⊗̂A∗ idR∗−−−−−−−→M∗ ⊗̂K∗ A∗ ⊗̂A∗ R∗ idM∗ ⊗̂K∗ χ̂g−−−−−−−−→M∗ ⊗̂K∗ R∗

M∗ ⊗̂K∗ R∗ idM∗ ⊗̂K∗ χ̂−1
g−−−−−−−−−→M∗ ⊗̂K∗ A∗ ⊗̂A∗ R∗ ζ ⊗̂A∗ idR∗−−−−−−−→M∗ ⊗̂K∗ A∗ ⊗̂A∗ R∗ idM∗ ⊗̂K∗ χ̂g−−−−−−−−→M∗ ⊗̂K∗ R∗

Here, χ̂g : A
∗ ⊗̂A∗ R∗ → R∗ is the isomorphism induced by the isomorphism A∗⊗A∗ R∗ → R∗ which maps a⊗ r

to g(a)r.

Proposition 13.3.6 For R∗ ∈ Ob C, (M∗ ⊗̂K∗ R∗)ξ,ζ is the kernel of

(ξ̂ − ζ̂) ⊗̂K∗ idR∗ :M∗ ⊗̂K∗ R∗ →M∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗.
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Proof. Recall that x ∈ (M∗ ⊗̂K∗ R∗)ξ,ζ if and only if ξ̃(S∗, g)((idM∗ ⊗̂K∗ λ)(x)) = ζ̃(S∗, g)((idM∗ ⊗̂K∗ λ)(x))
for any (S∗, g) ∈ Ob ChA∗ and λ ∈ C(R∗, S∗).

For (S∗, g) ∈ Ob ChA∗ , let q̂ : A∗ ⊗̂K∗S∗ → A∗ ⊗̂A∗S∗ the map given in the proof of (13.2.4). Then the
following diagrams are commutative for λ ∈ C(R∗, S∗).

M∗ ⊗̂K∗R∗ M∗ ⊗̂K∗A∗ ⊗̂K∗R∗ M∗ ⊗̂K∗A∗ ⊗̂K∗S∗

M∗ ⊗̂K∗S∗ M∗ ⊗̂K∗A∗ ⊗̂A∗S∗ M∗ ⊗̂K∗A∗ ⊗̂A∗S∗

ξ̂ ⊗̂K∗ idR∗

idM∗ ⊗̂K∗ λ

idM∗ ⊗̂K∗ idA∗ ⊗̂K∗ λ

idM∗ ⊗̂K∗ q̂

idM∗ ⊗̂K∗ χ̂−1
g ξ ⊗̂A∗ idS∗

M∗ ⊗̂K∗R∗ M∗ ⊗̂K∗A∗ ⊗̂K∗R∗ M∗ ⊗̂K∗A∗ ⊗̂K∗S∗

M∗ ⊗̂K∗S∗ M∗ ⊗̂K∗A∗ ⊗̂A∗S∗ M∗ ⊗̂K∗A∗ ⊗̂A∗S∗

ζ̂ ⊗̂K∗ idR∗

idM∗ ⊗̂K∗ λ

idM∗ ⊗̂K∗ idA∗ ⊗̂K∗ λ

idM∗ ⊗̂K∗ q̂

idM∗ ⊗̂K∗ χ̂−1
g ζ ⊗̂A∗ idS∗

It follows from the commutativity of the above diagram and the fact that χ̂g is an isomorphism that x ∈
M∗ ⊗̂K∗ R∗ satisfies ξ̃(S∗, g)((idM∗ ⊗̂K∗ λ)(x)) = ζ̃(S∗, g)((idM∗ ⊗̂K∗ λ)(x)) if and only if

(idM∗ ⊗̂K∗ q̂(idA∗ ⊗̂K∗ λ))(ξ̂ ⊗̂K∗ idR∗)(x) = (idM∗ ⊗̂K∗ q̂(idA∗ ⊗̂K∗ λ))(ζ̂ ⊗̂K∗ idR∗)(x) · · · (∗)

Therefore x ∈ (M∗ ⊗̂K∗ R∗)ξ,ζ if x ∈ M∗ ⊗̂K∗ R∗ satisfies (ξ̂ ⊗̂K∗ idR∗)(x) = (ζ̂ ⊗̂K∗ idR∗)(x). Conversely,
suppose that x ∈ (M∗ ⊗̂K∗ R∗)ξ,ζ . Let λ : R∗ → A∗ ⊗̂K∗ R∗ be the map induced by a map R∗ → A∗ ⊗K∗ R∗

given by r 7→ 1⊗ r. Then, the following composition is the identity map of A∗ ⊗̂K∗ R∗.

A∗ ⊗̂K∗ R∗ idA∗ ⊗̂K∗ λ−−−−−−−→ A∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗ q̂−→ A∗ ⊗̂A∗ A∗ ⊗̂K∗ R∗ χ̂idA∗ ⊗̂K∗ idR∗
−−−−−−−−−−→ A∗ ⊗̂K∗ R∗

Hence (∗) implies (ξ̂ ⊗̂K∗ idR∗)(x) = (ζ̂ ⊗̂K∗ idR∗)(x).

In particular, x ∈M∗ belogns to (M∗)ξ,ζ if and only if ξ̂(x) = ζ̂(x). Hence the map îM∗ :M∗ →M∗ ⊗̂K∗ R∗

given by îM∗(x) = ηM∗ ⊗̂K∗ R∗(x ⊗ 1) maps (M∗)ξ,ζ into (M∗ ⊗̂K∗ R∗)ξ,ζ . Since (M∗ ⊗̂K∗ R∗)ξ,ζ is a closed

subspace of M∗ ⊗̂K∗ R∗ by the continuity of ξ̂ and ζ̂, (M∗ ⊗̂K∗ R∗)ξ,ζ is complete Hausdorff. Thus we have a

map î ξ,ζR∗ : (M∗)ξ,ζ ⊗̂K∗ R∗ → (M∗ ⊗̂K∗ R∗)ξ,ζ .

If R∗ is flat over K∗, since 0→ (M∗)ξ,ζ
ι̂K∗−−→M∗ ξ̂−ζ̂−−→M∗ ⊗̂K∗ A∗ is exact, we have an exact sequence

0 −→ (M∗)ξ,ζ ⊗K∗ R∗ ι̂K∗⊗K∗ idR∗−−−−−−−−→M∗ ⊗K∗ R∗ (ξ̂−ζ̂)⊗K∗ idR∗−−−−−−−−−−→ (M∗ ⊗̂K∗ A∗)⊗K∗ R∗.

Proposition 13.3.7 Let R∗ be an object of C. Suppose that there exists a cofinal subset J of IR∗ such that
R∗/a is a finitely generated and free K∗-module for any a ∈ J . Then î ξ,ζR∗ : (M∗)ξ,ζ ⊗̂K∗ R∗ → (M∗ ⊗̂K∗ R∗)ξ,ζ

is an isomorphism.

Proof. If R∗ is discrete, î ξ,ζR∗ is regarded as a map from (M∗)ξ,ζ ⊗K∗ R∗ to (M∗ ⊗K∗ R∗)ξ,ζ . Hence it follows

from the above exact sequence that î ξ,ζR∗/a : (M∗)ξ,ζ ⊗̂K∗ R∗/a → (M∗ ⊗̂K∗ R∗/a)ξ,ζ is an isomorphism for any

a ∈ J . Let qa : R∗ → R∗/a be the quotient map. Since the right rectangle of the following diagram commutes
and the upper and lower raws are exact, there exists a morphism q̂a : (M∗ ⊗̂K∗ R∗)ξ,ζ → (M∗ ⊗̂K∗ R∗/a)ξ,ζ

which makes the left rectangle of the following diagram commute.

0 (M∗ ⊗̂K∗ R∗)ξ,ζ M∗ ⊗̂K∗ R∗ M∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗

0 (M∗ ⊗̂K∗ R∗/a)ξ,ζ M∗ ⊗̂K∗ R∗/a M∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗/a

jR∗

q̂a

(ξ̂−ζ̂) ⊗̂K∗ idR∗

idM∗ ⊗̂K∗ qa idM∗ ⊗̂K∗ A∗ ⊗̂K∗ qa

jR∗/a (ξ̂−ζ̂) ⊗̂K∗ idR∗/a

Consider functors D1, D2, D3 : J → TopModK∗ defined by D1(a) =M∗ ⊗̂K∗R∗/a, D2(a) =M∗ ⊗̂K∗A∗ ⊗̂K∗R∗/a

and D3(a) = (M∗ ⊗̂K∗R∗/a)ξ,ζ . Then,
(
(M∗ ⊗̂K∗R∗)ξ,ζ

q̂a−→ (M∗ ⊗̂K∗R∗/a)ξ,ζ
)
a∈J

is a cone of D3. By (2.3.11),(
M∗ ⊗̂K∗ R∗ idM∗ ⊗̂K∗ qa−−−−−−−−→M∗ ⊗̂K∗ R∗/a

)
a∈J
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and (
M∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗

idM∗ ⊗̂K∗ A∗ ⊗̂K∗ qa
−−−−−−−−−−−−−→M∗ ⊗̂K∗ A∗ ⊗̂K∗ R∗/a

)
a∈J

are limiting cones of D1 and D2, respectively. Let
(
N∗ ρa−→ (M∗ ⊗̂K∗ R∗/a)ξ,ζ

)
a∈J

be a cone of D3. Then,(
N∗ jR∗/aρa−−−−−→M∗ ⊗̂K∗ R∗/a

)
a∈J

is a cone of D1 and there exists unique morphism ϕ : N∗ → M∗ ⊗̂K∗ R∗

satisfying (idM∗ ⊗̂K∗ qa)ϕ = jR∗/aρa for any a ∈ J . Since

(idM∗ ⊗̂K∗ A∗ ⊗̂K∗ qa)((ξ̂ − ζ̂) ⊗̂K∗ idR∗)ϕ = ((ξ̂ − ζ̂) ⊗̂K∗ idR∗/a)(idM∗ ⊗̂K∗ qa)ϕ

= ((ξ̂ − ζ̂) ⊗̂K∗ idR∗/a)jR∗/aρa = 0

for any a ∈ J , we have ((ξ̂ − ζ̂) ⊗̂K∗ idR∗)ϕ = 0 and this implies that there exists unique morphism ϕ̃ : N∗ →
(M∗ ⊗̂K∗ R∗)ξ,ζ that satisfies jR∗ ϕ̃ = ϕ. Then, jR∗/aq̂aϕ̃ = (idM∗ ⊗̂K∗ qa)jR∗ ϕ̃ = (idM∗ ⊗̂K∗ qa)ϕ = jR∗/aρa,
hence q̂aϕ̃ = ρa for any a ∈ J . It is clear that ϕ̃ is unique morphism that satisfies q̂aϕ̃ = ρa for any a ∈ J .
Therefore

(
(M∗ ⊗̂K∗ R∗)ξ,ζ

q̂a−→ (M∗ ⊗̂K∗ R∗/a)ξ,ζ
)
a∈J

is a limiting cone of D3. It follows from (2.3.11) that(
(M∗)ξ,ζ ⊗̂K∗ R∗

id
(M∗)ξ,ζ

⊗̂K∗ qa
−−−−−−−−−−−→ (M∗)ξ,ζ ⊗̂K∗ R∗/a

)
a∈J

is a limiting cone of a functor D4 : J → TopModK∗

defined by D4(a) = (M∗)ξ,ζ ⊗̂K∗ R∗/a. Since ι̂R∗/a : (M∗)ξ,ζ ⊗̂K∗ R∗/a → (M∗ ⊗̂K∗ R∗/a)ξ,ζ defines a natutal

equivalence D4 → D3, î
ξ,ζ
R∗ : (M∗)ξ,ζ ⊗̂K∗ R∗ → (M∗ ⊗̂K∗ R∗)ξ,ζ is an isomorphism.
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14 Examples of representations of topological group schemes

14.1 Representations of general linear groups

We consider the case C = TopAlgpfK∗ and M = TopModpfK∗ below and assume that K∗ is a field such that

Ki = {0} if i 6= 0. For a non-increasing sequence v = (s1, s2, . . . , sn) of integers, let us denote by βv the
K∗-module structure of V ∗

v (8.6.2) and consider an object Vv = (K∗, V ∗
v , βv) of Mod(C,M)K∗ . We note that

V ∗
v ⊗̂K∗ R∗ = V ∗

v ⊗K∗ R∗ holds for an object R∗ of C since V ∗
v is a finite dimensional vector space over K∗.

Recall that GLv is a group object in T = Functr(C, Top) represented by the topological Hopf algebra Â∗
v which

is given in the proof of (8.6.15). Define a map

βR∗ : (V ∗
v ⊗̂K∗ R∗)× GLv(R∗) = (V ∗

v ⊗K∗ R∗)× GLR∗(V ∗
v ⊗̂K∗ R∗)→ V ∗

v ⊗K∗ R∗ = V ∗
v ⊗̂K∗ R∗

by βR∗(x, g) = g(x). It is clear that βR∗ is a right GLv(R∗)-action on V ∗
v ⊗̂K∗ R∗.

Proposition 14.1.1 For a morphism ϕ : R∗ → S∗, the following diagram is commutative.

(V ∗
v ⊗̂K∗ R∗)× GLv(R∗) V ∗

v ⊗̂K∗ R∗

(V ∗
v ⊗̂K∗ S∗)× GLv(S∗) V ∗

v ⊗̂K∗ R∗

βR∗

(idV ∗
v

⊗̂K∗ φ)×GLv(φ) idV ∗
v

⊗̂K∗ φ

βS∗

Proof. Define a map iR∗ : R∗ → R∗⊗R∗S∗ by iR∗(r) = r⊗1. We denote by χφ : R∗⊗R∗S∗ → S∗ the isomorphism
defined by χφ(r ⊗ s) = ϕ(r)s. Then, we have χφiR∗ = ϕ. Hence the following diagram is commutative for
g ∈ GLv(R∗) = GLR∗(V ∗

v ⊗K∗R∗).

V ∗
v ⊗K∗R∗ V ∗

v ⊗K∗R∗

V ∗
v ⊗K∗S∗ V ∗

v ⊗K∗R∗ ⊗R∗S∗ V ∗
v ⊗K∗R∗ ⊗R∗S∗ V ∗

v ⊗K∗S∗

idV ∗
v
⊗K∗φ

g

idV ∗
v
⊗K∗ iR∗

idV ∗
v
⊗K∗φ

idV ∗
v
⊗K∗ iR∗

idV ∗
v
⊗K∗χ−1

φ g⊗K∗ idS∗ idV ∗
v
⊗K∗χφ

Since the composition of lower horizontal maps of the above diagram is GLv(ϕ)(g) = Tφ(g), the assertion follows
from the commutativity of the above diagram.

We see the following fact from (14.1.1) and (13.2.14).

Proposition 14.1.2 βR∗ : (V ∗
v ⊗̂K∗ R∗)× GLv(R∗)→ V ∗

v ⊗̂K∗ R∗ is continuous.

Let us denote by ξv ∈ GLÂv
(V ∗
v ⊗̂K∗ Âv) the image of the identity map of Â∗

v by the natural isomorphism

(ϕvhηA∗
v
)Â∗

v
: hÂ∗

v
(Â∗
v) → GLv(Â∗

v) (c.f. the proof of (8.6.15)). We put ξv = (idÂ∗
v
, ξv) : u

∗
Â∗

v

(Vv) → u∗
Â∗

v

(Vv).

Then, we have a map α(ξv)R∗ : (V ∗
v ⊗̂K∗ R∗)× GLv(R∗)→ V ∗

v ⊗̂K∗ R∗ defined in (13.2.6).

Proposition 14.1.3 α(ξv)R∗ coincides with a right GLv(R∗)-action βR∗ above for each R∗ ∈ Ob C and ξv is
a representation of Â∗

v on Vv.

Proof. The first assertion is a direct consequence of (13.2.9). Hence α(ξv)R∗ is a right GLv(R∗)-action and it
follows from (13.2.7) that ξv is a representation of Â∗

v.

Let us denote by x̂ij the image of xij by ηA∗
v
: A∗

v → Â∗
v. The next result follows from the definition of the

natural equivalence hÂ∗
v
→ GLv (8.6.15)

Proposition 14.1.4 ξv : V ∗
v ⊗̂K∗ Â∗

v → V ∗
v ⊗̂K∗ Â∗

v maps vj ⊗ 1 to
n∑
i=1

vi ⊗ x̂ij. Hence the right Â∗
v-comodule

structure ξ̂v : V ∗
v → V ∗

v ⊗̂K∗ Â∗
v is given by ξ̂v(vj) =

n∑
i=1

vi ⊗ x̂ij.

Let G be a topological K∗-group functor and αR∗ : (V ∗
v ⊗̂K∗ R∗) × G(R∗) → V ∗

v ⊗̂K∗ R∗ a right G(R∗)-
action of on V ∗

v ⊗̂K∗ R∗ which is continuous and natural in R∗ ∈ Ob C. For g ∈ G(R∗), let α̃R∗(g) ∈ GLv(R∗) =
GLR∗(V ∗

v ⊗K∗ R∗) be the linear map given by x 7→ αR∗(x, g).
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Proposition 14.1.5 α̃R∗ : G(R∗)→ GLv(R∗) is natural in R∗ and continuous homomorphism of groups.

Proof. For a morphism ϕ : R∗ → S∗ of C and g ∈ G(R∗), put f = α̃R∗(g). Then, we have GLv(ϕ)α̃R∗(g) =
GLv(ϕ)(f) = fφ. On the other hand, for x ∈ V ∗

v ⊗̂K∗R∗ = V ∗
v ⊗K∗R∗, we have the following equalities by the

naturality of αR∗ and the definition of fφ = GLv(ϕ)(f).

α̃S∗(G(ϕ)(g))((idV ∗
v
⊗̂K∗ϕ)(x)) = αS∗(G(ϕ)(g), (idV ∗

v
⊗̂K∗ϕ)(x)) = (idV ∗

v
⊗̂K∗ϕ)αR∗(g, x) = (idV ∗

v
⊗̂K∗ϕ)f(x)

= fφ(idV ∗
v
⊗̂K∗ϕ)(x) = GLv(ϕ)(α̃R∗(g))((idV ∗

v
⊗̂K∗ϕ)(x))

Thus we have α̃S∗(G(ϕ)(g))(v ⊗ 1) = GLv(ϕ)(α̃R∗(g))(v ⊗ 1) for any v ∈ V ∗
v . Since both α̃S∗(G(ϕ)(g))

and GLv(ϕ)(α̃R∗(g)) are isomorphisms of right S∗-modules, α̃S∗(G(ϕ)(g)) = GLv(ϕ)(α̃R∗(g)), namely α̃R∗ is
natural. For g, h ∈ G(R∗) and x ∈ V ∗

v ⊗̂K∗R∗, since

α̃R∗(gh)(x) = αR∗(x, gh) = αR∗(αR∗(x, g), h) = α̃R∗(h)(α̃R∗(g)(x)) = µv(α̃R∗(g), α̃R∗(h))(x),

α̃R∗ is a homomorphism of groups.
For v ∈ V kv and a ∈ IR∗ , by the continuity of αR∗ , there exists an open neighborhood U of the unit of G(R∗)

satisfying αR∗({v ⊗ 1} × U) ⊂ v ⊗K∗ 1 + V ∗
v ⊗K∗ a. Thus α̃R∗(U) ⊂ idV ∗

v ⊗K∗R∗ + O(K∗v ⊗K∗ 1, V ∗
v ⊗K∗ a)0.

It follows from (3) of (3.1.4) that α̃R∗ : G(R∗)→ GLv(R∗) is continuous.

Let A∗ be a topological Hopf algebra in C and ξ = (idA∗ , ξ) : u∗A∗(Vv)→ u∗A∗(Vv) a representation of A∗ on
Vv = (K∗, V ∗

v , βv). We denote by GA∗ the topological affine group scheme represented by A∗. There is a right
GA∗(R∗)-action α(ξ)R∗ : (V ∗

v ⊗̂K∗ R∗) × GA∗(R∗) → V ∗
v ⊗̂K∗ R∗ on V ∗

v ⊗̂K∗ R∗ given in (13.2.6). Hence we
have a morphism α̃(ξ) : GA∗ → GLv of topological affine K∗-group schemes. Put ξ̄ = α̃(ξ)A∗(idA∗) : A∗

v → A∗,
then ξ̄ induces α̃(ξ). Therefore ξ̄ is a morphism of Hopf algebras.

Let ξ̂ : V ∗
v → V ∗

v ⊗̂K∗ A∗ the right A∗-comodule structure associated with ξ, namely ξ̂ is a composition

V ∗
v

iV ∗
v−−→ V ∗

v ⊗̂K∗ A∗ ξ−→ V ∗
v ⊗̂K∗ A∗.

Proposition 14.1.6 If ξ̂(vj) =
n∑
i=1

vi⊗aij for j = 1, 2, . . . , n, then ξ̄ : A∗
v → A∗ is given by ξ̄(xij) = aij (hence

ξ̄(yij) = ιA∗(aij), where ιA∗ : A∗ → A∗ denotes the conjugation of A∗.

Proof. By the assumption, we have

ξ̄(vj ⊗ 1) = (α̃(ξ)A∗(idA∗))(vj ⊗ 1) = αA∗(ξ)(vj ⊗ 1, idA∗) = ξ(vj ⊗ 1) = ξ̂(vj) =

n∑
i=1

vj ⊗ aij

for j = 1, 2, . . . , n. Hence the map A∗
v → A∗ given by xij 7→ aij corresponds to the linear map ξ̄ by the

isomorphism hA∗
v
(A∗)→ GLv(A∗) = GLA∗(V ∗

v ⊗K∗ A∗).

14.2 Embedding of the affine group represented by the dual Steenrod algebra

For a non-increasing sequence v = (s1, s2, . . . , sn) of integers, let uv be the ideal of A∗
v generated by a set

{xjj − 1| j = 1, 2, . . . , n} ∪ {yjj − 1| j = 1, 2, . . . , n} ∪ {xij | si ≥ sj , i 6= j} ∪ {yij | si ≥ sj , i 6= j}.

Then, µv(uv) ⊂ uv ⊗ A∗
v + A∗

v ⊗ uv. Hence A∗
v/uv has a structure of a Hopf algebra. Put Ã∗

v = A∗
v/uv. Then,

it is easy to verify that Ã∗
v is a polynomial algebra generated by {xij | si < sj}. Hence Ãkv = {0} if k < 0,

dim Ã0
v = 1. It follows that Ã∗

v is finite type and has the cofinite topology by (1.4.11). It follows from (1.4.3)
that Ã∗

v has the skeletal topology. Moreover, if we put av = Ker εÃ∗
v
= (xij | si < sj), the topology on Ã∗

v

coincides with the av-adic topology. Let us denote by ULv the topological group scheme represented by Ã∗
v.

Then, ULv is regarded as a “closed subgroup scheme” of GLv by the morphism induced by the quotient map
A∗
v → A∗

v/uv = Ã∗
v.

Suppose that a topological Hopf algebra A∗ in C satisfies Ak = {0} for k < 0 and dimA0 = 1. Then, each
algebra homomorphism A∗

v → A∗ factors though the quotient map A∗
v → Ã∗

v. Hence a homomorphism from
the topological group scheme represented by A∗ to GLv lifts to ULv.
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Example 14.2.1 Let p be an odd prime and Ap∗ = E(τ0, τ1, . . . )⊗ F p[ξ1, ξ2, . . . ] the dual of the mod p Steen-
rod algebra. Put vp(n) = (−1,−2, . . . ,−2n − 1) and regard V ∗

vp(n)
as the reduced mod p cohomology group

H̃∗ (L2n+1(p)) of the (2n+1)-dimensional mod p lens space. Recall that H∗(L2n+1(p)) = E(t)⊗F p[s]/(sn+1) for
t ∈ H−1(L2n+1(p)), s ∈ H−2(L2n+1(p)) and that the Milnor coaction ϕ : H∗(L2n+1(p))→ H∗(L2n+1(p))⊗Ap∗
is given by ϕ(t) = t⊗ 1−

∑
k≥0

sp
k ⊗ τk and ϕ(s) =

∑
k≥0

sp
k ⊗ ξk. Thus we have a representation of the topological

affine group scheme represented by Ap∗ on V ∗
vp(n)

= H̃∗(L2n+1(p)). We put v2j−1 = tsj−1, v2j = sj, then

{v1,v2, . . . , v2n+1} is a basis of V ∗
vp(n)

and

ϕ(v2j) =
∑
i≥j

v2i ⊗


∑

∑
l≥1 kl≤j∑

l≥1(p
l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

ξk11 ξk22 ξk33 · · ·

 ,

ϕ(v2j+1) =
∑
i≥j

v2i+1 ⊗


∑

∑
l≥1 kl≤j∑

l≥1(p
l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

ξk11 ξk22 ξk33 · · ·



−
∑
i>j

v2i ⊗


∑

∑
l≥1 kl≤j

pk+
∑
l≥1(p

l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

τkξ
k1
1 ξk22 ξk33 · · ·



It follows from (14.1.6) that the map ρp,n : Ã∗
vp(n)

→ Ap∗ is given by

ρp,n(x2i 2j) =
∑

∑
l≥1 kl≤j∑

l≥1(p
l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

ξk11 ξk22 ξk33 · · ·

ρp,n(x2i+1 2j+1) =
∑

∑
l≥1 kl≤j∑

l≥1(p
l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

ξk11 ξk22 ξk33 · · ·

ρp,n(x2i 2j+1) =
∑

∑
l≥1 kl≤j

pk+
∑
l≥1(p

l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

τkξ
k1
1 ξk22 ξk33 · · ·

ρp,n(x2i+1 2j) = 0

Example 14.2.2 Let A2∗=F 2[ζ1, ζ2, . . . ] be the dual of the mod 2 Steenrod algebra. Put v2(n)=(−1,−2, . . . ,−n)
and regard V ∗

v2(n)
as the reduced mod 2 cohomology group H̃∗(RPn) of the n-dimensional real projective space.

Recall that H∗(RPn) = F 2[t]/(t
n+1) for t ∈ H−1(RPn) and that the Milnor coaction ϕ : H∗(RPn) →

H∗(RPn) ⊗ A2∗ is given by ϕ(t) =
∑
k≥0

t2
k ⊗ ζk. Thus we have a representation of the topological affine

group scheme represented by A2∗ on V ∗
v2(n)

= H̃∗(RPn). We put vj = tj, then {v1,v2, . . . , vn} is a basis of
V ∗
v2(n)

and

ϕ(vj) =
∑
i≥j

vi ⊗

 ∑
∑
s≥1 ks≤j∑

s≥1(2
s−1)ks=i−j

j!(
j −

∑
s≥1 ks

)
!k1!k2! · · ·

ζk11 ζk22 ζk33 · · ·

 .
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It follows from (14.1.6) that the map ρ2,n : Ã∗
v2(n)

→ A2∗ is given by

ρ2,n(xij) =
∑

∑
s≥1 ks≤j∑

s≥1(2
s−1)ks=i−j

j!(
j −

∑
s≥1 ks

)
!k1!k2! · · ·

ζk11 ζk22 ζk33 · · · .

Example 14.2.3 Put ṽp(n) = (−1,−2, . . . ,−2pj−2, . . . ,−2pn) and regard V ∗
ṽp(n)

as a subspace of V ∗
vp(pn)

. Put

ṽ1 = t and ṽj = sp
j−2

(2 ≤ j ≤ n+ 2). V ∗
ṽp(n)

is a subcomodule of V ∗
vp(pn)

and

ϕ(ṽ1) = ṽ1 ⊗ 1−
n+2∑
i=2

ṽi ⊗ τi−2, ϕ(ṽj) =

n+2∑
i=j

ṽi ⊗ ξp
j−2

i−j .

On the other hand, Ã∗
ṽp(n)

is a polynomial algebra generated by {xij | 1 ≤ j < i ≤ n + 2} with xi1 ∈ Ã2pi−2−1
ṽp(n)

and xij ∈ Ã2pj−2(pi−j−1)
ṽp(n)

(2 ≤ j < i). It follows from (14.1.6) that the map ρ̃p,n : Ã∗
ṽp(n)

→ Ap∗ is given by

ρ̃p,n(xi1) = −τi−2, ρ̃p,n(xij) = ξp
j−2

i−j (2 ≤ j < i).

Example 14.2.4 Put ṽ2(n) = (−1,−2, . . . ,−2j−1, . . . ,−2n) and regard V ∗
ṽ2(n)

as a subspace of V ∗
v2(2n)

. Then,

ṽj = t2
j−1

(1 ≤ j ≤ n+ 1). V ∗
ṽ2(n)

is a subcomodule of V ∗
v2(2n)

and

ϕ(ṽj) =

n+1∑
i=j

ṽi ⊗ ζ2
j−1

i−j .

On the other hand, Ã∗
ṽ2(n)

is a polynomial algebra generated by {xij | 1 ≤ j < i ≤ n+1} with xij ∈ Ã2j−1(2i−j−1)
ṽ2(n)

(1 ≤ j < i). It follows from (14.1.6) that the map ρ̃2,n : Ã∗
v2(n)

→ A2∗ is given by

ρ̃2,n(xij) = ζ2
j−1

i−j (1 ≤ j < i).

Example 14.2.5 Let Ã∗
p∞ be the colimit of the direct system of the inclusion maps Ã∗

vp(n)
↪→ Ã∗

vp(n+1). Then,

Ã∗
p∞ = E(xij | i > j ≥ 0, i+ j is odd)⊗ F p[xij | i > j > 0, is odd] with deg xij = i− j. Put V ∗

p = H̃∗(BZ/pZ)

and give V ∗
p the skeletal topology. We also put v2j−1 = tsj−1 and v2j = sj. Define ϕ∞ : V ∗

p → V ∗
p ⊗̂ Ã∗

p∞ by

ϕ∞(vj) =
∑
i≥j
vi⊗xij. Then, Ã∗

p∞ and V ∗
p satisfy the conditions of (13.2.12). Hence we have a representation of

the toplogical affine group scheme represented by Ã∗
p∞. We note that the maps ρp,n : Ã∗

vp(n)
→ Ap∗ in (14.2.1)

extend to the map ρp : Ã
∗
p∞ → Ap∗ given by

ρp(x2i 2j) =
∑

∑
l≥1 kl≤j∑

l≥1(p
l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

ξk11 ξk22 ξk33 · · ·

ρp(x2i+1 2j+1) =
∑

∑
l≥1 kl≤j∑

l≥1(p
l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

ξk11 ξk22 ξk33 · · ·

ρp(x2i 2j+1) =
∑

∑
l≥1 kl≤j

pk+
∑
l≥1(p

l−1)kl=i−j

j!(
j −

∑
l≥1 kl

)
!k1!k2! · · ·

τkξ
k1
1 ξk22 ξk33 · · ·

ρp(x2i+1 2j) = 0.

Since ρp is an epimorphism, we can regard the group scheme represented by Ap∗ as a closed subgroup scheme

of the group scheme represented by Ã∗
p∞.
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Example 14.2.6 Let Ã∗
2∞ be the colimit of the direct system of the inclusion maps Ã∗

v2(n)
↪→ Ã∗

v2(n+1). Then,

Ã∗
2∞ is a graded polynomial algebra over F 2 generated by {xij |, i > j ≥ 1} with deg xij = i − j. Put V ∗

2 =

H̃∗(RP∞) and give V ∗
2 the skeletal topology. We also put vj = tj. Define ϕ∞ : V ∗

2 → V ∗
2 ⊗̂ Ã∗

2∞ by ϕ∞(vj) =∑
i≥1

vi ⊗ xij. Then, Ã∗
2∞ and V ∗

2 satisfy the conditions of (13.2.12). Hence we have a representation of the

toplogical affine group scheme represented by Ã∗
2∞. We note that the maps ρ2,n : Ã∗

v2(n)
→ A2∗ in (14.2.2)

extend to the map ρ2 : Ã∗
2∞ → A2∗ given by

ρ2(xij) =
∑

∑
s≥1 ks≤j∑

s≥1(2
s−1)ks=i−j

j!(
j −

∑
s≥1 ks

)
!k1!k2! · · ·

ζk11 ζk22 ζk33 · · · .

Since ρ2 is an epimorphism, we can regard the group scheme represented by A2∗ as a closed subgroup scheme
of the group scheme represented by Ã∗

2∞.

Example 14.2.7 Let A∗
p∞ be the colimit of the direct system of the inclusion maps Ã∗

ṽp(n)
↪→ Ã∗

ṽp(n+1). Then,

A∗
p∞ = E(xi1| i > 1) ⊗ F p[xij | i > j > 1] with deg xi1 = 2pi−2 − 1, deg xij = 2pj−2(pi−j − 1). Let W ∗

p be the
colimit of the direct system of the inclusion maps V ∗

ṽp(n)
↪→ V ∗

ṽp(n+1) and give W ∗
p the skeletal topology. Define

ψ∞ : W ∗
p → W ∗

p ⊗̂ Ã∗
p∞ by ψ∞(ṽj) =

∑
i≥j
ṽi ⊗ xij. Then, A∗

p∞ and W ∗
p satisfy the conditions of (13.2.12).

Hence we have a representation of the toplogical affine group scheme represented by A∗
p∞. We note that the

maps ρ̃p,n : Ã∗
ṽp(n)

→ Ap∗ in (14.2.1) extend to the map ρ̃p : A
∗
p∞ → Ap∗ given by

ρ̃p(xi1) = −τi−2, ρ̃p(xij) = ξp
j−2

i−j (2 ≤ j < i).

Since ρ̃p is an epimorphism, we can regard the group scheme represented by Ap∗ as a closed subgroup scheme
of the group scheme represented by A∗

p∞.

Example 14.2.8 Let A∗
2∞ be the colimit of the direct system of the inclusion maps Ã∗

ṽ2(n)
↪→ Ã∗

ṽ2(n+1). Then,

A∗
2∞ is a graded polynomial algebra over F 2 generated by {xij |, i > j ≥ 1} with deg xij = 2i−1 − 2j−1. Let W ∗

2

be the colimit of the direct system of the inclusion maps V ∗
ṽ2(n)

↪→ V ∗
ṽ2(n+1) and give W ∗

2 the skeletal topology.

Define ψ∞ :W ∗
2 →W ∗

2 ⊗̂ Ã∗
2∞ by ϕ∞(ṽj) =

∑
i≥1

ṽi⊗xij. Then, Ã∗
2∞ and W ∗

2 satisfy the conditions of (13.2.12).

Hence we have a representation of the toplogical affine group scheme represented by A∗
2∞. We note that the

maps ρ̃p,n : Ã∗
v2(n)

→ A2∗ in (14.2.2) extend to the map ρ̃2 : A∗
2∞ → A2∗ given by

ρ̃2(xij) = ζ2
j−1

i−j .

Since ρ̃2 is an epimorphism, we can regard the group scheme represented by A2∗ as a closed subgroup scheme
of the group scheme represented by A∗

2∞.

14.3 Representations on cyclic modules

Recall the definitions of Seq and Seqb in (8.7.27) and the Milnor basis (8.7.28).

Theorem 14.3.1 ([16]) For E = (ε0, ε1, . . . , εn, . . . ) ∈ Seqb and R = (r1, r2, . . . , rn, . . . ) ∈ Seq, let k be the
number of non-negative integer n which satisfies εn = 1. Then, we have

Q(E)℘(R) = (−1)
k(k−1)

2 ρ(E,R).

Hence {Q(E)℘(R) |E ∈ Seqb, R ∈ Seq} is a basis of A∗
p. Clearly {Sq(R) |R ∈ Seq} is a basis of A∗

2.
There are the following relations.

QjQk +QkQj = 0, ℘(R)Qk −Qk℘(R) =
∑
i≧1

Qk+i℘(R− (

i−1︷ ︸︸ ︷
0, . . . , 0, pk, 0, . . . ))
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Here, we set ℘(R) = 0 if R 6∈ Seq. We also have Q0 = β, Qk+1 = ℘p
k

Qk −Qk℘p
k

.
Let X range over all infinite matrices ∥∥∥∥∥∥∥∥

∗ x01 x02 · · ·
x10 x11 · · · ·
x20 · · · · ·
· · · · · ·

∥∥∥∥∥∥∥∥
of non-negative integers, almost all zero, with leading entry omitted. For each such matrix X, let us define
R(X) = (r1, r2, . . . , rn, . . . ), S(X) = (s1, s2, . . . , sn, . . . ), T (X) = (t1, t2, . . . , tn, . . . ) and b(X) as follows.

ri =
∑
j≧0

pjxij (weighted row sum), sj =
∑
i≧0

xij (column sum), tn =
∑

i+j=n

xij (diagonal sum), b(X) =

∏
n≧1

tn!∏
i,j≧0

xij !

For R,S ∈ Seq, Sq(R)Sq(S) =
∑

R(X)=R,S(X)=S

b(X)Sq(T (X)) and ℘(R)℘(S) =
∑

R(X)=R,S(X)=S

b(X)℘(T (X))

hold.
The coproduct ϕ : A∗

p → A∗
p ⊗A∗

p is given as follows.

ϕ(Sq(R)) =
∑

S+T=R

Sq(S)⊗ Sq(T ), ϕ(℘(R)) =
∑

S+T=R

℘(S)⊗ ℘(T ), ϕ(Qk) = 1⊗Qk +Qk ⊗ 1

For R = (r1, r2, . . . , rk) ∈ Seq, consider the following linear equations (∗) on the unknowns yα which are
non-negative integers for α ∈

⋃
n≧1

Part(n). Here, we denote by δi,j the Kronecker delta.

∑
n≧1

∑
α∈Part(n)

l(α)∑
j=1

δi,α(j)p
α[j]yα = ri (i = 1, 2, . . . , k) · · · (∗)

For each solution Y = (yα) of (∗), we put un =
∑

α∈Part(n)

yα, U(Y ) = (u1, u2, . . . ) and c(Y ) =

∏
n≧1

un!∏
n≧1

∏
α∈Part(n)

yα!
.

Then, the conjugation χ : A∗
p → A∗

p is given by χ(Qn) = −Qn and

χ(Sq(R)) =
∑

c(Y )Sq(U(Y )), χ(℘(R)) = (−1)r1+r2+···+rk
∑

c(Y )℘(U(Y ))

where the summations extends over all solutions Y to the equations (∗).

Remark 14.3.2 Let us denote by Ei the sequence (

i−1︷ ︸︸ ︷
0, . . . , 0, 1, 0, . . . ). If p is odd, the subspace P (A∗

p) of A∗
2

consisting of primitive elements has a basis {Qn |n ≧ 0} ∪ {℘(Ei) | i ≧ 1}. If we define Qn ∈ A∗
2 for n ≧ 0

inductively by Q0 = Sq1 and Qn+1 = Sq2
n

Qn +Qn Sq
2n , then we have Q2

n = 0 and Qn = Sq(En+1). Moreover,
{Q0, Q1, . . . , Qn, . . . } is a basis of the subspace P (A∗

2) of primitive elements of A∗
2.

Let A2(n)
∗ be a subalgebra of A∗

2 generated by
{
Sq2

s

| s = 0, 1, 2, . . . , n− 1
}
and Ap(n)∗ a subalgebra of A∗

p

generated by {β}∪
{
℘p

s | s = 0, 1, 2, . . . , n−1
}
. Define a subset Seq(p, n) of Seq for a prime p and a non-negative

integer n by Seq(p, n) = {(r1, r2, . . . , rn) ∈ Seq | ri < 2n+1−i (i = 1, 2, . . . , n)}.
For R = (i1, i2, . . . , in, . . . ) ∈ Seq, put `(R) = max{k | ik 6= 0} if R 6= 0 and `(0) = 0. We call `(R) the

length of R. The following fact is also shown in [16].

Proposition 14.3.3 A2(n)
∗ has a basis {Sq(R) |R ∈ Seq(2, n)}. If p is an odd prime, Ap(n)∗ has a basis

{Q(E)℘(R) | `(E) ≦ n, R ∈ Seq(p, n)}. Ap(n)∗ is a Hopf subalgebra of A∗
p whose dual Hopf algebra Ap(n)∗ is

given as follows.

A2(n)∗ = F 2[ζ1, ζ2, . . . , ζn]/(ζ
2n

1 , ζ2
n−1

2 , . . . , ζ2n)

Ap(n)∗ = E(τ0, τ1, . . . , τn)⊗ F p[ξ1, ξ2, . . . , ξn]/(ξp
n

1 , ξp
n−1

2 , . . . , ξpn)
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Example 14.3.4 (1) A2(1)
∗ has a basis A2(1)

0 = 〈1〉, A2(1)
−1 = 〈Sq1〉 with relations Sq1Sq1 = 0. Hence

A2(1)
∗ is a 2-dimensional vector space.

(2) Ap(0)∗ has a basis Ap(0)0 = 〈1〉, Ap(0)−1 = 〈Q0〉 with relations Q2
0 = 0. Hence Ap(0)∗ is a 2-dimensional

vector space.

Example 14.3.5 (1) A2(2)
∗ has the following basis

A2(2)
0 = 〈1〉, A2(2)

−1 = 〈Sq1〉, A2(2)
−2 = 〈Sq2〉, A2(2)

−3 = 〈Sq2Sq1, Sq1Sq2〉,

A2(2)
−4 = 〈Sq1Sq2Sq1〉, A2(2)

−5 = 〈Sq2Sq1Sq2〉, A2(2)
−6 = 〈Sq1Sq2Sq1Sq2〉

with relations Sq1Sq1 = 0, Sq2Sq2 = Sq1Sq2Sq1. Hence A2(2)
∗ is an 8-dimensional vector space.

(2) Ap(1)∗ has the following basis for i = 1, 2, . . . , p− 1

Ap(1)0 = 〈1〉, Ap(1)−1 = 〈Q0〉, Ap(1)−2i(p−1) = 〈℘i〉, Ap(1)−2i(p−1)−1 = 〈Q0℘
i, Q1℘

i−1〉,

Ap(1)−2i(p−1)−2 = 〈Q0Q1℘
i−1〉, Ap(1)−2p(p−1)−1 = 〈Q1℘

p−1〉, Ap(1)−2p(p−1)−2 = 〈Q0Q1℘
p−1〉

with relations Q2
0 = Q2

1 = 0, Q1Q0 = −Q0Q1, (℘
1)p = 0, (℘1)i = i!℘i, ℘iQ0 = Q0℘

i + Q1℘
i−1, ℘iQ1 = Q1℘

i

for 1 ≦ i ≦ p− 1. Hence Ap(1)∗ is a 4p-dimensional vector space.

The following facts are direct applications of (4.2.9).

Proposition 14.3.6 Let γ̂ : M∗ → M∗ ⊗̂F p Ap∗ be a right Ap∗-comodule structure on M∗. Suppose that γ̂ is
the Milnor coaction associated with a left A∗

p-module structure γ̌ : A∗
p⊗F pM∗ →M∗ on M∗, that is, Λ(γ̌) = γ̂.

Then, we have the following equality for x ∈M∗.

γ̂(x) =


∑

E∈Seqb, R∈Seq

(−1)deg xdeg τ(E)ξ(R)ρ(E,R)(x)⊗ τ(E)ξ(R) p is an odd prime

∑
R∈Seq

ρ(R)(x)⊗ ζ(R) p = 2

Proposition 14.3.7 Let γ̂ :M∗ →M∗⊗F p Ap(n)∗ be a right Ap(n)∗-comodule structure on M∗. Suppose that
γ̂ is the Milnor coaction associated with a left Ap(n)∗-module structure γ̌ : Ap(n)∗ ⊗F p M∗ →M∗ on M∗, that
is, Λ(γ̌) = γ̂. Then, we have the following equality for x ∈M∗.

γ̂(x) =


∑

E∈Seqb, ℓ(E)≦n,R∈Seq(p,n)

(−1)deg xdeg τ(E)ξ(R)ρ(E,R)(x)⊗ τ(E)ξ(R) p is an odd prime

∑
R∈Seq(2,n)

ρ(R)(x)⊗ ζ(R) p = 2

For an A∗
p-module M∗ and a submodule N∗ of M∗, let us denote by [θ] the class of θ ∈M∗ in M∗/N∗.

Example 14.3.8 (1) A2(2)
∗/A2(2)

∗Sq3 has the following basis

(A2(2)
∗/A2(2)

∗Sq3)0 = 〈[1]〉, (A2(2)
∗/A2(2)

∗Sq3)−1 = 〈[Sq1]〉, (A2(2)
∗/A2(2)

∗Sq3)−2 = 〈[Sq2]〉,

(A2(2)
∗/A2(2)

∗Sq3)−3 = 〈[Sq2Sq1]〉, (A2(2)
∗/A2(2)

∗Sq3)−4 = 〈[Sq1Sq2Sq1]〉

with relations Sq1[Sq1] = Sq1[Sq2] = Sq2Sq1[Sq2Sq1] = Sq2[Sq1Sq2Sq1] = 0, Sq2[Sq2] = Sq1[Sq2Sq1] = [Sq1Sq2Sq1].
Hence A2(2)

∗/A2(2)
∗Sq3 is a 5-dimensional vector space.

(2) Since ℘iβ℘1 = (−1)i
(
p−1
i

)(
(i+ 1)Q0℘

i+1 + iQ1℘
i
)
for 1 ≦ i ≦ p − 2 and ℘p−1β℘1 = −Q1℘

p−1,
Ap(1)∗/Ap(1)∗β℘1 has the following basis for i = 1, 2, . . . , p− 1.

(Ap(1)∗/Ap(1)∗β℘1)0 = 〈[1]〉, (Ap(1)∗/Ap(1)∗β℘1)−1 = 〈[Q0]〉, (Ap(1)∗/Ap(1)∗β℘1)−2i(p−1) = 〈[℘i]〉,

(Ap(1)∗/Ap(1)∗β℘1)−2i(p−1)−1 = 〈[Q1℘
i−1]〉, (Ap(1)∗/Ap(1)∗β℘1)−2p = 〈[Q0Q1]〉

Hence Ap(1)∗/Ap(1)∗β℘1 is a (2p+ 1)-dimensional vector space.
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Proposition 14.3.9 The A2(2)∗-comodule structure ξ̂ : A2(2)
∗/A2(2)

∗Sq3 → A2(2)
∗/A2(2)

∗Sq3 ⊗F 2
A2(2)∗ is

given as follows.

ξ̂([1]) = [1]⊗ 1 + [Sq1]⊗ ζ1 + [Sq2]⊗ ζ21 + [Sq2Sq1]⊗ ζ2 + [Sq1Sq2Sq1]⊗ ζ1ζ2
ξ̂([Sq1]) = [Sq1]⊗ 1 + [Sq2Sq1]⊗ ζ21 + [Sq1Sq2Sq1]⊗ ζ31 + [Sq1Sq2Sq1]⊗ ζ2
ξ̂([Sq2]) = [Sq2]⊗ 1 + [Sq1Sq2Sq1]⊗ ζ21

ξ̂([Sq2Sq1]) = [Sq2Sq1]⊗ 1 + [Sq1Sq2Sq1]⊗ ζ1
ξ̂([Sq1Sq2Sq1]) = [Sq1Sq2Sq1]⊗ 1

Proof. We consider the Milnor basis {Sq(R) |R ∈ Seq(2, 2)} of A2(2)
∗ which is the dual basis of {ζ(R) | , R ∈

Seq(2, 2)} of A2(2)∗. Since Sq(i, 0) = Sqi, Sq(0, 1) = Sq2Sq1 + Sq3, Sq(1, 1) = Sq1Sq2Sq1, Sq(2, 1) = Sq2Sq1Sq2,
Sq(3, 1) = Sq1Sq2Sq1Sq2, we have the following table of actions of the Milnor basis of A2(2)

∗ on the basis of
A2(2)

∗/A2(2)
∗Sq3.

[1] [Sq1] [Sq2] [Sq2Sq1] [Sq1Sq2Sq1]

1 [1] [Sq1] [Sq2] [Sq2Sq1] [Sq1Sq2Sq1]

Sq(1, 0) [Sq1] 0 0 [Sq1Sq2Sq1] 0

Sq(2, 0) [Sq2] [Sq2Sq1] [Sq1Sq2Sq1] 0 0

Sq(3, 0) 0 [Sq1Sq2Sq1] 0 0 0

Sq(0, 1) [Sq2Sq1] [Sq1Sq2Sq1] 0 0 0

Sq(1, 1) [Sq1Sq2Sq1] 0 0 0 0

Sq(2, 1) 0 0 0 0 0

Sq(3, 1) 0 0 0 0 0

Hence the assertion follows from (14.3.7).

Let E(τ) be an exterior algebra generated by a single element τ of degree d over a fieldK∗ such thatKi = {0}
for i 6= 0. Define a coproduct µ : E(τ) → E(τ) ⊗K∗ E(τ) and counit ε : E(τ) → K∗ by µ(τ) = 1 ⊗ τ + τ ⊗ 1
and ε(τ) = 0, respectively. Thus we have a Hopf algebra E(τ).

Proposition 14.3.10 For a graded K∗-module M∗, we put Dd(M
∗) = {δ ∈ HomK∗(M∗,ΣdM∗) | (Σdδ)δ = 0}.

For δ ∈ Dd(M
∗), define δ̄ :M∗ →M∗ ⊗K∗ E(τ) by δ̄(x) = x⊗ 1 + δ(x)⊗ τ . Then, δ̄ is a right E(τ)-comodule

structure map of M∗. Conversely, if ϕ : M∗ → M∗ ⊗K∗ E(τ) is a right E(τ)-comodule structure map of M∗,
there exists unique map ϕ̃ :M∗ → ΣdM∗ that satisfies ϕ(x) = x⊗ 1 + ϕ̃(x)⊗ τ for any x ∈M∗ and ϕ belongs
to Dd(M

∗).

Proof. Suppose that a map ϕ : M∗ → M∗ ⊗K∗ E(τ) satisfies (idM∗ ⊗K∗ ε)ϕ(x) = x ⊗ 1 for x ∈ M∗. Then,
ϕ(x) − x ⊗ 1 ∈ Ker (idM∗ ⊗K∗ ε) = M∗ ⊗K∗ Ker ε = M∗ ⊗K∗ K∗τ . Hence there exists unique y ∈ M∗ such
that ϕ(x) − x ⊗ 1 = y ⊗ τ for each x ∈ M∗ which implies that there exists unique map ϕ̃ : M∗ → ΣdM∗ that
satisfies ϕ(x) = x⊗ 1 + ϕ̃(x)⊗ τ for any x ∈M∗. We have the following equalities.

(idM∗ ⊗K∗ µ)ϕ(x) = (idM∗ ⊗K∗ µ)(x⊗ 1 + ϕ̃(x)⊗ τ) = x⊗ 1⊗ 1 + ϕ̃(x)⊗ (1⊗ τ + τ ⊗ 1)

= x⊗ 1⊗ 1 + ϕ̃(x)⊗ 1⊗ τ + ϕ̃(x)⊗ τ ⊗ 1

(ϕ⊗K∗ idE(τ))ϕ(x) = (ϕ⊗K∗ idE(τ))(x⊗ 1 + ϕ̃(x)⊗ τ) = ϕ(x)⊗ 1 + ϕ(ϕ̃(x))⊗ τ
= x⊗ 1⊗ 1 + ϕ̃(x)⊗ τ ⊗ 1 + ϕ̃(x)⊗ 1⊗ τ + ϕ̃(ϕ̃(x))⊗ τ ⊗ τ

It follows that ϕ :M∗ →M∗⊗K∗E(τ) is a right E(τ)-comodule structure map ofM∗ if and only if ϕ̃ ∈ Dd(M
∗).

We define E(τ)-comodules K∗〈v〉 and K∗〈v, w〉 as follows. K∗〈v〉 is generated by a single element v whose
comodule structure is given by v 7→ v⊗ 1. K∗〈v, w〉 is generated by v and w whose comodule structure is given
by v 7→ v ⊗ 1 + w ⊗ τ and w 7→ w ⊗ 1.

Proposition 14.3.11 Every right E(τ)-comodule is a direct sum of comodules of the form K∗〈v〉 and K∗〈v, w〉.
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Proof. LetM∗ be a right E(τ)-comodule with structure map ϕ :M∗ →M∗⊗K∗E(τ). There exists ϕ̃ ∈ Dd(M
∗)

satisfying ϕ(x) = x ⊗ 1 + ϕ̃(x) ⊗ τ for any x ∈ M∗ by (14.3.10). We choose a set {vi}i∈I of elements of M∗

so that {ϕ̃(vi)}i∈I is a basis of the image of ϕ̃. We also choose a set {wj}j∈J of elements of M∗ so that
{ϕ̃(vi)}i∈I ∪ {wj}j∈J is a basis of the kernel of ϕ̃. Then, {vi}i∈I ∪ {ϕ̃(vi)}i∈I ∪ {wj}j∈J is a basis of M∗. The
subspace spanned by wj is a subcomodule of M∗ which is isomorphic to K∗〈wj〉 and the subspace spanned by
vi and ϕ̃(vi) is also a subcomodule of M∗ which is isomorphic to K∗〈vi, ϕ̃(vi)〉. Hence M∗ is isomorphic to⊕
j∈J

K∗〈wj〉 ⊕
⊕
j∈J

K∗〈vi, ϕ̃(vi)〉.

Consider the case K∗ = F 2 and τ = ζ1, then E(τ) = A2(1)∗. We denote by iv : F 2〈v〉 → F 2〈v〉 ⊗F 2 A2(1)∗
and jv,w : F 2〈v, w〉 → F 2〈v, w〉 ⊗F 2 A2(1)∗ the structure maps of right comodules. We also denote by ρ2 :
A2(2)∗ → A2(1)∗ the quotient map and put µrρ2 = (idA2(2)∗ ⊗F 2 ρ2)µ : A2(2)∗ → A2(2)∗⊗F 2 A2(1)∗. Then, we
have the following table.

µrρ2(1) = 1⊗ 1 µrρ2(ζ1) = 1⊗ ζ1 + ζ1 ⊗ 1 µrρ2(ζ
2
1 ) = ζ21 ⊗ 1

µrρ2(ζ
3
1 ) = ζ21 ⊗ ζ1 + ζ31 ⊗ 1 µrρ2(ζ2) = ζ21 ⊗ ζ1 + ζ2 ⊗ 1 µrρ2(ζ1ζ2) = (ζ31 + ζ2)⊗ ζ1 + ζ1ζ2 ⊗ 1

µrρ2(ζ
2
1ζ2) = ζ21ζ2 ⊗ 1 µrρ2(ζ

3
1ζ2) = ζ21ζ2 ⊗ ζ1 + ζ31ζ2 ⊗ 1

LetM∗ be a right A2(1)∗-comodule with structure map ϕ :M∗ →M∗⊗F 2
A2(1)∗ and putM = (F 2,M

∗, α)
where α is a F 2-structure map of M∗. Recall that we denote the kernel of

idM∗⊗F 2
µrρ2 − θ̃A2(2)∗,A2(1)∗(M)(ϕ⊗F 2

idA2(2)∗) :M
∗ ⊗F 2

A2(2)∗ →M∗ ⊗F 2
(A2(2)∗ ⊗F 2

A2(1)∗)

by P̃
(A2(2)∗,µ

r
ρ2

)

(M∗,φ) : (M∗, ϕ)□A2(1)∗(A2(2)∗, µ
r
ρ2)→M∗ ⊗F 2

A2(2)∗ and that we denote by ϕρ2 the right A2(2)∗-

comodule structure map of (M∗, ϕ)□A2(1)∗(A2(2)∗, µ
r
ρ2).

Proposition 14.3.12 If we put v0 = v ⊗ 1, v2 = v ⊗ ζ21 , v3 = v ⊗ (ζ31 + ζ2), v5 = v ⊗ ζ21ζ2, then {v0, v2, v3, v5}
is a basis of (F 2〈v〉, iv)□A2(1)∗(A2(2)∗, µ

r
ρ2) and the following equalities hold.

ivρ2(v0) = v0 ⊗ 1 ivρ2(v2) = v2 ⊗ 1 + v0 ⊗ ζ21
ivρ2(v3) = v3 ⊗ 1 + v2 ⊗ ζ1 + v0 ⊗ (ζ31 + ζ2) ivρ2(v5) = v5 ⊗ 1 + v3 ⊗ ζ21 + v2 ⊗ ζ2 + v0 ⊗ ζ21ζ2

Let us denote by ĩvρ2 : A2(2)
∗⊗F 2 : (F 2〈v〉, iv)□A2(1)∗(A2(2)∗, µ

r
ρ2) → (F 2〈v〉, iv)□A2(1)∗(A2(2)∗, µ

r
ρ2) the left

A2(2)
∗-module structure map such that the Milnor coaction associated with ĩvρ2 is ivρ2 . Then the following

equalities hold.

ĩvρ2(Sq(2, 0)⊗ v2) = v0 ĩvρ2(Sq(1, 0)⊗ v3) = v2 ĩvρ2(Sq(3, 0)⊗ v3) = ĩvρ2(Sq(0, 1)⊗ v3) = v0
ĩvρ2(Sq(2, 0)⊗ v5) = v3 ĩvρ2(Sq(0, 1)⊗ v5) = v2 ĩvρ2(Sq(2, 1)⊗ v5) = v0

For R ∈ Seq(2, 2) − {0}, we have ĩvρ2(Sq(R) ⊗ vj) = 0 if the pair (j, R) is not in the above table. Moreover,
(F 2〈v〉, iv)□A2(1)∗(A2(2)∗, µ

r
ρ2) is isomophic to Σdegv+5A2(2)

∗/A2(2)
∗Sq1.

Lemma 14.3.13 If we put w0 = w⊗1, w1 = v⊗1+w⊗ζ1, w2 = w⊗ζ21 , w3 = v⊗ζ21+w⊗ζ31 , w̃3 = v⊗ζ21+w⊗ζ2,
w4 = v ⊗ (ζ31 + ζ2) + w ⊗ ζ1ζ2, w5 = w ⊗ ζ21ζ2, w6 = v ⊗ ζ21ζ2 + w ⊗ ζ31ζ2, then {w0, w1, w2, w3, w̃3, w4, w5, w6}
is a basis of (F 2〈v, w〉, jv,w)□A2(1)∗(A2(2)∗, µ

r
ρ2) and the following equalities holds.

jv,wρ2(w0) = w0 ⊗ 1

jv,wρ2(w1) = w1 ⊗ 1 + w0 ⊗ ζ1
jv,wρ2(w2) = w2 ⊗ 1 + w0 ⊗ ζ21
jv,wρ2(w3) = w3 ⊗ 1 + w2 ⊗ ζ1 + w1 ⊗ ζ21 + w0 ⊗ ζ31
jv,wρ2(w̃3) = w̃3 ⊗ 1 + w1 ⊗ ζ21 + w0 ⊗ ζ2
jv,wρ2(w4) = w4 ⊗ 1 + w̄3 ⊗ ζ1 + w2 ⊗ ζ21 + w1 ⊗ (ζ31 + ζ2) + w0 ⊗ ζ1ζ2
jv,wρ2(w5) = w5 ⊗ 1 + (w3 + w̃3)⊗ ζ21 + w2 ⊗ ζ2 + w0 ⊗ ζ21ζ2
jv,wρ2(w6) = w6 ⊗ 1 + w5 ⊗ ζ1 + w4 ⊗ ζ21 + w3 ⊗ ζ2 + (w3 + w̃3)⊗ ζ31 + w2 ⊗ ζ1ζ2 + w1 ⊗ ζ21ζ2 + w0 ⊗ ζ31ζ2
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Proposition 14.3.14 For a graded F 2-module M∗, we put

D(M∗) = {(ϕ,ψ) ∈ HomF 2(M
∗,ΣM∗)×HomF 2(M

∗,Σ2M∗) | (Σϕ)ϕ = 0, (Σ3ϕ)(Σψ)ϕ = (Σ2ψ)ψ}.

For (ϕ,ψ) ∈ D(M∗), define δ(φ,ψ) :M
∗ →M∗ ⊗F 2 A2(2)∗ by

δ(φ,ψ)(x) = x⊗ 1 + ϕ(x)⊗ ζ1 + ψ(x)⊗ ζ21 + ϕ(ψ(x))⊗ ζ31 + (ϕ(ψ(x)) + ψ(ϕ(x)))⊗ ζ2
+ ϕ(ψ(ϕ(x)))⊗ ζ1ζ2 + ψ(ϕ(ψ(x)))⊗ ζ21ζ2 + ϕ(ψ(ϕ(ψ(x))))⊗ ζ31ζ2

Then, δ(φ,ψ) is a right A2(2)∗-comodule structure map of M∗. Conversely, if γ : M∗ → M∗ ⊗F 2 A2(2)∗ is a
right A2(2)∗-comodule structure map of M∗, there exists unique (ϕ,ψ) ∈ D(M∗) that satisfies γ = δ(φ,ψ).

Proof. Suppose that a map γ : M∗ → M∗ ⊗F 2 A2(2)∗ satisfies (idM∗ ⊗F 2 ε)γ(x) = x ⊗ 1 for x ∈ M∗. Then,
γ(x)− x⊗ 1 ∈ Ker (idM∗ ⊗F 2 ε) = M∗ ⊗F 2 Ker ε. Since Ker ε has a basis {ζ1, ζ21 , ζ31 , ζ2, ζ1ζ2, ζ21ζ2, ζ31ζ2}, there
exist unique vi ∈Mdeg x−i (i = 1, 2, 3) and wj ∈Mdeg x−j (j = 3, 4, 5, 6) such that

γ(x)− x⊗ 1 = v1 ⊗ ζ1 + v2 ⊗ ζ21 + v3 ⊗ ζ31 + w3 ⊗ ζ2 + w4 ⊗ ζ1ζ2 + w5 ⊗ ζ21ζ2 + w6 ⊗ ζ31ζ2

for each x ∈M∗ which implies that there exists unique maps ϕi :M
∗ → ΣiM∗ (i = 1, 2, 3) and ψj :M

∗ → ΣjM∗

(i = 3, 4, 5, 6) that satisfy

γ(x) = x⊗ 1 + ϕ1(x)⊗ ζ1 + ϕ2(x)⊗ ζ21 + ϕ3(x)⊗ ζ31 + ψ3(x)⊗ ζ2 + ψ4(x)⊗ ζ1ζ2 + ψ5(x)⊗ ζ21ζ2 + ψ6(x)⊗ ζ31ζ2

for any x ∈M∗. We have the following equality.

(γ ⊗F 2
idA2(2)∗)γ(x)− (idM∗ ⊗F 2

µ)γ(x)

= ϕ1(ϕ1(x))⊗ζ1⊗ζ1 + (ϕ3(x) + ϕ1(ϕ2(x)))⊗ζ1⊗ζ21 + (ϕ3(x) + ψ3(x) + ϕ2(ϕ1(x)))⊗ζ21⊗ζ1
+ (ψ4(x) + ϕ3(ϕ1(x)))⊗ζ31⊗ζ1 + (ψ4(x) + ϕ2(ϕ2(x)))⊗ζ21⊗ζ21 + ϕ1(ϕ3(x))⊗ζ1⊗ζ31
+ (ψ4(x) + ϕ1(ψ3(x)))⊗ζ1⊗ζ2 + (ψ4(x) + ψ3(ϕ1(x)))⊗ζ2⊗ζ1 + (ψ5(x) + ϕ2(ϕ3(x)))⊗ζ21⊗ζ31
+ (ψ5(x) + ϕ2(ψ3(x)))⊗ζ21⊗ζ2 + (ψ5(x) + ψ3(ϕ2(x)))⊗ζ2⊗ζ21 + ϕ3(ϕ2(x))⊗ζ31⊗ζ21
+ ψ4(ϕ1(x))⊗ζ1ζ2⊗ζ1 + ϕ1(ψ4(x))⊗ζ1⊗ζ1ζ2 + (ψ6(x) + ϕ3(ϕ3(x)))⊗ζ31⊗ζ31
+ (ψ6(x) + ϕ3(ψ3(x)))⊗ζ31⊗ζ2 + (ψ6(x) + ψ3(ϕ3(x)))⊗ζ2⊗ζ31 + (ψ6(x) + ψ4(ϕ2(x)))⊗ζ1ζ2⊗ζ21
+ (ψ6(x) + ϕ1(ψ5(x)))⊗ζ1⊗ζ21ζ2 + (ψ6(x) + ϕ2(ψ4(x)))⊗ζ21⊗ζ1ζ2 + (ψ6(x) + ψ5(ϕ1(x)))⊗ζ21ζ2⊗ζ1
+ ψ3(ψ3(x))⊗ζ2⊗ζ2 + ϕ1(ψ6(x))⊗ζ1⊗ζ31ζ2 + ψ6(ϕ1(x))⊗ζ31ζ2⊗ζ1 + ϕ2(ψ5(x))⊗ζ21⊗ζ21ζ2
+ ψ5(ϕ2(x))⊗ζ21ζ2⊗ζ21 + ϕ3(ψ4(x))⊗ζ31⊗ζ1ζ2 + ψ4(ϕ3(x))⊗ζ1ζ2⊗ζ31 + ψ3(ψ4(x))⊗ζ2⊗ζ1ζ2
+ ψ4(ψ3(x))⊗ζ1ζ2⊗ζ2 + ϕ2(ψ6(x))⊗ζ21⊗ζ31ζ2 + ψ6(ϕ2(x))⊗ζ31ζ2⊗ζ21 + ϕ3(ψ5(x))⊗ζ31⊗ζ21ζ2
+ ψ5(ϕ3(x))⊗ζ21ζ2⊗ζ31 + ψ3(ψ5(x))⊗ζ2⊗ζ21ζ2 + ψ5(ψ3(x))⊗ζ21ζ2⊗ζ2 + ψ4(ψ4(x))⊗ζ1ζ2⊗ζ1ζ2
+ ϕ3(ψ6(x))⊗ζ31⊗ζ31ζ2 + ψ6(ϕ3(x))⊗ζ31ζ2⊗ζ31 + ψ3(ψ6(x))⊗ζ2⊗ζ31ζ2 + ψ6(ψ3(x))⊗ζ31ζ2⊗ζ2
+ ψ4(ψ5(x))⊗ζ1ζ2⊗ζ21ζ2 + ψ5(ψ4(x))⊗ζ21ζ2⊗ζ1ζ2 + ψ4(ψ6(x))⊗ζ1ζ2⊗ζ31ζ2 + ψ6(ψ4(x))⊗ζ31ζ2⊗ζ1ζ2
+ ψ5(ψ5(x))⊗ζ21ζ2⊗ζ21ζ2 + ψ5(ψ6(x))⊗ζ21ζ2⊗ζ31ζ2 + ψ6(ψ5(x))⊗ζ31ζ2⊗ζ21ζ2 + ψ6(ψ6(x))⊗ζ31ζ2⊗ζ31ζ2

It can be verified from the above equality that γ :M∗ →M∗ ⊗F 2 A2(2)∗ is a right A2(2)∗-comodule structure
map of M∗ if and only if the following equalities hold.

ϕ1ϕ1 = 0, ϕ3 = ϕ1ϕ2, ψ3 = ϕ1ϕ2 + ϕ2ϕ1, ψ4 = ϕ1ϕ2ϕ1 = ϕ2ϕ2, ψ5 = ϕ2ϕ1ϕ2, ψ6 = ϕ1ϕ2ϕ1ϕ2

Put ϕ = ϕ1 and ψ = ϕ2. Then, γ : M∗ → M∗ ⊗F 2
A2(2)∗ is a right A2(2)∗-comodule structure map of M∗ if

and only if (ϕ,ψ) ∈ D(M∗). Moreover, if γ : M∗ → M∗ ⊗F 2 A2(2)∗ is a right A2(2)∗-comodule structure map
of M∗, γ = δ(φ,ψ) holds and the uniqueness of (ϕ,ψ) is clear.

Put J = (F 2,A2(2)
∗/A2(2)

∗Sq3, α2) and let ξ = (idA2(2)∗ , ξ) : u
∗
A2(2)∗

(J) → u∗A2(2)∗
(J) be the representa-

tion of A2(2)∗ on A2(2)
∗/A2(2)

∗Sq3 defined from ξ̂.
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15 Unstable representations

15.1 Filtered modules

We assume that K∗ is a field such that Ki = {0} if i 6= 0 in this section.
For an object M∗ of TopModK∗ with an increasing filtration (FiM

∗)i∈Z , we put E∗
iM

∗ = FiM
∗/Fi−1M

∗.
Let M∗ and N∗ be objects of TopModK∗ with filtrations (FiM

∗)i∈Z and (FiN
∗)i∈Z , respectively. We define a

filtration (Fi(M
∗ ⊗K∗ N∗))i∈Z of M∗ ⊗K∗ N∗ by

Fi(M
∗ ⊗K∗ N∗) =

∑
j+k=i

FjM
∗ ⊗K∗ FkN

∗.

We denote by ρM∗,i : FiM
∗ → E∗

iM
∗ the quotient map and by ηj,k : FjM

∗⊗K∗ FkN
∗ → Fj+k(M

∗⊗K∗ N∗)
the inclusion map for j, k ∈ Z. Then a composition

FjM
∗ ⊗K∗ FkN

∗ ηj,k−−→ Fj+k(M
∗ ⊗K∗ N∗)

ρM∗⊗K∗N∗,j+k
−−−−−−−−−−→ E∗

j+k(M
∗ ⊗K∗ N∗)

induces a map ϕj,k : E∗
jM

∗ ⊗K∗ E∗
kN

∗ → E∗
j+k(M

∗ ⊗K∗ N∗).

Proposition 15.1.1 For u ∈ Z, we define a map Φu = ΦM∗,N∗,u :
⊕

j+k=u

(E∗
jM

∗⊗K∗E∗
kN

∗)→ E∗
u(M

∗⊗K∗N∗)

by ΦM∗,N∗,u((xjk)) =
∑

j+k=u

ϕj,k(xjk). Then, ΦM∗,N∗,u is an isomorphism.

Proof. Let (vs)s∈S be a basis of M∗ indexed by a set S with filtration (Sj)j∈Z such that vs ∈ FjM∗ −Fj−1M
∗

for s ∈ Sj − Sj−1. Similarly, let (wt)t∈T be a basis of N∗ indexed by a set T with filtration (Tk)k∈Z such that
wt ∈ FkN∗−Fk−1N

∗ for t ∈ Tk−Tk−1. Suppose (xjk) ∈
⊕

j+k=u

(EjM
∗⊗K∗EkN

∗), where xjk ∈ EjM∗⊗K∗EkN
∗.

Take x̄jk ∈ FjM∗⊗K∗FkN
∗ which is mapped to xjk by ρM∗,j⊗K∗ ρN∗,k : FjM

∗⊗K∗FkN
∗ → EjM

∗⊗K∗EkN
∗.

We may assume that x̄jk =
∑

s∈Sj−Sj−1,t∈Tk−Tk−1

astvs ⊗ wt for ast ∈ K∗. Since

ΦM∗,N∗,u((xjk)) =
∑

j+k=u

ϕj,k(xjk) =
∑

j+k=u

ρM∗⊗K∗N∗,uηj,k(x̄jk)

= ρM∗⊗K∗N∗,u

( ∑
j+k=u

∑
s∈Sj−Sj−1,t∈Tk−Tk−1

astvs ⊗ wt
)
,

(xjk) ∈ KerΦM∗,N∗,u if and only if
∑

j+k=u

∑
s∈Sj−Sj−1,t∈Tk−Tk−1

astvs⊗wt ∈ Fu−1(M
∗⊗K∗N∗). On the other hand,

since (vs⊗wt)(s,t)∈ ⋃
j+k=u

(Sj×Tk) is a basis of Fu(M
∗⊗K∗ N∗) and vs⊗wt 6∈ Fu−1(M

∗⊗K∗ N∗) if s ∈ Sj −Sj−1,

t ∈ Tk − Tk−1 and j + k = u, we see that
∑

j+k=u

∑
s∈Sj−Sj−1,t∈Tk−Tk−1

astvs ⊗ wt ∈ Fu−1(M
∗ ⊗K∗ N∗) implies

ast = 0 for all (s, t)∈
⋃

j+k=u

(Sj − Sj−1)×(Tk − Tk−1). Hence ΦM∗,N∗,u is injective. It is clear that ΦM∗,N∗,u is

surjective.

Definition 15.1.2 For an object M∗ of TopModK∗ with an increasing filtration (FiM
∗)i∈Z , we denote by

κM∗,i : FiM
∗→M∗ the inclusion map. For an object P ∗ of TopModK∗ , define a filtration (FsHom∗(M∗, P ∗))s∈Z

of Hom∗(M∗, P ∗) by

FsHom∗(M∗, P ∗) = Ker(κ∗M∗,−s−1 : Hom∗(M∗, P ∗)→ Hom∗(F−s−1M
∗, P ∗))

Note that (FsHom∗(M∗, P ∗))s∈Z is an increasing filtration. If P ∗ = K∗, we denote (FsHom∗(M∗,K∗))s∈Z by
(FsM

∗∗)s∈Z and call this the dual filtration of (FiM
∗)i∈Z .

We denote by ιM∗,i : Fi−1M
∗ → FiM

∗, κ̃M∗,i : E
∗
iM

∗ → M∗/Fi−1M
∗ the inclusion maps and also denote

by πM∗,i :M
∗ →M∗/Fi−1M

∗, ι̃M∗,i :M
∗/Fi−1M

∗ →M∗/FiM
∗ the quotient maps. We also denote by

κ̄M∗,P∗,i : Hom∗(M∗, P ∗)/F−i−1Hom∗(M∗, P ∗)→ Hom∗(FiM
∗, P ∗)

be the map induced by κ∗M∗,i : Hom∗(M∗, P ∗)→ Hom∗(FiM
∗, P ∗), that is, κ̄M∗,P∗,i is unique map that satisfies

κ̄M∗,P∗,iπHom∗(M∗,P∗),−i = κ∗M∗,i.
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Remark 15.1.3 (1) If κ∗M∗,i is a quotient map, κ̄M∗,i is an isomorphism. If κM∗,i has a continuous left
inverse, κ∗M∗,i is a quotient map by (3.1.7). For example, if M∗ has skeletal topology, κM∗,i has a continuous
left inverse.

(2) Since 0 → Hom∗(M∗/F−i−1M
∗, P ∗)

π∗
M∗,−i−−−−−→ Hom∗(M∗, P ∗)

κ∗
M∗,−i−1−−−−−−→ Hom∗(F−i−1M

∗, P ∗) is exact,
π∗
M∗,−i : Hom∗(M∗/F−i−1M

∗, P ∗)→ Hom∗(M∗, P ∗) is an isomorphism onto FiHom∗(M∗, P ∗). We denote by
π̂M∗,P∗,i : Hom∗(M∗/F−i−1M

∗, P ∗)→ FiHom∗(M∗, P ∗) the isomorphism obtained from π∗
M∗,−i.

Since the vertical columns of the following diagram is exact and the lower rectangle is commutative, there
exist unique map ρ̃M∗,P∗,i : E

∗
iHom∗(M∗, P ∗)→ Hom∗(E∗

−iM
∗, P ∗) that makes the upper rectangle commute.

0 0

E∗
iHom∗(M∗, P ∗) Hom∗(E∗

−iM
∗, P ∗)

Hom∗(M∗, P ∗)/Fi−1Hom∗(M∗, P ∗) Hom∗(F−iM
∗, P ∗)

Hom∗(M∗, P ∗)/FiHom∗(M∗, P ∗) Hom∗(F−i−1M
∗, P ∗)

ρ̃M∗,P∗,i

κ̃Hom∗(M∗,P∗),i ρ∗M∗,−i

κ̄M∗,P∗,−i

ι̃Hom∗(M∗,P∗),i ι∗M∗,−i

κ̄M∗,P∗,−i−1

Thus we have the following result by (15.1.3).

Proposition 15.1.4 If κ̄M∗,P∗,i : Hom∗(M∗, P ∗)/F−i−1Hom∗(M∗, P ∗)→ Hom∗(FiM
∗, P ∗) is a quotient map

for any i ∈ Z, ρ̃M∗,P∗,i : E∗
iHom∗(M∗, P ∗) → Hom∗(E∗

−iM
∗, P ∗) is an isomorphism for any i ∈ Z. In

particular, if M∗ has skeletal topology, ρ̃M∗,P∗,i is an isomorphism.

Remark 15.1.5 By the definitions of κ̄M∗,P∗,−i : Hom∗(M∗, P ∗)/Fi−1Hom∗(M∗, P ∗) → Hom∗(F−iM
∗, P ∗)

and π̂M∗,P∗,i : Hom∗(M∗/F−i−1M
∗, P ∗) → FiHom∗(M∗, P ∗), we have κ̄M∗,P∗,−iπHom∗(M∗,P∗),i = κ∗M∗,−i and

κHom∗(M∗,P∗),iπ̂M∗,P∗,i = π∗
M∗,−i. Hence it follows from the definition of ρ̃M∗,P∗,i, the following equalities hold.

ρ∗M∗,−iρ̃M∗,P∗,iρHom∗(M∗,P∗),iπ̂M∗,P∗,i = κ̄M∗,P∗,−iκ̃Hom∗(M∗,P∗),iρHom∗(M∗,P∗),iπ̂M∗,P∗,i

= κ̄M∗,P∗,−iπHom∗(M∗,P∗),iκHom∗(M∗,P∗),iπ̂M∗,P∗,i

= κ∗M∗,−iπ
∗
M∗,−i = (πM∗,−iκM∗,−i)

∗

= (κ̃M∗,−iρM∗,−i)
∗ = ρ∗M∗,−iκ̃

∗
M∗,−i

Since ρ∗M∗,−i : Hom∗(E∗
−iM

∗, P ∗) → Hom∗(F−iM
∗, P ∗) is injective, we see that ρ̃M∗,P∗,imakes the following

diagram commute.

FiHom∗(M∗, P ∗) E∗
iHom∗(M∗, P ∗)

Hom∗(M∗/F−i−1M
∗, P ∗) Hom∗(E∗

−iM
∗, P ∗)

ρHom∗(M∗,P∗),i

ρ̃M∗,P∗,i

κ̃∗
M∗,−i

π̂M∗,P∗,i

Proposition 15.1.6 Let M∗, N∗ and P ∗ be objects of TopModK∗ . Suppose that filtrations (FiM
∗)i∈Z of M∗

and (FiN
∗)i∈Z of N∗ are given such that a morphism f : M∗ → N∗ of TopModK∗ satisfies f(FiM

∗) ⊂ FiN
∗

for any i ∈ Z. Then f∗ : Hom∗(N∗.P ∗) → Hom∗(M∗, P ∗) satisfies f∗(FsHom∗(N∗, P ∗)) ⊂ FsHom∗(M∗, P ∗)
for any s ∈ Z.

Proof. For ϕ ∈ (FsHom∗(N∗, P ∗))n, since ϕ(ΣnF−s−1N
∗) = {0}, we have

(f∗(ϕ))(ΣnF−s−1M
∗) = ϕΣnf(ΣnF−s−1M

∗) = ϕΣn(f(F−s−1M
∗)) ⊂ ϕ(ΣnF−s−1N

∗) = {0}

which implies f∗(ϕ) ∈ FsHom∗(M∗, P ∗).

Proposition 15.1.7 Let g : P ∗ → Q∗ be a morphism of TopModK∗ andM∗ be an object of TopModK∗ with a fil-
tration (FiM

∗)i∈Z . Then, g∗ : Hom∗(M∗, P ∗)→ Hom∗(M∗, Q∗) maps FiHom∗(M∗, P ∗) into FiHom∗(M∗, Q∗).
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Proof. In fact, for ϕ ∈ (FiHom∗(M∗, P ∗))m, we have (g∗(ϕ))(Σ
mF−i−1M

∗) = g(ϕ(ΣmF−i−1M
∗)) = {0} since

ϕ(ΣmF−i−1M
∗) = {0}, which shows g∗(ϕ) ∈ (FiHom∗(M∗, Q∗))m.

Proposition 15.1.8 Suppose that an object M∗ of TopModK∗ has skeletal topology. Let F = (FiM
∗)i∈Z be a

filtration of M∗ and F∗ = (FiHom∗(M∗,K∗))i∈Z the dual filtration of F. We denote by

F∗∗ = (FiHom∗(Hom∗(M∗,K∗),K∗))i∈Z

the dual filtration of F∗. Then the map χM∗,K∗ : M∗ → Hom∗(Hom∗(M∗,K∗),K∗) defined in (3.3.4) maps
FiM

∗ bijectively onto FiHom∗(Hom∗(M∗,K∗),K∗).

Proof. We recall that, for x ∈Mn, χM∗,K∗(x) ∈ Homn(Hom∗(M∗,K∗),K∗) maps ([n], f) ∈ ΣnHom∗(M∗,K∗)
to (−1)n(k−n)f([k − n], x) for f ∈ Homk−n(M∗,K∗) = Homc

K∗(Σk−nM∗,K∗).
For x ∈Mn, since FiHom∗(Hom∗(M∗,K∗),K∗) is the kernel of

κ∗Hom∗(M∗,K∗),−i−1 : Hom∗(Hom∗(M∗,K∗),K∗)→ Hom∗(F−i−1Hom∗(M∗,K∗),K∗),

χM∗,K∗(x) ∈ FiHom∗(Hom∗(M∗,K∗),K∗) if and only if the following composition is trivial.

ΣnF−i−1Hom∗(M∗,K∗)
ΣnκHom∗(M∗,K∗),−i−1−−−−−−−−−−−−−−→ ΣnHom∗(M∗,K∗)

χM∗,K∗ (x)
−−−−−−−→ K∗

If ([n], f) ∈ ΣnF−i−1Hom∗(M∗,K∗) for f ∈ Homk−n(M∗,K∗), fΣk−nκM∗,i : Σk−nFiM
∗ → K∗ is trivial.

Hence, if x ∈ (FiM
∗)n, we have the following equality which shows that χM∗,K∗(x)ΣnκHom∗(M∗,K∗),−i−1 is

trivial.

χM∗,K∗(x)ΣnκHom∗(M∗,K∗),−i−1([n], f) = χM∗,K∗(x)([n], f) = (−1)n(k−n)fΣk−nκM∗,i([k − n], x)

It follows that χM∗,K∗ maps FiM
∗ into FiHom∗(Hom∗(M∗,K∗),K∗). Since M∗ has skeletal topology, so

does Hom∗(M∗,K∗) by (3.1.36). Hence κ∗M∗,i : Hom∗(M∗,K∗) → Hom∗(FiM
∗,K∗) and κ∗Hom∗(M∗,K∗),−i−1 :

Hom∗(Hom∗(M∗,K∗),K∗) → Hom∗(F−i−1Hom∗(M∗,K∗),K∗) are surjective by (15.1.3). Since M∗ is finite
type, we have the following equalities.

dim(FiHom∗(Hom∗(M∗,K∗),K∗))n= dimHomn(Hom∗(M∗,K∗),K∗)− dimHomn(F−i−1Hom∗(M∗,K∗),K∗)

= dim Mn − (dimHom−n(M∗,K∗)− dimHom−n(FiM
∗,K∗))

= dim Mn − (dim Mn − dim(FiM
∗)n) = dim(FiM

∗)n

Since χM∗,K∗ is injective by (3.3.6), the above equalities show that χM∗,K∗ is an isomorphism.

For objects P ∗ and Q∗ of TopModK∗ , consider filtrations (Fu(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))u∈Z and
(FuHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗))u∈Z of Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗) and Hom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗),
respectively below.

Lemma 15.1.9 φ = φ(M∗, N∗;P ∗, Q∗) : Hom∗(M∗, P ∗)⊗K∗ Hom∗(N∗, Q∗)→ Hom∗(M∗⊗K∗ N∗, P ∗⊗K∗ Q∗)
preserves filtrations.

Proof. For s, t ∈ Z, f ∈ (FsHom∗(M∗, P ∗))m and g ∈ (FtHom∗(N∗, Q∗))n, since f maps ΣmF−s−1M
∗ to zero

and g maps ΣnF−t−1N
∗ to zero, φ(f ⊗ g) = (f ⊗K∗ g)

(
τm,nM∗,N∗

)−1
: Σm+n(M∗ ⊗K∗ N∗) → P ∗ ⊗K∗ Q∗ maps

Σm+n(FjM
∗ ∗ ⊗K∗FkN

∗) to zero if j + k < −s − t. Hence φ maps Fu(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗)) to
FuHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗).

Let φu = φu(M
∗, N∗;P ∗, Q∗) : Fu(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗)) → FuHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)

be the map obtained from φ by restricting the source and the target of φ. There exists unique map

φ̄u = φ̄u(M
∗, N∗;P ∗, Q∗) : E∗

u(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))→ E∗
uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)

that makes the following diagram commute.

Fu(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗)) E∗
u(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))

FuHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗) E∗
uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)

ρHom∗(M∗,P∗)⊗K∗Hom∗(N∗,Q∗),u

ϕu(M
∗, N∗;P∗, Q∗) ϕ̄u(M

∗, N∗;P∗, Q∗)

ρHom∗(M∗⊗K∗N∗,P∗⊗K∗Q∗),u
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For j, k, u ∈ Z such that j + k = −u, define a map pj,k :
⊕

s+t=−u
(E∗

sM
∗⊗K∗E∗

tN
∗)→ E∗

jM
∗⊗K∗E∗

kN
∗ by

pj,k((xst)) = xjk where xst ∈ E∗
sM

∗⊗K∗E∗
tN

∗. We define a map

Ψu :
⊕
j+k=u

Hom∗(E∗
−jM

∗⊗K∗E∗
−kN

∗, P ∗⊗K∗Q∗)→ Hom∗
( ⊕
j+k=−u

(E∗
jM

∗⊗K∗E∗
kN

∗), P ∗⊗K∗Q∗
)

by Ψu((ϕj)j∈Z) =
∑
j∈Z

ϕjΣ
np−j,j−u =

∑
j∈Z

p∗−j,j−u(ϕj) where ϕj ∈ Homn(E∗
−jM

∗⊗K∗E∗
j−uN

∗, P ∗⊗K∗Q∗) and

ϕj = 0 except for finite number of j’s.
Suppose that M∗ and N∗ have skeletal topology. Recall from (2.1.20) that, if M∗ and N∗ are both con-

nective or both coconnective, M∗⊗K∗N∗ has skeletal topology. Hence it follows from (15.1.4) that there is an
isomorphism ρ̃M∗⊗K∗N∗,P∗⊗K∗Q∗,u : E∗

uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)→ Hom∗(E∗
−u(M

∗⊗K∗N∗), P ∗⊗K∗Q∗).

Lemma 15.1.10 IfM∗ and N∗ have skeletal topology and M∗ and N∗ are both connective or both coconnective,
then the following diagram is commutative.⊕

j+k=u

(E∗
jHom∗(M∗, P ∗)⊗K∗E∗

kHom∗(N∗, Q∗))

⊕
j+k=u

(Hom∗(E∗
−jM

∗, P ∗)⊗K∗Hom∗(E∗
−kN

∗, Q∗)) E∗
u(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))

⊕
j+k=u

Hom∗(E∗
−jM

∗⊗K∗E∗
−kN

∗, P ∗⊗K∗Q∗) E∗
uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)

Hom∗
( ⊕
j+k=−u

(E∗
jM

∗⊗K∗E∗
kN

∗), P ∗⊗K∗Q∗
)

Hom∗(E∗
−u(M

∗⊗K∗N∗), P ∗⊗K∗Q∗)

⊕
j+k=u

(ρ̃M∗,P∗,j⊗K∗ ρ̃N∗,Q∗,k)

ΦHom∗(M∗,P∗),Hom∗(N∗,Q∗),u

⊕
j+k=u

ϕ(E∗
−jM

∗, E∗
−kN

∗;P∗, Q∗) ϕ̄u(M
∗, N∗;P∗, Q∗)

Ψu ρ̃M∗⊗K∗N∗,P∗⊗K∗Q∗,u

Φ∗
M∗,N∗,−u

Proof. For each α ∈ E∗
jHom∗(M∗, P ∗) and β ∈ E∗

kHom∗(N∗, Q∗) (j+k = u), we choose f ∈ (FjHom∗(M∗, P ∗))m

and g ∈ (FkHom∗(N∗, Q∗))n which satisfy ρHom∗(M∗,P∗),j(f) = α and ρHom∗(N∗,Q∗),k(g) = β, respectively. Let
f̄ : ΣmM∗/F−j−1M

∗ → P ∗ and ḡ : ΣnN ∗ /F−k−1N
∗ → Q∗ be the maps which satisfy f̄ΣmπM∗,−j = f and

ḡΣnπN∗,−k = g, respectively. Then, we have ρ̃M∗,P∗,j(α) = f̄Σmκ̃M∗,−j and ρ̃N∗,Q∗,k(β) = ḡΣnκ̃N∗,−k. Hence
the image of α ⊗ β ∈ E∗

jHom∗(M∗, P ∗)⊗K∗E∗
kHom∗(N∗, Q∗) by the composition of the vertical maps is given

as follows.

Ψu(φ(ρ̃M∗,P∗,j(α)⊗ ρ̃N∗,Q∗,k(β))) = Ψu((f̄Σ
mκ̃M∗,−j ⊗K∗ ḡΣnκ̃N∗,−k)(τ

m,n
E∗

−jM
∗,E∗

−kN
∗)

−1)

= (f̄ ⊗K∗ ḡ)(Σmκ̃M∗,−j ⊗K∗ Σnκ̃N∗,−k)(τ
m,n
E∗

−jM
∗,E∗

−kN
∗)

−1Σm+np−j,−k

= (f̄ ⊗K∗ ḡ)(τm,nM∗/F−j−1M∗,N∗/F∗
−k−1N

∗)
−1Σm+n(κ̃M∗,−j ⊗K∗ κ̃N∗,−k)Σ

m+np−j,−k

Let f ⊗ g : Σm+n(M∗⊗K∗N∗)/F−u−1(M
∗⊗K∗N∗)→ P ∗⊗K∗Q∗ be uniqe map that satisfes

f ⊗ gΣm+nπM∗⊗K∗N∗,−u = φu(f ⊗ g).

Then, we have the following.

ρ̃M∗⊗K∗N∗,P∗⊗K∗Q∗,u(φ̄u(Φu(α⊗ β))) = ρ̃M∗⊗K∗N∗,P∗⊗K∗Q∗,u(φ̄u(ρHom∗(M∗,P∗)⊗K∗Hom∗(N∗,Q∗),u(f ⊗ g)))
= ρ̃M∗⊗K∗N∗,P∗⊗K∗Q∗,u(ρHom∗(M∗⊗K∗N∗,P∗⊗K∗Q∗),u(φu(f ⊗ g)))
= κ̃∗M∗⊗K∗N∗,−u(π̂

−1
M∗⊗K∗N∗,P∗⊗K∗Q∗,u)(φu(f⊗g)))

= f ⊗ gΣm+nκ̃M∗⊗K∗N∗,−u

Thus Φ∗
M∗,N∗,−u(ρ̃M∗⊗K∗N∗,P∗⊗K∗Q∗,u(φ̄u(Φu(α ⊗ β)))) = f ⊗ g(Σm+nκ̃M∗⊗K∗N∗,−u)ΦM∗,N∗,−u holds. Take
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x ∈ FjM∗ and y ∈ FkN∗. Then, we have

(f̄ ⊗K∗ ḡ)(τm,nM∗/F−j−1M∗,N∗/F∗
−k−1N

∗)
−1Σm+n(κ̃M∗,−j ⊗K∗ κ̃N∗,−k)Σ

m+np−j,−k([m+ n], ρM∗,j(x)⊗ ρN∗,k(y))

= (f̄ ⊗K∗ ḡ)(τm,nM∗/F−j−1M∗,N∗/F∗
−k−1N

∗)
−1([m+ n], κ̃M∗,−jρM∗,j(x)⊗ κ̃N∗,−kρN∗,k(y))

= (f̄ ⊗K∗ ḡ)(τm,nM∗/F−j−1M∗,N∗/F∗
−k−1N

∗)
−1([m+ n], πM∗,jκM∗,−j(x)⊗ πN∗,kκN∗,−k(y))

= (f̄ ⊗K∗ ḡ)(ΣmπM∗,j ⊗K∗ ΣnπN∗,k)(τ
m,n
M∗,N∗)

−1([m+ n], x⊗ y)
= (f̄ΣmπM∗,j ⊗K∗ ḡΣnπN∗,k)(τ

m,n
M∗,N∗)

−1([m+ n], x⊗ y)
= (f ⊗K∗ g)(τm,nM∗,N∗)

−1([m+ n], x⊗ y) = φu(f ⊗ g)([m+ n], x⊗ y)

f ⊗ g(Σm+nκ̃M∗⊗K∗N∗,−u)ΦM∗,N∗,−u([m+ n], ρM∗,j(x)⊗ ρN∗,k(y))

= f ⊗ g(Σm+nκ̃M∗⊗K∗N∗,−u)([m+ n], ρM∗⊗K∗N∗,−u(x⊗ y))
= f ⊗ g(Σm+nπM∗⊗K∗N∗,−u)([m+ n], κM∗⊗K∗N∗,−u(x⊗ y)) = φu(f ⊗ g)([m+ n], x⊗ y).

The above equalities show the assertion.

Lemma 15.1.11 If (FiM
∗)i∈Z and (FiN

∗)i∈Z satisfy “FrM
∗ = M∗ and FrN

∗ = N∗ for some r ∈ Z” or
“FrM

∗ = {0} and FrN∗ = {0} for some r ∈ Z”, then Ψu is an isomorphism.

Proof. If FrM
∗ = M∗ and FrN

∗ = N∗ for some r ∈ Z, then E∗
iM

∗ = {0} and E∗
iN

∗ = {0} holds for i > r.

Hence
⊕

j+k=−u
(E∗

jM
∗⊗K∗E∗

kN
∗) =

r⊕
j=−u−r

(E∗
jM

∗⊗K∗E∗
−u−jN

∗) is a finite sum of E∗
jM

∗⊗K∗E∗
kN

∗’s. Similarly,⊕
j+k=u

Hom∗(E∗
−jM

∗⊗K∗E∗
−kN

∗, P ∗⊗K∗Q∗) =
r⊕

j=−u−r
Hom∗(E∗

jM
∗⊗K∗E∗

−u−jN
∗, P ∗⊗K∗Q∗) is also finite sum

of Hom∗(E∗
jM

∗⊗K∗E∗
−u−jN

∗, P ∗⊗K∗Q∗)’s. It follows from (3.1.12) that Ψu is an isomorphism.
If FrM

∗ = {0} and FrN∗ = {0} for some r ∈ Z, then E∗
iM

∗ = {0} and E∗
iN

∗ = {0} holds for i ≦ r. Hence⊕
j+k=−u

(E∗
jM

∗⊗K∗ E∗
kN

∗) =
−u−r−1⊕
j=r+1

(E∗
jM

∗⊗K∗ E∗
−u−jN

∗) is a finite sum of E∗
jM

∗⊗K∗ E∗
kN

∗’s. Similarly,

⊕
j+k=u

Hom∗(E∗
−jM

∗⊗K∗E∗
−kN

∗, P ∗⊗K∗Q∗) =
−u−r−1⊕
j=r+1

Hom∗(E∗
jM

∗⊗K∗E∗
−u−jN

∗, P ∗⊗K∗Q∗) is also finite sum

of Hom∗(E∗
jM

∗⊗K∗E∗
−u−jN

∗, P ∗⊗K∗Q∗)’s. It follows from (3.1.12) that Ψu is also an isomorphism this case.

Proposition 15.1.12 Let M∗ and N∗ be objects of TopModK∗ with filtrations (FiM
∗)i∈Z and (FiN

∗)i∈Z .
Assume that M∗ and N∗ are finite type, both connective or both coconnective and have skeletal topology. We
also assume that “FrM

∗ = M∗ and FrN
∗ = N∗ for some r ∈ Z” or “FrM

∗ = {0} and FrN∗ = {0} for some
r ∈ Z” For objects P ∗ and Q∗ of TopModK∗ , the following map is an isomorphism.

ˆ̄φu = ˆ̄φu(M
∗, N∗;P ∗, Q∗) : Eu(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))̂→ EuHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)̂

Proof. It follows from (15.1.10) and (1.3.11) that the following diagram is commutative.⊕
j+k=u

(E∗
jHom∗(M∗, P ∗)⊗̂K∗E∗

kHom∗(N∗, Q∗))

⊕
j+k=u

(Hom∗(E∗
−jM

∗, P ∗)⊗̂K∗Hom∗(E∗
−kN

∗, Q∗)) E∗
u(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))̂

⊕
j+k=u

Hom∗(E∗
−jM

∗⊗K∗E∗
−kN

∗, P ∗⊗K∗Q∗)̂ E∗
uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)̂

Hom∗
( ⊕
j+k=−u

(E∗
jM

∗⊗K∗E∗
kN

∗), P ∗⊗K∗Q∗
)̂

Hom∗(E∗
−u(M

∗⊗K∗N∗), P ∗⊗K∗Q∗)̂

⊕
j+k=u

(ρ̃M∗,P∗,j ⊗̂K∗ ρ̃N∗,Q∗,k)

Φ̂Hom∗(M∗,P∗),Hom∗(N∗,Q∗),u

⊕
j+k=u

ϕ̂(E∗
−jM

∗, E∗
−kN

∗;P∗, Q∗) ˆ̄ϕu(M
∗, N∗;P∗, Q∗)

Ψ̂u
ˆ̃ρM∗⊗K∗N∗,P∗⊗K∗Q∗,u

Φ̂∗
M∗,N∗,−u
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φ̂ : Hom∗(E∗
−jM

∗, P ∗) ⊗̂K∗Hom∗(E∗
−kN

∗, Q∗) → Hom∗(E∗
−jM

∗⊗K∗E∗
−kN

∗, P ∗⊗K∗Q∗)̂ is an isomorphism
by (4.1.7). Hence the assertion follows from (15.1.1), (15.1.4), (15.1.11) and the commutativity of the above
diagram.

Remark 15.1.13 Under the conditions of (15.1.12), assume moreover that P ∗ and Q∗ are bounded and discrete.
Then, P ∗ ⊗K∗ Q∗ is bounded and discrete. It follows from (3.1.36) that Hom∗(M∗, P ∗), Hom∗(N∗, Q∗) and
Hom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗) have skeletal topology. Since M∗ and N∗ are both connective or both coconnective,
Hom∗(M∗, P ∗) and Hom∗(N∗, Q∗) are both coconnective or both connective. Hence it follows from (2) of (2.1.20)
that Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗) has skeletal topology. Therefore E∗

u(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))
and E∗

uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗) also have skeletal topology, hence these are complete. Thus we see that

φ̄u = φ̄u(M
∗, N∗;P ∗, Q∗) : E∗

u(Hom∗(M∗, P ∗)⊗K∗Hom∗(N∗, Q∗))→ E∗
uHom∗(M∗⊗K∗N∗, P ∗⊗K∗Q∗)

is an isomorphism.

Condition 15.1.14 For an object M∗ of TopModK∗ with an increasing filtration (FiM
∗)i∈Z of subspaces of

M∗, consider the following conditions on (FiM
∗)i∈Z .

(f1)
⋂
i∈Z

FiM
∗ = {0}. (f1∗)

⋃
i∈Z

FiM
∗ =M∗.

Let M∗ be an object of TopModK∗ with filtration (FiM
∗)i∈Z and N∗ a submodule of M∗. We denote by

pN∗ :M∗ →M∗/N∗ the quotient map. We define filtrations (FiN
∗)i∈Z of N∗ and (Fi(M

∗/N∗))i∈Z of M∗/N∗

by FiN
∗ = N∗ ∩ FiM∗ and Fi(M

∗/N∗) = pN∗(FiM
∗), respectively.

Proposition 15.1.15 Let M∗ be an object of TopModK∗ with filtration (FiM
∗)i∈Z and N∗ a submodule of M∗.

(1) Suppose that (FiM
∗)i∈Z satisfies (f1). Then, (FiN

∗)i∈Z satisfies (f1). Moreover if M∗ is finite type,
(Fi(M

∗/N∗))i∈Z satisfies (f1).
(2) If (FiM

∗)i∈Z satisfies (f1∗), (FiN
∗)i∈Z and (Fi(M

∗/N∗))i∈Z satisfy (f1∗).

Proof. (1) The first assertion is obvious. If M∗ is finite type, for n ∈ Z, there exists in ∈ Z such that
(FinM

∗)n = {0}. Hence we have (Fin(M
∗/N∗))n = {0} which shows that (Fi(M

∗/N∗))i∈Z satisfies (f1).
(2) The assertion is straightforward.

Proposition 15.1.16 Let M∗ be an object of TopModK∗ with filtration (FiM
∗)i∈Z . Assume that M∗ is finite

type.
(1) If (FiM

∗)i∈Z satisfies (f1), (FiHom∗(M∗,K∗))i∈Z satisfies (f1∗).
(2) If (FiM

∗)i∈Z satisfies (f1∗), (FiHom∗(M∗,K∗))i∈Z satisfies (f1).

Proof. (1) For each n ∈ Z, sinceM∗ is finite type, there exists an ∈ Z such that (FanM
∗)n = {0} by the assump-

tion. Since Homn(F−i−1M
∗,K∗) = Homc

K∗(ΣnF−i−1M
∗,K∗) is isomorphic to Homc

K0((F−i−1M
∗)−n,K0),

Homn(F−i−1M
∗,K∗) = {0} if i ≧ −a−n − 1. Hence if i ≧ −a−n − 1, we have

(FiHom∗(M∗,K∗))n = Ker (κ∗M∗,−i−1 : Homn(M∗,K∗)→ Homn(F−i−1M
∗,K∗)) = Homn(M∗,K∗)

which implies the assertion.
(2) For each n ∈ Z, since M∗ is finite type, there exists bn ∈ Z such that (FbnM

∗)n =Mn by the assump-
tion. Since Homn(F−i−1M

∗,K∗) = Homc
K∗(ΣnF−i−1M

∗,K∗) is isomorphic to Homc
K0((F−i−1M

∗)−n,K0),
Homn(F−i−1M

∗,K∗) = Homn(M∗,K∗) if i ≦ −b−n − 1. Hence if i ≦ −b−n − 1, we have

(FiHom∗(M∗,K∗))n = Ker (κ∗M∗,−i−1 : Homn(M∗,K∗)→ Homn(F−i−1M
∗,K∗)) = {0}

which implies the assertion.

Lemma 15.1.17 LetM∗ and N∗ be objects of TopModK∗ with increasing filtrations (FiM
∗)i∈Z and (FiN

∗)i∈Z ,
respectively. Assume that M∗ and N∗ are finite type and both connective or coconnective. Then, if both
(FiM

∗)i∈Z and (FiN
∗)i∈Z satisfy (f1), (Fi(M

∗ ⊗K∗ N∗))i∈Z also satisfies (f1).
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Proof. Since M∗ and N∗ are finite type, it follows from (f1) that, for each n ∈ Z, there exists an ∈ Z which
satisfies (FanM

∗)n = {0} and (FanN
∗)n = {0}. We have the following equality for i, n ∈ Z.

(Fi(M
∗ ⊗K∗ N∗))n =

∑
j∈Z

(FjM
∗ ⊗K∗ Fi−jN

∗)n =
∑
j,m∈Z

(FjM
∗)m ⊗K∗ (Fi−jN

∗)n−m · · · (∗)

If both M∗ and N∗ are connective, there exists c ∈ Z such that Mm = {0} and Nm = {0} for m < c.

We may assume that c ≦ n

2
. Then, we have (∗) =

∑
j∈Z

∑
c≦m≦n−c

(FjM
∗)m ⊗K∗ (Fi−jN

∗)n−m. Suppose that

i ≦ min{am + an−m |m = c, c + 1, . . . , n − c}. If there exist integers j′ and m′ (c ≦ m′ ≦ n − c) which satisfy
j′ > am′ and i−j′ > an−m′ , then i > am′+an−m′ which contradicts the assumption. Thus j ≦ am or i−j ≦ an−m
holds for each c ≦ m ≦ n− c. Hence (Fi(M

∗ ⊗K∗ N∗))n = {0} if i ≦ min{am + an−m |m = c, c+ 1, . . . , n− c}.
If both M∗ and N∗ are coconnective, there exists c ∈ Z such that Mm = {0} and Nm = {0} for m > c.

We may assume that c ≧ n

2
. Then, we have (∗) =

∑
j∈Z

∑
n−c≦m≦c

(FjM
∗)m ⊗K∗ (Fi−jN

∗)n−m. Suppose that

i ≦ min{am+an−m |m = n− c, n− c+1, . . . , c}. If there exist integers j′ and m′ (n− c ≦ m′ ≦ c) which satisfy
j′ > am′ and i−j′ > an−m′ , then i > am′+an−m′ which contradicts the assumption. Thus j ≦ am or i−j ≦ an−m
holds for c ≦ m ≦ n− c. Hence (Fi(M

∗⊗K∗N∗))n = {0} if i ≦ min{am + an−m |m = n− c, n− c+ 1, . . . , c}.

Remark 15.1.18 If both (FiM
∗)i∈Z and (FiN

∗)i∈Z satisfy (f1∗), (Fi(M
∗⊗K∗N∗))i∈Z also satisfies (f1∗). In

fact, for x ∈M∗⊗K∗ N∗, there exist yl ∈M∗ and zl ∈ N∗ (l = 1, 2, . . . , n) such that x =
n∑
l=1

yl⊗zl. There exist

jl, kl∈Z such that yl∈FjlM∗ and zl∈FklN∗ for l = 1, 2, . . . , n by (f1∗). Put u = max{jl + kl | l = 1, 2, . . . , n},
then x ∈ Fu(M∗ ⊗K∗ N∗).

µ̃K∗ : K∗ ⊗K∗ K∗ → K∗ denotes the isomorphism defined from the multiplication of K∗.

Proposition 15.1.19 Suppose that M∗ and N∗ are finite type, both connective or both coconnective and have
skeletal topology. If the following conditions are satisfied,

µ̃K∗∗φ : Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)→ Hom∗(M∗ ⊗K∗ N∗,K∗)

maps Fu(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)) onto FuHom∗(M∗⊗K∗N∗,K∗).

(i) “FrM
∗ =M∗ and FrN

∗ = N∗ for some r ∈ Z” or “FrM
∗ = {0} and FrN∗ = {0} for some r ∈ Z”.

(ii) “Both (FiM
∗)i∈Z and (FiN

∗)i∈Z satisfy (f1).” or “both (FiM
∗)i∈Z and (FiN

∗)i∈Z satisfy (f1∗).”

Proof. We first note that the following maps are isomorphisms by (4.1.7) and (15.1.13), respectively.

φ = φ(M∗, N∗;K∗,K∗) : Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗)→ Hom∗(M∗⊗K∗N∗,K∗⊗K∗K∗)

φ̄u = φ̄u(M
∗, N∗;K∗,K∗) : E∗

u(Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗))→ E∗
uHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗)

We also have the following commutative diagram whose vertical columns are exact.

0 0

(Fu−1(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)))n (Fu−1Hom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n

(Fu(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)))n (FuHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n

Enu (Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗)) EnuHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗)

0 0

ϕu−1(M
∗, N∗;K∗, K∗)

ιHom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗),u ιHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗),u

ϕu(M
∗, N∗;K∗, K∗)

ρHom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗),u ρHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗),u

ϕ̄u(M
∗, N∗;K∗, K∗)

diagram (∗)
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Suppose that (FiM
∗)i∈Z and (FiN

∗)i∈Z satisfy (f1). It follows from (15.1.16) that (FiHom∗(M∗,K∗))i∈Z
and (FiHom∗(N∗,K∗))i∈Z satisfies (f1∗). Hence (Fu(Hom∗(M∗,K∗) ⊗K∗ Hom∗(N∗,K∗)))u∈Z also satisfies
(f1∗) by (15.1.18). Thus, for n ∈ Z, there exists an ∈ Z such that

(Fan(Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗)))n = (Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗))n.

On the other hand, since (Fi(M
∗⊗K∗N∗))i∈Z satisfies (f1) by (15.1.17), (FuHom∗(M∗⊗K∗N∗,K∗))u∈Z satisfies

(f1∗) by (15.1.16). Hence, for n ∈ Z, there exists bn ∈ Z such that

(FbnHom∗(M∗⊗K∗N∗,K∗))n = Homn(M∗⊗K∗N∗,K∗).

Therefore if u ≧ max{an, bn}, φ : Hom∗(M∗,K∗) ⊗K∗ Hom∗(N∗,K∗) → Hom∗(M∗ ⊗K∗ N∗,K∗⊗K∗ K∗)
maps (Fu(Hom∗(M∗,K∗) ⊗K∗ Hom∗(N∗,K∗)))n onto (FuHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n. Assume that φu
maps (Fu(Hom∗(M∗,K∗) ⊗K∗ Hom∗(N∗,K∗)))n onto (FuHom∗(M∗⊗K∗ N∗,K∗⊗K∗ K∗))n. Since the mid-
dle and the lower horizontal maps of diagram (∗) are isomorphism, so is the top horizontal map. Therefore
φu(M

∗, N∗; K∗,K∗) : (Fu(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)))n → (FuHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n is an
isomorphism for any u ∈ Z.

Suppose that (FiM
∗)i∈Z and (FiN

∗)i∈Z satisfy (f1∗). It follows from (15.1.16) that (FiHom∗(M∗,K∗))i∈Z
and (FiHom∗(N∗,K∗))i∈Z satisfies (f1). Hence (Fu(Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗)))u∈Z also satisfies (f1)
by (15.1.17). Thus, for n ∈ Z, there exists cn ∈ Z such that

(Fcn(Hom∗(M∗,K∗)⊗K∗Hom∗(N∗,K∗)))n = {0}.

On the other hand, since (Fi(M
∗⊗K∗ N∗))i∈Z satisfies (f1∗) by (15.1.18), (FuHom∗(M∗⊗K∗ N∗,K∗))u∈Z

satisfies (f1) by (15.1.16). Hence, for n ∈ Z, there exists dn ∈ Z such that

(FdnHom∗(M∗⊗K∗N∗,K∗))n = {0}.

Therefore if u ≦ min{cn, dn}, φ : Hom∗(M∗,K∗) ⊗K∗ Hom∗(N∗,K∗) → Hom∗(M∗ ⊗K∗ N∗,K∗⊗K∗ K∗)
maps (Fu(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)))n onto (FuHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n. Assume that φu−1

maps (Fu−1(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)))n onto (Fu−1Hom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n. Since the top
and the lower horizontal maps of diagram (∗) are isomorphism, so is the middle horizontal map. Therefore
φu(M

∗, N∗; K∗,K∗) : (Fu(Hom∗(M∗,K∗)⊗K∗ Hom∗(N∗,K∗)))n → (FuHom∗(M∗⊗K∗N∗,K∗⊗K∗K∗))n is an
isomorphism for any u ∈ Z.

Condition 15.1.20 For an object M∗ of TopModK∗ with an increasing filtration (FiM
∗)i∈Z of subspaces of

M∗, consider the following conditions on (FiM
∗)i∈Z .

(f2) FiM
∗ =M∗ if i ≧ 0. (f2∗) FiM

∗ = {0} if i < 0.

The following assertion is clear.

Proposition 15.1.21 Let M∗ be an object of TopModK∗ with filtration (FiM
∗)i∈Z and N∗ a submodule of M∗.

(1) If (FiM
∗)i∈Z satisfies (f2), (FiN

∗)i∈Z and (Fi(M
∗/N∗))i∈Z satisfy (f2).

(2) If (FiM
∗)i∈Z satisfies (f2∗), (FiN

∗)i∈Z and (Fi(M
∗/N∗))i∈Z satisfy (f2∗).

Proposition 15.1.22 If a filtration (FiM
∗)i∈Z of M∗ satisfies (f2), (FsM

∗∗)s∈Z satisfies (f2∗). If M∗ is a
T1-space and (FsM

∗∗)s∈Z satisfies (f2∗), then (FiM
∗)i∈Z satisfies (f2).

Proof. Let πM∗,0 :M∗ →M∗/F0M
∗ be the quotient map. Then we have an exact sequence

0→ Hom∗(M∗/F0M
∗,K∗)

π∗
M∗,0−−−−→ Hom∗(M∗,K∗)

κ∗
M∗,0−−−−→ Hom∗(F0M

∗,K∗).

If F0M
∗ = M∗, then κM∗,0 is the identity map which implies that F−1M

∗∗ = Kerκ∗M∗,0 = {0}. Assume that
F−1M

∗∗ = KerκM∗,0∗ = {0} and that M∗ is a T1-space. Then, we have Hom∗(M∗/F0M
∗,K∗) = {0} by the

above exact sequence. Since χM∗/F0M∗,K∗ : M∗/F0M
∗ → Hom∗(Hom∗(M∗/F0M

∗,K∗),K∗) is injective by
(3.3.5), we have M∗/F0M

∗ = {0}, namely F0M
∗ =M∗.

Proposition 15.1.23 If a filtration (FiM
∗)i∈Z of M∗ satisfies (f2∗), (FiM

∗∗)i∈Z satisfies (f2). If M∗ is a
T1-space and (FiM

∗∗)i∈Z satisfies (f2), then (FiM
∗)i∈Z satisfies (f2∗).
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Proof. We have F0M
∗∗ = Ker(κ∗M∗,−1 :M∗∗ = Hom∗(M∗,K∗)→ Hom∗(F−1M

∗,K∗)) =M∗∗ if F−1M
∗ = {0}.

Assume that F−1M
∗ 6= {0} and that M∗ is a T1-space. There exists an open subspace U∗ of M∗ such that

F−1M
∗ 6⊂ U∗. Let p : M∗ → M∗/U∗ be the quotient map. Since M∗/U∗ is discrete, there exist n ∈ Z and a

continuous linear map ϕ : Σn(M∗/U∗)→ K∗ whose restriction to Σn((F−1M
∗ + U∗)/U∗) is not trivial. Then,

κ∗M∗,−1 : Hom∗(M∗,K∗) → Hom∗(F−1M
∗,K∗)) maps ϕ(Σnp) ∈ Homn(M∗,K∗) to a non-trivial element of

Hom∗(F−1M
∗,K∗). This implies that F0M

∗∗ 6=M∗∗. Hence F−1M
∗ = {0} if F0M

∗∗ =M∗∗.

The following assertion is clear.

Proposition 15.1.24 Let M∗ and N∗ be objects of TopModK∗ with filtrations (FiM
∗)i∈Z and (FiN

∗)i∈Z ,
respectively. If (FiM

∗)i∈Z and (FiN
∗)i∈Z satisfy (f2) (resp. (f2∗)), so does (Fi(M

∗ ⊗K∗ N∗))i∈Z .

Definition 15.1.25 Let M∗ be an object of TopModK∗ with an increasing filtration F = (FiM
∗)i∈Z which is

not trivial, that is, E∗
iM

∗ 6= {0} for some i ∈ Z. We put EjiM
∗ = (FiM

∗/Fi−1M
∗)j and define a subset S(F)

of Z by S(F) = {i ∈ Z |E∗
iM

∗ 6= {0}}.
(1) Put cF(i) = max{j ∈ Z |EjiM∗ 6= {0}} for i ∈ S(F) and I(F) = {n ∈ Z |n = i+cF(i) for some i ∈ S(F)}

if M∗ is coconnective.
(2) Put c∗F(i) = min{j ∈ Z |EjiM∗ 6= {0}} for i ∈ S(F) and I∗(F) = {n ∈ Z |n = i+c∗F(i) for some i ∈ S(F)}

if M∗ is connective.

Remark 15.1.26 (1) If F satisfies (f1) and (f2), then cF(i) ≦ 0 for each i. If F satisfies (f1∗) and (f2∗),
then c∗F(i) ≧ 0 for each i.

(2) Let M∗ be an object of TopModK∗ with filtration FM∗ = (FiM
∗)i∈Z and N∗ a submodule of M∗. Put

FN∗ = (FiN
∗)i∈Z and FM∗/N∗ = (Fi(M

∗/N∗))i∈Z . Then, the inclusion map N∗ → M∗ induces an injection
E∗
iN

∗ → E∗
iM

∗ and the quotient mapM∗ →M∗/N∗ induces a surjection E∗
iM

∗ → E∗
i (M

∗/N∗) for each i ∈ Z.
Hence S(FN∗) and S(FM∗/N∗) are subsets of S(FM∗). IfM∗ is coconnective, then we have cFN∗ (i) ≦ cFM∗ (i) for
any i ∈ S(FN∗) and cFM∗/N∗ (i) ≦ cFM∗ (i) for any i ∈ S(FM∗/N∗). If M∗ is connective, then c∗FN∗ (i) ≧ c∗FM∗ (i)
for any i ∈ S(FN∗) and cFM∗/N∗ (i) ≧ cFM∗ (i) for any i ∈ S(FM∗/N∗).

Proposition 15.1.27 Let M∗ be an object of TopModK∗ with an increasing filtration F = (FiM
∗)i∈Z . Assume

that M∗ is finite type and has skeletal topology. We consider the dual filtration F∗ = (FiM
∗∗)i∈Z of F.

(1) EjiM
∗∗ 6= {0} if and only if E−j

−iM
∗ 6= {0}. Hence we have S(F∗) = {j ∈ Z | − j ∈ S(F)}.

(2) c∗F∗(i) = −cF(−i) holds if M∗ is coconnective and cF∗(i) = −c∗F(−i) holds if M∗ is connective.

Proof. (1) Note that since M∗ is finite type and has skeletal topology, κ∗M∗,i : M
∗∗ → Hom∗(FiM

∗,K∗) is
surjective for each i ∈ Z. Then the following diagram is commutative and both horizontal rows are exact.

0→ (Fi−1M
∗∗)j (M∗∗)j Homj(F−iM

∗,K∗) ∼= Homc
K∗((F−iM

∗)−j ,K0)→ 0

0→ (FiM
∗∗)j (M∗∗)j Homj(F−i−1M

∗,K∗) ∼= Homc
K∗((F−i−1M

∗)−j ,K0)→ 0

κM∗∗,i−1

ιM∗∗,i

κ∗
M∗,−i

ι∗M∗,−i−1

κM∗∗,i κ∗
M∗,−i−1

If E−j
−iM

∗ = {0}, then ι∗M∗,−i−1 of the above diagram is the identity map. Hence so is ιM∗∗,i which means

EjiM
∗∗ = {0}.

Conversely, assume that EjiM
∗∗ = {0}. Then, ι∗M∗,−i−1 of the above diagram is bijective. Hence if we

denote by ρM∗,−i : F−iM
∗ → E∗

−iM
∗ the quotient map, the exactness of the following diagram implies that

Homc
K0(E

−j
−iM

∗,K0) = {0}.

0→ Homc
K0(E

−j
−iM

∗,K0)
ρ∗M∗,−i−−−−−→ Homc

K0((F−iM
∗)−j ,K0)

ι∗−i−1−−−−→ Homc
K0((F−i−1M

∗)−j ,K0)

Thus we have E−j
−iM

∗ = {0}. Therefore EjiM∗∗ 6= {0} if and only if E−j
−iM

∗ 6= {0}, the assertion follows.
(2) Since a correspondence j 7→ −j gives a bijection between S(F) and S(F∗) by (1), the assertion follows.

We consider the following conditions for later sections.

Condition 15.1.28 Let M∗ be an object of TopModK∗ with an increasing filtration F = (FiM
∗)i∈Z which is

not trivial. Assume that M∗ is coconnective.
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(f3) EjiM
∗ = {0} if i+ j 6∈ I(F).

(f4) A map S(F)→ Z which assigns i ∈ S(F) to i+ cF(i) is injective.

Condition 15.1.29 Let M∗ be an object of TopModK∗ with an increasing filtration F = (FiM
∗)i∈Z which is

not trivial. Assume that M∗ is connective. F = (FiM
∗)i∈Z which is not trivial, we consider the following

conditions.

(f3∗) EjiM
∗ = {0} if i+ j 6∈ I∗(F).

(f4∗) A map S(F)→ Z which assigns i ∈ S(F) to i+ c∗F(i) is injective.

Proposition 15.1.30 Let M∗ be an object of TopModK∗ with an increasing filtration F = (FiM
∗)i∈Z which is

not trivial. Let F∗ = (FiM
∗∗)i∈Z be the dual filtration of F.

(1) Assume that M∗ is coconnective. F satisfies (f3) if and only if F∗ satisfies (f3∗).
(2) Assume that M∗ is connective. F satisfies (f3∗) if and only if F∗ satisfies (f3).

Proof. (1) Suppose that F satisfies (f3) and that i + j 6= k + c∗F∗(k) for any k ∈ S(F∗). If k ∈ S(F), then
−k ∈ S(F∗) and c∗F∗(−k) = −cF(k) by (15.1.27). Hence we have (−i) + (−j) 6= k + cF(k) for any k ∈ S(F),
which implies E−j

−iM
∗ = {0}. It follows from (15.1.27) that EjiM

∗∗ = {0}.
Suppose that F∗ satisfies (f3∗) and that i+ j 6= k + cF(k) for any k ∈ S(F). If k ∈ S(F∗), then −k ∈ S(F)

and cF(−k) = −c∗F∗(k) by (15.1.27). Hence we have (−i) + (−j) 6= k + c∗F∗(k) for any k ∈ S(F∗), which implies

E−j
−iM

∗∗ = {0}. It follows from (15.1.27) that EjiM
∗ = {0}.

(2) Suppose that F satisfies (f3∗) and that i+j 6= k+cF∗(k) for any k ∈ S(F∗). If k ∈ S(F), then −k ∈ S(F∗)
and −cF∗(k) = c∗F(−k) by (15.1.27). Hence we have (−i) + (−j) 6= k + c∗F(k) for any k ∈ S(F), which implies

E−j
−iM

∗ = {0}. It follows from (15.1.27) that EjiM
∗∗ = {0}.

Suppose that F∗ satisfies (f3) and that i + j 6= k + c∗F(k) for any k ∈ S(F). If k ∈ S(F∗), then −k ∈ S(F)
and −c∗F(k) = cF∗(−k) by (15.1.27). Hence we have (−i) + (−j) 6= k + cF∗(k) for any k ∈ S(F∗), which implies

E−j
−iM

∗∗ = {0}. It follows from (15.1.27) that EjiM
∗ = {0}.

Proposition 15.1.31 Let M∗ be an object of TopModK∗ with an increasing filtration F = (FiM
∗)i∈Z which is

not trivial. Let F∗ = (FiM
∗∗)i∈Z be the dual filtration of F.

(1) Assume that M∗ is coconnective. F satisfies (f4) if and only if F∗ satisfies (f4∗).
(2) Assume that M∗ is connective. F satisfies (f4∗) if and only if F∗ satisfies (f4).

Proof. We define a map dF : S(F)→ Z by dF(i) = i+ cF(i) if M
∗ is coconnective and a map d∗F : S(F)→ Z by

d∗F(i) = i+ c∗F(i) if M
∗ is connective.

(1) Since d∗F∗(i) = i+ c∗F∗(i) = −((−i) + cF(−i)) = −dF(−i) if i ∈ S(F∗), d∗F∗ is injective if and only if dF is
injective.

(2) Since dF∗(i) = i+ cF∗(i) = −((−i) + c∗F(−i)) = −d∗F(−i) if i ∈ S(F∗), dF∗ is injective if and only if d∗F is
injective.

Remark 15.1.32 Let M∗
1 ,M

∗
2 , . . . ,M

∗
n be objects of TopModK∗ and Fk = (FiM

∗
k )i∈Z a filtration of M∗

k . We
define a filtration F⊗ = (Fi(M

∗
1 ⊗K∗ M∗

2 ⊗K∗ · · · ⊗K∗ M∗
n))i∈Z of M∗

1 ⊗K∗ M∗
2 ⊗K∗ · · · ⊗K∗ M∗

n by

Fi(M
∗
1 ⊗K∗ M∗

2 ⊗K∗ · · · ⊗K∗ M∗
n) =

∑
j1+j2+···+jn=i

Fj1M
∗
1 ⊗K∗ Fj2M

∗
2 ⊗K∗ · · · ⊗K∗ FjnM

∗
n.

It follows from (15.1.1) that there is an isomorphism⊕
j1+j2+···+jn=i

(E∗
j1M

∗
1 ⊗K∗ E∗

j2M
∗
2 ⊗K∗ · · · ⊗K∗ E∗

jnM
∗
n) −→ E∗

i (M
∗
1 ⊗K∗ M∗

2 ⊗K∗ · · · ⊗K∗ M∗
n).

(1) S(F⊗) =
{
i ∈ Z

∣∣∣ i = n∑
k=1

jk for jk ∈ S(Fk) (k = 1, 2, . . . , n)
}

holds.

(2) If M∗
1 ,M

∗
2 , . . . ,M

∗
n are coconnective, then cF⊗ : S(F⊗)→ Z is given by

cF⊗(i) = max

{
m ∈ Z

∣∣∣∣m =

n∑
k=1

cFk(jk) for jk ∈ S(Fk) (k = 1, 2, . . . , n) satisfying

n∑
k=1

jk = i

}
.

If M∗
1 ,M

∗
2 , . . . ,M

∗
n are connective, then c∗F⊗

: S(F⊗)→ Z is given by

c∗F⊗
(i) = min

{
m ∈ Z

∣∣∣∣m =

n∑
k=1

cFk(jk) for jk ∈ S(Fk) (k = 1, 2, . . . , n) satisfying

n∑
k=1

jk = i

}
.
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We define a filtration (FiE(τ))i∈Z of an exterior algebra E(τ) generated by τ by FiE(τ) = {0} for i < 0,
F0E(τ) = K∗ and FiE(τ) = E(τ) for i ≧ 1. Let M∗ be an object of TopModK∗ with filtration F = (FiM

∗)i∈Z .
Then, we have a filtration Fτ = (Fi(E(τ)⊗K∗ M∗))i∈Z of E(τ)⊗K∗ M∗ which is given by

Fi(E(τ)⊗K∗ M∗) = F0E(τ)⊗K∗ FiM
∗ + F1E(τ)⊗K∗ Fi−1M

∗.

Proposition 15.1.33 (1) S(Fτ ) = S(F) ∪ {i ∈ Z | i− 1 ∈ S(F)}.
(2) If M∗ is connective, c∗Fτ : S(Fτ )→ Z is given as follows.

c∗Fτ (i) =


c∗F(i) i ∈ S(F) and i− 1 6∈ S(F)

min{c∗F(i), c∗F(i− 1) + deg τ} i ∈ S(F) and i− 1 ∈ S(F)
c∗F(i− 1) + deg τ i 6∈ S(F) and i− 1 ∈ S(F)

Proof. (1) Since E∗
i (E(τ)⊗K∗ M∗) is isomorphic to (E∗

0E(τ)⊗K∗ E∗
iM

∗)⊕ (E∗
1E(τ)⊗K∗ E∗

i−1M
∗) by (15.1.1),

E∗
i (E(τ)⊗K∗ M∗) 6= {0} if and only if E∗

iM
∗ 6= {0} or E∗

i−1M
∗ 6= {0}.

(2) The fact that E∗
i (E(τ) ⊗K∗ M∗) is isomorphic to (E∗

0E(τ) ⊗K∗ E∗
iM

∗) ⊕ (E∗
1E(τ) ⊗K∗ E∗

i−1M
∗) also

implies the equality.

Proposition 15.1.34 Assume that S(F) ∩ {i ∈ Z | i− 1 ∈ S(F)} = ∅.
(1) If F satisfies (f3∗), Fτ satisfies (f3∗).
(2) If F satisfies (f4∗) and a− b 6= deg τ + 1 for any a, b ∈ I∗(F), Fτ satisfies (f4∗).

Proof. (1) Since k+ c∗Fτ (k) = k+ c∗F(k) if k ∈ S(F) and k+ c∗Fτ (k) = k−1+ c∗F(k−1)+deg τ +1 if k−1 ∈ S(F),
we have I∗(Fτ ) = I∗(F) ∪ {n ∈ Z |n − deg τ − 1 ∈ I∗(F)}. Hence if i + j 6∈ I∗(Fτ ), then we have i + j 6∈ I∗(F)
and i+ j − deg τ − 1 6∈ I∗(F). This implies that EjiM

∗ = Ej−deg τ
i−1 M∗ = {0} by the assumption. Since there is

the following isomorphism by (15.1.1), Eji (E(τ)⊗K∗M∗) = {0} holds if i+ j 6∈ I∗(Fτ ).

ΦjE(τ),M∗,i : (E
0
0E(τ)⊗K∗EjiM

∗)⊕ (Edeg τ
1 E(τ)⊗K∗Ej−deg τ

i−1 M∗)→ Eji (E(τ)⊗K∗M∗)

(2) Define a map f : S(Fτ ) → Z by f(k) = k + c∗Fτ (k). Since F satisfies (f4∗) and f(k) = k + c∗F(k)
if k ∈ S(F), the restriction of f to S(F) is injective. Similarly, since f(k) = k − 1 + c∗F(k − 1) + deg τ + 1 if
k ∈ {i ∈ Z | i−1 ∈ S(F)}, the restriction of f to {i ∈ Z | i−1 ∈ S(F)} is also injective. Suppose that f(k) = f(l)
for k ∈ S(F) and l ∈ {i ∈ Z | i− 1 ∈ S(F)}. Then, we have (k + c∗F(k))− (l − 1 + c∗F(l − 1)) = deg τ + 1 which
contradicts the assumption. Hence f is injective.

Let p be a prime number and K∗ be a field of characteristic p such that Ki = {0} if i 6= 0. For an object

A∗ of TopAlgK∗ , we denote by A(k)∗ the subalgebra of A∗ generated by {xpk |x ∈ A∗}. Let F = (FiA
∗)i∈Z be

a filtration of A∗. Put FiA(k)
∗ = A(k)∗ ∩ FiA∗ and consider a filtration F(k) = (FiA(k)

∗)i∈Z of A(k)∗.

Proposition 15.1.35 Suppose that F satisfies a condition “If x ∈ FiA∗−Fi−1A
∗, then xp ∈ FipA∗−Fip−1A

∗.”.

(1) If x ∈ FiA(k)∗ − Fi−1A(k)
∗ and l is a non-negative integer, then xp

l ∈ FiplA(k)∗ − Fipl−1A(k)
∗.

(2) S(F(k)) = {ipk | i ∈ S(F)} holds. c∗F(k) : S(F(k))→ Z is given by c∗F(k)(ip
k) = pkc∗F(i) if A

∗ is connective.

Proof. (1) For x ∈ FiA(k)∗ − Fi−1A(k)
∗, we assume inductively that xp

l ∈ FiplA(k)∗ − Fipl−1A(k)
∗. Then, we

have xp
l+1 ∈ Fipl+1A∗−Fipl+1−1A

∗ by the assumpsion. Since xp
l+1 ∈ A(k)∗, xpl+1 ∈ Fipl+1A(k)∗−Fipl+1−1A(k)

∗

holds.
(2) If i ∈ S(F), there exists x ∈ FiA

∗ − Fi−1A
∗. Hence xp

k ∈ FipkA
∗ − Fipk−1A

∗ represents a non-zero

element of E∗
ipkA(k)

∗ which shows ipk ∈ S(F(k)). Since A(k)∗ is spanned by elements of A∗ of the form xp
k

, it

follows from the assumption that E∗
i A(k)

∗ = {0} if i is not a multiple of pk. If ipk ∈ S(F(k)), there exists y ∈
FipkA(k)

∗ − Fipk−1A(k)
∗ such that y = xp

k

for some x ∈ FiA∗ − Fi−1A
∗. Thus E∗

i A
∗ 6= {0}, namely, i ∈ S(F).

Assume that A∗ is connective. The pk-th power map x 7→ xp
k

from (FiA
∗)j to (FipkA(k)

∗)jp
k

induces an injective

additive map EjiA
∗ → Ejp

k

ipk
A(k)∗ by the assumption. This implies that c∗F(k)(ip

k) ≦ pkc∗F(i). Since A(k)
j = {0}

if j is not a multiple of pk, c∗F(k)(ip
k) is a multiple of pk. There exists y ∈ (FipkA

∗)c
∗
F(k)(ip

k)−(Fipk−1A
∗)c

∗
F(k)(ip

k)

such that y = xp
k

for some x ∈ (FiA
∗)j − (Fi−1A

∗)j , where c∗F(k)(ip
k) = jpk. Then, we have EjiA

∗ 6= {0} which
means j ≧ c∗F(i). Hence c

∗
F(k)(ip

k) = pkc∗F(i) holds.
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Proposition 15.1.36 Assume that F satisfies the condition of (15.1.35). If F satisfies (f3∗), so does F(k) and
if F satisfies (f4∗), so does F(k).

Proof. Assume that F satisfies (f3∗) It is clear that EjiA(k)
∗ = {0} if i or j is not a multiple of pk. Suppose

that Ejp
k

ipk
A(k)∗ 6= {0}, then we have EjiA

∗ 6= {0}. Hence i + j = s + c∗F(s) for some s ∈ S(F). Thus

ipk + jpk = spk + pkc∗F(k) = spk + c∗F(k)(sp
k) by (15.1.35) and F(k) satisfies (f3∗).

If ipk + c∗F(k)(ip
k) = jpk + c∗F(k)(jp

k), we have i + c∗F(i) = j + c∗F(j) by (15.1.35). Hence we have i = j if F

satisfies (f4∗).

Lemma 15.1.37 Suppose that xp− a = 0 has a root in K∗ for any a ∈ K∗ and that a filtration F = (FiA
∗)i∈Z

of A∗ satisfies (f1∗) and (f2∗). Let k be a positive integer.
(1) If the p-th power map x 7→ xp of A∗ is injective and x1, x2, . . . , xn are linearly independent, then

xp
k

1 , x
pk

2 , . . . , x
pk

n are also linearly independent.
(2) Let {xα |α ∈ Ji} be a basis of FiA

∗ for i ∈ Z such that Ji−1 ⊂ Ji. If F satisfies the condition of

(15.1.35), {xpkα |α ∈ Ji} is a basis of FipkA(k)
∗ and {xpkα |α ∈ Ji−1} is a basis of Fipk−1A(k)

∗ = F(i−1)pkA(k)
∗.

(3) Let f : A∗ → A(k)∗ be a map defined by f(x) = xp
k

. f induces an additive bijection EjiA
∗ → Ejp

k

ipk
A(k)∗.

Proof. (1) Suppose that
n∑
i=1

cix
p
i = 0 for ci ∈ K∗. Let bi be a p-th root of ci. Then we have

( n∑
i=1

bixi

)p
= 0

which implies
n∑
i=1

bixi = 0 by the assumption. Hence bi = 0 for i = 1, 2, . . . , n and xp1, x
p
2, . . . , x

p
n are linearly

independent. Thus the assertion follows from the induction on k.

(2) {xpkα |α ∈ Ji} is linearly independent by (1). For x ∈ FipkA(k)∗ − Fipk−1A(k)
∗, there exists y ∈ A∗ such

that x = yp
k

by the definition of A(k)∗. Then, y ∈ FiA
∗ − Fi−1A

∗ by the assumption, hence y =
∑
α∈I

cαxα

for a finite subset I of Ji and cα ∈ K∗. Thus we have x = yp
k

=
∑
α∈I

cp
k

α x
pk

α . In particular, {xpkα |α ∈ J0}

is a basis of F0A(k)
∗. We note that Fipk−1A(k)

∗ = F(i−1)pkA(k)
∗ holds for i = 1, 2, . . . by the assumption.

Assume inductively that {xpkα |α ∈ Ji−1} is a basis of Fipk−1A(k)
∗ = F(i−1)pA(k)

∗. Since each element of

FipkA(k)
∗ − Fipk−1A(k)

∗ is a linear combination of elements of {xpkα |α ∈ Ji} and Ji−1 ⊂ Ji, {xp
k

α |α ∈ Ji}
spans FipkA(k)

∗.

(3) We note that {ρA∗,i(xα) |α ∈ Ji − Ji−1, deg xα = j} is a basis of EjiA
∗. It follows from (2) that

{ρA(k)∗,i(x
pk

α ) |α ∈ Ji − Ji−1, deg xα = j} is a basis of Ejp
k

ipk
A∗. Hence f induces a bijective correspondence

between these basis. Since the pk-th power map a 7→ ap
k

gives an automorphism of K∗, the map EjiA
∗ →

Ejp
k

ipk
A(k)∗ induced by f is an additive bijection.

15.2 Filtered algebras and unstable modules

Let A∗ be an algebra in TopModK∗ filtered by F = (FiA
∗)i∈Z .

Definition 15.2.1 Let M∗ be a left A∗-module with a multiplication α : A∗ ⊗K∗ M∗ → M∗. M∗ is called an
unstable A∗-module with respect to F or unstable A∗-module for short if α(Fn−1A

∗ ⊗K∗ Mn) = {0} for n ∈ Z.
We denote by UMod(A∗) the full subcategory of Mod(A∗) consisting of unstable A∗-modules.

Remark 15.2.2 An unstable A∗-module M∗ is coconnective if F satisfies (f2) of (15.1.20). In fact, since
Fn−1A

∗ = A∗ if n ≧ 1, we have Mn ⊂ α(A∗ ⊗K∗ Mn) = α(Fn−1A
∗ ⊗K∗ Mn) = {0}.

It is clear that submodules and quotient modules of an unstable module are also unstable and that the
sum and the product of unstable modules are unstable. Hence UMod(A∗) is complete and cocomplete and the
inclusion functor IA∗ : UMod(A∗)→Mod(A∗) preserves limits and colimits.

Proposition 15.2.3 The inclusion functor IA∗ : UMod(A∗)→Mod(A∗) has a right adjoint.

Proof. Let M∗ be an object of Mod(A∗) and let us denote by UA∗(M∗) the set of all unstable submodules
of M∗. Since {0} ∈ UA∗(M∗), UA∗(M∗) is not empty. If (M∗

i )i∈I is a family of elements of UA∗(M∗), the
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sum
∑
i∈I

M∗
i is contained in UA∗(M∗). Hence there exists the largest unstable submodule M∗

u of M∗. For a

homomorphism f :M∗ → N∗ of A∗-modules, since the image of an unstable submodule of M∗ is also unstable,
f induces a homomorphism fu : M∗

u → N∗
u . Thus we have a functor RA∗ :Mod(A∗) → UMod(A∗) defined by

RA∗(M∗) = M∗
u and RA∗(f) = fu. It is clear that RA∗IA∗ = idUMod(A∗). Let η : idUMod(A∗) → RA∗IA∗ be the

identity natural transformation. We denote by ε : IA∗RA∗ → idMod(A∗) the natural transformation defined from
the inclusion maps M∗

u →M∗. RA∗ is a right adjoint of IA∗ whose unit and counit are η and ε, respectively.

Condition 15.2.4 For an algebra A∗ with a multiplication µ : A∗ ⊗K∗ A∗ → A∗ and an increasing filtration
F = (FiA

∗)i∈Z of subspaces of A∗, we consider the following conditions.

(f5) FiA
∗’s are left ideals of A∗ for i ∈ Z.

(f6) µ(FiA
∗ ⊗K∗ Aj) ⊂ Fi−jA∗ for i, j ∈ Z.

Remark 15.2.5 Suppose that F satisfies (f5) above. Then F satisfies (f6) if and only if Σn(A∗/Fn−1A
∗) is

an unstable A∗-module for any n ∈ Z.

The following assertion is obvious.

Proposition 15.2.6 Let A∗ be an algebra in TopModK∗ with a multiplication µ : A∗ ⊗K∗ A∗ → A∗ and an
increasing filtration (FiA

∗)i∈Z of subspaces of A∗. Let B∗ be a subalgebra of A∗ and a a two-sided ideal of A∗.
We consider a filtration (FiB

∗)i∈Z of B∗ given by FiB
∗ = B∗ ∩ FiA∗ and a filtration (Fi(A

∗/a))i∈Z of A∗/a
given by Fi(A

∗/a) = πa(FiA
∗), where πa : A∗ → A∗/a the quotient map.

(1) If (FiA
∗)i∈Z satisfies (f5), (FiB

∗)i∈Z and (Fi(A
∗/a))i∈Z satisfy (f5).

(2) If (FiA
∗)i∈Z satisfies (f6), (FiB

∗)i∈Z and (Fi(A
∗/a))i∈Z satisfy (f6).

Proposition 15.2.7 Let A∗ and B∗ be algebras in TopModK∗ with products µA∗ : A∗ ⊗K∗ A∗ → A∗ and
µB∗ : B∗ ⊗K∗ B∗ → B∗, respectively. Define µA∗⊗K∗B∗ : A∗ ⊗K∗ B∗ ⊗K∗ A∗ ⊗K∗ B∗ → A∗ ⊗K∗ B∗ to be the
following composition.

A∗ ⊗K∗ B∗ ⊗K∗ A∗ ⊗K∗ B∗ idA∗⊗K∗TA∗,B∗⊗K∗ idB∗
−−−−−−−−−−−−−−−−−→ A∗ ⊗K∗ A∗ ⊗K∗ B∗ ⊗K∗ B∗ µA∗⊗K∗µB∗−−−−−−−−→ A∗ ⊗K∗ B∗

Let (FiA
∗)i∈Z and (FiB

∗)i∈Z be filtrations of A∗ and B∗, respectively.
(1) If (FiA

∗)i∈Z and (FiB
∗)i∈Z satisfies (f5), so does (Fi(A

∗ ⊗K∗ B∗))i∈Z .
(2) If (FiA

∗)i∈Z and (FiB
∗)i∈Z satisfies (f6), so does (Fi(A

∗ ⊗K∗ B∗))i∈Z .

Proof. (1) The assertion follows from the following relation.

µA∗⊗K∗B∗(A∗ ⊗K∗B∗ ⊗K∗FjA
∗ ⊗K∗FkB

∗) = µA∗(A∗ ⊗K∗FjA
∗)⊗K∗µB∗(B∗ ⊗K∗FkB

∗) ⊂ FjA∗ ⊗K∗FkB
∗

(2) For i, j, k, l,m, n ∈ Z which satisfy j + k = i and l +m = n, we have the following by the assumption.

µA∗⊗K∗B∗(FjA
∗ ⊗K∗FkB

∗ ⊗K∗Al ⊗K∗Bm) = µA∗(FjA
∗ ⊗K∗Al)⊗K∗µB∗(FkB

∗ ⊗K∗Bm)

⊂ Fj−lA∗ ⊗K∗Fk−mB
∗ ⊂ Fi−n(A∗ ⊗K∗B∗)

Hence µA∗⊗K∗B∗(Fi(A
∗ ⊗K∗B∗)⊗K∗ (A∗ ⊗K∗B∗)n) ⊂ Fi−n(A∗ ⊗K∗B∗) holds.

Proposition 15.2.8 For a left A∗-module M∗ with structure map α : A∗ ⊗K∗ M∗ → M∗, define a subspace
M̄n of Mn by M̄n = {x ∈ Mn |α(a ⊗ x) = 0 for any a ∈ Fn−1M

∗} and put M̄∗ =
∑
n∈Z

M̄n. If (FiA
∗)i∈Z

satisfies (f6), M̄∗ is the largest unstable submodule of M∗. Hence we have RA∗(M∗) = M̄∗.

Proof. For x ∈ M̄n, b ∈ Am and a ∈ Fm+n−1A
∗, since µ(a ⊗ b) ∈ Fn−1A

∗ holds by (f6), we have an equality
α(a⊗ α(b⊗ x)) = α(µ(a⊗ b)⊗ x) = 0 which shows α(b⊗ x) ∈ M̄m+n. Hence M̄∗ is an unstable submodule of
M∗. It is clear that M̄∗ is the largest submodule among unstable submodules of M∗.

Let M∗ be a left A∗-module with structure map α : A∗ ⊗K∗ M∗ →M∗ and suppose that F satisfies (f5) of
(15.2.4). We put N (M∗) =

∑
n∈Z

α(Fn−1A
∗ ⊗K∗ Mn). In other words, N (M∗) is a submodule of M∗ generated

by {ax ∈ M∗ | a ∈ Fn−1A
∗, x ∈ Mn for somen ∈ Z}. Then, M∗ is an unstable if and only if N (M∗) = {0}.

Put LA∗(M∗) = M∗/N (M∗), then LA∗(M∗) is an unstable A∗-module. If f : M∗ → N∗ is a homomorphism
of left A∗-modules, then f maps N (M∗) into N (N∗). Hence f induces a homomorphism of left A∗-modules
LA∗(M∗)→ LA∗(N∗) which we denote by LA∗(f). Thus we have a functor LA∗ :Mod(A∗)→ UMod(A∗).
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Proposition 15.2.9 If F satisfies (f5) of (15.2.4), the inclusion functor IA∗ : UMod(A∗) → Mod(A∗) has a
left adjoint LA∗ .

Proof. Since LA∗IA∗(M∗) = M∗ if M∗ is an object of UMod(A∗), LA∗IA∗ is the identity functor and we
define ε : LA∗IA∗ → idUMod(A∗) to be the identity natural transformation. For an object M∗ of Mod(A∗), let
ηM∗ : M∗ → IA∗LA∗(M∗) be the quotient map M∗ → M∗/N (M∗). It is clear that ηM∗ is natural in M∗ and
that compositions

LA∗(M∗)
LA∗ (ηM∗ )−−−−−−−→ LA∗IA∗LA∗(M∗)

εLA∗ (M∗)

−−−−−−→ LA∗(M∗),

IA∗(M∗)
ηIA∗ (M∗)

−−−−−−→ IA∗LA∗IA∗(M∗)
IA∗ (εM∗ )−−−−−−→ IA∗(M∗)

are identity morphisms of LA∗(M∗) and IA∗(M∗), respectively.

We note that the forgetful functor O :Mod(A∗)→ TopModK∗ has a left adjoint F : TopModK∗ →Mod(A∗)
given by F (M∗) = A∗ ⊗K∗ M∗ and F (f) = idA∗ ⊗K∗ f . Let us denote by F : TopModK∗ → UMod(A∗) the
composition of F and LA∗ , by O : UMod(A∗)→ TopModK∗ the composition of IA∗ and O. By (15.2.9), we have
the following result.

Proposition 15.2.10 If F satisfies (f5) of (15.2.4), F is a left adjoint of O. In particular, F(ΣnK∗) represents
a functor εnO : UMod(A∗)→ TopModK∗ .

Remark 15.2.11 (1) Suppose that F satisfies (f5) and (f6) of (15.2.4). Then, for an object M∗ of TopModK∗ ,
we have N (F (M∗)) =

∑
n∈Z

Fn−1A
∗⊗K∗ Mn. Hence F(M∗) is isomorphic to

∑
n∈Z

A∗/Fn−1A
∗⊗K∗ Mn as a left

A∗-module.
(2) For an object M∗ of UMod(A∗), the left A∗-module structure map µ : A∗ ⊗K∗ M∗ →M∗ of M∗ factors

through the quotient map A∗ ⊗K∗ O(M∗) → FO(M∗) and µ induces a map εM∗ : FO(M∗) → M∗. For an
object M∗ of TopModK∗ , let ηM∗ : M∗ → OF(M∗) be the composition of a map M∗ → A∗ ⊗K∗ M∗ given by
x 7→ 1⊗ x and the the quotient map A∗ ⊗K∗ M∗ → F(M∗). It is easy to verify that η : idTopModK∗ → OF and
ε : FO → idTopModK∗ are the unit and the counit of the adjunction F ` O, respectively.

Let f : A∗ → B∗ be a homomorphism of algebras in TopModK∗ . For a left B∗-module N∗ with structure
map β : B∗ ⊗K∗ N∗ → N∗, we denote by f∗(N

∗) a left A∗-module N∗ with a structure map β(f ⊗K∗ idN∗) :
A∗ ⊗K∗ N∗ → N∗. Define a functor f∗ : Mod(B∗) → Mod(A∗) by N∗ 7→ f∗(N

∗) for N∗ ∈ ObMod(B∗)
and f∗(ϕ) = ϕ for a morphism ϕ of Mod(B∗). We note that f∗ : Mod(B∗) → Mod(A∗) has a left adjoint
f∗ :Mod(A∗) →Mod(B∗) defined as follows. Put f∗(M∗) = B∗ ⊗A∗ M∗ for M∗ ∈ ObMod(A∗) and the left
B∗-module structure of f∗(M∗) is defined from the product of B∗. For a homomorphism ϕ : M∗ → L∗, put
f∗(ϕ) = idB∗ ⊗A∗ ϕ. Then, f∗ is a left adjoint of f∗.

Proposition 15.2.12 Suppose that increasing filtrations FA∗ = (FiA
∗)i∈Z of A∗ and FB∗ = (FiB

∗)i∈Z of B∗

are given. If f preserves filtration, that is, f(FiA
∗) ⊂ FiB

∗ holds for i ∈ Z, f∗ :Mod(B∗) →Mod(A∗) maps
each object of UMod(B∗) to that of UMod(A∗).

Proof. For M∗ ∈ ObUMod(B∗), let β : B∗ ⊗K∗ M∗ → M∗ the structure map of M∗. Then, we have
β(f(Fn−1A

∗)⊗K∗ Mn) ⊂ β(Fn−1B
∗ ⊗K∗ Mn) = {0}.

Thus f∗ :Mod(B∗)→Mod(A∗) restricts to a functor fu∗ : UMod(B∗)→ UMod(A∗).

Proposition 15.2.13 If FB∗ satisfies (f5) of (15.2.4), fu∗ : UMod(B∗)→ UMod(A∗) has a left adjoint.

Proof. Define f∗u : UMod(A∗)→ UMod(B∗) to be the following composition.

UMod(A∗)
IA∗−−→Mod(A∗)

f∗

−→Mod(B∗)
LB∗−−−→ UMod(B∗)

Let M∗ be an object of UMod(A∗) and N∗ an object of UMod(B∗). Since IB∗ : UMod(B∗) → Mod(B∗) has
a left adjoint LB∗ : Mod(B∗) → UMod(B∗) by (15.2.9) and f∗ : Mod(A∗) → Mod(B∗) has a right adjoint
f∗ :Mod(B∗)→Mod(A∗), we have the following chain of natural bijections.

UMod(B∗)(f∗u(M
∗), N∗) = UMod(B∗)(LB∗f∗IA∗(M∗), N∗) ∼=Mod(B∗)(f∗IA∗(M∗), IB∗(N∗))

∼=Mod(A∗)(IA∗(M∗), f∗IB∗(N∗)) =Mod(A∗)(IA∗(M∗), IA∗fu∗(N
∗))

∼= UMod(A∗)(M∗, fu∗(N
∗))

Hence f∗u : UMod(A∗)→ UMod(B∗) is a left adjoint of fu∗ : UMod(B∗)→ UMod(A∗).
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Condition 15.2.14 For a coconnective algebra A∗ with a multiplication µ : A∗⊗K∗A∗ → A∗ and an increasing
filtration F = (FiA

∗)i∈Z of subspaces of A∗, we consider the following condition.

(f7) µ((FiA
∗)cF(i) ⊗K∗ Aj) + (Fi−j−1A

∗)j+cF(i) = (Fi−jA
∗)j+cF(i) holds for i ∈ S(F) and j ∈ Z.

Proposition 15.2.15 Assume that F = (FiA
∗)i∈Z satisfies (f1), (f3) and (f7). A left A∗-module M∗ with

structure map α : A∗ ⊗K∗ M∗ → M∗ is unstable if and only if α((FiA
∗)cF(i) ⊗K∗ Mk) = {0} for any i ∈ S(F)

and k > i.

Proof. Assume that α((FiA
∗)cF(i)⊗K∗Mk) = {0} for any i ∈ S(F) and k > i. Then, by the associativity of α, we

have α(µ((FiA
∗)cF(i)⊗K∗Aj)⊗K∗Mk−j) = α((FiA

∗)cF(i)⊗K∗α(Aj⊗K∗Mk−j)) ⊂ α((FiA∗)cF(i)⊗K∗Mk) = {0}.
Hence α(µ((FiA

∗)cF(i) ⊗K∗ Aj)⊗K∗ Mk−j) = {0} holds. It follows from (f7) that we have

α((Fi−jA
∗)j+cF(i) ⊗K∗ Mk−j) = α((µ((FiA

∗)cF(i) ⊗K∗ Aj) + (Fi−j−1A
∗)j+cF(i))⊗K∗ Mk−j)

= α(µ((FiA
∗)cF(i) ⊗K∗ Aj)⊗K∗ Mk−j) + α((Fi−j−1A

∗)j+cF(i) ⊗K∗ Mk−j)

= α((Fi−j−1A
∗)j+cF(i) ⊗K∗ Mk−j)

for i ∈ S(F) and k > i. Put n = k − j and s = i − j, we see that the following equality holds for any n ∈ Z,
i ∈ S(F) and s < n.

α((Fs−1A
∗)i−s+cF(i) ⊗K∗ Mn) = α((FsA

∗)i−s+cF(i) ⊗K∗ Mn)

Since (Fs−1A
∗)t = (FsA

∗)t if s+ t 6= i+ cF(i) for any i ∈ S(F) by (f3), it follows from the above equality that
α((Fs−1A

∗)t ⊗K∗ Mn) = α((FsA
∗)t ⊗K∗ Mn) holds for any t ∈ Z if s < n. Hence we have

α((FmA
∗)t ⊗K∗ Mn) = α((Fn−1A

∗)t ⊗K∗ Mn)

for any t ∈ Z if m < n. Since A∗ is finite type, (FmA
∗)t = {0} for sufficently large m. Hence we have

α((Fn−1A
∗)t ⊗K∗ Mn) = {0} for n, t ∈ Z.

The converse follows from α((FiA
∗)cF(i) ⊗K∗ Mk) ⊂ α(Fk−1A

∗ ⊗K∗ Mk) = {0} for i ∈ S(F) and k > i.

Condition 15.2.16 For an algebra A∗ with multiplication µ : A∗ ⊗K∗ A∗ → A∗, we assume that an increasing
filtration F = (FiA

∗)i∈Z of subspaces of A∗ satisfies (f6). Then, µ defines µk,ji : (FiA
∗)k⊗K∗Aj → (Fi−jA

∗)j+k.

(f8) (µ
cF(i),j
i )−1((Fi−j−1A

∗)j+cF(i))= (Fi−1A
∗)cF(i)⊗K∗Aj+ (FiA

∗)cF(i)⊗K∗ (Fi−j−1A
∗)j holds for i ∈ S(F),

j ∈ Z.

Assume that F satisfies (f6). Since the horizontal rows of the following diagram are exact, there exists

unique map µ̄k,ji : Eki A
∗ ⊗K∗ Aj → Eki−jA

∗ that make the following diagram commute.

0 (Fi−1A
∗)k ⊗K∗ Aj (FiA

∗)k ⊗K∗ Aj Eki A
∗ ⊗K∗ Aj 0

0 (Fi−j−1A
∗)j+k (Fi−jA

∗)j+k Ej+ki−j A
∗ 0

ιA∗, i⊗K∗ idAj

µk,ji−1

ρA∗, i⊗K∗ idAj

µk,ji µ̄k,ji

ιA∗, i−j ρA∗, i−j

If moreover F satisfies (f5), since µ maps A∗ ⊗K∗ Fi−j−1A
∗ into Fi−j−1A

∗, µ̄k,ji maps Eki A
∗ ⊗K∗ (Fi−j−1A

∗)j

to zero. Hence the exists unique map µ̃k,ji : Eki A
∗ ⊗K∗ (A∗/Fi−j−1A

∗)j → Ej+ki−j A
∗ that make the following

diagram commute.

Eki A
∗ ⊗K∗ Aj Eki A

∗ ⊗K∗ (A∗/Fi−j−1A
∗)j

Ej+ki−j A
∗

id
Ek
i
A∗⊗K∗πA∗, i−j

µ̄k,ji µ̃k,ji

Remark 15.2.17 F satisfies (f7) if and only if µ̃
cF(i),j
i : E

cF(i)
i A∗ ⊗K∗ (A∗/Fi−j−1A

∗)j → E
j+cF(i)
i−j A∗ is

surjective for i ∈ S(F), j ∈ Z. F satisfies (f8) if and only if µ̃
cF(i),j
i : E

cF(i)
i A∗ ⊗K∗ (A∗/Fi−j−1A

∗)j →
E
j+cF(i)
i−j A∗ is injective for i ∈ S(F), j ∈ Z. Thus F satisfies (f7) and (f8) if and only if µ̃

cF(i),j
i :E

cF(i)
i A∗⊗K∗

(A∗/Fi−j−1A
∗)j→E

j+cF(i)
i−j A∗ is an isomorphism for i ∈ S(F), j ∈ Z.
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Let A∗ be an algebra over a field K∗ with an increasing filtration F = (FiA
∗)i∈Z . Suppose that F satisfies

(f3), (f4), (f5), (f6), (f7) and (f8). For an unstable A∗-module M∗, define an A∗-module ΦM∗ as follows.
Put

ΦM∗ =
∑
i∈S(F)

E
cF(i)
i A∗ ⊗K∗ M i.

In other words, (ΦM∗)k = {0} if k 6= i+cF(i) for any i ∈ S(F) and (ΦM∗)k = E
cF(i)
i A∗⊗K∗M i if k = i+cF(i) for

i ∈ S(F) which is uniquely determined by (f4). The topology on ΦM∗ is the one as a subspace of E∗
∗A

∗⊗K∗M∗.
The product µ : A∗ ⊗K∗ A∗ → A∗ of A∗ defines maps µ̄i : A

∗ ⊗K∗ FiA
∗ → FiA

∗ for i ∈ Z by (f5). Since the
horizontal rows of the following diagram are exact, there exists unique map µi : A

∗ ⊗K∗ E∗
i A

∗ → E∗
i A

∗ that
make the following diagram commute.

0 A∗ ⊗K∗ Fi−1A
∗ A∗ ⊗K∗ FiA

∗ A∗ ⊗K∗ EiA
∗ 0

0 Fi−1A
∗ FiA

∗ E∗
i A

∗ 0

idA∗⊗K∗ ιA∗, i

µ̄i−1

idA∗⊗K∗ρA∗, i

µ̄i µi

ιA∗, i ρA∗, i

It is easy to verify that µi gives E
∗
i A

∗ a structure of a left A∗-module.
Let α : A∗ ⊗K∗ M∗ → M∗ be the A∗-module structure map of M∗. Since M∗ is unstable, α induces

αi : A
∗/Fi−1A

∗ ⊗K∗ M i →M∗. We define maps αj,k : Aj ⊗K∗ (ΦM∗)k → (ΦM∗)j+k for j, k ∈ Z as follows. If
there exist i, s ∈ S(F) which satisfy k = i+ cF(i) and j + k = s+ cF(s), then such i and s are unique by (f4).
In this case, define αj,k to be the following composition.

Aj⊗K∗(ΦM∗)i+cF(i)=Aj⊗K∗E
cF(i)
i A∗⊗K∗M i

µi⊗K∗ idMi−−−−−−−−→Ej+cF(i)
i A∗⊗K∗M i=E

s−i+cF(s)
i A∗⊗K∗M i

(µ̃
cF(s),s−i
s )−1⊗K∗ idMi−−−−−−−−−−−−−−−→EcF(s)

s A∗⊗K∗(A∗/Fi−1A
∗)s−i⊗K∗M i

id
E
cF(s)
s A∗

⊗K∗αi

−−−−−−−−−−−−→EcF(s)
s A∗⊗K∗Ms=(ΦM∗)s+cF(s)

Since (ΦM∗)k = {0} if k 6= i+ cF(i) for any i ∈ S(F), αj,k is zero map other than the above case. Let us denote
by αΦ : A∗ ⊗K∗ ΦM∗ → ΦM∗ the map induced by αj,k’s which gives a left A∗-module strucutre of M∗. Since

µi maps Fi+cF(i)−1A
∗ ⊗K∗ E

cF(i)
i A∗ into {0} by (f6), ΦM∗ is an unstable A∗-module.

For a homomorphism ϕ : M∗ → N∗ between unstable A∗-modules, let Φϕ : ΦM∗ → ΦN∗ be the map
induced by id

E
cF(i)

i A∗ ⊗K∗ ϕ. Then, Φϕ is a homomorphism of left A∗-modules and Φ is an endofunctor of

UMod(A∗).
For an unstable A∗-moduleM∗with structure map α : A∗⊗K∗M∗ →M∗, let ᾱji : E

j
iA

∗⊗K∗M i →M i+j be
a restriction of αi : A

∗/Fi−1A
∗ ⊗K∗ M i →M∗. We define a map λM∗ : ΦM∗ →M∗ as follows. If k = i+ cF(i)

for i ∈ S(F), we put λkM∗ = ᾱ
cF(i)
i : (ΦM∗)k = E

cF(i)
i A∗ ⊗K∗ M i → M i+cF(i) = Mk. If k 6= i + cF(i) for any

i ∈ S(F), λkM∗ : (ΦM∗)k →Mk is the trivial map. Let λM∗ be the map induced by λkM∗ ’s.

Proposition 15.2.18 λM∗ is a homomorphism of left A∗-modules and natural in M∗.

Proof. Suppose that i, s ∈ S(F) satisfy i+ j+cF(i) = s+cF(s). Then, the following diagram (∗) is commutative
by the associativity of α.

Aj ⊗K∗ E
cF(i)
i A∗ ⊗K∗ M i Aj ⊗K∗ M i+cF(i)

E
j+cF(i)
i A∗ ⊗K∗ M i M i+j+cF(i)

E
s−i+cF(s)
i A∗ ⊗K∗ M i Ms+cF(s)

E
cF(s)
s A∗ ⊗K∗ (A∗/Fi−1A

∗)s−i ⊗K∗ M i E
cF(s)
s ⊗K∗ Ms

idAj⊗K∗ ᾱ
cF(i)

i

µi⊗K∗ idMi α

ᾱ
j+cF(i)

i

ᾱ
s−i+cF(s)

i

(µ̃
cF(s),s−i
s )−1⊗K∗ idMi

id
E
cF(s)
s A∗

⊗K∗αi

ᾱ
cF(s)
s

(∗)

Hence the following diagram is commutative.
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Aj ⊗K∗ (ΦM∗)i+cF(i) Aj ⊗K∗ M i+cF(i)

(ΦM∗)s+cF(s) Ms+cF(s)

idAj⊗K∗λ
i+cF(i)

M∗

αΦ α

λ
s+cF(s)

M∗

If i + j + cF(i) 6= s + cF(s) for any s ∈ S(F), then Ej+cF(i)
i A∗ = {0} by (f3). Hence the commutativity of the

top rectangle of diagram (∗) implies that the following composition is a trivial map.

Aj ⊗K∗ (ΦM∗)i+cF(i) idAj⊗K∗λ
i+cF(i)

M∗−−−−−−−−−−−→ Aj ⊗K∗ M i+cF(i) α−→M i+j+cF(i)

Thus we see that λM∗ is a homomorphism of left A∗-modules. The naturality of λM∗ follows from the definitions
of λM∗ and Φf for a homomorphism f of left A∗-modules.

Recall that ι̃A∗, n : A∗/Fn−1A
∗ → A∗/FnA

∗ denotes the quotient map. For a K∗-module M∗, we define a
map σM∗ : F(M∗)→ Σ−1F(ΣM∗) by σM∗(x⊗ y) = ([−1], ι̃A∗, n(x)⊗ ([1], y)) for x ∈ A∗/Fn−1A

∗ and y ∈M∗.

Proposition 15.2.19 If F satisfies (f3), (f5), (f6), (f7) and (f8), the following is a short exact sequence.

0→ ΦF(M∗)
λF(M∗)−−−−−→ F(M∗)

σM∗−−−→ Σ−1F(ΣM∗)→ 0

Proof. Recall that F(M∗) =
∑
n∈Z

A∗/Fn−1A
∗ ⊗K∗ Mn. Hence we have

ΦF(M∗) =
∑
i∈S(F)

E
cF(i)
i A∗ ⊗K∗ F(M∗)i =

∑
i∈S(F)

∑
n∈Z

E
cF(i)
i A∗ ⊗K∗ (A∗/Fn−1A

∗)i−n ⊗K∗ Mn.

By (f3), (f7) and (f8), λF(M∗) is an injection onto
∑
n∈Z

E∗
nA

∗ ⊗K∗ Mn, which is the kernel of σM∗ .

Proposition 15.2.20 Let M∗ be an unstable A∗-module. If F satisfies (f1) ∼ (f8), then ΣCokerλM∗ is an
unstable A∗-module.

Proof. Let α : A∗ ⊗K∗ M∗ → M∗ the structure map of M∗. Since Imλ
i+cF(i)
M∗ = α((FiA

∗)cF(i) ⊗K∗ M i), we
have (FiA

∗)cF(i)(CokerλM∗)i = {0} for i ∈ S(F). If i ∈ S(F) and k > i, the instability of M∗ and (15.2.15)
imply (FiA

∗)cF(i)(CokerλM∗)k = {0}. Thus the assertion follows from (15.2.15).

Suppose that F satisfies (f1) ∼ (f8). Define a functor Ω : UMod(A∗) → UMod(A∗) as follows. For an
objevt M∗ of UMod(A∗), we put ΩM∗ = ΣCokerλM∗ and denote by η̃M∗ : M∗ → CokerλM∗ = Σ−1ΩM∗ the
quotient map. It follows from (15.2.20) that ΩM∗ is an object of UMod(A∗). For a morphism ϕ :M∗ → N∗ of
UMod(A∗), there exists unique map ϕ̄ : CokerλM∗ → CokerλN∗ that makes the following diagram commute.
We put Ωϕ = Σϕ̄ : ΩM∗ → ΩN∗.

ΦM∗ M∗ CokerλM∗ = Σ−1ΩM∗ 0

ΦN∗ N∗ CokerλN∗ = Σ−1ΩN∗ 0

λM∗

Φφ

η̃M∗

φ φ̄

λN∗ η̃N∗

Proposition 15.2.21 Suppose that F satisfies (f1) ∼ (f8). Ω is a left adjoint of the desuspension functor Σ−1.

Proof. We first note that λΣ−1M∗ : ΦΣ−1M∗ → Σ−1M∗ is trivial by the instability of M∗. It follows that
η̃Σ−1M∗ : Σ−1M∗ → Σ−1ΩΣ−1M∗ is an isomorphism. Define ε̃M∗ : ΩΣ−1M∗ → M∗ by ε̃M∗ = Ση̃−1

Σ−1M∗ . It is
clear that Σ−1ε̃M∗ η̃Σ−1M∗ = idΣ−1M∗ holds. The following diagram commutes by the definition of Ωη̃M∗ .

ΦM∗ M∗ Σ−1ΩM∗ 0

ΦΣ−1ΩM∗ Σ−1ΩM∗ Σ−1ΩΣ−1ΩM∗ 0

λM∗

Φη̃M∗

η̃M∗

η̃M∗ Σ−1Ωη̃M∗

λΣ−1ΩM∗ η̃Σ−1ΩM∗
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Hence we have Σ−1(ε̃ΩM∗Ωη̃M∗)η̃M∗ = Σ−1ε̃ΩM∗(Σ−1Ωη̃M∗)η̃M∗ = η̃−1
Σ−1ΩM∗ η̃Σ−1ΩM∗ η̃M∗ = η̃M∗ by the defini-

tion of ε̃. Since η̃M∗ is surjective, it follows ε̃ΩM∗Ωη̃M∗ = idΩM∗ and Ω is a left adjoint of Σ−1.

Lemma 15.2.22 Assume that a filtration F = (FiA
∗)i∈Z satisfies (f5), (f6), (f7) and (f8). If i, i + cF(i) ∈

S(F), the following composition maps (Fi+cF(i)A
∗)cF(i+cF(i)) ⊗K∗ E

cF(i)
i A∗ onto E

cF(i+cF(i))
i+cF(i) A∗ ⊗K∗ E

cF(i)
i A∗.

AcF(i+cF(i)) ⊗K∗ E
cF(i)
i A∗ µi−→ E

cF(i)+cF(i+cF(i))
i A∗

(
µ̃
cF(i+cF(i)),cF(i)

i+cF(i)

)−1

−−−−−−−−−−−−−−→ E
cF(i+cF(i))
i+cF(i) A∗ ⊗K∗ (A∗/Fi−1A

∗)cF(i)

Proof. The image of (Fi+cF(i)A
∗)cF(i+cF(i)) ⊗K∗ E

cF(i)
i A∗ by µi is a subspace

(µ((Fi+cF(i)A
∗)cF(i+cF(i)) ⊗K∗ (FiA

∗)cF(i)) + (Fi−1A
∗)cF(i)+cF(i+cF(i)))/(Fi−1A

∗)cF(i)+cF(i+cF(i))

of E
cF(i)+cF(i+cF(i))
i A∗ which coincides with the image of E

cF(i+cF(i))
i+cF(i) A∗ ⊗K∗ E

cF(i)
i A∗ by an isomorphism

µ̃
cF(i+cF(i)),cF(i)
i+cF(i) . Thus the assertion follows.

For i, s ∈ S(F), let γs,i : As+cF(s)−i−cF(i) ⊗K∗ E
cF(i)
i A∗ → E

cF(s)
s A∗ ⊗K∗ (A∗/Fi−1A

∗)s−i be a composition

As+cF(s)−i−cF(i) ⊗K∗ E
cF(i)
i A∗ µi−→ E

j+cF(i)
i A∗ = E

s−i+cF(s)
i A∗ (µ̃

cF(s),s−i
s )−1

−−−−−−−−−→ EcF(s)
s A∗ ⊗K∗ (A∗/Fi−1A

∗)s−i.

Proposition 15.2.23 Let M∗ be an unstable A∗-module. If F satisfies (f1) ∼ (f8), ΣKerλM∗ is an unstable
A∗-module.

Proof. Put N i = {x ∈ M i| (FiA∗)cF(i)x = {0}}. Then we have (Ker λM∗)i+cF(i) = E
cF(i)
i A∗ ⊗K∗ N i. By

(15.2.15), it suffices to show the following equality for i, j ∈ S(F) satisfying j ≦ i+ cF(i).

αΦ((FjA
∗)cF(j) ⊗K∗ (E

cF(i)
i A∗ ⊗K∗ N i)) = {0} · · · (∗)

We may assume i + cF(i) + cF(j) = s + cF(s) for some s ∈ S(F) by the definition of αΦ which is given by the
following composition.

AcF(j)⊗K∗E
cF(i)
i A∗⊗K∗N i γs,i⊗K∗ idNi−−−−−−−−→ EcF(s)

s A∗⊗K∗ (A∗/Fi−1A
∗)s−i⊗K∗N i

id
E
cF(s)
s A∗

⊗K∗αi

−−−−−−−−−−−−→ EcF(s)
s ⊗K∗Ns

Since µi : A
∗ ⊗K∗ E∗

i A
∗ → E∗

i A
∗ maps (FjA

∗)cF(j) ⊗K∗ E
cF(i)
i A∗ into

(Fmax{i−1,min{i,j−cF(i)}}A
∗/Fi−1A

∗)cF(i)+cF(j)

by (f5) and (f6), µi maps (FjA
∗)cF(j) ⊗K∗ E

cF(i)
i A∗ to {0} if j < i+ cF(i). Hence (∗) holds if j < i+ cF(i).

We consider the case j = i+ cF(i). Then, we have j + cF(j) = s+ cF(s) which implies s = j by (f4). Since

γj,i : A
cF(j)⊗K∗ E

cF(i)
i A∗ → E

cF(j)
j A∗⊗K∗ (A∗/Fi−1A

∗)j−i maps (FjA
∗)cF(j)⊗K∗ E

cF(i)
i A∗ onto E

cF(j)
j A∗⊗K∗

E
cF(i)
i A∗ by (15.2.22) and αi(E

cF(i)
i A∗ ⊗K∗ N i) = {0} by the definition of N i, (∗) holds.

Suppose that F satisfies (f1) ∼ (f8). Define a functor Ω1 : UMod(A∗) → UMod(A∗) as follows. For an
object M∗ of UMod(A∗), we put Ω1(M∗) = ΣKerλM∗ and denote by ιM∗ : KerλM∗ → ΦM∗ the inclusion
map. It follows from (15.2.23) that Ω1M∗ is an object of UMod(A∗). For a morphism ϕ : M∗ → N∗ of
UMod(A∗), there exists unique map ϕ̂ : KerλM∗ → KerλN∗ that makes the following diagram commute. We
put Ω1ϕ = Σϕ̂ : Ω1M∗ → Ω1N∗.

0 Σ−1Ω1M∗ = KerλM∗ ΦM∗ M∗

0 Σ−1Ω1N∗ = KerλN∗ ΦN∗ N∗

ιM∗

φ̂

λM∗

Φφ φ

ιN∗ λN∗

Proposition 15.2.24 Suppose that F satisfies (f1) ∼ (f8). Ω1 is the first left derived functor of Ω and all the
higher derived functors of Ω are trivial.
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Proof. Let M∗ εM∗←−−− B∗
0

∂1←− · · · ∂n−1←−−− B∗
n−1

∂n←− B∗
n

∂n+1←−−− · · · be the bar resolusion of M∗. Consider chain
complexes B. = (B∗

n, ∂n)n∈Z , ΦB. = (ΦB∗
n,Φ(∂n))n∈Z and Σ−1ΩB. = (Σ−1ΩB∗

n,Σ
−1Ω(∂n))n∈Z . We denote

by λ. : ΦB. → B. and η. : B. → Σ−1ΩB. the chain maps given by λB∗
n
’s and ηB∗

n
’s, respectively. Since

0 → ΦB∗
n

λB∗
n−−−→ B∗

n

ηB∗
n−−→ Σ−1ΩB∗

n → 0 is exact by (15.2.19). we have a short exact sequence of complexes

0→ ΦB.
λ.−→ B.

η.−→ Σ−1ΩB.→ 0. Consider the long exact sequence associated with this short exact sequence.
Clearly, Φ is an exact functor. We deduce that Σ−1Hn(ΩB.) = Hn(Σ−1ΩB.) is trivial and that there is an
exact sequence

0→ Σ−1H1(ΩB.) = H1(Σ−1ΩB.)→ ΦM∗
λM∗−−−→M∗ ηM∗−−−→ Σ−1ΩM∗ → 0.

Thus ΩnM∗ = Hn(ΩB.) is trivial if n > 1 and Ω1 defined above is the first left derived functor of Ω.

Suppose that A∗ is a coalgebra in TopModK∗ with coproduct δ : A∗ → A∗ ⊗̂K∗ A∗ and that A∗ has skeletal
topology. We consider the following condition under this assumption.

Condition 15.2.25 Let F = (FiA
∗)i∈Z be a filtration on A∗.

(f9) δ(FiA
∗) ⊂

∑
j+k=i

FjA
∗ ⊗̂K∗ FkA

∗ for i ∈ Z.

Proposition 15.2.26 Let A∗ be a coalgebra in TopModK∗ with coproduct δ : A∗ → A∗ ⊗̂K∗ A∗ and an increasing
filtration (FiA

∗)i∈Z of subspaces of A∗. Assume that A∗ has skeletal topology. Let B∗ be a subcoalgebra of A∗

and I a two-sided coideal of A∗. If (FiA
∗)i∈Z satisfies (f9), (FiB

∗)i∈Z and (Fi(A
∗/I))i∈Z satisfy (f9).

Proof. Since δ((FiA
∗)n) ⊂

∑
j+k=i

∏
s+t=n

(FjA
∗)s ⊗K∗ (FkA

∗)t and δ(Bn) ⊂
∏

s+t=n
Bs ⊗K∗ Bt, we have

δ((FiB
∗)n) = δ(Bn ∩ (FiA∗)n) ⊂

∑
j+k=i

∏
s+t=n

Bs ∩ (FjA∗)s ⊗K∗Bt ∩ (FkA∗)t=
∑
j+k=i

∏
s+t=n

(FjB
∗)s ⊗K∗ (FkB

∗)t.

Hence (FiB
∗)i∈Z satisfies (f9). Since the quotient map πI : A∗ → A∗/I is a morphism of coagebras,

(Fi(A
∗/I))i∈Z satisfies (f9) by the definition of Fi(A

∗/I).

Let A∗ be a coconnective Hopf algebra in TopModK∗ with coproduct δ and that A∗ has skeletal topology.
For left A∗-modules M∗ and N∗ with structure maps α : A∗ ⊗K∗ M∗ → M∗ β : A∗ ⊗K∗ N∗ → N∗, define a
map γ : A∗ ⊗K∗ M∗ ⊗K∗ N∗ →M∗ ⊗K∗ N∗ to be the following composition.

A∗ ⊗K∗ M∗ ⊗K∗ N∗ δ⊗K∗ idM∗⊗K∗ idN∗−−−−−−−−−−−−−→A∗ ⊗K∗ A∗ ⊗K∗ M∗ ⊗K∗ N∗ idA∗⊗K∗TA∗,M∗⊗K∗ idN∗
−−−−−−−−−−−−−−−−−→

A∗ ⊗K∗ M∗ ⊗K∗ A∗ ⊗K∗ N∗ α⊗K∗β−−−−−→M∗ ⊗K∗ N∗

Proposition 15.2.27 Let M∗ and N∗ be unstable A∗-modules. If F satisfies (f9), M∗ ⊗K∗ N∗ is an unstable
A∗-module.

Proof. For integers n and j, if integers s, t satisfy s+ t = n−1, then s ≦ j−1 or t ≦ n− j−1 holds. Otherwise,
“s ≧ j and t ≧ n − j” implies s + t ≧ n which contradicts to s + t = n − 1. Since α(FsA

∗ ⊗K∗ M j) = {0} if
s ≦ j − 1 and β(FtA

∗ ⊗K∗ Nn−j) = {0} if t ≦ n− j − 1, we have the following.

γ(Fn−1A
∗ ⊗K∗ M j ⊗K∗ Nn−j) = (α⊗K∗ β)(idA∗ ⊗K∗ TA∗,M∗ ⊗K∗ idN∗)(δ(Fn−1A

∗)⊗K∗ M j ⊗K∗ Nn−j)

⊂
∑

s+t=n−1

(α⊗K∗ β)(idA∗ ⊗K∗ TA∗,M∗ ⊗K∗ idN∗)(FsA
∗ ⊗K∗ FtA

∗ ⊗K∗ M j ⊗K∗ Nn−j)

=
∑

s+t=n−1

(α⊗K∗ β)(FsA
∗ ⊗K∗ M j ⊗K∗ FtA

∗ ⊗K∗ Nn−j)

=
∑

s+t=n−1

α(FsA
∗ ⊗K∗ M j)⊗K∗ β(FtA

∗ ⊗K∗ Nn−j) = {0}

Hence M∗ ⊗K∗ N∗ is an unstable A∗-module.
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15.3 Filtered coalgebras and unstable comodules

Condition 15.3.1 Let M∗ be an object of TopModK∗ with an increasing filtration (FiM
∗)i∈Z of subspaces of

M∗. We consider the following condition on (FiM
∗)i∈Z .

(f0) φ̂ : Hom∗(M∗,K∗) ⊗̂K∗Hom∗(FiM
∗,K∗)→Hom∗(M∗⊗K∗FiM

∗,K∗) is an isomorphism for each i ∈ Z.

Remark 15.3.2 If M∗⊗K∗FiM
∗ is supercofinite, (FiM

∗)i∈Z satisfies (f0). For example, if M∗ is finite type
and has the skeletal topology, then (FiM

∗)i∈Z satisfies (f0).

Condition 15.3.3 Let C∗ be a coalgebra in TopModK∗ with a comultiplication δ : C∗ → C∗ ⊗̂K∗ C∗. Suppose
that an increasing filtration (FiC

∗)i∈Z of subspaces of C∗ is given. Recall that πC∗, j+1 : C∗ → C∗/FjC
∗ denotes

the quotient map and that uj : idTopModK∗ ιjεj denotes the unit of the adjunction ιj ` εj. (See (1.2.5).) Consider
the following conditions.

(f5∗) δ(FiC
∗) ⊂ C∗ ⊗̂K∗ FiC

∗ for i ∈ Z, that is, FiC
∗’s are left coideals of C∗.

(f6∗) δ(FiC
∗) ⊂

⋂
j∈Z

Ker(πC∗, i+j+1 ⊗̂K∗ uj : C
∗ ⊗̂K∗ C∗ → C∗/Fi+jC

∗ ⊗̂K∗ ιjεj(C
∗)) for i ∈ Z.

Proposition 15.3.4 Let C∗ be an algebra with a multiplication δ : C∗ → C∗ ⊗̂K∗ C∗ and an increasing filtration
(FiC

∗)i∈Z of subspaces of C∗. Let D∗ be a subcoalgebra of C∗ and I a two-sided coideal of C∗. We consider
a filtration (FiD

∗)i∈Z of B∗ given by FiD
∗ = D∗ ∩ FiC∗ and a filtration (Fi(C

∗/I))i∈Z of C∗/I given by
Fi(C

∗/I) = πI(FiC
∗), where πI : C

∗ → C∗/I the quotient map.
(1) Assume that (FiC

∗)i∈Z satisfies (f5∗). Then (Fi(C
∗/I))i∈Z satisfies (f5∗). Moreover if C∗ has skeletal

topology, (FiD
∗)i∈Z satisfies (f5∗).

(2) Assume that (FiC
∗)i∈Z satisfies (f6∗). Then, (FiD

∗)i∈Z satisfies (f6∗). Moreover if C∗ has skeletal
topology, (Fi(C

∗/I))i∈Z satisfy (f6∗).

Proof. (1) Let δ̄ : C∗/I → C∗/I ⊗̂K∗ C∗/I be the coproduct of C∗/I induced by δ. It follows from the
commutativity of the following diagram that πI ⊗̂K∗ πI maps C∗ ⊗̂K∗ FiC

∗ to C∗/I ⊗̂K∗ Fi(C
∗/I).

C∗ C∗ ⊗̂K∗ C∗

C∗/I C∗/I ⊗̂K∗ C∗/I

δ

πI πI ⊗̂K∗ πI

δ̄

For j, k ∈ Z, we choose a basis {vα}α∈I of Cj such that {vα}α∈I′ is a basis of Dj . We also choose a basis
{wβ}β∈J of (FiC

∗)k and a basis {wβ}β∈J ′ of Dk such that {wβ}β∈J∩J ′ is a basis of (FiD
∗)k = Dk ∩ (FiC

∗)k.
Then, {vα ⊗ wβ}α∈I,β∈J is a basis of Cj ⊗K∗ (FiC

∗)k and {vα ⊗ wβ}α∈I′,β∈J ′ is a basis of Dj ⊗K∗ Dk.
Hence {vα ⊗ wβ}α∈I′,β∈J∩J ′ is a basis of (Cj ⊗K∗ (FiC

∗)k) ∩ (Dj ⊗K∗ Dk). Since {vα ⊗ wβ}α∈I′,β∈J∩J ′

is also a basis of Dj ⊗K∗ (FiD
∗)k, we have (Cj ⊗K∗ (FiC

∗)k) ∩ (Dj ⊗K∗ Dk) = Dj ⊗K∗ (FiD
∗)k. Since

δ(Dn) ⊂
∏

j+k=n

Dj⊗K∗Dk and δ((FiC
∗)n) ⊂

∏
j+k=n

Cj⊗K∗ (FiC
∗)k for i ∈ Z hold by the assumption and (2.3.2),

we have δ((FiD
∗)n) ⊂

∏
j+k=n

(Cj ⊗K∗ (FiC
∗)k) ∩ (Dj ⊗K∗ Dk) =

∏
j+k=n

Dj ⊗K∗ (FiD
∗)k = (D∗ ⊗̂K∗ FiD

∗)n.

(2) We denote by s : D∗ → C∗ the inclusion map. We also denote by s̄i : D∗/FiD
∗ → C∗/FiC

∗ and
π̄I,i : C

∗/FiC
∗ → (C∗/I)/Fi(C

∗/I) maps induced by s and πI , respectively. For i, j ∈ Z, the following diagram
is commutative.

D∗ D∗ ⊗̂K∗ D∗ D∗/Fi+jD
∗ ⊗̂K∗ ιjεj(D

∗)

C∗ C∗ ⊗̂K∗ C∗ C∗/Fi+jC
∗ ⊗̂K∗ ιjεj(C

∗)

C∗/I C∗/I ⊗̂K∗ C∗/I (C∗/I)/Fi+j(C
∗/I) ⊗̂K∗ ιjεj(C

∗/I)

δ

s

πD∗,i+j+1 ⊗̂K∗ uj

s ⊗̂K∗ s s̄i+j ⊗̂K∗ ιjϵj(s)

δ

πI

πC∗,i+j+1 ⊗̂K∗ uj

πI ⊗̂K∗ πI π̄I,i+j ⊗̂K∗ ιjϵj(π̄I)

δ̄ πC∗/I,i+j+1 ⊗̂K∗ uj

Since s̄i+j ⊗K∗ ιjεj(s) : D∗/Fi+jD
∗ ⊗K∗ ιjεj(D

∗)) → C∗/Fi+jC
∗ ⊗K∗ ιjεj(C

∗)) is an isomorphism onto its
image, s̄i+j ⊗̂K∗ ιjεj(s) : D

∗/Fi+jD
∗ ⊗̂K∗ ιjεj(D

∗))→ C∗/Fi+jC
∗ ⊗̂K∗ ιjεj(C

∗)) is injective by (1.3.14). Hence
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(FiD
∗)i∈Z satisfies (f6∗) by the assumption and the commutativity of the above diagram. If C∗ has skeletal

topology, it follows from (2.3.2) that the degree n component of π̄I,i+j ⊗̂K∗ ιjεj(π̄I) is

π̄I,i+j ⊗K∗ π̄I : (C
∗/Fi+jC

∗)n−j ⊗K∗ Cj → ((C∗/I)/Fi+j(C
∗/I))n−j ⊗K∗ (C∗/I)j .

Hence π̄I,i+j ⊗̂K∗ ιjεj(π̄I) is surjective which implies that (Fi(C
∗/I))i∈Z satisfies (f6∗).

Proposition 15.3.5 Let A∗ be an algebra in TopModK∗ with multiplication µ : A∗ ⊗K∗ A∗ → A∗. If A∗ is
proper, we can consider the dual coalgebra A∗∗ of A∗ with a comultiplication µ̂ which which is the following
composition.

A∗∗ µ∗

−→ Hom∗(A∗ ⊗K∗ A∗,K∗)
µ̃−1
K∗∗−−−→ Hom∗(A∗ ⊗K∗ A∗,K∗ ⊗K∗ K∗)

ϕ̂−1

−−→ A∗∗ ⊗̂K∗ A∗∗

Let F = (FiA
∗)i∈Z be a filtration of A∗ and F∗ = (FiA

∗∗)i∈Z the dual filtration of F. If F satisfies (f0) of
(15.3.1) and (f5) of (15.2.4), then F∗ satisfies (f5∗) of (15.3.3).

Proof. Since FiA
∗ is a left ideal of A∗, µ induces a map µ′ : A∗ ⊗K∗ FiA

∗ → FiA
∗. The upper and the middle

horizontal rows of the following diagram are exact and the bottom row is also exact by (1.3.12). Hence there are

unique maps µ̄ : FiA
∗∗ → Ker (idA∗ ⊗K∗ κA∗,−i−1)

∗ and φ̂′ : A∗∗ ⊗̂K∗ FiA
∗∗ → Ker (idA∗ ⊗K∗ κA∗,−i−1)

∗ that
make the following diagram commute. Here ν : Ker (idA∗ ⊗K∗ κA∗,−i−1)

∗ → Hom∗(A∗⊗K∗ A∗,K∗) denotes the
inclusion map.

0→ FiA
∗∗ A∗∗ Hom∗(F−i−1A

∗,K∗)

0→ Ker (idA∗ ⊗K∗ κA∗,−i−1)
∗ Hom∗(A∗ ⊗K∗ A∗,K∗) Hom∗(A∗ ⊗K∗ F−i−1A

∗,K∗)

0→ A∗∗ ⊗̂K∗ FiA
∗∗ A∗∗ ⊗̂K∗ A∗∗ A∗∗ ⊗̂K∗(F−i−1A

∗)∗

κA∗∗,i

µ̄

κ∗
A∗,−i−1

µ∗
(µ′)∗

ν (idA∗⊗K∗κA∗,−i−1)
∗

idA∗ ⊗̂K∗ κA∗∗,i

ϕ̂′

idA∗⊗K∗κ∗
A∗,−i−1

µ̃K∗∗ϕ̂ µ̃K∗∗ϕ̂

Since µ̃K∗∗φ̂’s in the diagram are isomorphism by the assumption, φ̂′ is also an isomorphism. Thus the assertion
follows from the commutativity of the above diagram.

Proposition 15.3.6 Let C∗ be an coalgebra in TopModK∗ with comultiplication δ : C∗ → C∗ ⊗̂K∗ C∗. Consider
the dual algebra C∗∗ of C∗ with a multiplication µ which is the following composition.

C∗∗ ⊗K∗ C∗∗ ϕ−→ Hom∗(C∗ ⊗K∗ C∗,K∗)
(η∗C∗⊗K∗C∗ )

−1

−−−−−−−−−−→ Hom∗(C∗ ⊗̂K∗ C∗,K∗)
δ∗−→ C∗∗

Let F = (FiC
∗)i∈Z be a filtration of C∗ and F∗ = (FiC

∗∗)i∈Z the dual filtration of F. If F satisfies (f5∗) of
(15.3.3), then F∗ satisfies (f5) of (15.2.4).

Proof. By (f5∗), the coproduct δ induces δ̄ : F−i−1C
∗ → C∗ ⊗̂K∗ F−i−1C

∗. For f ∈ (C∗∗)n and g ∈ (FiC
∗∗)m,

we put h = (η∗C∗⊗K∗C∗)−1φ(f ⊗ g). Since gΣmκC∗,−i−1 = 0, the following diagram is commutative.

Σm+n(C∗ ⊗K∗ F−i−1C
∗) ΣnC∗ ⊗K∗ ΣmF−i−1C

∗

Σm+n(C∗ ⊗K∗ C∗) ΣnC∗ ⊗K∗ ΣmC∗ K∗ ⊗K∗ K∗ K∗

Σm+n(C∗ ⊗̂K∗ C∗)

(τn,m
C∗, F−i−1C

∗ )
−1

Σm+n(idC∗⊗K∗κC∗,−i−1)
trivial map

ΣnidC∗⊗K∗ΣmκC∗,−i−1

(τn,m
C∗, C∗ )

−1

Σm+nηC∗⊗K∗C∗

f⊗K∗g µ̃K∗

h

Hence the following composition is trivial.

Σm+n(C∗ ⊗K∗ F−i−1C
∗)

Σm+n(idC∗⊗K∗κC∗,−i−1)−−−−−−−−−−−−−−−−−→ Σm+n(C∗ ⊗K∗ C∗)
Σm+nηC∗⊗K∗C∗
−−−−−−−−−−−→ Σm+n(C∗ ⊗̂K∗ C∗)

h−→ K∗

Since the above composition coincides with a composition

Σm+n(C∗ ⊗K∗ F−i−1C
∗)

Σm+nηC∗⊗K∗F−i−1C
∗

−−−−−−−−−−−−−−−→ Σm+n(C∗ ⊗̂K∗ F−i−1C
∗)

Σm+n(idC∗ ⊗̂K∗ κC∗,−i−1)−−−−−−−−−−−−−−−−−−→ Σm+n(C∗ ⊗̂K∗ C∗)
h−→ K∗
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and the image of Σm+nηC∗⊗K∗F−i−1C∗ is dense, a composition

Σm+n(C∗ ⊗̂K∗ F−i−1C
∗)

Σm+n(idC∗ ⊗̂K∗ κC∗,−i−1)−−−−−−−−−−−−−−−−−−→ Σm+n(C∗ ⊗̂K∗ C∗)
h−→ K∗

is trivial. We also have the following commutative diagram.

Σm+nF−i−1C
∗ Σm+nC∗

Σm+n(C∗ ⊗̂K∗ F−i−1C
∗) Σm+n(C∗ ⊗̂K∗ C∗) K∗

Σm+nδ̄

Σm+nκC∗,−i−1

Σm+nδ

Σm+n(idC∗ ⊗̂K∗ κC∗,−i−1) h

Since µ(f ⊗ g) = Σm+nδh ∈ (C∗∗)m+n, it follows that µ(f ⊗ g) ∈ FiC∗∗ = Kerκ∗C∗,−i−1.

Proposition 15.3.7 Let A∗ be an algebra with a filtration F = (FiA
∗)i∈Z . Suppose that A∗ is finite type,

supercofinite and proper. If F satisfies (f6), the dual filtration of F satisfies (f6∗).

Proof. First note that Aj has discrete topology for every j ∈ Z by the assumption and (1) of (1.4.3).
There is an isomorphism θA∗, j−i : ιj−iεj−i(A

∗∗) → Hom∗(ιi−jεi−j(A
∗),K∗) by (3.1.14). κ∗A∗,−j−1 : A∗∗ →

Hom∗(F−j−1A
∗,K∗) induces an monomorphism κ̄A∗, K∗,−j−1 : A∗∗/FjA

∗∗ → Hom∗(F−j−1A
∗,K∗). Hence

κ̄A∗, K∗,−j−1 ⊗̂K∗ θA∗, j−i : A
∗∗/FjA

∗∗ ⊗̂K∗ ιj−iεj−i(A
∗∗)→ Hom∗(F−j−1A

∗,K∗) ⊗̂K∗ Hom∗(ιi−jεi−j(A
∗),K∗)

is a monomorphism. Since F−j−1A
∗ ⊗K∗ ιi−jεi−j(A

∗) is supercofinite, it follows from (4.1.7) that

φ̂ : Hom∗(F−j−1A
∗,K∗) ⊗̂K∗ Hom∗(ιi−jεi−j(A

∗),K∗)→ Hom∗(F−j−1A
∗ ⊗K∗ ιi−jεi−j(A

∗),K∗ ⊗K∗ K∗)

is an isomorphism. For α ∈ (FiA
∗∗)k, it follows from (3.1.15) and the naturality of φ̂ that we have

µ̃K∗∗φ̂(κ̄A∗, K∗,−j−1 ⊗̂K∗ θA∗, j−i)(πA∗∗,j+1 ⊗̂K∗ uj−i)µ̂(α) = µ̃K∗∗φ̂(κ
∗
A∗,−j−1 ⊗̂K∗ c∗i−j)φ̂

−1µ̃−1
K∗∗µ

∗(α)

= (κA∗,−j−1 ⊗̂K∗ ci−j)
∗µ∗(α)

= αΣkµ(κA∗,−j−1 ⊗̂K∗ ci−j).

Since α maps ΣkF−i−1A
∗ to zero and the image of µ(κA∗,−j−1 ⊗̂K∗ ci−j) is contained in F−i−1A

∗ by (f6),
αΣkµ(κA∗,−j−1 ⊗̂K∗ ci−j) = 0. Thus we have (πA∗∗,j+1 ⊗̂K∗ uj−i)µ̂(α) = 0, in other words, µ̂(α) is contained
in Ker(πA∗∗,j+1 ⊗̂K∗ cj−i).

For a coalgebra C∗ in TopModK∗ with coproduct δ : C∗ → C∗ ⊗̂K∗ C∗, recall from (5.1.1) that the product
δ̃ : C∗∗ ⊗K∗ C∗∗ → C∗∗ of the dual algebra C∗∗ is defined to be the following composition.

C∗∗ ⊗K∗ C∗∗ = Hom∗(C∗,K∗)⊗K∗ Hom∗(C∗,K∗)
ϕ−→ Hom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)

µ̃K∗∗−−−→ Hom∗(C∗ ⊗K∗ C∗,K∗)
(η∗C∗⊗K∗C∗ )

−1

−−−−−−−−−−→ Hom∗(C∗ ⊗̂K∗ C∗,K∗)
δ∗−→ Hom∗(C∗,K∗) = C∗∗

Proposition 15.3.8 Let C∗ be a coalgebra with a filtration F = (FiC
∗)i∈Z . If F satisfies (f6∗), the dual

filtration of F satisfies (f6).

Proof. Take f ∈ (FiC
∗∗)k and g ∈ (C∗∗)j . Since f maps ΣkF−i−1C

∗ to 0, f induces f̄ : Σk(C∗/F−i−1C
∗)→ K∗

which satisfies f̄ΣkπC∗,−i = f . Similarly, g induces ḡ : Σjι−jε−j(C
∗) → K∗ which satisfies ḡΣju−j = g. Put

h = (η∗C∗⊗K∗C∗)−1(µ̃K∗∗(φ(f ⊗ g))). Then, the following diagram is commutative.

Σj+k(C∗ ⊗K∗ C∗) Σj+k((C∗/F−i−1C
∗)⊗K∗ ι−jε−j(C

∗))

Σj+k(C∗ ⊗̂K∗ C∗) ΣjC∗ ⊗K∗ ΣkC∗ Σj(C∗/F−i−1C
∗)⊗K∗ Σkι−jε−j(C

∗)

K∗ K∗ ⊗K∗ K∗

Σj+k(πC∗,−i⊗K∗u−j)

(τk,j)−1
C∗, C∗

Σj+kηC∗⊗K∗C∗
(τk,j
C∗/F−i−1C

∗,ι−jϵ−j(C∗)
)−1

h

ΣkπC∗,−i⊗K∗Σju−j

f⊗K∗g

f̄⊗K∗ ḡµ̃K∗
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Hence we have the following commutative diagram by completing the above diagram.

Σj+kC∗ Σj+k(C∗ ⊗̂K∗ C∗) Σj+k((C∗/F−i−1C
∗) ⊗̂K∗ ι−jε−j(C

∗))

ΣjC∗ ⊗̂K∗ ΣkC∗ Σj(C∗/F−i−1C
∗) ⊗̂K∗ Σkι−jε−j(C

∗)

K∗ K∗ ⊗̂K∗ K∗

δ

δ̃(f⊗g)

Σj+k(πC∗,−i ⊗̂K∗ u−j)

(τ̂k,j)−1
C∗, C∗

h

(τ̂k,j
C∗/F−i−1C

∗,ι−jϵ−j(C∗)
)−1

ΣkπC∗,−i ⊗̂K∗ Σju−j

f ⊗̂K∗ g

f̄ ⊗̂K∗ ḡˆ̃µK∗

Thus we have (δ̃(f ⊗ g))(Fj−i−1C
∗) = ˆ̃µK∗(f̄ ⊗̂K∗ ḡ)(τ̂k,j)−1Σk+j((πC∗,−i ⊗̂K∗ u−j)δ)(Fj−i−1C

∗) = {0} by

(f6∗). This implies δ̃(f ⊗K∗ g) ∈ Fi−jC∗∗.

Proposition 15.3.9 Let C∗ and D∗ be coalgebras in TopModK∗ with coproducts δC∗ : C∗ → C∗ ⊗̂K∗ C∗ and
δD∗ : D∗ → D∗ ⊗̂K∗ D∗, respectively. Define δC∗⊗K∗D∗ : C∗ ⊗K∗ D∗ → (C∗ ⊗K∗ D∗) ⊗̂K∗(C∗ ⊗K∗ D∗) to be
the following composition. (See (2.3.7) for the definition of shC∗,C∗,D∗,D∗ .)

C∗ ⊗K∗ D∗ δC∗⊗K∗δD∗−−−−−−−−→ (C∗ ⊗̂K∗ C∗)⊗K∗ (D∗ ⊗̂K∗ D∗)
shC∗,C∗,D∗,D∗
−−−−−−−−−−→ (C∗ ⊗K∗ D∗) ⊗̂K∗(C∗ ⊗K∗ D∗)

Let (FiC
∗)i∈Z and (FiD

∗)i∈Z be filtrations of C∗ and D∗, respectively.
(1) If (FiC

∗)i∈Z and (FiD
∗)i∈Z satisfies (f5∗), so does (Fi(C

∗ ⊗K∗ D∗))i∈Z .
(2) Suppose that C∗ and D∗ satisfy the assumptions of (15.1.19). If (FiC

∗)i∈Z and (FiD
∗)i∈Z satisfies

(f6∗), so does (Fi(C
∗ ⊗K∗ D∗))i∈Z .

Proof. (1) Since δC∗(FjC
∗) ⊂ C∗ ⊗̂K∗ FjC

∗ and δD∗(FkD
∗) ⊂ D∗ ⊗̂K∗ FkD

∗, δC∗⊗K∗ δD∗ maps Fi(C
∗⊗K∗D∗)

into
∑

j+k=i

(C∗ ⊗̂K∗ FjC
∗)⊗K∗ (D∗ ⊗̂K∗ FkD

∗) which is mapped into
∑

j+k=i

(C∗ ⊗K∗ D∗) ⊗̂K∗(FjC
∗ ⊗K∗ FkD

∗)

by shC∗,C∗,D∗,D∗ .
(2) It follows from (15.3.8) that the dual filtrations (FiC

∗∗)i∈Z and (FiD
∗∗)i∈Z satisfy (f6). Therefore

(Fi(C
∗∗ ⊗K∗ D∗∗))i∈Z also satisfies (f6) by (15.2.7). We note that C∗⊗K∗C∗ and D∗⊗K∗D∗ are complete by

the assumption and that the following diagram is commutative.

C∗∗⊗K∗D∗∗⊗K∗C∗∗⊗K∗D∗∗ Hom∗(C∗⊗K∗D∗,K∗)⊗K∗Hom∗(C∗⊗K∗D∗,K∗)

C∗∗⊗K∗C∗∗⊗K∗D∗∗⊗K∗D∗∗ Hom∗(C∗⊗K∗D∗⊗K∗C∗⊗K∗D∗,K∗)

Hom∗(C∗⊗K∗C∗,K∗)⊗K∗Hom∗(D∗⊗K∗D∗,K∗) Hom∗(C∗⊗K∗C∗⊗K∗D∗⊗K∗D∗,K∗)

Hom∗(C∗,K∗)⊗K∗Hom∗(D∗,K∗) Hom∗(C∗⊗K∗D∗,K∗)

µ̃K∗∗ϕ⊗K∗ µ̃K∗∗ϕ

idC∗∗⊗K∗TC∗∗,D∗∗⊗K∗ idD∗∗ µ̃K∗∗ϕ

µ̃K∗∗ϕ⊗K∗ µ̃K∗∗ϕ (idC∗⊗K∗TC∗,D∗⊗K∗ idD∗ )∗

δ∗C∗⊗K∗δ∗D∗ (δC∗⊗K∗δD∗ )∗

µ̃K∗∗ϕ

Hence the dual filtration (FiHom∗(C∗⊗K∗D∗,K∗))i∈Z of (Fi(C
∗⊗K∗D∗))i∈Z satisfies (f6) by (15.1.19). Thus

the dual filtration (FiHom∗(Hom∗(C∗ ⊗K∗ D∗,K∗),K∗))i∈Z of (FiHom∗(C∗ ⊗K∗ D∗,K∗))i∈Z satisfies (f6∗)
by (15.3.7). It follow from (15.1.8) that (Fi(C

∗ ⊗K∗ D∗))i∈Z satisfies (f6∗).

Let C∗ be a K∗-coalgebra in TopModK∗ with a filtration F = (FiC
∗)i∈Z . We denote by δ : C∗ → C∗ ⊗̂K∗ C∗

the coproduct of C∗. If F satisfies (f5∗) of (15.3.3), δ gives a map δ̄i : FiC
∗ → C∗ ⊗̂K∗ FiC

∗ for each i ∈ Z. Since
the upper horizontal row of the following diagram is exact, there exists unique map δi : E

∗
i C

∗ → C∗ ⊗̂K∗ E∗
i C

∗

that makes the diagram commute.

0 Fi−1C
∗ FiC

∗ E∗
i C

∗ 0

C∗ ⊗̂K∗ Fi−1C
∗ C∗ ⊗̂K∗ FiC

∗ C∗ ⊗̂K∗ E∗
i C

∗

ιC∗, i

δ̄i−1

ρC∗, i

δ̄i δi

idC∗ ⊗̂K∗ ιC∗, i idC∗ ⊗̂K∗ ρC∗, i
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It is easy to verify that δi gives a left C∗-comodule structure of E∗
i C

∗.

If F satisfies (f6∗) of (15.3.3), a composition C∗ δ−→ C∗ ⊗̂K∗ C∗ πC∗, i+1 ⊗̂K∗ uj−−−−−−−−−−→ C∗/FiC
∗ ⊗̂K∗ ιjεj(C

∗) maps
Fi−jC

∗ to zero. Thus we have unique map δi,j : C
∗/Fi−jC

∗ → C∗/FiC
∗ ⊗̂K∗ ιjεj(C

∗) that makes the following
diagram commute.

C∗ C∗ ⊗̂K∗ C∗

C∗/Fi−jC
∗ C∗/FiC

∗ ⊗̂K∗ ιjεj(C
∗)

δ

πC∗,i−j+1 πC∗, i+1 ⊗̂K∗ uj

δi,j

By the exactness of the vertical columns and the commutativity of the lower rectangle of the following diagram,
there exists unique map δ̄i,j : E∗

i−jC
∗ → E∗

i C
∗ ⊗̂K∗ ιjεj(C

∗) that makes the upper rectangle of the following
diagram commute.

0 0

E∗
i−jC

∗ E∗
i C

∗ ⊗̂K∗ ιjεj(C
∗)

C∗/Fi−j−1C
∗ C∗/Fi−1C

∗ ⊗̂K∗ ιjεj(C
∗)

C∗/Fi−jC
∗ C∗/FiC

∗ ⊗̂K∗ ιjεj(C
∗)

κ̃C∗, i−j

δ̄i,j

κ̃C∗, i ⊗̂K∗ idιjϵj(C∗)

ι̃C∗, i−j

δi−1,j

ι̃C∗, i ⊗̂K∗ idιjϵj(C∗)

δi,j

Suppose that F satisfies both (f5∗) and (f6∗), then the image of δ̄i,j is contained in E∗
i C

∗ ⊗̂K∗ ιjεj(Fi−jC
∗).

Thus we have a map δ̃i,j : E
∗
i−jC

∗ → E∗
i C

∗ ⊗̂K∗ ιjεj(Fi−jC
∗) which makes the following diagram commute.

E∗
i C

∗ ⊗̂K∗ ιjεj(Fi−jC
∗)

E∗
i−jC

∗ E∗
i C

∗ ⊗̂K∗ ιjεj(C
∗)

idE∗
i
C∗ ⊗̂K∗ ιjϵj(κC∗,i−j)

δ̄i,j

δ̃i,j

If C∗ has skeletal topology, the k-dimensional component of δ̃i,j is expressed as follows by (2.3.2).

δ̃ki,j : E
k
i−jC

∗ → Ek−ji C∗ ⊗K∗ ιjεj(Fi−jC
∗)j

Proposition 15.3.10 Let A∗ be an algebra in TopModK∗ with an increasing filtration (FiA
∗)i∈Z which satisfies

(f5) and (f6). Suppose that A∗ is finite type and has skeletal topology. Let δ : A∗∗ → A∗∗ ⊗̂K∗ A∗∗ be the
coproduct of A∗∗ defined from the product µ of A∗. We give A∗∗ the dual filtration (FiA

∗∗)i∈Z and consider

maps µ̃k,ji : Eki A
∗ ⊗K∗ (A∗/Fi−j−1A

∗)j → Ej+ki−j A
∗ and δ̃−j−k−i,−j : E−j−k

j−i A∗∗ → E−k
−i A

∗∗ ⊗K∗ (Fj−iA
∗∗)−j for

i, j, k ∈ Z.

(1) µ̃k,ji is surjective if and only if δ̃−j−k−i,−j is injective. (2) µ̃k,ji is injective if and only if δ̃−j−k−i,−j is surjective.

Proof. It follows from (3.1.14), (15.1.3) and (15.1.4) that we have the following isomorphisms.

θA∗/Fi−j−1A∗,−j : ι−jε−j(Hom∗(A∗/Fi−j−1A
∗,K∗))→ Hom∗(ιjεj(A

∗/Fi−j−1A
∗),K∗)

π̂A∗, K∗,j−i : Hom∗(A∗/Fi−j−1A
∗,K∗)→ Fj−iHom∗(A∗,K∗) = Fj−iA

∗∗

ρ̃A∗, K∗,l : E
∗
l A

∗∗ → Hom∗(E∗
−lA

∗,K∗) (l = −i, j − i)

We also have the following isomorphism by the assumption and (4.1.7).

Hom∗(E∗
i A

∗,K∗) ⊗̂K∗ Hom∗(ι−jε−j(A
∗/Fi−j−1A

∗),K∗)
ϕ̂−→

Hom∗(E∗
i A

∗⊗K∗ ι−jε−j(A
∗/Fi−j−1A

∗),K∗⊗K∗K∗)
µ̃K∗∗−−−→ Hom∗(E∗

i A
∗⊗K∗ ι−jε−j(A

∗/Fi−j−1A
∗),K∗)
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Since both Hom∗(E∗
i A

∗,K∗) and Hom∗(ι−jε−j(A
∗/Fi−j−1A

∗),K∗) have skeletal topology by (3.1.36) and

Homn(ι−jε−j(A
∗/Fi−j−1A

∗),K∗) = {0}

if n 6= −j, the domain of the above isomorphism µ̃K∗∗φ̂ in degree −j − k is

Hom−k(E∗
i A

∗,K∗)⊗K∗ Hom−j(ι−jε−j(A
∗/Fi−j−1A

∗),K∗).

µ̃k,ji : Eki A
∗⊗K∗ (A∗/Fi−j−1A

∗)j → Ej+ki−j A
∗ defines a morphism µ̃∗,j

i : E∗
i A

∗⊗K∗ ιjεj(A
∗/Fi−j−1A

∗)→ E∗
i−jA

∗

in TopModK∗ . We note that Hom−j−k(E∗
i−jA

∗,K∗) is naturally isomorphic to HomK0(Ej+ki−j A
∗,K0) and

Hom−j−k(E∗
i A

∗⊗K∗ιjεj(A
∗/Fi−j−1A

∗),K∗) is naturally isomorphic to HomK0(Eki A
∗⊗K∗(A∗/Fi−j−1A

∗)j ,K0)
as vector spaces over K0. Hence we have the following commutative diagram.

Hom−j−k(E∗
i−jA

∗,K∗) Hom−j−k(E∗
i A

∗⊗K∗ ιjεj(A
∗/Fi−j−1A

∗),K∗)

HomK0(Ej+ki−j A
∗,K0) HomK0(Eki A

∗⊗K∗ (A∗/Fi−j−1A
∗)j ,K0)

(µ̃∗,j
i )∗

∼= ∼=

(µ̃k,ji )∗

It follows that µ̃k,ji is surjective (resp. injective) if and only if (µ̃∗,j
i )∗ is injective (resp. surjective).

Since (FiA
∗∗)i∈Z satisfies (f5∗) and (f6∗) by (15.3.5) and (15.3.7),

(πA∗∗,−i ⊗̂K∗ u−j)δ : A
∗∗ → A∗∗/F−i−1A

∗∗ ⊗̂K∗ ι−jε−j(A
∗∗)

induces the map δ̃−j−k−i,−j : E
−j−k
j−i A∗∗ → E−k

−i A
∗∗ ⊗K∗ ι−jε−j(Fj−iA

∗∗)−j . We claim that the following diagram
(∗) is commutative.

E−k
−i A

∗∗ ⊗K∗ ι−jε−j(Fj−iA
∗∗)−j E−j−k

j−i A∗∗

E−k
−i A

∗∗ ⊗K∗ ι−jε−j(Hom∗(A∗/Fi−j−1A
∗,K∗))−j Hom−j−k(E∗

i−jA
∗,K∗)

Hom−k(E∗
i A

∗,K∗)⊗K∗Hom−j(ιjεj(A
∗/Fi−j−1A

∗),K∗) Hom−j−k(E∗
i A

∗⊗K∗ ιjεj(A
∗/Fi−j−1A

∗),K∗)

id
E

−k
−i A

∗∗⊗K∗ ι−jϵ−j(π̂A∗, K∗,i−j)
−1

δ̃−j−k−i,−j

ρ̃A∗, K∗,j−i

ρ̃A∗, K∗,−i⊗K∗θA∗/Fi−j−1A
∗,−j (µ̃∗,j

i )∗

µ̃K∗∗ϕ̂

diagram (∗)

For α ∈ E−j−k
j−i A∗∗, take f ∈ (Fj−iA

∗∗)−j−k such that α = ρA∗, j−i(f). We put

δ(f) =
∑
s∈S

gs ⊗ hs ∈
∏
n∈Z

Homn(A∗,K∗)⊗K∗ Hom−j−k−n(A∗,K∗)

for gs ∈ F−iHomns(A∗,K∗) and hs ∈ Hom−j−k−ns(A∗,K∗). Also put {s1, s2, . . . , sn} = {s ∈ S |ns = −k}, then
δ̃−j−k−i,−j(α) =

n∑
ν=1

ρA∗∗,−i(gsν )⊗hsν and hsν ∈(Fj−iA∗∗)−j . Let ḡν :Σ
−kE∗

i A
∗→K∗ and h̄ν :Σ

−jA∗/Fi−jA
∗→K∗

be the unique maps that satisfies ḡνΣ
−kρA∗, i = gsνΣ

−kκA∗, i and h̄νΣ
−jπA∗, i−j = hsν for ν = 1, 2, . . . , n, respec-

tively. Then, we have ρ̃A∗, K∗,−i(ρA∗∗,−i(gsν )) = ḡν and ι−jε−j(π̂A∗, K∗,i−j)
−1(hsν ) = h̄ν . Since a composition

Σ−jιjεj(A
∗/Fj−iA

∗) = ι0ε0(Σ
−jA∗/Fj−iA

∗)
ι0ϵ0(h̄ν)−−−−−→ ι0ε0(K

∗)
c0K∗−−−→ K∗

is the image of h̄ν by θA∗/Fi−j−1A∗,−j , we have

φ̂(ρ̃A∗, K∗,−i ⊗K∗ θA∗/Fi−j−1A∗,−j)(idE∗
−iA

∗∗ ⊗K∗ ι−jε−j(π̂A∗, K∗,i−j)
−1)δ̃−j−k−i,−j(α)

=

n∑
ν=1

φ̂(ρ̃A∗, K∗,−i ⊗K∗ θA∗/Fi−j−1A∗,−j)(ρA∗∗,−i(gsν )⊗ h̄ν) =
n∑
ν=1

φ̂(ḡν ⊗ c0K∗ι0ε0(h̄ν)).
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On the other hand, let f̄ : Σ−j−kE∗
i−jA

∗ → K∗ be the map that satisfies f̄Σ−j−kρA∗, i−j = fΣ−j−kκA∗, i−j ,

then we have (µ̃∗,j
i )∗(ρ̃A∗, K∗,j−i(α)) = f̄Σ−j−kµ̃∗,j

i . Therefore it remains to verify

n∑
ν=1

µ̃K∗ φ̂(ḡν ⊗ c0K∗ι0ε0(h̄ν)) = f̄Σ−j−kµ̃∗,j
i · · · (∗∗)

to show the commutativity of (∗).
Let us denote by µ∗,j

i : FiA
∗ ⊗K∗ ιjεj(A

∗) → Fi−jA
∗ the map defined from µ by restricting its source and

target. The following diagram is commutative by the definitions of µ̃∗,j
i and f̄ .

Σ−j−kFiA
∗ ⊗K∗ ιjεj(A

∗) Σ−j−kFi−jA
∗ Σ−j−kA∗

Σ−j−kE∗
i A

∗ ⊗K∗ ιjεj(A
∗/Fi−j−1A

∗) Σ−j−kEi−jA
∗ K∗

Σ−j−kµ∗,j
i

Σ−j−k(ρA∗, i⊗K∗ ιjϵj(πA∗, i−j)) Σ−j−kρA∗, i−j

Σ−j−kκA∗, i−j

f

Σ−j−kµ̃∗,j
i f̄

By (1.2.6) and the definition of h̄ν we have the following equality.

ι0ε0(h̄ν)Σ
−jιjεj(πA∗, i−j) = ι0ε0(h̄ν)ι0ε0(Σ

−jπA∗, i−j) = ι0ε0(h̄νΣ
−jπA∗, i−j) = ι0ε0(hsν )

Thus we have the following.

n∑
ν=1

φ̂(ḡν⊗c0K∗ι0ε0(h̄ν))(Σ
−j−k(ρA∗, i ⊗K∗ ιjεj(πA∗, i−j))

=

n∑
ν=1

(ḡν ⊗K∗ c0K∗ι0ε0(h̄ν))(τ
−k,−j
E∗
i A

∗,ιjϵj(A∗/Fi−j−1A∗))
−1(Σ−j−k(ρA∗, i ⊗K∗ ιjεj(πA∗, i−j)))

=

n∑
ν=1

(ḡν ⊗K∗ c0K∗ι0ε0(h̄ν))((Σ
−kρA∗, i)⊗K∗ (Σ−jιjεj(πA∗, i−j)))(τ

−k,−j
F∗
i A

∗,ιjϵj(A∗))
−1

=

n∑
ν=1

((ḡνΣ
−kρA∗, i)⊗K∗ (c0K∗ι0ε0(h̄ν)Σ

−jιjεj(πA∗, i−j)))(τ
−k,−j
F∗
i A

∗,ιjϵj(A∗))
−1

=

n∑
ν=1

(gsνΣ
−kκA∗, i ⊗K∗ c0K∗ι0ε0(hsν ))(τ

−k,−j
F∗
i A

∗,ιjϵj(A∗))
−1

Since Σ−j−k(ρA∗, i ⊗K∗ ιjεj(πA∗, i−j) : Σ−j−kFiA
∗ ⊗K∗ ιjεj(A

∗) → Σ−j−kE∗
i A

∗ ⊗K∗ ιjεj(A
∗/Fi−j−1A

∗) is
surjective, it suffices to show

n∑
ν=1

µ̃K∗(gsνΣ
−kκA∗, i ⊗K∗ c0K∗ι0ε0(hsν ))(τ

−k,−j
F∗
i A

∗,ιjϵj(A∗))
−1 = fΣ−j−k(κA∗, i−jµ

∗,j
i )

to verify (∗∗). The following diagram is commutative by the definition of µ∗,j
i .

Σ−j−kFiA
∗ ⊗K∗ ιjεj(A

∗) Σ−j−kFi−jA
∗

Σ−j−kA∗ ⊗K∗ A∗ Σ−j−kA∗

Σ−j−kµ∗,j
i

Σ−j−k(κA∗, i⊗K∗cj) Σ−j−kκA∗, i−j

Σ−j−kµ

Since (Σ−j−k−nsιjεj(A
∗))0 = {0} unless ns = −k, hsΣ−j−k−nscj is trivial map. We remark that we have

hsΣ
−jcj = c0K∗ι0ε0(hsν ) if ns = −k, that is, s = sν for some ν. Since fΣ−j−kµ =

∑
s∈S

µ̃K∗ φ̂(gs ⊗ hs) by the
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definition of δ, we have the following equality which verifies (∗∗) by the commutativity of the above diagram.

fΣ−j−k(κA∗, i−jµ
∗,j
i ) = fΣ−j−kµΣ−j−k(κA∗, i ⊗K∗ cj) =

∑
s∈S

µ̃K∗ φ̂(gs ⊗ hs)Σ−j−k(κA∗, i ⊗K∗ cj)

=
∑
s∈S

µ̃K∗(gs ⊗K∗ hs)
(
τns,−j−k−nsA∗, A∗

)−1
Σ−j−k(κA∗, i ⊗K∗ cj)

=
∑
s∈S

µ̃K∗(gs ⊗K∗ hs)(Σ
nsκA∗, i ⊗K∗ Σ−j−k−nscj)

(
τns,−j−k−nsFiA∗,ιjϵj(A∗)

)−1

=
∑
s∈S

µ̃K∗((gsΣ
nsκA∗, i)⊗K∗ (hsΣ

−j−k−nscj))
(
τns,−j−k−nsFiA∗,ιjϵj(A∗)

)−1

=

n∑
ν=1

µ̃K∗(gsνΣ
−kκA∗, i ⊗K∗ c0K∗ι0ε0(hsν ))(τ

−k,−j
F∗
i A

∗,ιjϵj(A∗))
−1

Since θA∗/Fi−j−1A∗,−j , π̂A∗, K∗,j−i, ρ̃A∗, K∗,−i and ρ̃A∗, K∗,j−i are isomorphisms, the commutativity of diagram

(∗) implies that (µ̃∗,j
i )∗ is surjective (resp. injective) if and only if µ̃k,ji is surjective (resp. injective).

Proposition 15.3.11 Let C∗ be a coalgebra in TopModK∗ with an increasing filtration (FiC
∗)i∈Z which satisfies

(f5∗) and (f6∗). Suppose that C∗ is finite type and has skeletal topology. Let µ : C∗∗ ⊗K∗ C∗∗ → C∗∗ be the
product of C∗∗ defined from the coproduct δ of C∗. We give C∗∗ the dual filtration (FiC

∗∗)i∈Z and consider

maps δ̃j+ki,j : Ej+ki−j C
∗ → Eki C

∗ ⊗K∗ (Fi−jC
∗)j and µ̃−k,−j

−i : E−k
−i C

∗∗ ⊗K∗ (C∗∗/Fj−i−1C
∗∗)−j → E−j−k

j−i C∗∗ for
i, j, k ∈ Z.

(1) δ̃j+ki,j is injective if and only if µ̃−k,−j
−i is surjective .

(2) δ̃j+ki,j is surjective if and only if µ̃−k,−j
−i is injective.

Proof. It follows from (3.1.14), (15.1.3) and (15.1.4) that we have the following isomorphisms.

θFi−jC∗,−j : ι−jε−j(Hom∗(Fi−jC
∗,K∗))→ Hom∗(ιjεj(Fi−jC

∗),K∗)

κ̄C∗, K∗,i−j : C
∗∗/Fj−i−1C

∗∗ → Hom∗(Fi−jC
∗,K∗)

ρ̃C∗, K∗,l : E
∗
l C

∗∗ → Hom∗(E∗
−lC

∗,K∗) (l = −i, j − i)

We also have the following isomorphism by the assumption and (4.1.7).

φ̂ : Hom∗(E∗
i C

∗,K∗) ⊗̂K∗ Hom∗(ιjεj(Fi−jC
∗),K∗)→ Hom∗(E∗

i C
∗ ⊗K∗ ιjεj(Fi−jC

∗),K∗ ⊗K∗ K∗)

Since both Hom∗(E∗
i C

∗,K∗) and Hom∗(ι−jε−j(Fi−jC
∗),K∗) have skeletal topology by (3.1.36) and

Homn(ι−jε−j(Fi−jC
∗),K∗) = {0}

if n 6= −j, the domain of the above isomorphism φ̂ in degree −j − k is

Hom−k(E∗
i C

∗,K∗)⊗K∗ Hom−j(ι−jε−j(Fi−jC
∗),K∗).

Note that Hom−j−k(E∗
i C

∗⊗K∗ ιjεj(Fi−jC
∗),K∗) is naturally isomorphic to HomK0(Eki C

∗⊗K∗ (Fi−jC
∗)j ,K0)

and Hom−j−k(E∗
i−jC

∗,K∗) is naturally isomorphic to HomK0(Ej+ki−j C
∗,K0) as vector spaces over K0. Hence

we have the following commutative diagram.

Hom−j−k(E∗
i C

∗⊗K∗ ιjεj(Fi−jC
∗),K∗) Hom−j−k(E∗

i−jC
∗,K∗)

HomK0(Eki C
∗⊗K∗ (Fi−jC

∗)j ,K0) HomK0(Ej+ki−j C
∗,K0)

δ̃∗i,j

∼= ∼=
(δ̃j+ki,j )∗

It follows that δ̃j+ki,j is injective (resp. surjective) if and only if δ̃∗i,j is surjective (resp. injective).
Since (FiC

∗∗)i∈Z satisfies (f5) and (f6) by (15.3.6) and (15.3.8), µ : C∗∗ ⊗K∗ C∗∗ → C∗∗ induces the map

µ̃−k,−j
−i : E−k

−i C
∗∗ ⊗K∗ ι−jε−j(C

∗∗/Fj−i−1C
∗∗)−j → E−j−k

j−i C∗∗. We claim that the following diagram (i) is
commutative.
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E−k
−i C

∗∗ ⊗K∗ ι−jε−j(C
∗∗/Fj−i−1C

∗∗)−j E−j−k
j−i C∗∗

E−k
−i C

∗∗ ⊗K∗ ι−jε−j(Hom∗(Fi−jC
∗,K∗))−j Hom−j−k(E∗

i−jC
∗,K∗)

Hom−k(E∗
i C

∗,K∗)⊗K∗Hom−j(ιjεj(Fi−jC
∗),K∗) Hom−j−k(E∗

i C
∗⊗K∗ ιjεj(Fi−jC

∗),K∗)

µ̃−k,−j
−i

idE∗
−iC

∗∗⊗K∗ ι−jϵ−j(κ̄C∗, K∗,i−j) ρ̃C∗, K∗,j−i

ρ̃C∗, K∗,−i⊗K∗θFi−jC∗,−j

µ̃K∗∗ϕ̂

δ̃∗i,j

diagram (i)

For α ∈ E−k
−i C

∗∗ and β ∈ ι−jε−j(C
∗∗/Fj−i−1C

∗∗)−j , we take f ∈ (F−iC
∗∗)−k and g ∈ (C∗∗)−j such

that α = ρC∗∗,−i(f) and β = πC∗∗,j−i(g). Since f maps Σ−kFi−1C
∗ to zero, there exists unique map

f̄ : Σ−kC∗/Fi−1C
∗ → K∗ that satisfies f̄Σ−kπC∗, i = f . Then, we have ρ̃C∗, K∗,−i(α) = f̄Σ−kκ̃C∗,−i and

θFi−jC∗,−j(ι−jε−j(κ̄C∗, K∗,i−j)(β))=θFi−jC∗,−j(gΣ
−jκC∗, i−j)=c0K∗ι0ε0(gΣ

−jκC∗, i−j)

which imply the following equality.

δ̃∗i,j µ̃K∗ φ̂(ρ̃C∗, K∗,−i ⊗K∗ θFi−jC∗,−j)(idE∗
−iC

∗∗⊗K∗ ι−jε−j(κ̄C∗, K∗,i−j))(α⊗ β)

= δ̃∗i,j µ̃K∗ φ̂(Σ−kκ̃C∗,−if̄ ⊗ c0K∗ι0ε0(gΣ
−jκC∗, i−j))

= µ̃K∗(f̄Σ−kκ̃C∗,−i ⊗K∗ c0K∗ι0ε0(gΣ
−jκC∗, i−j))

(
τ−k,−jE∗

i C
∗,ιjϵj(Fi−jC∗)

)−1
Σ−j−k δ̃i,j

= µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))(Σ
−kκ̃C∗,−i ⊗K∗ c0K∗ι0ε0(Σ

−jκC∗, i−j))
(
τ−k,−jE∗

i C
∗,ιjϵj(Fi−jC∗)

)−1
Σ−j−k δ̃i,j

= µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))
(
τ−k,−jC∗/F∗

i−1C
∗,ιjϵj(C∗)

)−1
Σ−j−k(κ̃C∗,−i ⊗K∗ ιjεj(κC∗, i−j))Σ

−j−k δ̃i,j · · · (ii)

It follows from the commutativity of the following diagram and (3) of (1.2.6) that

µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))
(
τ−k,−jC∗/F∗

i−1C
∗,ιjϵj(C∗)

)−1
Σ−j−k(κ̃C∗,−i ⊗K∗ ιjεj(κC∗, i−j))Σ

−j−k δ̃i,jΣ
−j−kρC∗, i−j

coincides with

µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))(τ
−k,−j
C∗/Fi−1C∗,ιjϵj(C∗))

−1Σ−j−k(πC∗, i ⊗̂K∗ uj)Σ
−j−kδΣ−j−kκC∗, i−j

= µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))(Σ
−kπC∗, i ⊗K∗ Σ−juj)(τ

−k,−j
C∗, C∗ )

−1Σ−j−kδΣ−j−kκC∗, i−j

= µ̃K∗(f̄Σ−kπC∗, i ⊗K∗ c0K∗ι0ε0(g)Σ
−juj)(τ

−k,−j
C∗, C∗ )

−1Σ−j−kδΣ−j−kκC∗, i−j

= µ̃K∗(f ⊗K∗ c0K∗u0K∗g)(τ−k,−jC∗, C∗ )
−1Σ−j−kδΣ−j−kκC∗, i−j

= µ̃K∗(f ⊗̂K∗ g)(τ−k,−jC∗, C∗ )
−1Σ−j−kδΣ−j−kκC∗, i−j .

Σ−j−kFi−jC
∗ Σ−j−kC∗ Σ−j−kC∗ ⊗̂K∗ C∗

Σ−j−kEi−jC
∗ Σ−j−kC∗/Fi−jC

∗

Σ−j−kE∗
i C

∗ ⊗K∗ ιjεj(Fi−jC
∗) Σ−j−kC∗/Fi−1C

∗ ⊗K∗ ιjεj(C
∗)

Σ−j−kκC∗, i−j

Σ−j−kρC∗, i−j

Σ−j−kδ

Σ−j−kπC∗, i−j

Σ−j−k(πC∗, i ⊗̂K∗ uj)
Σ−j−kκ̃C∗, i−j

Σ−j−k δ̃i,j
Σ−j−kδi−1,j

Σ−j−kκ̃C∗, i⊗K∗ ιjϵj(κC∗, i−j)

On the other hand, the following diagram is commutative by the definition of µ̃−k,−j
−i and (15.1.5).

(F−iC
∗∗)−k ⊗K∗ ι−jε−j(C

∗∗)−j (Fj−iC
∗∗)−j−k Hom−j−k(C∗/Fi−j−1C

∗,K∗)

E−k
−i C

∗∗ ⊗K∗ ι−jε−j(C
∗∗/Fj−i−1C

∗∗)−j E−j−k
j−i C∗∗ Hom−j−k(E∗

i−jC
∗,K∗)

µ−k,−j
−i

ρC∗∗,−i⊗K∗ ι−jϵ−j(πC∗∗,j−i)

π̂−1
A∗, K∗,j−i

ρC∗∗,j−i κ̃∗
C∗, i−j

µ̃−k,−j
−i ρ̃C∗, K∗,j−i
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Since µ−k,−j
−i (f ⊗ g) ∈ (Fj−iC

∗∗)−j−k, there exists a map h : Σ−j−kC∗/Fi−j−1C
∗ → K∗ which satisfies

µ−k,−j
−i (f ⊗ g) = hΣ−j−kπC∗, i−j . Hence we have the following equality

ρ̃C∗, K∗,j−iµ̃
−k,−j
−i (α⊗ β) = ρ̃C∗, K∗,j−i µ̃

−k,−j
−i (ρC∗∗,−i(f)⊗ ι−jε−j(πC∗∗,j−i)(g))

= ρ̃C∗, K∗,j−i ρC∗∗,j−i µ
−k,−j
−i (f ⊗ g)

= κ̃∗C∗, i−j π̂
−1
C∗, K∗,j−i (hΣ

−j−kπC∗, i−j) = hΣ−j−kκ̃C∗, i−j · · · (iii)

Recall from (5.1.3) that the product µ of C∗∗ is a composition

C∗∗ ⊗K∗ C∗∗ ϕ−→ Hom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)
cC∗⊗K∗C∗,K∗⊗K∗K∗
−−−−−−−−−−−−−−→ Hom∗(C∗ ⊗̂K∗ C∗,K∗ ⊗̂K∗ K∗)

µ̃K∗∗−−−→ Hom∗(C∗ ⊗̂K∗ C∗,K∗)
δ∗−→ Hom∗(C∗,K∗).

Here we identify K∗ ⊗̂K∗ K∗ with K∗ ⊗K∗ K∗. Hence µ−k,−j
−i (f ⊗ g) ∈ Fj−iC∗∗ is the following composition.

Σ−j−kC∗ Σ−j−kδ−−−−−→ Σ−j−kC∗ ⊗̂K∗ C∗ (τ̂−k,−j
C∗, C∗ )

−1

−−−−−−−→ Σ−kC∗ ⊗̂K∗ Σ−jC∗ f ⊗̂K∗ g−−−−−→ K∗ ⊗̂K∗ K∗ µ̃K∗−−−→ K∗

Therefore we have

hΣ−j−kκ̃C∗, i−jΣ
−j−kρC∗, i−j = hΣ−j−kπC∗, i−jΣ

−j−kκC∗, i−j = µ−k,−j
−i (f ⊗ g)Σ−j−kκC∗, i−j

= µ̃K∗(f ⊗̂K∗ g)(τ̂−k,−jC∗, C∗ )
−1Σ−j−kδΣ−j−kκC∗, i−j ,

which shows that hΣ−j−kκ̃C∗, i−jΣ
−j−kρC∗, i−j is equal to

µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))
(
τ−k,−jC∗/F∗

i−1C
∗,ιjϵj(C∗)

)−1
Σ−j−k(κ̃C∗,−i ⊗K∗ ιjεj(κC∗, i−j))Σ

−j−k δ̃i,jΣ
−j−kρC∗, i−j .

Since Σ−j−kρC∗, i−j is surjective, we have

µ̃K∗(f̄ ⊗K∗ c0K∗ι0ε0(g))
(
τ−k,−jC∗/F∗

i−1C
∗,ιjϵj(C∗)

)−1
Σ−j−k(κ̃C∗,−i ⊗K∗ ιjεj(κC∗, i−j))Σ

−j−k δ̃i,j = hΣ−j−kκ̃C∗, i−j .

Hence the commutativity of diagram (i) follows from (ii) and (iii).
Since κ̄C∗, K∗,i−j , θFi−j−1C∗,−j , ρ̃C∗, K∗,−i and ρ̃C∗, K∗,j−i are isomorphisms, the commutativity of diagram

(i) implies that δ̃∗i,j is injective (resp. surjective) if and only if µ̃−k,−j
−i is injective (resp. surjective).

Condition 15.3.12 For a connective coalgebra C∗ over K∗ with a coproduct δ : C∗ → C∗⊗K∗C∗ = C∗ ⊗̂K∗ C∗

and an increasing filtration F = (FiC
∗)i∈Z , we consider the following conditions.

(f7∗) δ̃
c∗F(i)+j

i,j : E
c∗F(i)+j

i−j C∗ → (E∗
i C

∗ ⊗̂K∗ ιjεj(Fi−jC
∗))c

∗
F(i)+j is injective for i ∈ S(F), j ∈ Z.

(f8∗) δ̃
c∗F(i)+j

i,j : E
c∗F(i)+j

i−j C∗ → (E∗
i C

∗ ⊗̂K∗ ιjεj(Fi−jC
∗))c

∗
F(i)+j is surjective for i ∈ S(F), j ∈ Z.

Proposition 15.3.13 Let A∗ be an algebra in TopModK∗ with an increasing filtration F = (FiA
∗)i∈Z which

satisfies (f5) and (f6). Suppose that A∗ is coconnective and finite type and has skeletal topology. Let δ be the
coproduct of A∗∗ defined from the product µ of A∗. We give A∗∗ the dual filtration F∗ = (FiA

∗∗)i∈Z . F satisfies
(f7) (resp. (f8)) if and only if F∗ satisfies (f7∗) (resp. (f8∗)).

Proof. It follows from (15.3.10) and (15.1.27) that µ̃
cF(i),j
i : E

cF(i)
i A∗ ⊗K∗ (A∗/Fi−j−1A

∗)j → E
j+cF(i)
i−j A∗ is

surjective (resp. injective) if and only if δ̃
−j+c∗F∗ (−i)
−i,−j : E

−j+c∗F∗ (−i)
j−i A∗∗ → E

c∗F∗ (−i)
−i A∗∗ ⊗K∗ (Fj−iA

∗∗)−j is
injective (resp. surjective). Thus F satisfies (f7) (resp. (f8)) if and only if F∗ satisfies (f7∗) (resp. (f8∗)).

Proposition 15.3.14 Let C∗ be an coalgebra in TopModK∗ with an increasing filtration F = (FiC
∗)i∈Z which

satisfies (f5∗) and (f6∗). Suppose that C∗ is connective and finite type and has skeletal topology. Let µ be the
product of C∗∗ defined from the coproduct δ of C∗. We give C∗∗ the dual filtration F∗ = (FiC

∗∗)i∈Z . F satisfies
(f7∗) (resp. (f8∗)) if and only if F∗ satisfies (f7) (resp. (f8)).
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Proof. It follows from (15.3.11) and (15.1.27) that δ̃
j+c∗F(i)

i,j : E
j+c∗F(i)

i−j C∗ → E
c∗F(i)

i C∗ ⊗K∗ (Fi−jC
∗)j is injective

(resp. surjective) if and only if µ̃
cF∗ (−i),−j
−i : E

cF∗ (−i)
−i C∗∗⊗K∗(C∗∗/Fj−i−1C

∗∗)−j → E
−j+cF∗ (−i)
j−i C∗∗ is surjective

(resp. injective). Thus F satisfies (f7∗) (resp. (f8∗)) if and only if F∗ satisfies (f7) (resp. (f8)).

We give an exterior algebra E(τ) a structure of Hopf algebra by declaring that τ is primitive. Let C∗ be
a filtered coalgebra with coproduct δ : C∗ → C∗ ⊗̂K∗ C and filtration F = (FiC

∗)i∈Z . We assume that C∗ is
connective and has skeletal topology and that E(τ) has skeletal topology. Then, E(τ) ⊗K∗ C∗ is connective
and has skeletal topology. Define a coproduct δτ : E(τ) ⊗K∗ C∗ → (E(τ) ⊗K∗ C∗) ⊗K∗ (E(τ) ⊗K∗ C∗) by
δτ (1⊗ x) =

∑
k

(1⊗ xk)⊗ (1⊗ x′k) and δτ (τ ⊗ x) =
∑
k

(τ ⊗ xk)⊗ (1⊗ x′k) +
∑
k

(−1)degτdegxk(1⊗ xk)⊗ (τ ⊗ x′k) if

δ(x) =
∑
k

xk ⊗ x′k.

Proposition 15.3.15 Assume that F satisfies (f3∗), (f4∗), (f5∗) and (f6∗). We also assume that a − b 6=
deg τ + 1 for any a, b ∈ I∗(F) and that S(F) ∩ {i ∈ Z | i − 1 ∈ S(F)} = ∅. If F satisfies (f7∗) (resp. (f8∗)), so
does the filtration Fτ of E(τ)⊗K∗ C∗ which is considered in (15.1.33).

Proof. Put d = deg τ . Since S(Fτ ) is the disjoint union of S(F) and {i ∈ Z | i − 1 ∈ S(F)}, it follows from
(15.1.33), (f3∗) and the assumption that

E
c∗Fτ(i)+j−d
i−j−1 C∗ = E

c∗F(i)+j−d
i−j−1 C∗ = {0} if i ∈ S(F) and Ec

∗
Fτ

(i)+j

i−j C∗ = E
c∗F(i−1)+j+d

i−j C∗ = {0} if i− 1 ∈ S(F).

Hence (15.1.1) implies that ϕ0,i−j : E0
0E(τ) ⊗K∗ E

c∗F(i)+j

i−j C∗ → E
c∗Fτ(i)+j

i−j (E(τ) ⊗K∗ C∗) is an isomorphism if

i∈S(F) and ϕ1,i−j−1 :E
d
1E(τ)⊗K∗ E

c∗F(i−1)+j

i−j−1 C∗→E
c∗Fτ(i)+j

i−j (E(τ)⊗K∗ C∗) is an isomorphism if i− 1∈S(F).

Proposition 15.3.16 Suppose that K∗ a field of non-zero characteristic p such that xp − a = 0 has a root in
K∗ for any a ∈ K∗. Let A∗ be a connective Hopf algebra in TopAlgK∗ with skeletal topology. We denote by
δ : A∗ → A∗ ⊗K∗ A∗ the coproduct of A∗. Let F = (FiA

∗)i∈Z be a filtration of A∗ which satisfies (f1∗) and
(f2∗) and consider the filtration F(k) = (FiA(k)

∗)i∈Z of A(k)∗ obtained from F. We assume that F satisfies the
condition of (15.1.35). If F satisfies (f7∗) (resp. (f8∗)), so does F(k).

Proof. We can take a basis {xα |α ∈ Ji} of FiA∗ for i ∈ Z such that Ji−1 ⊂ Ji, then {xp
k

α |α ∈ Ji} is a basis of

FipkA(k)
∗. Let us denote by f̄ ji : EjiA

∗ → Ejp
k

ipk
A(k)∗ the map induced by the pk-th power map f : A∗ → A(k)∗

x 7→ xp
k

. We denote by fs : (FsA
∗)j → (FspkA(k)

∗)jp
k

the map obtained from f by restricting the source and

the target of f . Since f̄ ji (λu) = λp
k

f̄ ji (u) and fs(λv) = λp
k

fi(v) for λ ∈ K∗, u ∈ EjiA∗ and v ∈ FsA∗, f̄ ji × fs :
EjiA

∗ × (FsA
∗)t → Ejp

k

ipk
A∗ ⊗K∗ (FsA

∗)t induces a map f̄ ji ⊗K∗ fs : E
j
iA

∗ ⊗K∗ (FsA
∗)t → Ejp

k

ipk
A∗ ⊗K∗ (FsA

∗)t.
Then, the following diagram is commutative.

E
c∗F(i)+j

i−j A∗ E
c∗F(i)

i A∗ ⊗K∗ (Fi−jA
∗)j

E
c∗F(k)(ip

k)+jpk

ipk−jpk A(k)∗ E
c∗F(k)(ip

k)

ipk
A(k)∗ ⊗K∗ (Fipk−jpkA(k)

∗)jp
k

δ̃
c∗F(i)+j

i,j

f̄
c∗F(i)+j

i−j f̄
c∗F(i)

i ⊗K∗fi−j

δ̃
c∗
F(k)

(ipk)+jpk

ipk,jpk

Since f̄
c∗F(i)+j

i−j , f̄
c∗F(i)

i and fi−j are bijections by (15.1.37), δ̃
c∗F(k)(ip

k)+jpk

ipk,jpk
is injective (resp.surjective) if δ̃

c∗F(i)+j

i,j

is injective (resp. surjective).

Suppose that C∗ is an algebra in TopModK∗ with product µ and that C∗ has the skeletal topology. We
consider the following condition under this assumption.

Condition 15.3.17 Let F = (FiC
∗)i∈Z be a filtration on C∗.

(f9∗) µ(FiC
∗ ⊗K∗ FjC

∗) ⊂ Fi+jC∗ for i, j ∈ Z.

The following assertion is clear.
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Proposition 15.3.18 Let C∗ be an algebra in TopModK∗ with product µ : C∗⊗K∗ C∗ → C∗ and an increasing
filtration (FiC

∗)i∈Z of subspaces of C∗. Let D∗ be a subalgebra of C∗ and a a two-sided ideal of C∗. If (FiC
∗)i∈Z

satisfies (f9), (FiD
∗)i∈Z and (Fi(C

∗/a))i∈Z satisfy (f9∗).

Proposition 15.3.19 Let A∗ be a coalgebra in TopModK∗ with coproduct δ. Assume that A∗ is connective or
coconnective and that A∗ has skeletal topology. If a filtration (FiA

∗)i∈Z on A∗ satisfies (f9) of (15.2.25), then
the dual filtration (FiA

∗∗)i∈Z of the dual algebra A∗∗ satisfies (f9∗) of (15.3.17).

Proof. For f ∈ (FiA
∗∗)m and g ∈ (FjA

∗∗)n, φ(f ⊗ g) ∈ Fi+jHom∗(A∗ ⊗K∗ A∗,K∗ ⊗K∗ K∗) holds by (15.1.9).
We also have δ∗(Fi+jHom∗(A∗ ⊗K∗ A∗,K∗ ⊗K∗ K∗)) ⊂ Fi+jHom∗(A∗,K∗ ⊗K∗ K∗) by (15.1.6). Since the

product δ̃ : A∗∗ ⊗K∗ A∗∗ → A∗∗ is a composition

A∗∗ ⊗K∗ A∗∗ ϕ−→ Hom∗(A∗ ⊗K∗ A∗,K∗ ⊗K∗ K∗)
δ∗−→ Hom∗(A∗,K∗ ⊗K∗ K∗)

µ̃K∗−−−→ Hom∗(A∗,K∗) = A∗∗,

we deduce that δ̃(f ⊗ g) ∈ Fi+jA∗∗.

Proposition 15.3.20 Let C∗ be an algebra in TopModK∗ with product µ. Assume that C∗ is finite type,
connective or coconecctive and has skeletal topology. Suppose that a filtration (FiC

∗)i∈Z of C∗ satisfies (f1)
or (f1∗) and that “FrC

∗ = C∗ for some r ∈ Z” or “FrC
∗ = {0} for some r ∈ Z” holds. If a filtration

F = (FiC
∗)i∈Z on C∗ satisfies (f9∗) of (15.3.17), then the dual filtration (FiC

∗∗)i∈Z of F satisfies (f9) of
(15.2.25).

Proof. We first note that φ : C∗∗ ⊗K∗ C∗∗ → Hom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗) is an isomorphism and that the
coproduct µ̃ : C∗∗ → C∗∗ ⊗K∗ C∗∗ is defined to be the following composition.

C∗∗ µ∗

−→ Hom∗(C∗ ⊗K∗ C∗,K∗)
(µ̃−1
K∗ )∗−−−−−→ Hom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)

ϕ−1

−−→ C∗∗ ⊗K∗ C∗∗

It follows from (15.1.6), (15.1.7) and (15.1.19) that the following relations hold.

µ̃(FiC
∗∗) ⊂ FiHom∗(C∗ ⊗K∗ C∗,K∗)

(µ̃−1
K∗)∗(FiHom∗(C∗ ⊗K∗ C∗,K∗)) ⊂ FiHom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)

φ−1(FiHom∗(C∗ ⊗K∗ C∗,K∗ ⊗K∗ K∗)) = Fi(C
∗∗ ⊗K∗ C∗∗)

Hence we have µ̃(FiC
∗∗) ⊂ Fi(C∗∗ ⊗K∗ C∗∗) =

∑
j+k=i

FjC
∗∗ ⊗K∗ FkC

∗∗.

Proposition 15.3.21 Let A∗ be a filtered algebra with filtration F = (FiA
∗)i∈Z and M∗ a left A∗-module with

structure map α : A∗ ⊗K∗ M∗ → M∗. Suppose that A∗ and M∗ are finite type and have skeletal topology so
that ϕ̂A

∗

M∗ : A∗∗ ⊗̂K∗ M∗ → Hom∗(A∗,M∗) is an isomorphism. We give A∗∗ the dual filtration (FiA
∗∗)i∈Z of F.

M∗ is an unstable A∗-module if and only if Λ(α) : M∗ → M∗ ⊗̂K∗ A∗∗ satisfies Λ(α)(M j) ⊂ M∗ ⊗̂K∗ F−jA
∗∗

for any j ∈ Z.

Proof. α(Fj−1A
∗⊗K∗M j) = {0} if and only if Φ(αTM∗,A∗∗(idM∗⊗K∗ κA∗, j−1))(M

j) = {0}. Hence the assertion
follows from the exactness of the bottom row and the commutativity of the following diagram.

M j M∗

Hom∗(A∗,M∗) Hom∗(Fj−1A
∗,M∗)

0 F−jA
∗∗ ⊗̂K∗ M∗ A∗∗ ⊗̂K∗ M∗ Hom∗(Fj−1A

∗,K∗) ⊗̂K∗ M∗

Φ(αTM∗,A∗ )
Φ(αTM∗,A∗ (idM∗⊗K∗κA∗, j−1))

κ∗
A∗, j−1

∼=
(
φ̂A

∗
M∗

)−1 ∼=
(
φ̂
Fj−1A

∗

M∗

)−1

κA∗∗,−j ⊗̂K∗ idM∗ κ∗
A∗, j−1 ⊗̂K∗ idM∗

Now, we give the definition of unstable comodules.

Definition 15.3.22 Let C∗ be a coalgebra in TopModK∗ with an increasing filtration F = (FiC
∗)i∈Z of sub-

spaces of C∗. A right C∗-comodule λ :M∗ →M∗ ⊗̂K∗ C∗ is called an unstable C∗-comodule with respect to F if
λ(M−j) ⊂ M∗ ⊗̂K∗ FjC

∗ for any j ∈ Z. We denote by UComod(C∗) the full subcategory of the category right
C∗-comodules consisting of unstable C∗-comodules.
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Remark 15.3.23 An unstable C∗-comodule M∗ is coconnective if F = (FiC
∗)i∈Z satisfies (f2∗) of (15.1.20)

and M∗ is complete. In fact, since F−nC
∗ = {0} if n ≧ 1, we have λ(Mn) ⊂ M∗ ⊗̂K∗ F−nC

∗ = {0}. Since
(idM∗ ⊗̂K∗ ε)λ : M∗ → M∗ ⊗̂K∗ K∗ coincides with the map given by x 7→ x ⊗̂ 1 which is an isomorphism,
λ(Mn) = {0} implies Mn = {0}.

Let C∗ be a coalgebra with a filtration (FiC
∗)i∈Z . It is clear that subcomodules and quotient comodules of

an unstable comodule are also unstable and that the sum and the product of unstable comodules are unstable.
Hence UComod(C∗) is complete and cocomplete and the inclusion functor JC∗ : UComod(C∗) → Comod(C∗)
preserves limits and colimits.

Proposition 15.3.24 The inclusion functor JC∗ : UComod(C∗)→ Comod(C∗) has a right adjoint.

Proof. Let M∗ be an object of Comod(C∗) and let us denote by UC∗(M∗) the set of all unstable subcomodules
of M∗. Since {0} ∈ UC∗(M∗), UC∗(M∗) is not empty. If (M∗

i )i∈I is a family of elements of UC∗(M∗), the
sum

∑
i∈I

M∗
i is contained in UC∗(M∗). Hence there exists the largest unstable subcomodule M∗

u of M∗. For

a homomorphism f : M∗ → N∗ of C∗-comodules, since the image of an unstable subcomodule of M∗ is
also unstable, f induces a homomorphism fu : M∗

u → W ∗
u . Thus we have a functor RC∗ : Comod(C∗) →

UComod(C∗) defined by RC∗(M∗) = M∗
u and RC∗(f) = fu. It is clear that RC∗JC∗ = idUComod(C∗). Let

η : idUComod(C∗) → RC∗JC∗ be the identity natural transformation. We denote by ε : JC∗RC∗ → idComod(C∗)

the natural transformation defined from the inclusion maps M∗
u → M∗. RC∗ is a right adjoint of JC∗ whose

unit and counit are η and ε, respectively.

Proposition 15.3.25 For a right C∗-comoduleM∗ with structure map λ :M∗ →M∗ ⊗̂K∗ C∗, define a subspace
M̃∗ of M∗ by M̃∗ =

∑
n∈Z

λ−1(M∗ ⊗̂K∗ F−nC
∗) ∩Mn. Assume that C∗ and M∗ are 1st countable Hausdorff

spaces. If (FiC
∗)i∈Z satisfies (f6∗), M̃∗ is the largest unstable subcomodule of M∗.

Proof. Take x ∈ λ−1(M∗ ⊗̂K∗ F−nC
∗) ∩Mn. Since (πC∗,m−n+1 ⊗̂K∗ um)δ(F−nC

∗) = {0} by (f6∗) for m ∈ Z
and λ(x) ∈M∗ ⊗̂K∗ F−nC

∗, we have the following equality.

(idM∗ ⊗̂K∗ πC∗,m−n+1 ⊗̂K∗ um)(λ ⊗̂K∗ idC∗)λ(x) = (idM∗ ⊗̂K∗ πC∗,m−n+1 ⊗̂K∗ um)(idM∗ ⊗̂K∗ δ)λ(x) = 0

We can put λ(x) =
∑
i∈N

xi ⊗̂ ci and λ(xi) =
∑
j∈N

xij ⊗̂ cij by (2.3.17) and (1.3.21). We may assume that

c1, c2, . . . , ci, . . . and xi1, xi2, . . . , xij , . . . are linearly independent. For k ∈ Z, we put I(k) = {i ∈N | deg xi = k}
and Ji(k) = {j ∈N | deg xij = k}. Then, the following equality holds for any m ∈ Z.

(idM∗ ⊗̂K∗ πC∗,m−n+1 ⊗̂K∗ um)(λ ⊗̂K∗ idC∗)λ(x) =
∑
i∈N

(idM∗ ⊗̂K∗ πC∗,m−n+1 ⊗̂K∗ um)(λ(xi) ⊗̂ ci)

=
∑

i∈I(n−m)

(idM∗ ⊗̂K∗ πC∗,m−n+1)(λ(xi)) ⊗̂K∗ ci =
∑

i∈I(n−m)

∑
j∈N

xij ⊗̂πC∗,m−n+1(cij) ⊗̂ ci

Hence we have
∑

i∈I(n−m)

∑
j∈Z

xij ⊗̂πC∗,m−n+1(cij) ⊗̂ ci = 0 for any k ∈ Z. Since we assume that ci’s are linearly

independent, it follows from (2.3.17) that
∑
j∈N

xij ⊗̂πC∗,m−n+1(cij) ⊗̂ ci = 0 holds for each i ∈ I(n − m). It

follows from (2.3.16) that we have
∑
j∈N

xij ⊗̂πC∗,m−n+1(cij) = 0 which implies πC∗,m−n+1(cij) = 0 by (2.3.17).

Therefore cij ∈ Fm−nC
∗ for i ∈ I(n −m) and j ∈ N and this means xi ∈ λ−1(M∗ ⊗̂K∗ Fm−nC

∗) ∩Mn−m.

Hence M̃∗ =
∑
n∈Z

λ−1(M∗ ⊗̂K∗ F−nC
∗)∩Mn is a subcomodule of M∗. It is clear from the definition of unstable

comodules that M̃∗ is the largest unstable subcomodule of M∗.

Proposition 15.3.26 Let C∗ be a coalgebra in TopModK∗ with filtration (FiC
∗)i∈Z which satisfies (f5∗) and

(f6∗) of (15.3.3) and M∗ a right C∗-comodule with structure map λ :M∗ →M∗ ⊗̂K∗ C∗. Assume that C∗ and
M∗ are 1st countable spaces. Let M̌∗ be a subspace of M∗ spanned by

⋃
n∈Z
{x ∈ Mn |λ(x) 6∈ M∗ ⊗̂K∗ F−nC

∗}.

Then, M̌∗ is a subcomodule of M∗.
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Let M∗ be a left C∗-comodule with structure map λ : M∗ → C∗ ⊗̂K∗ M∗ and N∗ an object of TopModK∗

which is complete. Let us denote by µ̃N∗ : K∗ ⊗K∗ N∗ → N∗ the isomorphism induced by the left K∗-module
structure of N∗. Define a map λ♯ : C∗∗⊗K∗ Hom∗(M∗, N∗)→ Hom∗(M∗, N∗) to be the following composition.

C∗∗ ⊗K∗ Hom∗(M∗, N∗)
ϕ−→ Hom∗(C∗ ⊗K∗ M∗,K∗ ⊗K∗ N∗)

µ̃N∗∗−−−→ Hom∗(C∗ ⊗K∗ M∗, N∗)

(η∗C∗⊗K∗M∗ )
−1

−−−−−−−−−−→ Hom∗(C∗ ⊗̂K∗ M∗, N∗)
λ∗

−→ Hom∗(M∗, N∗)

Then, Hom∗(M∗, N∗) is a left C∗∗-module.
Let H : Hom∗(M∗, N∗) → Hom∗(C∗∗,Hom∗(M∗, N∗) ⊗K∗ C∗∗) be the image of the identity map of

Hom∗(M∗, N∗)⊗K∗ C∗∗ by the adjoint map Φ from Homc
K∗(Hom∗(M∗, N∗)⊗K∗ C∗∗,Hom∗(M∗, N∗)⊗K∗ C∗∗)

to Homc
K∗(Hom∗(M∗, N∗),Hom∗(C∗∗,Hom∗(M∗, N∗)⊗K∗ C∗∗)). If

ϕ̂C
∗∗

Hom∗(M∗,N∗) : Hom
∗(C∗∗,K∗) ⊗̂K∗ Hom∗(M∗, N∗)→ Hom∗(C∗∗,Hom∗(M∗, N∗))̂

is an isomorphism, Λ(λ♯) : Hom∗(M∗, N∗)→ Hom∗(M∗, N∗) ⊗̂K∗ Hom∗(C∗∗,K∗) is the following composition.

Hom∗(M∗, N∗)
H−→ Hom∗(C∗∗,Hom∗(M∗, N∗)⊗K∗ C∗∗)

(THom∗(M∗,N∗),C∗∗ )∗−−−−−−−−−−−−−−→

Hom∗(C∗∗, C∗∗ ⊗K∗ Hom∗(M∗, N∗))
ϕ∗−→ Hom∗(C∗∗,Hom∗(C∗ ⊗K∗ M∗,K∗ ⊗K∗ N∗))

(µ̃N∗∗)∗−−−−−→

Hom∗(C∗∗,Hom∗(C∗ ⊗K∗ M∗, N∗))
(η∗C∗⊗K∗M∗ )

−1
∗

−−−−−−−−−−→ Hom∗(C∗∗,Hom∗(C∗ ⊗̂K∗ M∗, N∗))
(λ∗)∗−−−→

Hom∗(C∗∗,Hom∗(M∗, N∗))
ηHom∗(C∗∗,Hom∗(M∗,N∗))−−−−−−−−−−−−−−−−→ Hom∗(C∗∗,Hom∗(M∗, N∗))̂ (φ̂C

∗∗
Hom∗(M∗,N∗))

−1

−−−−−−−−−−−−→

Hom∗(C∗∗,K∗) ⊗̂K∗ Hom∗(M∗, N∗)
T̂Hom∗(C∗∗,K∗),Hom∗(M∗,N∗)−−−−−−−−−−−−−−−−−−→ Hom∗(M∗, N∗) ⊗̂K∗ Hom∗(C∗∗,K∗)

If C∗ is finite type and has skeletal topology, χC∗ : C∗ → Hom∗(C∗∗,K∗) is an isomorphism by (3.3.6). Then

(idHom∗(M∗,N∗) ⊗̂K∗ χ−1
C∗)Λ(λ

♯) : Hom∗(M∗, N∗)→ Hom∗(M∗, N∗) ⊗̂K∗ C∗

gives a right C∗-comodule structure on Hom∗(M∗, N∗).

Proposition 15.3.27 Suppose that C∗ is a coalgebra in TopModK∗ with a filtration (FiC
∗)i∈Z . We consider

the dual filtration (FiC
∗∗)i∈Z of (FiC

∗)i∈Z on C∗∗. Let M∗ be a left C∗-comodule with structure map λ :
M∗ → C∗ ⊗̂K∗ M∗. Then M∗∗ is an unstable C∗∗-module if and only if the image of λ : M∗ → C∗ ⊗̂K∗ M∗ is
contained in the kernel of πC∗, j+1 ⊗̂K∗ uj : C

∗ ⊗̂K∗ M∗ → C∗/FjC
∗ ⊗̂K∗ ιjεj(M

∗) for each j ∈ Z.

Proof. Suppose that M∗∗ is an unstable C∗∗-module. For D∗ ∈ VC∗ and U∗ ∈ VM∗ , let p : C∗ → C∗/D∗,
q : M∗ → M∗/U∗, p′ : C∗/D∗ → C∗/(D∗ + FjC

∗), p′′ : C∗/FjC
∗ → C∗/(D∗ + FjC

∗) be the quotient maps.
Since the following diagram commutes, it suffices to show that the image of (p⊗K∗ q)λ is contained in the kernel
of p′ ⊗K∗ uj .

M∗ C∗ ⊗̂K∗ M∗ C∗/FjC
∗ ⊗̂K∗ ιjεj(M

∗)

C∗/D∗ ⊗K∗ M∗/U∗ C∗/(D∗ + FjC
∗)⊗K∗ ιjεj(M

∗/U∗)

λ πC∗, j+1 ⊗̂K∗ uj

p⊗K∗q p′′⊗K∗ ιjϵj(q)

p′⊗K∗uj

Assume that there exists x ∈Mn such that (p⊗K∗ q)λ(x) 6∈ Ker(p′ ⊗K∗ uj). Put (p⊗K∗ q)λ(x) =
m∑
k=1

ck ⊗ xk
such that c1, c2, . . . , cm are linearly independent elements of C∗/D∗ and x1, x2, . . . , xm are non zero elements of

M∗/U∗. Since
m∑
k=1

p′(ck)⊗K∗ uj(xk) 6= 0, there exists k0 such that ck0 6∈ (D∗+FjC
∗)/D∗ and xk0 ∈ (M∗/U∗)j .

There exist α∈Homj−n(C∗/D∗,K∗) and β∈Hom−j(M∗/U∗,K∗) such that α([j−n], ck0)=1, α([j−n], ck)=0
for k 6= k0, α(Σ

j−n(D∗ + FjC
∗)/D∗) = 0 and β([−j], xk0) = 1. Since we have αΣj−np ∈ F−j−1C

∗∗ and
βΣ−jq ∈ (M∗∗)−j , λ♯(αΣj−np⊗K∗ βΣ−jq) = 0 holds by the assumption. On the other hand, we have

(λ♯(αΣj−np⊗ βΣ−jq))(x) = µ̃N∗∗(α⊗K∗ β)(Σj−np⊗K∗ Σ−jq)(τ j−n,−jC∗,M∗ )−1Σ−nλ([−n], x)

= (−1)j(j−n)α([j − n], ck0)β([−j], xk0) = (−1)j(j−n).
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This contradicts the assumption.
Conversely, suppose that the image of λ : M∗ → C∗ ⊗̂K∗ M∗ is contained in the kernel of πC∗, j+1 ⊗̂K∗ uj

for any j ∈ Z. For α ∈ (F−j−1C
∗∗)i and β ∈ (M∗∗)−j , there exist unique ᾱ ∈ Homi(C∗/FjC

∗,K∗) and
β̄ ∈ Hom−j(ιjεj(M

∗),K∗) such that α = π∗
C∗, j+1(ᾱ) and β = u∗j (β̄). Hence we have

λ♯(α⊗K∗ β) = µ̃N∗∗(ᾱ⊗K∗ β̄)(ΣiπC∗, j+1 ⊗K∗ Σ−juj)(τ
j−n,−j
C∗,M∗ )−1Σi−jλ

= µ̃N∗∗(ᾱ⊗K∗ β̄)(τ j−n,−jC∗/FjC∗,ιjϵj(M∗))
−1Σi−j((πC∗, j+1 ⊗̂K∗ uj)λ) = 0

which shows that M∗∗ is an unstable C∗∗-module.

Remark 15.3.28 Suppose that (FiC
∗)i∈Z satisfies (f5∗). Let δi : FiC

∗ → C∗ ⊗̂K∗ FiC
∗ the map obtained by

restricting the domain of the coproduct δ of C∗. We regard ΣnFiC
∗ as a left C∗ comodule with comultiplication

defined to be a composition ΣnFiC
∗ Σnδi−−−→ Σn(C∗ ⊗̂K∗ FiC

∗)
(τ̂0,n
C∗, FiC∗ )

−1

−−−−−−−−−→ C∗ ⊗̂K∗ ΣnFiC
∗. (15.3.27) implies

that Hom∗(ΣnFiC
∗,K∗) is an unstable C∗∗-module if and only if the image of the above composition is contained

in the kernel of πC∗, j+1 ⊗̂K∗ uj : C
∗ ⊗̂K∗ ΣnFiC

∗ → C∗/FjC
∗ ⊗̂K∗ ιjεj(Σ

nFiC
∗) for any j ∈ Z. The following

diagram is commutative by (1.2.6).

Σn(C∗ ⊗̂K∗FiC
∗) C∗ ⊗̂K∗ΣnFiC

∗ C∗/FjC
∗ ⊗̂K∗ιjεj(Σ

nFiC
∗)

Σn(C∗/FjC
∗ ⊗̂K∗ιj−nεj−n(FiC

∗)) C∗/FjC
∗ ⊗̂K∗Σnιj−nεj−n(FiC

∗)

(τ̂0,n
C∗, FiC∗ )

−1

Σn(πC∗, j+1 ⊗̂K∗uj−n)

πC∗, j+1 ⊗̂K∗uj

πC∗, j+1 ⊗̂K∗Σnuj−n(
τ̂0,n
C∗/FjC∗,ιj−nϵj−n(FiC

∗)

)−1

Therefore Hom∗(ΣnFiC
∗,K∗) is an unstable C∗∗-module if and only if the image of δi is contained in the

kernel of πC∗, j+1 ⊗̂K∗ uj−n : C∗ ⊗̂K∗ FiC
∗ → C∗/FjC

∗ ⊗̂K∗ ιj−nεj−n(FiC
∗) for any j ∈ Z. In particu-

lar, Hom∗(ΣiFiC
∗,K∗) is an unstable C∗∗-module if and only if the image of δi is contained in the kernel

of πC∗, j+1 ⊗̂K∗ uj−i : C∗ ⊗̂K∗ FiC
∗ → C∗/FjC

∗ ⊗̂K∗ ιj−iεj−i(FiC
∗) for any j ∈ Z. Thus we conclude that

Hom∗(ΣiFiC
∗,K∗) is an unstable C∗∗-module for any i ∈ Z if and only if (FiC

∗)i∈Z satisfies (f6∗).

Let us denote by UComods(C
∗) the full subcategory of UComod(C∗) consisting of objects whose underlying

topological vector spaces have the skeletal topology.
Suppose that C∗ satisfies (f5∗) and (f6∗) of (15.3.3). For M∗ ∈ Ob TopModK∗ and f ∈ Mor TopModK∗ , we

put

F(M∗) =
∑
n∈Z

Hom∗(F−nC
∗,K∗)⊗K∗ ιnεn(M

∗) and F(f) =
∑
n∈Z

idHom∗(F−nC∗,K∗) ⊗K∗ ιnεn(f).

Since the coproduct δ : C∗ → C∗ ⊗K∗ C∗ induces δn : F−nC
∗ → C∗ ⊗K∗ F−nC

∗, each summand of F(M∗) is a
left C∗∗-module with structure map

δ♯n ⊗K∗ idιnϵn(M∗) : C
∗∗ ⊗K∗ Hom∗(F−nC

∗,K∗)⊗K∗ ιnεn(M
∗)→ Hom∗(F−nC

∗,K∗)⊗K∗ ιnεn(M
∗).

It follows from (15.3.27) that ΣnHom∗(F−nC
∗,K∗) = Hom∗(Σ−nF−nC

∗,K∗) is an unstable C∗∗-module. Hence
ΣnHom∗(F−nC

∗,K∗)⊗K∗ ι0εn(M
∗) ∼= Hom∗(F−nC

∗,K∗)⊗K∗ ιnεn(M
∗) is an unstable C∗∗-module.

Assume that C∗ is finite type and it has the skeletal topology. Consider the followiing map.

(idHom∗(F−nC∗,K∗) ⊗̂K∗χ−1
C∗, K∗)Λ(δ

♯
n ⊗K∗ idιnϵn(M∗)) :

Hom∗(F−nC
∗,K∗)⊗K∗ ιnεn(M

∗)→ Hom∗(F−nC
∗,K∗)⊗K∗ ιnεn(M

∗) ⊗̂K∗C∗

Then, Hom∗(F−nC
∗,K∗)⊗K∗ ιnεn(M

∗) is an unstable C∗-comodule by (15.3.21). Clearly, if f is a morphism in
TopModK∗ , F(f) is a homomorphism of C∗-comodules. Thus we have a functor F : TopModK∗ → UComod(C∗).

Proposition 15.3.29 Assume that C∗ is finite type and has the skeletal topology. If F satisfies (f5∗) and
(f6∗) of (15.3.3), F : TopModK∗ → UComod(C∗) is a left adjoint of the forgetful functor O : UComod(C∗) →
TopModK∗ .
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Proof. Let εn ∈ Hom0(F−nC
∗,K∗) be the restriction of the counit of C∗. For M∗ ∈ Ob TopModK∗ define

ηM∗ :M∗ → OF(M∗) by ηM∗(x) = εn ⊗K∗ x if x ∈Mn.

For right C∗-comodules M∗ and N∗ with structure maps λ :M∗ →M∗ ⊗̂K∗ C∗ and ν : N∗ → N∗ ⊗̂K∗ C∗ ,
define a map γ :M∗ ⊗̂K∗ N∗ →M∗ ⊗̂K∗ N∗ ⊗̂K∗ C∗ to be the following composition.

M∗ ⊗̂K∗ N∗ λ ⊗̂K∗ ν−−−−−→M∗ ⊗̂K∗ C∗ ⊗̂K∗ N∗ ⊗̂K∗ C∗ idM∗ ⊗̂K∗ T̂C∗, N∗ ⊗̂K∗ idN∗
−−−−−−−−−−−−−−−−−−→

M∗ ⊗̂K∗ N∗ ⊗̂K∗ C∗ ⊗̂K∗ C∗ idM∗ ⊗̂K∗ idN∗ ⊗̂K∗ µ̂−−−−−−−−−−−−−−→M∗ ⊗̂K∗ N∗ ⊗̂K∗ C∗

Proposition 15.3.30 Let C∗ be a Hopf algebra in TopModK∗ with a filtration (FiC
∗)i∈Z . Suppose that

(FiC
∗)i∈Z satisfies (f9∗). If M∗ and N∗ are unstable C∗-comodules, so is M∗ ⊗̂K∗ N∗.

Proof. Let λ : M∗ → M∗ ⊗̂K∗ C∗ and ν : N∗ → N∗ ⊗̂K∗ C∗ be the structure maps of right comodules. Since
λ(M−j) ⊂M∗ ⊗̂K∗ FjC

∗ and ν(N j−n) ⊂ N∗ ⊗̂K∗ Fn−jC
∗ for any j, n ∈ Z, we have the following.

γ(M−j ⊗̂K∗N j−n) = (idM∗ ⊗̂K∗idN∗ ⊗̂K∗ µ̂)(idM∗ ⊗̂K∗ T̂C∗, N∗ ⊗̂K∗idN∗)(λ ⊗̂K∗ν)(M−j ⊗̂K∗N j−n)

⊂ (idM∗ ⊗̂K∗idN∗ ⊗̂K∗ µ̂)(idM∗ ⊗̂K∗ T̂C∗, N∗ ⊗̂K∗idN∗)(M∗ ⊗̂K∗FjC
∗ ⊗̂K∗N∗ ⊗̂K∗Fn−jC

∗)

= (idM∗ ⊗̂K∗idN∗ ⊗̂K∗ µ̂)(M∗ ⊗̂K∗N∗ ⊗̂K∗FjC
∗ ⊗̂K∗Fn−jC

∗)

⊂M∗ ⊗̂K∗N∗ ⊗̂K∗ FnC
∗

Therefore γ((M∗ ⊗̂K∗ N∗)−n) ⊂M∗ ⊗̂K∗N∗ ⊗̂K∗ FnC
∗ holds for any n ∈ Z.

15.4 Examples

We denote by A∗
p the mod p Steenrod algebra as before. Let Seqo be a subset of Seq consisting of sequences

(i1, i2, . . . , in, . . . ) such that ik = 0, 1 if k is odd.

Definition 15.4.1 ([18]) For I = (ε0, i1, ε1, . . . , in, εn) ∈ Seqo and an odd prime p, we put

dp(I) = −2(p− 1)

n∑
s=1

is −
n∑
s=0

εs, ep(I) = −
n∑
s=0

εs − 2

n∑
s=1

(is − pis+1 − εs).

For J = (j1, j2, . . . , jn) ∈ Seq, we put

d2(J) = |J | = −
n∑
s=1

js, e2(J) = −
n∑
s=1

(js − 2js+1).

Then ℘I = βε0℘i1βε1℘i2βε2 . . . ℘inβεn ∈ Adp(I)p for I ∈ Seqo and SqJ = Sqj1Sqj2 . . . Sqjn ∈ Ad2(J)2 for J ∈ Seq.
We call dp(I) the degree of I and ep(I) the excess of I.

Definition 15.4.2 ([18]) We say that I = (ε0, i1, ε1, . . . , in, εn, . . . ) ∈ Seqo is (p-)admissible if p is an odd
prime and is ≥ pis+1+εs for s = 1, 2, . . . . For p = 2, we say that I = (i1, i2, . . . , in, . . . ) ∈ Seq is (2-)admissible
if is ≥ 2is+1 for s = 1, 2, . . . . We denote by Seqp the subset of Seq consisting of p-admissible sequences.

Definition 15.4.3 Let FiA∗
p be a subspace of A∗

p spanned by{
℘I
∣∣ I ∈ Seqp, ep(I) ≦ i

}
if p 6= 2,

{
SqI
∣∣ I ∈ Seq2, e2(I) ≦ i

}
if p = 2.

Thus we have an increasing filtration Fp = (FiA∗
p)i∈Z on A∗

p. We call Fp the excess filtration.

Proposition 15.4.4 ([12]) (1) Q(E)℘(R) ∈ F|E|+2|R|A∗
p − F|E|+2|R|−1A∗

p for R ∈ Seq and E ∈ Seqb if p is an
odd prime. Sq(R) ∈ F|R|A∗

2 − F|R|−1A∗
2 for R ∈ Seq.

(2) {Q(E)℘(R)|E ∈ Seqb, R ∈ Seq, |E| + 2|R| ≦ i} is a basis of FiA∗
p for an odd prime p. {Sq(R)|R ∈

Seq, |R| ≦ i} is a basis of FiA∗
2.
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Clearly, Fp satisfies (f1) and (f2). It is shown in [22] that Fp satisfies (f5), (f6) and (f9). The following
result is a direct consequence of (1.16) of [22].

Proposition 15.4.5 Let i be a non-positive integer and ε = 0 or 1.
(1) Ej2i−εA∗

p = {0} if j > 2i(p− 1)− ε or 2i− ε+ j 6≡ 0,−2 modulo 2p.

(2) If p is an odd prime, E
2i(p−1)−ε
2i−ε A∗

p is a one dimensional vector space spanned by ρA∗
p,2i−ε(β

ε℘−i). EiiA∗
2

is a one dimensional vector space spanned by ρA∗
2 ,i
(Sq−i).

It follows from (15.4.5) that S(Fp) is the set of all non-positive integers and that cFp : S(Fp) → Z is given
by cFp(2i− ε) = 2i(p− 1)− ε (ε = 0, 1). Hence Fp satisfies (f4) and (f3) by (1) of (15.4.5). It is shown in (2.2)
of [22] that Fp satisfies (f7) and (f8). Thus we see the following.

Proposition 15.4.6 The excess filtration Fp of the Steenrod algebra A∗
p satisfies conditions (f1) ∼ (f9).

For E = (ε0, ε1, . . . , εn) ∈ Seqb and R = (r1, r2, . . . , rn) ∈ Seq, we define monomials τ(E) and ξ(R) of the
dual Steenrod algebra Ap∗ by τ(E) = τ ε0τ ε1 · · · τ εn , ξ(R) = ξr11 ξ

r2
2 · · · ξrnn for an odd prime p. We also define a

monomial ζ(R) of A2∗ by ζ(R) = ζr11 ζ
r2
2 · · · ζrnn . We put ‖R‖ = −|R| =

∑
i≧1

ri. The dual filtration F∗
p = (FiAp∗)

of Fp is given as follows.

Proposition 15.4.7 ([22]) {τ(E)ξ(R) |E ∈ Seqb, R ∈ Seq, ‖E‖+2‖R‖ ≦ i} is a basis of FiAp∗ if p is an odd
prime and {ζ(R) |R ∈ Seq, ‖R‖ ≦ i} is a basis of FiA2∗.

We call F∗
p the dual excess filtration of Ap∗. It follows from (15.1.27) that S(F∗

p) is the set of all non-negative
integers and that c∗F∗

p
(2i+ ε) = −cFp(−2i− ε) = 2i(p− 1) + ε (ε = 0, 1). Hence the results (15.1.16), (15.1.22),

(15.1.30), (15.1.31), (15.3.5), (15.3.7), (15.3.13) and (15.3.19) imply the following result.

Proposition 15.4.8 The dual excess filtration F∗
p of the dual Steenrod algebra Ap∗ satisfies conditions (f1∗) ∼

(f9∗).

We denote by Aevp∗ the polynomial part F p[ξ1, ξ2, . . . ] of Ap∗, in other words, Aevp∗ = Ap∗/(τ0, τ1, . . . , τn, . . . ).
For an odd prime p, we give a filtration Fev∗p = (FiAevp∗)i∈Z by FiAevp∗ = Aevp∗ ∩ FiAp∗. It follows from (15.1.15),
(15.1.21), (15.3.4) and (15.3.18) that Fev∗p satisfies (f1∗), (f2∗), (f5∗), (f6∗) and (f9∗). The following fact
follows from (15.4.7).

Proposition 15.4.9 For an odd prime p, {ξ(R) |R ∈ Seq, 2‖R‖ ≦ i} is a basis of FiAevp∗

For E = (ε0, ε1, . . . , ) ∈ Seqb and R = (r1, r2, . . . ) ∈ Seq, we put d∗p(E,R) =
∑
i≧0

εi(2p
i − 1) +

∑
i≧1

2ri(p
i − 1)

if p is an odd prime and d∗2(R) =
∑
i≧1

ri(2
i − 1). We denote d∗p(0, R) by d

∗
p(R). Then τ(E)ξ(R) ∈ Ap d∗p(E,R) if p

is an odd prime and ζ(R) ∈ A2 d∗2(R).

Proposition 15.4.10 (1) S(Fev∗p ) is the set of all non-negative even integers and c∗Fev∗p
: S(Fev∗p )→ Z is given

by c∗Fev∗p
(2i) = 2i(p− 1).

(2) Fev∗p satisfies (f3∗) and (f4∗).

Proof. (1) By (15.4.9), F2iAevp∗ = F2i+1Aevp∗ holds, which shows E∗
2i+1Aevp∗ = {0} for any i ∈ Z. Since ξi1 is an

element of F2iAevp∗ − F2i−1Aevp∗, we have E
2i(p−1)
2i Aevp∗ 6= {0}. Hence S(Fev∗p ) is the set of all non-negative even

integers. For R = (r1, r2, . . . ) ∈ Seq, since

d∗p(R) = 2(p− 1)
∑
j≧1

rj(p
j−1 + pj−2 + · · ·+ 1) = 2(p− 1)‖R‖+ 2p

∑
j≧2

rj(p
j−1 − 1) · · · (∗)

holds, we have d∗p(R) ≧ 2(p− 1)‖R‖ = 2i(p− 1) if ξ(R) ∈ F2iAevp∗ − F2i−1Aevp∗. It follows that Ej2iAevp∗ = {0} if
j < 2i(p− 1). Thus c∗Fev∗p

(2i) = 2i(p− 1).

(2) Since k + c∗Fev∗p
(k) = kp for k ∈ S(Fev∗p ), Fev∗p satisfies (f4∗). It follows from (∗) that d∗p(R) + 2‖R‖ =

2p‖R‖ + 2p
∑
i≧2

ri(p
i−1 − 1) ≡ 0 modulo 2p. Therefore (15.4.9) implies EjiAevp∗ = {0} if i + j 6≡ 0 modulo 2p,

equivalently, EjiAevp∗ = {0} if i+ j 6= k + c∗Fev∗p
(k) for any k ∈ S(Fev∗p ). Hence Fev∗p satisfies (f3∗).
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Lemma 15.4.11 E
2i(p−1)
2i Aevp∗ is a one dimensional vector space spanned by ρAevp∗,2i(ξ

i
1).

Proof. It follows from (15.4.9) that {ρAevp∗,2i(ξ(R)) | ‖R‖ = i, d∗p(R) = 2i(p − 1)} is a basis of E∗
2iAevp∗. For

R = (r1, r2, . . . ) ∈ Seq, it follows from (∗) in the proof of (15.4.10) that d∗p(R) = 2i(p− 1) + 2p
∑
j≧2

rj(p
j−1 − 1)

if ‖R‖ = i. Hence both ‖R‖ = i and d∗p(R) = 2i(p− 1) hold if and only if r1 = i and rj = 0 for j ≧ 2.

We define maps ρ : Seq→ Z and τ : Seq→ Seq as follows.

ρ((r0, r1, . . . , rn, . . . )) = r0!r1! · · · rn! · · · , τ((r0, r1, . . . , rn, . . . )) = (r1, r2, . . . , rn, . . . )

For a positive integer k, we put Seq[k] = {(r1, r2, . . . ) ∈ Seq | ri = 0 if i ≧ k + 1}. For positive integers k and p,
we also define a map σp,k : Seq[k + 1]→ Seq[k] by σp,k((r0, r1, . . . , rk)) = (rk−1p

k−1, rk−2p
k−2, . . . , r0).

Lemma 15.4.12 For R = (r1, r2, . . . ) ∈ Seq, the following equalities hold.

δ(ξ(R)) =
∑

(L1,L2,... )∈
∏
k≧1

Seq[k+1],(∥L1∥,∥L2∥,... )=R

ρ(R)

ρ(L1)ρ(L2) · · ·
ξ

(∑
k≧1

σp,k(Lk)

)
⊗ ξ
(
τ

(∑
k≧1

Lk

))

Proof. In fact, we have the following equality.

δ(ξ(R)) =
∏
k≧1

δ(ξk)
rk =

∏
k≧1

( k∑
l=0

ξp
l

k−l ⊗ ξl
)rk

=
∏
k≧1

( ∑
lk0+lk1+···+lkk=rk

rk!

lk0!lk1! · · · lkk!
ξlk0k ξlk1pk−1 · · · ξ

lk k−1p
k−1

1 ⊗ ξlk11 ξlk22 · · · ξ
lkk
k

)

=
∏
k≧1

( ∑
Lk∈Seq[k+1],∥Lk∥=rk

rk!

ρ(Lk)
ξ(σp,k(Lk))⊗ ξ(τ(Lk))

)

=
∑

(L1,L2,... )∈
∏
k≧1

Seq[k+1],(∥L1∥,∥L2∥,... )=R

ρ(R)

ρ(L1)ρ(L2) · · ·
ξ

(∑
k≧1

σp,k(Lk)

)
⊗ ξ
(
τ

(∑
k≧1

Lk

))

Proposition 15.4.13 δ̃
cFev∗p

(i)+j

i,j : E
c∗Fev∗p

(i)+j

i−j Aevp∗ → (E∗
iAevp∗⊗K∗ιjεj(Fi−jAevp∗))

c∗Fev∗p
(i)+j

is an isomorphism for
any i ∈ S(Fev∗p ), j ∈ Z. Hence Fev∗p satisfies (f7∗) and (f8∗).

Proof. Suppose that R = (r1, r2, . . . ) ∈ Seq satisfies ‖R‖ = i − j and d∗p(R) = 2i(p − 1) + 2j, namely∑
k≧1

rk = i − j and
∑
k≧1

2rk(p
k − 1) = 2i(p − 1) + 2j. Then, we have i =

∑
k≧1

rkp
k−1 and j =

∑
k≧2

rk(p
k−1 − 1).

Assume that, for k ≧ 1, Lk = (lk0, lk1, . . . , lkk) ∈ Seq[k + 1] satisfy (‖L1‖, ‖L2‖, . . . ) = R,
∥∥∥∑
k≧1

σp,k(Lk)
∥∥∥ ≧ i

and d∗p

(
τ
(∑
k≧1

Lk

))
= 2j. It follows from the calculation below, we have lkk = 0 for any k ≧ 1.

2‖R‖ = 2i− 2j ≦ 2

∥∥∥∥∑
k≧1

σp,k(Lk)

∥∥∥∥− d∗p(τ(∑
k≧1

Lk

))
=
∑
k≧1

k−1∑
s=0

2lksp
s −

∑
k≧1

k∑
s=1

2lks(p
s − 1)

= 2
∑
k≧1

(k−1∑
s=0

lksp
s −

k∑
s=0

lks(p
s − 1)

)
= 2

∑
k≧1

( k∑
s=0

lks − lkkpk
)

= 2‖R‖ − 2
∑
k≧1

lkkp
k

Hence d∗p

(
τ
(∑
k≧1

Lk

))
=
∑
k≧2

k−1∑
s=0

2lks(p
s − 1) holds. On the other hand, since

d∗p

(
τ

(∑
k≧1

Lk

))
= 2j =

∑
k≧2

2rk(p
k−1 − 1) =

∑
k≧2

2‖Lk‖(pk−1 − 1) =
∑
k≧2

k−1∑
s=0

2lks(p
k−1 − 1),

305



it follows that we have
∑
k≧2

k−1∑
s=0

2lks(p
k−1−ps) = 0 which implies that lks = 0 for k ≧ 2 and s = 0, 1, . . . , k−2 and

that rk = lk k−1 for k ≧ 1, in other words Lk = rkEk. We note that
∑
k≧1

σp,k(rkEk) =
(∑
k≧1

rkp
k−1
)
E1 = iE1

and
∑
k≧1

rkEk = R hold. We have the following equality for R = (r1, r2, . . . ) ∈ Seq which satisfies ‖R‖ = i − j

and d∗p(R) = 2i(p− 1) + 2j by (15.4.12) and the above argument.

(πAevp∗,2i⊗F pu2j)δ(ξ(R)) = πAevp∗,2i

(
ξ

(∑
k≧1

σp,k(rkEk)

))
⊗ u2j

(
ξ

(
τ

(∑
k≧1

rkEk

)))
= πAevp∗,2i(ξ

i
1)⊗ ξ(τ(R)) (∗)

Suppose that R = (r1, r2, . . . ) ∈ Seq satisfies ‖R‖ = i − j and d∗p(R) = 2i(p − 1) + 2j. Then we have

‖τ(R)‖ = ‖R‖ − r1 = i − j − r1 ≦ i − j and d∗p(τ(R)) =
∑
k≧2

2rk(p
k−1 − 1) = 2j. Hence τ maps a subset

{R ∈ Seq | ‖R‖ = i − j, d∗p(R) = 2i(p − 1) + 2j} of Seq maps into {R ∈ Seq | ‖R‖ ≦ i − j, d∗p(R) = 2j}. It is
clear that, if R = (r1, r2, . . . ), S = (s1, s2, . . . ) ∈ Seq satisfy τ(R) = τ(S) and ‖R‖ = ‖S‖ = i− j, then R = S.
For T = (t1, t2, . . . ) ∈ {R ∈ Seq | ‖R‖ ≦ i − j, d∗p(R) = 2j}, put R = (i − j − ‖T‖, t1, t2, . . . ). Then, τ(R) = T

and ‖R‖ = i− j. Since 2j =
∑
k≧1

2tk(p
k − 1), we have the following equality.

d∗p(R)− (2i(p− 1) + 2j) = 2(i− j − ‖T‖)(p− 1) +
∑
k≧1

2tk(p
k+1 − 1)− (2i(p− 1) + 2j)

=
∑
k≧1

2tk(p
k+1 − 1)−

∑
k≧1

2tk(p
k+1 − p)−

∑
k≧1

2tk(p− 1) = 0

Therefore τ maps a subset {R ∈ Seq | ‖R‖ = i − j, d∗p(R) = 2i(p − 1) + 2j} of Seq maps bijectively onto
{R ∈ Seq | ‖R‖ ≦ i − j, d∗p(R) = 2j}. Since {ρAevp∗,2i−2j(ξ(R)) |R ∈ Seq, ‖R‖ = i − j, d∗p(R) = 2i(p − 1) + 2j}
is a basis of E

2i(p−1)+2j
2i−2j Aevp∗ and {ξ(R) |R ∈ Seq, ‖R‖ ≦ i − j, d∗p(R) = 2j} is a basis of (F2i−2jAevp∗)2j by

(15.4.9), it follows from (15.4.11) and (∗) that δ̃
2i(p−1)+2j
2i,2j : E

2i(p−1)+2j
2i−2j Aevp∗ → E

2i(p−1)
2i Aevp∗ ⊗K∗ (F2i−2jAevp∗)2j

is an isomorphism. We note that E
c∗Fev∗p

(i)+j

i−j Aevp∗ = ιjεj(Fi−jAevp∗) = {0} if j is odd.

Let I2,n be an ideal of A2∗ generated by ζ2
n

1 , ζ2
n−1

2 , . . . , ζ2n and ζi for i ≧ n+ 1. For an odd prime p, let Ip,n

be an ideal of Ap∗ generated by ξp
n

1 , ξp
n−1

2 , . . . , ξpn and τi, ξi for i ≧ n+ 1 and Ievp,n an ideal of Aevp∗ generated by

ξp
n

1 , ξp
n−1

2 , . . . , ξpn and ξi for i ≧ n+ 1. We put

A2(n)∗ = A2∗/I2,n = F 2[ζ1, ζ2, . . . , ζn]/(ζ
2n

1 , ζ2
n−1

2 , . . . , ζ2n)

Ap(n)∗ = Ap∗/Ip,n = E(τ0, τ1, . . . , τn)⊗F pF p[ξ1, ξ2, . . . , ξn]/(ξ
pn

1 , ξp
n−1

2 , . . . , ξpn)

Aevp (n)∗ = Aevp∗/Ievp,n = F p[ξ1, ξ2, . . . , ξn]/(ξ
pn

1 , ξp
n−1

2 , . . . , ξpn).

We give Ap(n)∗ the quotient filtration F∗
p,n = (FiAp(n)∗)i∈Z of F∗

p = (FiAp∗)i∈Z and give Aevp (n)∗ the quotient
filtration Fev∗p,n = (FiAevp (n)∗)i∈Z of Fev∗p = (FiAevp∗)i∈Z . It follows from (15.1.15), (15.1.21), (15.3.4) and
(15.3.18) that F∗

p,n and Fev∗p,n satisfy (f1∗), (f2∗), (f5∗), (f6∗) and (f9∗).
We define a relation ≦ of Seq by

“(r1, r2, . . . ) ≦ (s1, s2, . . . ) if and only if ri ≦ si for all i = 1, 2, . . . ”.

We put Np,n = (pn− 1, pn−1− 1, . . . , p− 1, 0, 0, . . . ) and Bn = (

n+1︷ ︸︸ ︷
1, 1, . . . , 1, 0, 0, . . . ). The following result is clear

from (15.4.7).

Proposition 15.4.14 For an odd prime p, {τ(E)ξ(R) |E ∈ Seqb, R ∈ Seq, ‖E‖+2‖R‖ ≦ i, E ≦ Bn, R ≦ Np,n}
is a basis of FiAp(n)∗ and {ξ(R) |R ∈ Seq, 2‖R‖ ≦ i, R ≦ Np,n} is a basis of FiAevp (n)∗. Similarly, a basis of
FiA2(n)∗ is given by {ζ(R) |R ∈ Seq, ‖R‖ ≦ i, R ≦ N2,n}.
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Put Ap(n; k)∗ = E(τk) ⊗F p F p[ξk+1]/(ξ
pn−k

k+1 ), Aevp (n; k)∗ = F p[ξk+1]/(ξ
pn−k

k+1 ) for k = 0, 1, . . . , n − 1 and

Ap(n;n)∗ = E(τn) if p is an odd prime. We also put A2(n; k)∗ = F 2[ζk+1]/(ζ
2n−k

k+1 ) for k = 0, 1, . . . , n−1. Then,

Ap(n)∗ = Ap(n; 0)∗ ⊗F p Ap(n; 1)∗ ⊗F p · · · ⊗F p Ap(n;n− 1)∗ ⊗F p Ap(n;n)∗
Aevp (n)∗ = Aevp (n; 0)∗ ⊗F p Aevp (n; 1)∗ ⊗F p · · · ⊗F p Aevp (n;n− 1)∗

A2(n)∗ = A2(n; 0)∗ ⊗F p A2(n; 1)∗ ⊗F p · · · ⊗F p A2(n;n− 1)∗

Let FiAp(n; k)∗ be the subspace of Ap(n; k)∗ spanned by {τ εkξrk+1 | ε + 2r ≦ i} if k = 0, 1, . . . , n − 1 and
FiAp(n;n)∗ the subspace of Ap(n;n)∗ spanned by {τ εn | ε ≦ i}, which defines a filtration F∗

p,n,k=(FiAp(n; k)∗)i∈Z
of FiAp(n; k)∗. It is clear that E∗

ε+2rAp(n; k)∗ is one dimensional vector space spanned by the class of τ εkξ
r
k+1

if k = 0, 1, . . . , n− 1, ε = 0, 1 and r = 0, 1, . . . , pn−k − 1.
For k = 0, 1, . . . , n − 1, let FiAevp (n; k)∗ and FiA2(n; k)∗ be the subspaces of Aevp (n; k)∗ and A2(n; k)∗

spanned by {ξrk+1 | 2r ≦ i} and {ζrk+1 | r ≦ i}, respectively. Thus we have a filtration Fev∗p,n,k = (FiAevp (n; k)∗)i∈Z
of FiAevp (n; k)∗ and a filtration F∗

2,n,k = (FiA2(n; k)∗)i∈Z of FiA2(n; k)∗. It is clear that E∗
2rAevp (n; k)∗ is one

dimensional vector space spanned by the class of ξrk+1 for r = 0, 1, . . . , pn−k − 1 and that E∗
rA2(n; k)∗ is one

dimensional vector space spanned by the class of ζrk+1 for r = 0, 1, . . . , 2n−k − 1.

Lemma 15.4.15 The following assertions hold.
(1) S(F∗

p,n,k)={0, 1, 2, . . . , 2pn−k−1}, S(Fev∗p,n,k)={0, 2, 4, . . . , 2(pn−k−1)}, S(F∗
2,n,k)={0, 1, 2, . . . , 2n−k−1}.

(2) c∗Fp,n,k : S(F∗
p,n,k)→ Z is given by c∗F∗

p,n,k
(2i) = 2i(pk+1 − 1), c∗F∗

p,n,k
(2i+ 1) = 2i(pk+1 − 1) + 2pk − 1 if

k = 0, 1, . . . , n − 1 and c∗F∗
p,n,n

(0) = 0, c∗F∗
p,n,n

(1) = 2pn − 1. c∗Fev∗p,n,k
: S(Fev∗p,n,k)→ Z and c∗F∗

2,n,k
: S(F∗

2,n,k)→ Z

are given by c∗Fev∗p,n,k
(2i) = 2i(pk+1 − 1) and c∗F∗

2,n,k
(i) = i(2k+1 − 1), respectively.

Remark 15.4.16 c∗F∗
p,n,k

: S(F∗
p,n,k) → Z is also given by c∗F∗

p,n,k
(i) = i(pk+1 − 1) − 1− (−1)i

2
pk(p − 2) for

k = 0, 1, . . . , n− 1.

Proposition 15.4.17 Let p be an odd prime. The following assertiond hold.
(1) We have S(F∗

p,n) = {0, 1, 2, . . . , 2(p+ · · ·+ pn)− n+ 1}, S(Fev∗p,n ) = {0, 2, 4, . . . , 2(p+ p2 + · · ·+ pn − n)}
and S(F∗

2,n) = {0, 1, 2, . . . , 2n+1 − n− 2}.
(2) c∗F∗

p,n
: S(F∗

p,n)→ Z, c∗Fev∗p,n
: S(Fev∗p,n )→ Z and c∗F∗

2,n
: S(F∗

2,n)→ Z are given as follows.

c∗F∗
p,n

(i) =

s−1∑
k=0

c∗F∗
p,n,k

(2pn−k − 1) + c∗F∗
p,n,s

(
i−

s−1∑
k=0

(2pn−k − 1)

)
if

s−1∑
k=0

(2pn−k − 1) ≦ i ≦
s∑

k=0

(2pn−k − 1)

c∗Fev∗p,n
(i) =

s−1∑
k=0

c∗Fev∗p,n,k
(2(pn−k − 1)) + c∗Fev∗p,n,s

(
i−

s−1∑
k=0

2(pn−k − 1)

)
if

s−1∑
k=0

2(pn−k − 1) ≦ i ≦
s∑

k=0

2(pn−k − 1)

c∗F∗
2,n

(i) =

s−1∑
k=0

c∗F∗
2,n,k

(2n−k − 1) + c∗F∗
2,n,s

(
i−

s−1∑
k=0

(2n−k − 1)

)
if

s−1∑
k=0

(2n−k − 1) ≦ i ≦
s∑

k=0

(2n−k − 1)

Proof. (1) By (15.4.14), the following equalities hold.

FiAp(n)∗ =
∑

j0+j1+···+jn=i
Fj0Ap(n; 0)∗⊗F pFj1Ap(n; 1)∗⊗F p · · ·⊗F pFjn−1Ap(n;n− 1)∗⊗F pFjnAp(n;n)∗

FiAevp (n)∗ =
∑

j0+j1+···+jn−1=i

Fj0Aevp (n; 0)∗⊗F pFj1Aevp (n; 1)∗⊗F p · · ·⊗F pFjn−1
Aevp (n;n− 1)∗

FiA2(n)∗ =
∑

j0+j1+···+jn−1=i

Fj0A2(n; 0)∗⊗F pFj1A2(n; 1)∗⊗F p · · ·⊗F pFjn−1
A2(n;n− 1)∗
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Hence we have the following equalities by (15.1.32) and (15.4.15).

S(F∗
p,n) =

{
i ∈ Z

∣∣∣∣ i = n∑
k=0

jk for jk ∈ S(F∗
p,n,k) (k = 0, 1, 2, . . . , n)

}
= {0, 1, 2, . . . , 2(p+ p2 + · · ·+ pn)− n+ 1}

S(Fev∗p,n ) =

{
i ∈ Z

∣∣∣∣ i = n−1∑
k=0

jk for jk ∈ S(Fev∗p,n,k) (k = 0, 1, 2, . . . , n− 1)

}
= {0, 2, 4, . . . , 2(p+ p2 + · · ·+ pn − n)}

S(F∗
2,n) =

{
i ∈ Z

∣∣∣∣ i = n−1∑
k=0

jk for jk ∈ S(F∗
2,n,k) (k = 0, 1, 2, . . . , n− 1)

}
= {0, 1, 2, . . . , 2n+1 − n− 2}

(2) We have the following equalities by (15.1.32).

c∗F∗
p,n

(i) = min

{
m ∈ Z

∣∣∣∣m =

n∑
k=0

c∗F∗
p,n,k

(jk) for jk ∈ S(F∗
p,n,k) (k = 0, 1, 2, . . . , n) satisfying

n∑
k=0

jk = i

}

c∗Fev∗p,n
(i) = min

{
m ∈ Z

∣∣∣∣m =

n−1∑
k=0

c∗Fev∗p,n,k
(jk) for jk ∈ S(Fev∗p,n,k) (k = 0, 1, 2, . . . , n− 1) satisfying

n−1∑
k=0

jk = i

}

c∗F∗
2,n

(i) = min

{
m ∈ Z

∣∣∣∣m =

n−1∑
k=0

c∗F∗
2,n,k

(jk) for jk ∈ S(F∗
2,n,k) (k = 0, 1, 2, . . . , n− 1) satisfying

n−1∑
k=0

jk = i

}

Suppose that jk, lk ∈ S(F∗
p,n,k) (k = 0, 1, . . . , n) satisfy

n∑
k=0

jk =
n∑
k=0

lk = i and jk = lk if k 6= a, b for some

0 ≦ a < b ≦ n and ja > la. Then, lb − jb = ja − la and we have the following relations by (15.4.15).

n∑
k=0

c∗F∗
p,n,k

(lk)−
n∑
k=0

c∗F∗
p,n,k

(jk) = c∗F∗
p,n,a

(la) + c∗F∗
p,n,b

(lb)− c∗F∗
p,n,a

(ja)− c∗F∗
p,n,b

(jb)

= (lb − jb)(pb+1 − 1) + (la − ja)(pa+1 − 1)− 1

2
(−1)ja(1− (−1)la−ja)pa(p− 2)

− 1

2
(−1)jb(1− (−1)lb−jb)pb(p− 2) =

= (ja − la)(pb+1 − pa+1)− 1

2
(1− (−1)ja−la)(p− 2)((−1)japa + (−1)jbpb)

≧ pb+1 − pa+1 − (p− 2)(pa + pb) = 2(pb − pa(p− 1)) > 2(p− 1)(pb−1 − pa) ≧ 0

Similarly, if jk, lk ∈ S(Fev∗p,n,k) or jk, lk ∈ S(F∗
2,n,k) (k = 0, 1, . . . , n− 1) satisfy

n−1∑
k=0

jk =
n−1∑
k=0

lk = i and jk = lk if

k 6= a, b for some 0 ≦ a < b ≦ n and ja > la, the following relations hold.

n−1∑
k=0

c∗Fev∗p,n,k
(lk)−

n−1∑
k=0

c∗Fev∗p,n,k
(jk) = c∗Fev∗p,n,a

(la) + c∗Fev∗p,n,b
(lb)− c∗Fev∗p,n,a

(ja)− c∗Fev∗p,n,b
(jb)

= (lb − jb)(pb+1 − 1) + (la − ja)(pa+1 − 1) = (ja − la)(pb+1 − pa+1) > 0

n−1∑
k=0

c∗F∗
2,n,k

(lk)−
n−1∑
k=0

c∗F∗
2,n,k

(jk) = c∗F∗
2,n,a

(la) + c∗F∗
2,n,b

(lb)− c∗F∗
2,n,a

(ja)− c∗F∗
2,n,b

(jb)

= (lb − jb)(2b+1 − 1) + (la − ja)(2a+1 − 1) = (ja − la)(2b+1 − 2a+1) > 0

Assume that i ∈ S(F∗
p,n) satisfies

s−1∑
k=0

(2pn−k − 1) ≦ i ≦
s∑

k=0

(2pn−k − 1) for some 0 ≦ s ≦ n and that

(l0, l1, . . . , ln) ∈
n∏
k=0

S(F∗
p,n,k) satisfies

n∑
k=0

lk = i and c∗F∗
p,n

(i) =
n∑
k=0

c∗F∗
p,n,k

(lk). If lb > 0 for some b ≧ s+ 1, then

la < 2pn−a − 1 for some 0 ≦ a ≦ s − 1 or la < i −
s−1∑
k=0

(2pn−k − 1) for a = s. We put ja = la + 1, jb = lb − 1

and jk = lk for k 6= a, b. It follows from the above argument that
n∑
k=0

c∗F∗
p,n,k

(lk) >
n∑
k=0

c∗F∗
p,n,k

(jk) holds, which
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contradicts c∗F∗
p,n

(i) =
n∑
k=0

c∗F∗
p,n,k

(lk). Hence lk = 0 for s + 1 ≦ k ≦ n. Similarly, if ls > i −
s−1∑
k=0

(2pn−k − 1),

then la < 2pn−a − 1 for some 0 ≦ a ≦ s − 1. We put ja = la + 1, js = ls − 1 and jk = lk for k 6= a, s. Then,
n∑
k=0

c∗F∗
p,n,k

(lk) >
n∑
k=0

c∗F∗
p,n,k

(jk) holds and we have ls ≦ i−
s−1∑
k=0

(2pn−k−1). Since lk ≦ 2pn−k−1 for 0 ≦ k ≦ s−1

and lk = 0 for s+1 ≦ k ≦ n, we have
n∑
k=0

lk < i if lk < 2pn−k−1 for some 0 ≦ k ≦ s−1 or ls < i−
s−1∑
k=0

(2pn−k−1).

Therefore lk = 2pn−k − 1 for 0 ≦ k ≦ s− 1, ls = i−
s−1∑
k=0

(2pn−k − 1) and lk = 0 for s+ 1 ≦ k ≦ n. We can show

c∗Fev∗p,n
(i) =

s−1∑
k=0

c∗Fev∗p,n,k
(2(pn−k − 1)) + c∗Fev∗p,n,s

(
i −

s−1∑
k=0

2(pn−k − 1)
)
if
s−1∑
k=0

2(pn−k − 1) ≦ i ≦
s∑

k=0

2(pn−k − 1) and

c∗F∗
2,n

(i) =
s−1∑
k=0

c∗F∗
2,n,k

(2n−k − 1) + c∗F∗
2,n,s

(
i−

s−1∑
k=0

(2n−k − 1)
)
if
s−1∑
k=0

(2n−k − 1) ≦ i ≦
s∑

k=0

(2n−k − 1) by the similar

argument.

By (15.4.15) and the proof of (2) of (15.4.17), we see the following result.

Proposition 15.4.18 The following assertions hold.

(1) For i ∈ S(F∗
p,n) = {0, 1, 2, . . . , 2(p+ · · ·+pn)−n+1}, suppose that

s−1∑
l=0

(2pn−l−1) ≦ i ≦
s∑
l=0

(2pn−l−1) for

some s = 0, 1, . . . , n. We put ε(i) =
1− (−1)i+s

2
and r(i) =

1

2

(
i−ε(i)−

s−1∑
l=0

(2pn−l−1)
)
. Then, E

c∗F∗
p,n

(i)

i Ap(n)∗

is a one dimensional vector space spanned by ρAp(n)∗,i
(
τ0τ1 · · · τs−1τ

ε(i)
s ξp

n−1
1 ξp

n−1−1
2 · · · ξpn−s+1−1

s ξ
r(i)
s+1

)
.

(2) For i ∈ S(Fev∗p,n ) = {0, 2, 4, . . . , 2(p+p2+ · · ·+pn−n)}, suppose that
s−1∑
l=0

2(pn−l−1) ≦ i ≦
s∑
l=0

2(pn−l−1)

for some s = 0, 1, . . . , n−1. We put r(i) =
1

2

(
i−

s−1∑
l=0

2(pn−l−1)
)
. Then, E

c∗Fev∗p,n
(i)

i Aevp (n)∗ is a one dimensional

vector space spanned by ρAevp (n)∗,i

(
ξp
n−1

1 ξp
n−1−1

2 · · · ξpn−s+1−1
s ξ

r(i)
s+1

)
.

(3) For i ∈ S(F∗
2,n) = {0, 1, 2, . . . , 2n+1 − n − 2}, suppose that

s−1∑
l=0

(2n−l − 1) ≦ i ≦
s∑
l=0

(2n−l − 1) for some

s = 0, 1, . . . , n − 1. We put r(i) = i −
s−1∑
l=0

(2n−l − 1). Then, E
c∗F∗

2,n
(i)

i A2(n)∗ is a one dimensional vector space

spanned by ρA2(n)∗,i

(
ζ2
n−1

1 ζ2
n−1−1

2 · · · ζ2n−s+1−1
s ζ

r(i)
s+1

)
.

Proposition 15.4.19 F∗
p,n, F

ev∗
p,n and F∗

2,n satisfy (f4∗).

Proof. For i, i + 1 ∈ S(F∗
p,n), there exits 0 ≦ s ≦ n such that

s−1∑
k=0

(2pn−k − 1) ≦ i <
s∑

k=0

(2pn−k − 1). Then we

have the following equality by (15.4.17) and (15.4.15).

c∗F∗
p,n

(i+ 1)− c∗F∗
p,n

(i) = c∗F∗
p,n,s

(
i+ 1−

s−1∑
k=0

(2pn−k − 1)

)
− c∗F∗

p,n,s

(
i−

s−1∑
k=0

(2pn−k − 1)

)

= ps+1 − 1− (−1)i+sps(p− 2) =

{
2ps − 1 i+ s is even

2ps(p− 1)− 1 i+ s is odd

Hence c∗F∗
p,n

(i+ 1)− c∗F∗
p,n

(i) > 0 and F∗
p,n satisfies (f4∗).

For i, i+ 2 ∈ S(Fev∗p,n ), there exits 0 ≦ s ≦ n− 1 such that
s−1∑
k=0

2(pn−k − 1) ≦ i <
s∑

k=0

2(pn−k − 1). Then,

c∗Fev∗p,n
(i+ 2)− c∗Fev∗p,n

(i) = c∗Fev∗p,n,s

(
i+ 2−

s−1∑
k=0

2(pn−k − 1)

)
− c∗Fev∗p,n,s

(
i−

s−1∑
k=0

2(pn−k − 1)

)
= 2(ps+1 − 1) > 0.
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For i, i+ 1 ∈ S(F∗
2,n), there exits 0 ≦ s ≦ n− 1 such that

s−1∑
k=0

(2n−k − 1) ≦ i <
s∑

k=0

(2n−k − 1). Then,

c∗F∗
2,n

(i+ 1)− c∗F∗
2,n

(i) = c∗F∗
2,n,s

(
i+ 2−

s−1∑
k=0

(2n−k − 1)

)
− c∗F∗

2,n,s

(
i−

s−1∑
k=0

(2n−k − 1)

)
= 2s+1 − 1 > 0.

Therefore Fev∗p,n and F∗
2,n also satisfy (f4∗).

Remark 15.4.20 (1) For k ∈ S(F∗
p,n), suppose that

s−1∑
l=0

(2pn−l−1) ≦ k ≦
s∑
l=0

(2pn−l−1) for some s = 0, 1, . . . , n.

We put m = k −
s−1∑
l=0

(2pn−l − 1), then 0 ≦ m ≦ 2pn−s − 1 and we have the following equality.

k + c∗F∗
p,n

(k) =

s−1∑
l=0

(2pn−l − 1 + c∗Fp,n,l(2p
n−l − 1)) + k −

s−1∑
l=0

(2pn−l − 1) + c∗F∗
p,n,s

(
k −

s−1∑
l=0

(2pn−l − 1)

)

=

s−1∑
l=0

(2pn+1 − 2pl(p− 1)) +m+m(ps+1 − 1)− 1− (−1)m

2
ps(p− 2)

= 2spn+1 − 2(ps − 1) +mps+1 − 1− (−1)m

2
ps(p− 2) =

{
2spn+1 + (mp− 2)ps + 2 m is even

2spn+1 + (mp− p)ps + 2 m is odd

For k ∈ S(Fev∗p,n ), suppose that
s−1∑
l=0

2(pn−l − 1) ≦ k ≦
s∑
l=0

2(pn−l − 1) for some s = 0, 1, . . . , n − 1. We put

m = k −
s−1∑
l=0

2(pn−l − 1), then 0 ≦ m ≦ 2(pn−s − 1) and we have the following equality.

k + c∗Fev∗p,n
(k) =

s−1∑
l=0

(2(pn−l − 1) + c∗Fevp,n,l(2(p
n−l − 1))) + k −

s−1∑
l=0

2(pn−l − 1) + c∗Fev∗p,n,s

(
k −

s−1∑
l=0

2(pn−l − 1)

)

=

s−1∑
l=0

(2(pn−l − 1) + 2(pn−l − 1)(pl+1 − 1)) +m+m(ps+1 − 1)

=

s−1∑
l=0

2(pn+1 − pl+1) +mps+1 = 2spn+1 +mps+1 −
s−1∑
l=0

2pl+1

For k ∈ S(F∗
2,n), suppose that

s−1∑
l=0

(2n−l − 1) ≦ k ≦
s∑
l=0

(2n−l − 1) for some s = 0, 1, . . . , n − 1. We put

m = k −
s−1∑
l=0

(2n−l − 1), then 0 ≦ m ≦ 2n−s − 1 and we have the following equality.

k + c∗F∗
2,n

(k) =

s−1∑
l=0

(2n−l − 1 + c∗F2,n,l
(2n−l − 1)) + k −

s−1∑
l=0

(2n−l − 1) + c∗F∗
2,n,s

(
k −

s−1∑
l=0

(2n−l − 1)

)

=

s−1∑
l=0

(2n−l − 1 + (2n−l − 1)(2l+1 − 1)) +m+m(2s+1 − 1)

=

s−1∑
l=0

(2n+1 − 2l+1) +m2s+1 = s2n+1 + (m− 1)2s+1 + 2

(2) {ρAp(n)∗,i(τ(E)ξ(R)) |E ∈ Seqb, R ∈ Seq, ‖E‖+2‖R‖ = i, d∗p(E,R) = j, E ≦ Bn, R ≦ Np,n} is a basis of

EjiAp(n)∗. Suppose that E ∈ Seqb and R ∈ Seq satisfy ‖E‖+ 2‖R‖ = i, d∗p(E,R) = j, E ≦ Bn and R ≦ Np,n.
Put E = (ε0, ε1, . . . , εn), R = (r1, r2, . . . , rn) and tl = εl + rl. Then, we have the following equality.

i+ j = ‖E‖+ 2‖R‖+ d∗p(E,R) =
n∑
l=0

2εlp
l +

n∑
l=1

2rlp
l = 2ε0 + 2

n∑
l=1

tlp
l · · · (i)
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Note that tl takes values in {0, 1, 2, . . . , pn−l+1} for l = 1, 2, . . . , n. For a non-negative integer k which is less than

npn, we assume that there exist integers t1, t2, . . . , tn such that k =
n∑
l=1

tlp
l−1 and tl ≦ pn−l+1 for l = 1, 2, . . . , n.

Since
n∑
l=1

tlp
l−1 = npn if and only if tl = pn−l+1 for l = 1, 2, . . . , n, there exists an integer 1 ≦ m ≦ n such that

tm < pn−m+1 and tl = pn−l+1 for l = 1, 2, . . . ,m− 1. We put sl = tl−p+1 for l = 1, 2, . . . ,m− 1, sm = tm+1
and sl = tl for l = m+ 1,m+ 2, . . . , n. Then,
n∑
l=1

slp
l−1 =

m−1∑
l=1

(tl − p+ 1)pl−1 + (tm + 1)pm−1 +
n∑

l=m+1

tlp
l−1 =

n∑
l=1

tlp
l−1 + pm−1 − (p− 1)

m−1∑
l=1

pl−1 = k + 1.

Hence
n∑
l=1

tlp
l−1 takes every integers between 0 and npn. It follows from (i) that EjiAp(n)∗ 6= {0} if and only if

i+ j ≡ 0 or 2 modulo 2p and 0 ≦ i+ j ≦ 2npn+1 + 2.
{ρAevp (n)∗,i(ξ(R)) |R ∈ Seq, 2‖R‖ = i, d∗p(R) = j, R ≦ Np,n} is a basis of EjiAevp (n)∗. Suppose that R ∈ Seq

satisfy 2‖R‖ = i, d∗p(R) = j and R ≦ Np,n. Put R = (r1, r2, . . . , rn). Then, we have the following equality.

i+ j = 2‖R‖+ d∗p(R) =
n∑
l=1

2rlp
l · · · (ii).

Note that rl takes values in {0, 1, 2, . . . , pn−l+1−1} for l = 1, 2, . . . , n. For a non-negative integer k which is less

than npn−
n∑
l=1

pl−1, we assume that there exist integers r1, r2, . . . , rn such that k =
n∑
l=1

rlp
l−1 and rl ≦ pn−l+1−1

for l = 1, 2, . . . , n. Since
n∑
l=1

rlp
l−1 = npn −

n∑
l=1

pl−1 if and only if rl = pn−l+1 − 1 for l = 1, 2, . . . , n, there

exists an integer 1 ≦ m ≦ n such that rm < pn−m+1 − 1 and rl = pn−l+1 − 1 for l = 1, 2, . . . ,m − 1. We put
sl = rl − p+ 1 for l = 1, 2, . . . ,m− 1, sm = rm + 1 and sl = rl for l = m+ 1,m+ 2, . . . , n. Then,
n∑
l=1

slp
l−1 =

m−1∑
l=1

(rl − p+ 1)pl−1 + (rm + 1)pm−1 +
n∑

l=m+1

rlp
l−1 =

n∑
l=1

rlp
l−1 + pm−1 − (p− 1)

m−1∑
l=1

pl−1 = k + 1.

Hence
n∑
l=1

rlp
l−1 takes every integers between 0 and npn−1−

n∑
l=1

pl−1. It follows from (ii) that EjiAevp (n)∗ 6= {0}

if and only if i+ j ≡ 0 modulo 2p and 0 ≦ i+ j ≦ 2npn −
n∑
l=1

2pl.

{ρA2(n)∗,i(ζ(R)) |R ∈ Seq, 2‖R‖ = i, d∗2(R) = j, R ≦ N2,n} is a basis of EjiA2(n)∗. Suppose that R ∈ Seq
satisfy ‖R‖ = i, d∗2(R) = j and R ≦ N2,n. Put R = (r1, r2, . . . , rn). Then, we have the following equality.

i+ j = ‖R‖+ d∗2(R) =
n∑
l=1

rl2
l · · · (ii).

Note that rl takes values in {0, 1, 2, . . . , 2n−l+1−1} for l = 1, 2, . . . , n. For a non-negative integer k which is less

than n2n−
n∑
l=1

2l−1, we assume that there exist integers r1, r2, . . . , rn such that k =
n∑
l=1

rl2
l−1 and rl ≦ 2n−l+1−1

for l = 1, 2, . . . , n. Since
n∑
l=1

rl2
l−1 = (n − 1)2n + 1 if and only if rl = 2n−l+1 − 1 for l = 1, 2, . . . , n, there

exists an integer 1 ≦ m ≦ n such that rm < 2n−m+1 − 1 and rl = 2n−l+1 − 1 for l = 1, 2, . . . ,m − 1. We put
sl = rl − 2 + 1 for l = 1, 2, . . . ,m− 1, sm = rm + 1 and sl = rl for l = m+ 1,m+ 2, . . . , n. Then,

n∑
l=1

sl2
l−1 =

m−1∑
l=1

(rl − 1)2l−1 + (rm + 1)2m−1 +
n∑

l=m+1

rl2
l−1 =

n∑
l=1

rl2
l−1 + 2m−1 −

m−1∑
l=1

2l−1 = k + 1.

Hence
n∑
l=1

rl2
l−1 takes every integers between 0 and (n− 1)2n + 1. It follows from (ii) that EjiA2(n)∗ 6= {0} if

and only if i+ j is even and 0 ≦ i+ j ≦ (n− 1)2n+1 + 2.
(3) It follows from the above results that F∗

p,n, F
ev∗
p,n and F∗

2,n do not satisfy (f3∗) unless n = 1.

We consider Hopf subalgebras Ap〈k〉∗ of Ap∗ introduced in [24] which are defined by

Ap〈k〉∗ =


F 2

[
ζ2
k

1 , ζ2
k

2 , . . . , ζ2
k

n , . . .
]

if p = 2

E(τ0)⊗F pF p
[
ξp1 , ξ

p
2 , . . . , ξ

p
n, . . .

]
if p is an odd prime and k = 1

F p
[
ξp
k

1 , ξp
k

2 , . . . , ξp
k

n , . . .
]

if p is an odd prime and k ≧ 2.
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Then Ap〈k〉∗ is a Hopf subalgebra of Ap∗. We give a filtration Fp〈k〉∗ = (FiAp〈k〉∗)i∈Z of Ap〈k〉∗ by restricting
F∗
p to Ap〈k〉∗, namely, FiAp〈k〉∗ = Ap〈k〉∗ ∩ FiAp∗. It follows from (15.1.15), (15.1.21), (15.3.4) and (15.3.18)

that Fp〈k〉∗ satisfies (f1∗), (f2∗), (f5∗), (f6∗) and (f9∗). We see the following result from (15.4.7).

Proposition 15.4.21 If p is an odd prime, {τ ε0 ξ(pR) | ε = 0, 1, R ∈ Seq, ε+ 2p‖R‖ ≦ i} is a basis of FiAp〈1〉∗
and {ξ(pkR) |R ∈ Seq, 2pk‖R‖ ≦ i} is a basis of Ap〈k〉∗ for k ≧ 2. {ζ(2kR) |R ∈ Seq, 2k‖R‖ ≦ i} is a basis of
A2〈k〉∗ for k ≧ 1.

The above result result immediately implies the following.

Proposition 15.4.22 Let p be an odd prime. Then, we have S(Fp〈1〉∗) = {2ip + ε | ε = 0, 1, i = 0, 1, 2, . . . }
and S(Fp〈k〉∗) = {2ipk | i = 0, 1, 2, . . . } if k ≧ 2. We also have S(F2〈k〉∗) = {i2k | i = 0, 1, 2, . . . }.

Proposition 15.4.23 The map c∗Fp⟨k⟩∗ : S(Fp〈k〉∗)→ Z is given as follows. c∗Fp⟨1⟩∗(2ip+ 1) = 2ip(p− 1) + 1,

c∗Fp⟨k⟩∗(2ip
k) = 2ipk(p− 1), for i = 0, 1, 2, . . . , k ≧ 1 if p is an odd prime and c∗F2⟨k⟩∗(i2

k) = i2k. Hence Fp〈k〉∗

satisfies (f4∗).

Proof. It follows from (15.4.21) that {ρAp⟨1⟩∗,2ip+ε(τ ε0 ξ(pR)) | ε = 0, 1, R ∈ Seq, ‖R‖ = i} is a basis of
E∗

2ip+εAp〈1〉∗. If R = (r1, r2, . . . ) and ‖R‖ = i, we have the following equality.

deg ρAp⟨1⟩∗,2ip+ε(τ
ε
0 ξ(pR) = ε+

∑
s≧1

2rsp(p
s − 1) = ε+ 2p2

(
i−
∑
s≧2

rs

)
+
∑
s≧2

2rsp
s+1 − 2ip

= ε+ 2ip(p− 1) +
∑
s≧2

2rsp
2(ps−1 − 1)

Hence the degree of ρAp⟨1⟩∗,2ip+ε(τ
ε
0 ξ(pR)) takes the minimum value ε + 2ip(p − 1) if and only if rs = 0 for

s ≧ 2. Thus we have c∗Fp⟨1⟩∗(2ip+ ε) = 2ip(p− 1) + ε for ε = 0, 1 and i = 0, 1, 2, . . . .

Assume that k ≧ 2. It follows from (15.4.21) that {ρAp⟨k⟩∗,2ipk(ξ(pkR)) |R ∈ Seq, ‖R‖ = i} is a basis of
E∗

2ipkAp〈k〉∗. If R = (r1, r2, . . . ) and ‖R‖ = i, we have the following equality.

deg ρAp⟨k⟩∗,2ipk(ξ(p
kR)) =

∑
s≧1

2rsp
k(ps − 1) = 2pk+1

(
i−
∑
s≧2

rs

)
+
∑
s≧2

2rsp
k+s − 2ipk

= 2ipk(p− 1) +
∑
s≧2

2rsp
k+1(ps−1 − 1)

Hence the degree of ρAp⟨k⟩∗,2ipk(ξ(p
kR)) takes the minimum value 2ipk(p − 1) if and only if rs = 0 for s ≧ 2.

Thus we have c∗Fp⟨k⟩∗(2ip
k) = 2ipk(p− 1) for i = 0, 1, 2, . . . .

Assume that k ≧ 1. It follows from (15.4.21) that {ρA2⟨k⟩∗,i2k(ζ(2
kR)) |R ∈ Seq, ‖R‖ = i} is a basis of

E∗
i2kA2〈k〉∗. If R = (r1, r2, . . . ) and ‖R‖ = i, we have the following equality.

deg ρA2⟨k⟩∗,i2k(ζ(2
kR)) =

∑
s≧1

rs2
k(2s − 1) =

∑
s≧1

rs2
k+s − i2k = 2k+1

(
i−
∑
s≧2

rs

)
+
∑
s≧2

rs2
k+s − i2k

= i2k +
∑
s≧2

rs2
k+1(2s−1 − 1)

Hence the degree of ρA2⟨k⟩∗,i2k(ζ(2
kR)) takes the minimum value i2k if and only if rs = 0 for s ≧ 2. Thus we

have c∗F2⟨k⟩∗(i2
k) = i2k for i = 0, 1, 2, . . . .

We have the following result from the proof of (15.4.23).

Proposition 15.4.24 E
c∗Fp⟨1⟩∗ (2ip+ε)

2ip+ε Ap〈1〉∗ is a one dimensional vector space spanned by ρAp⟨1⟩∗,2ip+ε(τ
ε
0 ξ
ip
1 ).

E
c∗Fp⟨k⟩∗ (2ip

k)

2ipk
Ap〈k〉∗ is a one dimensional vector space spanned by ρAp⟨k⟩∗,2ipk(ξ

ipk

1 ). E
c∗F2⟨k⟩∗ (i2

k)

i2k
A2〈k〉∗ is a

one dimensional vector space spanned by ρA2⟨k⟩∗,i2k(ζ
i2k

1 ).
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Proposition 15.4.25 Fp〈k〉∗ satisfies (f3∗).

Proof. Since 2ip+ ε+ c∗Fp⟨1⟩∗(2ip+ ε) = 2ip2 + 2ε by (15.4.23), the image of a map S(Fp〈1〉∗)→ Z defined by

k 7→ k + c∗Fp⟨1⟩∗(k) is {n ∈ Z |n ≧ 0, n ≡ 0 or 2 modulo 2p2}. It follows from (15.4.21) that{
ρAp⟨1⟩∗,2ip+ε(τ

ε
0 ξ(pR))

∣∣∣∣R = (r1, r2, . . . ) ∈ Seq, ‖R‖ = i, j = ε+ 2ip(p− 1) +
∑
s≧2

2rsp
2(ps−1 − 1)

}

is a basis of Ej2ip+εAp〈1〉∗. Hence EjiAp〈1〉∗ = {0} if i+ j 6≡ 0, 2 modulo 2p2.

Since 2ipk + c∗Fp⟨k⟩∗(2ip
k) = 2ipk+1 by (15.4.23), the image of a map S(Fp〈k〉∗) → Z defined by k 7→

k + c∗Fp⟨1⟩∗(k) is {n ∈ Z |n ≧ 0, n ≡ 0 modulo 2pk+1}. It follows from (15.4.21) that{
ρAp⟨k⟩∗,2ipk(ξ(p

kR))

∣∣∣∣R = (r1, r2, . . . ) ∈ Seq, ‖R‖ = i, j = 2ipk(p− 1) +
∑
s≧2

2rsp
k+1(ps−1 − 1)

}

is a basis of Ej
2ipk
Ap〈k〉∗. Hence EjiAp〈k〉∗ = {0} if i+ j 6≡ 0 modulo 2pk+1.

Since i2k+c∗F2⟨k⟩∗(i2
k) = i2k+1 by (15.4.23), the image of a map S(F2〈k〉∗)→ Z defined by k 7→ k+c∗F2⟨1⟩∗(k)

is {n ∈ Z |n ≧ 0, n ≡ 0 modulo 2k+1}. It follows from (15.4.21) that{
ρA2⟨k⟩∗,i2k(ζ(2

kR))

∣∣∣∣R = (r1, r2, . . . ) ∈ Seq, ‖R‖ = i, j = i2k +
∑
s≧2

rs2
k+1(2s−1 − 1)

}

is a basis of Ej
i2k
A2〈k〉∗. Hence EjiA2〈k〉∗ = {0} if i+ j 6≡ 0 modulo 2k+1.

Let FiÃ
∗
p∞ be the subspace of Ã∗

p∞ spanned by

{xi1j1xi2j2 · · ·xinjn | j1 + j2 + · · ·+ jn ≤ i}.

By this definition and (14.2.5), (14.2.6), it is easy to verify the following assertions.

Proposition 15.4.26 (1) The filtration (FiÃ
∗
p∞)i∈Z on Ã∗

p∞ satisfies the conditions (f9), (f1∗), (f0), (f3),
(f5∗), (f6∗), (f3∗).

(2) ρp(FiÃ
∗
p∞) = FiAp∗.

Let FiA
∗
p∞ be the subspace of A∗

p∞ spanned by{
xk11xk21 · · ·xkm1xi1j1xi2j2 · · ·xinjn

∣∣∣∣∣m+ 2

n∑
s=1

pjs−2 ≤ i, j1, j2, . . . , jn ≥ 2

}
if p 6= 2

{
xi1j1xi2j2 · · ·xinjn

∣∣∣∣∣
n∑
s=1

2js−1 ≤ i

}
if p = 2.

By this definition and (14.2.7), (14.2.8), it is easy to verify the following assertions.

Proposition 15.4.27 (1) The filtration (FiA
∗
p∞)i∈Z on A∗

p∞ satisfies the conditions (f9), (f1∗), (f0), (f3),
(f5∗), (f6∗), (f3∗), (c4).

(2) ρp(FiA
∗
p∞) = FiAp∗.

Proposition 15.4.28 If p is an odd prime, then for ε = 0, 1 and s = 0, 1, 2, . . . ,xε21∏
j≥2

x
mj
j+1 j

∣∣∣∣∣∣
∑
j≥2

mjp
j−2 = s


is a basis of E

2s(p−1)+ε
2s+ε A∗

p∞. For s = 0, 1, 2, . . . ,∏
j≥1

x
mj
j+1 j

∣∣∣∣∣∣
∑
j≥2

mj2
j−1 = s


is a basis of EssA

∗
2∞.
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15.5 Division functor

We assume that K∗ is a field such that Ki = {0} if i 6= 0. Let us denote byModsK∗ the category of topological
graded K∗-modules with skeletal topology and linear maps. We also denote by ModcsK∗ a full subcategory
of ModsK∗ whose objects are 1-coconnected. Define a functor Tr : ModsK∗ → ModcsK∗ as follows. For M∗ ∈
ObModsK∗ , put Tr(M∗) = M∗/

∑
n≧1

Mn. Let πM∗ : M∗ → Tr(M∗) be the quotient map. For a morphism

f :M∗ → N∗ ofModsK∗ , let Tr(f) : Tr(M∗)→ Tr(N∗) be unique morphism that makes the following diagram
commute.

M∗ N∗

Tr(M∗) Tr(N∗)

f

πM∗ πN∗

Tr(f)

Let I : ModcsK∗ → ModsK∗ be the inclusion functor. Then, the quotient maps πM∗ : M∗ → Tr(M∗) define a
natural transformation π : idMods

K∗ → ITr. We denote Hom∗(M∗,K∗) by M∗∗ below.

Proposition 15.5.1 Let M∗ be an object ofModcsK∗ . Define a functor TM∗ :ModcsK∗ →ModcsK∗ by TM∗(N∗) =
M∗ ⊗K∗ N∗ and TM∗(f) = idM∗ ⊗K∗ f for an object N∗ and a morphism f of ModcsK∗ . If M∗ is coconnective
and finite type, then TM∗ has a left adjoint.

Proof. Let χM∗,K∗ : M∗ → Hom∗(M∗∗,K∗) be the double dual isomorphism (3.3.6). We note that M∗∗ has
skeletal topology by (3.1.36). Since both Hom∗(M∗∗,K∗) and N∗ are coconnective and have skeletal topology,
Hom∗(M∗∗,K∗)⊗K∗N∗ is complete by (2.3.3). Hence it follows from (4.1.8) that we have a natural isomorphism
ϕM

∗∗

N∗ : Hom∗(M∗∗,K∗)⊗K∗ N∗ → Hom∗(M∗∗, N∗). Then, for an object L∗ ofModcsK∗ , it follows from (3.2.6)
that there is an adjoint isomorphism

ΦL∗,M∗∗,N∗ : Homc
K∗(L∗ ⊗K∗ M∗∗, N∗)→ Homc

K∗(L∗,Hom∗(M∗∗, N∗)).

Since N∗ is 1-coconnected, πL∗⊗K∗M∗∗ : L∗ ⊗K∗M∗∗ → Tr(L∗ ⊗K∗M∗∗) induces an isomorphism

π∗
L∗⊗K∗M∗∗ : Homc

K∗(Tr(L∗ ⊗K∗M∗∗), N∗)→ Homc
K∗(L∗ ⊗K∗M∗∗, N∗).

Thus the following composition of isomorphisms shows that TM∗ has a left adjoint.

Homc
K∗(Tr(L∗ ⊗K∗M∗∗), N∗)

π∗
L∗⊗K∗M∗∗
−−−−−−−−→ Homc

K∗(L∗ ⊗K∗ M∗∗, N∗)
ΦL∗,M∗∗,N∗
−−−−−−−−→ Homc

K∗(L∗,Hom∗(M∗∗, N∗))

(φM
∗∗

N∗ )−1
∗−−−−−−→ Homc

K∗(L∗,Hom∗(M∗∗,K∗)⊗K∗N∗)
(χM∗,K∗⊗K∗ idN∗ )−1

∗−−−−−−−−−−−−−−→ Homc
K∗(L∗,M∗ ⊗K∗N∗)

Namely, a functor SM∗ :ModcsK∗ →ModcsK∗ given by SM∗(L∗) = Tr(L∗ ⊗K∗M∗∗) gives a left adjoint of TM∗ .

Lemma 15.5.2 Suppose that Kn = {0} if n 6= 0 and thatM∗ is a free K∗-module of finite type. Let {vi,j}1≤j≤di
be a basis of M i and {v∗i,j}1≤j≤di its dual basis of (M∗∗)−i = Hom−i(M∗,K∗) for each i ∈ Z. Namely,

v∗i,j : Σ
−iM∗ → K∗ satisfies v∗i,j([−i], vi,j) = 1 and v∗i,j([−i], vk,l) = 0 if k 6= i or l 6= j. The following equality

holds for g ∈ (M∗∗)−i = Homc
K∗(Σ−iM∗,K∗).

g =

di∑
j=1

g([−i], vi,j)v∗i,j

Proof. For ([−i], vk,l) ∈ (Σ−iM∗)k−i = {[−i]} ×Mk, we have the following equality.

di∑
j=1

g([−i], vi,j)v∗i,j([−i], vk,l) =
{
g([−i], vi,l) k = i

0 k 6= i

On the other hand, g([−i], vk,l) = 0 if k 6= i since Kn = {0} if n 6= 0. Thus the assertion follows.
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Proposition 15.5.3 The unit η : idModcs
K∗ → TM∗SM∗ and the counit ε : SM∗TM∗ → idModcs

K∗ of the adjunction
of (15.5.1) are given as follows. Let N∗ be an object ofModcsK∗ .

(1) We choose a basis {vi,j}1≤j≤di of M i and its dual basis {v∗i,j}1≤j≤di of (M∗∗)−i = Hom−i(M∗,K∗) for

each i ≦ 0. Then ηN∗ : N∗ →M∗⊗K∗Tr(N∗ ⊗K∗M∗∗) maps x ∈ Nn to
0∑
i=n

di∑
j=1

(−1)invi,j ⊗ x⊗ v∗i,j.

(2) For a ∈Mk, x ∈ Nn and g ∈ (M∗∗)l = Homc
K∗(ΣlM∗,K∗), εN∗ : Tr(M∗⊗K∗N∗⊗K∗M∗∗)→ N∗ maps

a⊗ x⊗ g to (−1)k(k+n)g([−k], a)x.

Proof. (1) Recall that ηN∗ : N∗ →M∗⊗K∗Tr(N∗⊗K∗M∗∗) is the image of the identity map of Tr(N∗⊗K∗M∗∗)
by the following composition.

Homc
K∗(Tr(N∗ ⊗K∗M∗∗),Tr(N∗ ⊗K∗M∗∗))

π∗
N∗⊗K∗M∗∗
−−−−−−−−→ Homc

K∗(N∗ ⊗K∗M∗∗,Tr(N∗ ⊗K∗M∗∗))

ΦN∗,M∗∗,Tr(N∗⊗K∗M∗∗)

−−−−−−−−−−−−−−−−→ Homc
K∗(N∗,Hom∗(M∗∗,Tr(N∗ ⊗K∗M∗∗)))(

φM
∗∗

Tr(N∗⊗K∗M∗∗)

)−1

∗−−−−−−−−−−−−−−→ Homc
K∗(N∗,Hom∗(M∗∗,K∗)⊗K∗Tr(N∗ ⊗K∗M∗∗))

(χM∗,K∗⊗K∗ idTr(N∗⊗K∗M∗∗))
−1
∗−−−−−−−−−−−−−−−−−−−−−−→ Homc

K∗(N∗,M∗⊗K∗Tr(N∗ ⊗K∗M∗∗))

Put x̄ =
0∑
i=n

di∑
j=1

(−1)invi,j ⊗ x⊗ v∗i,j . It suffices to verify that a composition

M∗⊗K∗Tr(N∗ ⊗K∗M∗∗)
χM∗,K∗⊗K∗ idTr(N∗⊗K∗M∗∗)

−−−−−−−−−−−−−−−−−−−→ Hom∗(M∗∗,K∗)⊗K∗Tr(N∗ ⊗K∗M∗∗)

φM
∗∗

Tr(N∗⊗K∗M∗∗)

−−−−−−−−−−→ Hom∗(M∗∗,Tr(N∗ ⊗K∗M∗∗))

maps x̄ to (ΦN∗,M∗∗,Tr(N∗⊗K∗M∗∗)(πN∗⊗K∗M∗∗))(x) : ΣnM∗∗ → Tr(N∗ ⊗K∗M∗∗). χM∗,K∗(vi,j) : Σ
iM∗∗ → K∗

is given by χM∗,K∗(vi,j)([i], g) = (−1)ikg([k], vi,j) for g ∈ (M∗∗)k = Homc
K∗(ΣkM∗,K∗). Then the following

equality holds.

ϕM
∗∗

Tr(N∗⊗K∗M∗∗)(χM∗,K∗(vi,j)⊗ x⊗ v∗i,j)([n], g) = (−1)(n−i)kχM∗,K∗(vi,j)([i], g)x⊗ v∗i,j
= (−1)kng([k], vi,j)x⊗ v∗i,j

Hence it follows from (15.5.2) that we have the following equality.

((
ϕM

∗∗

Tr(N∗⊗K∗M∗∗)(χM∗,K∗⊗K∗ idTr(N∗⊗K∗M∗∗))
)
(x̄)
)
([n], g) =

0∑
i=n

di∑
j=1

(−1)n(i+k)g([k], vi,j)x⊗ v∗i,j

=

{
x⊗

(
d−k∑
j=1

g([k], v−k,j)v
∗
−k,j

)
n ≦ −k

0 n > −k

=

{
x⊗ g n ≦ −k
0 n > −k

= πN∗⊗K∗M∗∗(x⊗ g)

On the other hand, (ΦN∗,M∗∗,Tr(N∗⊗K∗M∗∗)(πN∗⊗K∗M∗∗))(x) : ΣnM∗∗ → Tr(N∗ ⊗K∗ M∗∗) maps ([n], g) to
πN∗⊗K∗M∗∗(x⊗ g).

(2) εN∗ : Tr(M∗ ⊗K∗N∗ ⊗K∗M∗∗) → N∗ is the image of the identity map of M∗ ⊗K∗N∗ by the following
composition.

Homc
K∗(M∗⊗K∗N∗,M∗⊗K∗N∗)

(χM∗,K∗⊗K∗ idN∗ )∗−−−−−−−−−−−−−→ Homc
K∗(M∗ ⊗K∗N∗,Hom∗(M∗∗,K∗)⊗K∗N∗)

(φM
∗∗

N∗ )∗−−−−−→ Homc
K∗(M∗ ⊗K∗N∗,Hom∗(M∗∗, N∗))

Φ−1
M∗⊗K∗N∗,M∗∗,N∗
−−−−−−−−−−−−−→ Homc

K∗(M∗ ⊗K∗N∗ ⊗K∗ M∗∗, N∗)

π∗−1
M∗⊗K∗N∗⊗K∗M∗∗
−−−−−−−−−−−−−→ Homc

K∗(Tr(M∗ ⊗K∗N∗ ⊗K∗M∗∗), N∗)
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For a ∈Mk, x ∈ Nn and g ∈ (M∗∗)l = Homc
K∗(ΣlM∗,K∗), we have the following equality.(

Φ−1
M∗⊗K∗N∗,M∗∗,N∗

(
ϕM

∗∗

N∗ (χM∗,K∗ ⊗K∗ idN∗)
))
(a⊗ x⊗ g) =

(
ϕM

∗∗

N∗ (χM∗,K∗ ⊗K∗ idN∗
)
(a⊗ x))([k + n], g)

=
(
ϕM

∗∗

N∗ (χM∗,K∗(a)⊗ x)
)
([k + n], g) = (−1)lnχM∗,K∗(a)([k], g)x = (−1)l(k+n)g([l], a)x

Since g([l], a) = 0 if l 6= −k, the assertion follows.

Let A∗ be a −1-coconnected K∗-algebra with product µA∗ : A∗ ⊗K∗ A∗ → A∗ and unit ηA∗ : K∗ → A∗. We
assume that A∗ has skeletal topology. Define a functor TA∗ :ModcsK∗ → ModcsK∗ by TA∗(M∗) = A∗ ⊗K∗ M∗.
Define a natural transformation µ̃ : T 2

A∗ → TA∗ and by

µ̃M∗ = µA∗ ⊗K∗ idM∗ : A∗ ⊗K∗ A∗ ⊗K∗ M∗ → A∗ ⊗K∗ M∗

For M∗ ∈ ObModcsK∗ , let i2 :M∗ → K∗ ⊗K∗ M∗ be the isomorphism defined by i2(x) = 1⊗ x. We also define
a natural transformation η̃ : idModcs

K∗ → TA∗ as follows. Define η̃M∗ :M∗ → TA∗(M∗) to be a composition

M∗ i2−→∼= K∗ ⊗K∗ M∗ ηA∗⊗K∗ idA∗−−−−−−−−→ A∗ ⊗K∗ M∗.

Then, TA∗ = 〈TA∗ , η̃, µ̃〉 is a monad onModcsK∗ and the category (ModcsK∗)TA∗ of TA∗ -algebras is identified with
the categoryMod(A∗) of left A∗-modules. An object of (ModcsK∗)TA∗ is a pair (M∗, α) of an objectM∗ ofModcsK∗

and an A∗-module structure map α : A∗ ⊗K∗ M∗ →M∗ of M∗. We denote by UTA∗ : (ModcsK∗)TA∗ →ModcsK∗

the forgetful functor which maps (M∗, α) to M∗.
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16 Haar measure on the Steenrod group

16.1 Invariant measures on profinite groups

Let G be a profinite group. We denote by NG the set of all open normal subgroups of G and regard NG as a
directed set. We also denote by Grf the category of finite topological groups with discrete topology. Define a
functor D : NG → Grf by D(H) = G/H and

D(H ↪→ K) =
(
the unique map G/H

τH,K−−−→ G/K satisfying τH,KpH = pK

)
where pH : G→ G/H is the quotient map. Then,

(
G

pH−−→ G/H
)
H∈NG

is a limiting cone of D.

Let Ω be a complete ring satisfying the following conditions.

(i) There exists a fundamental system of neighborhood of 0 consisting of subsets of Ω which are closed under
addition.

(ii) There exists a closed subgroup O such that, for any open neighborhood U of 0, there exists an open
neighborhood V of 0 satisfying VO ⊂ U .

For example, if Ω is a normed ring with non-archimedean norm ν : Ω → [0,∞), namely, ν satisfies ν(x+y) ≦
max{ν(x), ν(y)} for any x, y ∈ Ω, then V = {V ⊂ Ω |V = {x ∈ Ω | ν(x) < r} for some r > 0} is a fundamental
system of neighborhood of 0 which satisfies the condition (i) and O = {x ∈ Ω | ν(x) ≦ 1} satisfies the condition
(ii).

A subset N ′
G of NG is said to be cofinal if, for any N ∈ NG, there exits H ∈ N ′

G which is contained in N .

Definition 16.1.1 Let N ′
G be a cofinal subset of NG. A family of maps µ = (µH : G/H → O)H∈N ′

G
is called

a measure of G if µ satisfies the following condition.

(meas) If H,K ∈ N ′
G and H ⊂ K, µK(x) =

∑
y∈τ−1

H,K(x)

µH(y) for any x ∈ G/K.

Lemma 16.1.2 Let µ = (µH : G/H → O)H∈N ′
G

be a measure of G and N an open normal subgroup of G. If
H,K ∈ N ′

G are contained in N , the following equality holds for x ∈ G/N .∑
y∈τ−1

H,N (x)

µH(y) =
∑

z∈τ−1
K,N (x)

µK(z)

Proof. Since H ∩K is an open normal normal subgroup of G, there exists L ∈ N ′
G which is contained in H ∩K.

Since τH,NτL,H = τL,KτK,N = τL,N , the assertion follows from the following.∑
y∈τ−1

H,N (x)

µH(y) =
∑

y∈τ−1
H,N (x)

∑
w∈τ−1

L,H(y)

µL(w) =
∑

w∈τ−1
L,H(τ−1

H,N (x))

µL(w) =
∑

w∈τ−1
L,N (x)

µL(w)

=
∑

w∈τ−1
L,K(τ−1

K,N (x))

µL(w) =
∑

z∈τ−1
K,N (x)

∑
w∈τ−1

L,K(z)

µL(w) =
∑

z∈τ−1
K,N (x)

µK(z)

Proposition 16.1.3 Suppose that a measure µ = (µH : G/H → O)H∈N ′
G

of G is given. For N ∈ NG, we
choose H ∈ N ′

G which is contained in N and define µN : G/N → O by

µN (x) =
∑

y∈τ−1
H,N (x)

µH(y)

for x ∈ G/N . Then, µ̃ = (µH : G/H → O)H∈NG is a measure of G

Proof. First note that µN (x) does not depend on the choice of H ∈ N ′
G by (16.1.2). Suppose that M,N ∈ NG

satisfy M ⊂ N . We choose H ∈ N ′
G which satisfies H ⊂M . Then we have

µN (x) =
∑

u∈τ−1
H,N (x)

µH(u) =
∑

y∈τ−1
M,N (x)

∑
u∈τ−1

H,M (y)

µH(u) =
∑

y∈τ−1
M,N (x)

µM (y).
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Definition 16.1.4 Let µ = (µH : G/H → O)H∈N ′
G

be a measure of G. For a continuous map f : G → Ω,
H ∈ NG and a map s : G/H → G satisfying pHs = idG/H , we set

Rµ(f ;H, s) =
∑

x∈G/H

f(s(x))µH(x).

We call Rµ(f ;H, s) the Riemannian sum of f .

Proposition 16.1.5 Let f : G→ Ω be a continuous map. For each H ∈ N ′
G, we choose a map sH : G/H → G

satisfying pHsH = idG/H . Then, (Rµ(f ;H, sH))H∈N ′
G
is a Cauchy sequence in Ω.

Proof. Suppose that L ⊂ H for H,L ∈ N ′
G and that maps sH : G/H → G and sL : G/L → G satisfy

pHsH = idG/H and pLsL = idG/L, respectively. Then we have

Rµ(f ;L, sL)−Rµ(f ;H, sH) =
∑

y∈G/L

f(sL(y))µL(y)−
∑

x∈G/H

f(sH(x))µH(x)

=
∑

y∈G/L

f(sL(y))µL(y)−
∑

x∈G/H

∑
y∈τ−1

L,H(x)

f(sH(x))µL(y)

=
∑

y∈G/L

(f(sL(y))− f(sH(τL,H(y))))µL(y)

=
∑

y∈G/L

(f(sL(y))− f(sH(τL,H(pL(sL(y))))))µL(y)

=
∑

y∈G/L

(f(sL(y))− f(sH(pH(sL(y)))))µL(y)

Since pHsH = idG/H , we have pH(sL(y)sH(pH(sL(y)))
−1) = pH(sL(y))pH(sH(pH(sL(y))))

−1) = 1 for y ∈ G/L.
It follow that sL(y)sH(pH(sL(y)))

−1 ∈ H for any y ∈ G/L.
Let O be an open neighborhood of 0 of Ω and choose an open neighborhood U of 0 of Ω satisfying U−U ⊂ O.

We can also choose a neighborhood V of 0 contained in U and closed under addition. Then, there exists an
open neighborhood W of 0 satisfying WO ⊂ V . Since G is compact, f is uniformly continuous. Hence there
exists N ∈ N ′

G satisfying f(z) − f(w) ∈ W for any z, w ∈ G satisfying zw−1 ∈ N . Then, for any H,K ∈ N ′
G

contained in N and y ∈ G/L where L ∈ N ′
G and L ⊂ H ∩ K, since sL(y)sH(pH(sL(y)))

−1 ∈ H ⊂ N and
sL(y)sK(pK(sL(y)))

−1 ∈ K ⊂ N , both f(sL(y))− f(sH(pH(sL(y)))) and f(sL(y))− f(sK(pK(sL(y)))) belongs
to W . Therefore (f(sL(y)) − f(sH(pH(sL(y)))))µL(y) and (f(sL(y)) − f(sK(pK(sL(y)))))µL(y) are contained
in V for any y ∈ G/L. Since V is closed under addition, we have

Rµ(f ;L, sL)−Rµ(f ;H, sH) =
∑

y∈G/L

(f(sL(y))− f(sH(pH(sL(y)))))µL(y) ∈ V

Rµ(f ;L, sL)−Rµ(f ;K, sK) =
∑

y∈G/L

(f(sL(y))− f(sK(pK(sL(y)))))µL(y) ∈ V.

Thus Rµ(f ;K, sK)−Rµ(f ;H, sH) ∈ V −V ⊂ U −U ⊂ O and this shows that (Rµ(f ;H, sH))H∈N ′
G
is a Cauchy

sequence in Ω.

Proposition 16.1.6 For each H ∈ N ′
G, we choose maps sH , tH : G/H → G satisfying pHsH = pHtH = idG/H .

Let f : G → Ω be a continuous map. Then, Cauchy sequences (Rµ(f ;H, sH))H∈N ′
G

and (Rµ(f ;H, tH))H∈N ′
G

converge to the same point of O.

Proof. For an open neighborhood O of 0 of Ω, we choose an open neighborhood U of 0 contained in O and
closed under addition. We also choose an open neighborhood V of 0 satisfying VO ⊂ U . Then, there exists
K ∈ N ′

G such that f(z) − f(w) ∈ V for any z, w ∈ G satisfying zw−1 ∈ K. If H ∈ N ′
G and H ⊂ K,

then sH(x)tH(x)−1 ∈ H ⊂ K for any x ∈ G/H which implies f(sH(x)) − f(tH(x)) ∈ W . It follows that
(f(sH(x))− f(tH(x)))µH(x) ∈ VO ⊂ U , hence

Rµ(f ;H, sH)−Rµ(f ;H, tH) =
∑

x∈G/H

(f(sH(x))− f(tH(x)))µH(x) ∈ U ⊂ O.

Therefore (Rµ(f ;H, sH))H∈N ′
G
and (Rµ(f ;H, tH))H∈N ′

G
converge to same value of O.

318



Proposition 16.1.7 Let µ = (µH : G/H → O)H∈NG be a measure of G and N ′
G a cofinal subset of NG. We

choose maps sH : G/H → G satisfying pHsH = idG/H for each H ∈ N ′
G. For N ∈ NG, we take H ∈ N ′

G which
is contained in N and choose a map σHN : G/N → G/H such that τH,Nσ

H
N = idG/N . Put sN = sHσ

H
N . Then,

(Rµ(f ;H, sH))H∈N ′
G
and (Rµ(f ;N, sN ))N∈NG converge to the same value of O.

Proof. Since σNN is the identity map of G/N for N ∈ N ′
G, (Rµ(f ;H, sH))H∈N ′

G
is a cofinal subsequence of

(Rµ(f ;N, sN ))N∈NG . Hence (Rµ(f ;H, sH))H∈N ′
G
and (Rµ(f ;N, sN ))N∈NG converge to the same value of O.

Definition 16.1.8 Let µ = (µH : G/H → O)H∈N ′
G

be a measure of G. We choose maps s : G/H → G
satisfying pHs = idG/H for H ∈ N ′

G. For a continuous map f : G→ Ω, we denote by∫
G

f(x) dµ(x)

the limit of a Cauchy sequence (Rµ(f ;H, sH))H∈N ′
G
.

Example 16.1.9 For N ∈ NG and a map λ : G/N → Ω, we put f = λpN : G → Ω. Then f is continuous
and, for H ∈ NG which is contained in N , we have fsH = λpNsH = λτH,NpHsH = λτH,N . Hence

Rµ(f ;H, sH) =
∑

x∈G/H

f(sH(x))µH(x) =
∑

x∈G/H

λ(τH,N (x))µH(x) =
∑

y∈G/N

∑
x∈τ−1

H,N (y)

λ(y)µH(x)

=
∑

y∈G/N

λ(y)µN (y)

which implies that

∫
G

f(x) dµ(x) =
∑

y∈G/N

λ(y)µN (y). In particular, for fixed c ∈ G/N , if λ maps c to 1 and

others to 0, we have

∫
G

f(x) dµ(x) = µN (c).

For g ∈ G, let Lg, Rg : G→ G be left and right translations.

Definition 16.1.10 Let µ = (µH : G/H → O)H∈N ′
G

be a measure of G. We say that µ is left (resp. right)

invariant if

∫
G

fLg(x) dµ(x) =

∫
G

f(x) dµ(x)

(
resp.

∫
G

fRg(x) dµ(x) =

∫
G

f(x) dµ(x)

)
for any continuous map

f : G→ Ω.

Proposition 16.1.11 A measure µ = (µH : G/H → O)H∈N ′
G

of G is left or right invariant if and only of
µH : G/H → O is a constant map for any H ∈ N ′

G. Hence µ is left invariant if and only if right invariant.

Proof. For g ∈ G and H ∈ N ′
G, define λ1, λ2 : G/H → Ω by λ1(e) = λ2(pH(g)) = 1 and λ1(x) = λ2(y) = 0 for

x 6= e, y 6= pH(g). Here e denotes the unit of G/H. We put f1 = λ1pH and f2 = λ2pH . Then it can be verified
that f2Lg = f2Rg = f1. Hence it follows from (16.1.9) that∫

G

f2Lg(x) dµ(x) =

∫
G

f2Rg(x) dµ(x) =

∫
G

f1(x) dµ(x) = µH(e) and

∫
G

f2(x) dµ(x) = µH(pH(g)).

Therefore, if µ is left or right invariant, we have µH(pH(g)) = µH(e).
Suppose that µH : G/H → O is a constant map for any H ∈ N ′

G. We choose maps sH : G/H → G satisfying
pHsH = idG/H for each H ∈ N ′

G and define sgH : G/H → G by sgH(x) = gsH(pH(g)−1x) for g ∈ G. Then sgH
satisfies pHs

g
H = idG/H . For a continuous map f : G→ Ω, we have

Rµ(fLg;H, sH) =
∑

x∈G/H

f(gsH(x))µH(x) =
∑

x∈G/H

f(sgH(pH(g)x))µH(x) =
∑

x∈G/H

f(sgH(x))µH(pH(g)−1x)

=
∑

x∈G/H

f(sgH(x))µH(x) = Rµ(f ;H, s
g
H).

Since (Rµ(f ;H, s
g
H))H∈N ′

G
converges to

∫
G

f(x) dµ(x) by (16.1.6), we have

∫
G

fLg(x) dµ(x) =

∫
G

f(x) dµ(x).

Proof of

∫
G

fRg(x) dµ(x) =

∫
G

f(x) dµ(x) is similar.
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Let µ = (µH : G/H → O)H∈N ′
G

be an invariant measure of G. Then, each µH : G/H → O is a constant
map by (16.1.10). We denote by mH ∈ O the image of µH and define a map mµ : N ′

G → O by mµ(H) = mH .
If H ⊂ K for H,K ∈ N ′

G, since the number of elements of τ−1
H,K(x) for x ∈ G/K is the index [K : H] of H in

K, we have mµ(K) = [K : H]mµ(H).
Conversely, suppose that a map m : N ′

G → O satisfies m(K) = [K : H]m(H) if H ⊂ K. If we define
µH : G/H → O by µH(x) = m(H), then µ = (µH : G/H → O)H∈N ′

G
is an invariant measure of G. Hence we

see the following fact.

Proposition 16.1.12 There is a bijection between the set of invariant measures of G and the set of maps
m : N ′

G → O satisfying m(K) = [K : H]m(H) if H ⊂ K.

Suppose that Ω contains the field Q of rational numbers as a subring and that a map m : N ′
G → O satisfies

m(K) = [K : H]m(H) if H ⊂ K. Then we have m(H) = [G : H]−1m(G). Suppose moreover that Ω is a
non-archimedean normed ring with norm ν and O = {x ∈ Ω | ν(x) ≦ 1}. Then, there exists a prime number q
such that the norm on Q obtained by restricting ν to Q is the q-adic norm. If there exists an invarinat measure
µ = (µH : G/H → O)H∈N ′

G
of G, we may assume that mµ(G) = 1, then it follows from ν(mµ(H))ν([G : H]) = 1

that ν([G : H]) = ν(mµ(H))−1 ≦ 1. Hence ν([G : H]) = 1, in other words, [G : H] is coprime to q. Conversely,
assume that [G : H] is coprime to q for any H ∈ N ′

G. Then, [G : H]−1 ∈ O and define µH : G/H → O by
µH(x) = [G : H]−1.

16.2 Haar measure on the Steenrod group

Let τkA∗ : Gk+1
p (A∗)→ Gkp(A

∗) the the unique map that makes the following diagram commute.

Gp(A
∗) Gk+1

p (A∗)

Gkp(A
∗)

πk+1
A∗

πkA∗
τkA∗

For α(X) =
k∑
i=0

αiX
pi ∈ Gkp(A∗), we have

(τkA∗)−1(α(X)) =

{
β(X) ∈ Gk+1

p (A∗)

∣∣∣∣β(X) =

k+1∑
i=0

βiX
pi , βi = αi (0 ≦ i ≦ k)

}
.

Define a map τ̃k : A2(pk+1−1) × A2pk+1−1 → τ−1
k (α(X)) by τ̃k(x, y) =

k∑
i=0

αiX
pi + (x + εy)Xpk+1

. Then, τ̃k is

bijective.
Suppose that a graded commutative F p-algebra A

∗ is finite type (at least A2(pi−1) and A2pi−1−1 are finite

dimensional for i ≧ 0). Then, the order of Gkp(A
∗) which is equal to

[
Gp(A

∗) : G
(k)
p (A∗)

]
is

k∏
i=1

(
pdimA2(pi+1−1)+dimA2pi+1−1

)
.
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